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Centre de Physique Théorique, Aix-Marseille Université
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Topological quantum computing
Quantum computing: use the power of the superposition principle∑

x

cx |x⟩
Uf−→

∑
x

cx |f (x)⟩

Problems (decoherence, error correction) that can be solved using
robustness of topological states

S. Cui
lectures notes

• anyons with labels a, b, c ..
in dimension 2 + 1

• non abelian representation
of the braid group

• computation = braiding

• measurement= fusing
ab =

∑
c N

c
abc

picture from lectures by Cui 18
see also Preskill 04 and Simon 17

https://www.math.purdue.edu/~cui177/Lecture_Combined.pdf
https://www.math.purdue.edu/~cui177/Lecture_Combined.pdf
https://www.math.purdue.edu/~cui177/Lecture_Combined.pdf
https://www.preskill.caltech.edu/ph229/
https://www-thphys.physics.ox.ac.uk/people/SteveSimon/topological2021/TopoBook-Sep28-2021.pdf


Kitaev’s quantum double model
Model based on an oriented ribbon graph Γ = (E ,V ,F ) with
Hilbert space L2(GE ) and Hamiltonian (Kitaev 94)

H =
∑
v

µv
(
1− Pv

)
+
∑
f

νf
(
1− Qf

)
µv, νf ≥ 0

• Pv projects onto gauge invariant states at vertex v

PvΨ
(
{ge}

)
=

1

|G |
∑
g∈G

Ψ
(
{g ▷e∋∂v ge}

)
g ▷e∋∂v ge = g−1ge (e leaving v) or geg (e entering v)

• Qf implements the flatness constraint around the face f

QfΨ
(
{ge}

〉
= δ

( ∏
e∈∂f

g±
e

)
Ψ
(
{ge}

)
Pv,Qf mutually commuting projectors ⇒ ground state obeying
Pv|Ψ0⟩ = 0 and Qf|Ψ0⟩ = 0 for all v and f

https://arxiv.org/abs/quant-ph/9707021


Excitations
Elementary excitation created by ribbon operators Lu

g (v1, f1|v2, f2)

g1 g2

k1 k2

h1 h2 h3
g1 g2

u u1 u2

u−1h1 u−1
1 h2 u−1

2 h3

Lift by u parallel transported u1 = g−1
1 ug1, u2 = (g1g2)

−1u g1g2 to
ensure flatness (except on boundary) and multiply by δg1g2,gF (u),
invariant under homotopy with fixed boundary



Drinfel’d quantum double of a finite group
Ribbon operator belong to D[G ] (quasi-tringular Hopf algebra)
with basis w □

g

• product (concatenation of ribbons)

w □
g

v □
h
= δw ,g−1vg w □

gh

• coproduct allowing tensor product of representations
(superposition of ribbons)

∆
(
w □

g

)
=

∑
uv=w

u□
g

⊗ v □
g

• R-matrix (braiding, σ = (flip) ◦ R)

∆op = R∆R−1 with R =
∑
u,v

u□
e

⊗ v □
u

Suitable framework for topological quantum computing
(Kitaev 94, see also the lectures Cui 18 and Lo et al 25)

https://arxiv.org/abs/quant-ph/9707021
https://www.math.purdue.edu/~cui177/Lecture_Combined.pdf
https://arxiv.org/pdf/2502.14974


Particle in a magnetic field
Particle on X in a magnetic field B propagating from x to y

x
y exp i

∫
A with dA = B

if G acts on X and B invariant, A only invariant up to gauge
transformation: d(g∗A− A) = g∗B − B = 0 ⇒ g∗A− A = dϕg
Propagation commutes with magnetic translations

Tgψ(x) = exp
{
− iϕg (x)

}
ψ(xg)

Magnetic translation define a projective representation of G

TgTh = ωg ,hTgh

with ωg ,h = exp−i
{
g∗ϕh − ϕgh + ϕg

}
a constant 2-cocycle

δωg ,h,k = ωh,k ω
−1
gh,k ωh,gk ω

−1
g ,h = 1 ensuring associativity

(TgTh)Tk = Tg (ThTk)



Strings in an invariant magnetic field
For string in a magnetic field (3-form), with 2-form potential B,
C = dB

exp i

∫
Σ
B

If C is invariant, B is not necessarily invariant but there exist
1-form Ag and 0-form Φg ,h, defined up to gauge transformations

C = dB B → B + dΛ

g∗B − B = dAg Ag → Ag + g∗Λ− Λ + dΘg

g∗Ah − Agh + Ag = dΦg ,h Φg ,h → Φg ,h + g∗Θh −Θgh +Θg

leading to a constant 3-cocycle (lack of associativity)

ωg ,h,k = exp−i
{
g∗Φh,k − Φgh,k +Φg ,hk − Φg ,h

}
Holds for X finite with n-forms antisymmetric functions on X n+1

dΩn(x0, . . . , xn) =
∑

i (−1)iΩn(x0, . . . , x̌i , . . . , xn)

g∗Ωn(x0, . . . , xn) = Ωn(x0g , . . . , xng)



Magnetic translation of twisted sectors
Magnetic amplitude for a finite string twisted sector (x , xw)
propagating to (y , yw) with x , y ∈ X and winding w ∈ G

exp i
{
B(x , y , yw) + B(yw , xw , x) + Aw (x , y)

} ww

x y

ywxw

Propagation commutes with Tw
g (winding g−1wg → w)

Tgψ(x , xw) = exp−iAg (x , xw)
exp iϕw ,g (x)

exp iϕg ,g−1wg (x)
ψ(xg , xwg)

obeying the associative multiplication law

Tw
g T v

h = δg−1vg ,w

ωw ,g ,h ωg ,h,(gh)−1wgh

ωg ,g−1wg ,h
Tw
gh

Multiplication in the twisted Drinfel’d double Dω[G ] (Dikgraaf,
Pasquier, Roche 91)

https://www.sciencedirect.com/science/article/abs/pii/092056329190123V
https://www.sciencedirect.com/science/article/abs/pii/092056329190123V


Quasi-Hopf structure from strings
Compatibility with string amplitudes (Jureit, Krajewski 06)

• Coproduct from decay Huv → Hu ⊗Hv

∆Tw
g =

∑
u,v∈G

δw ,uv
ωu,v ,g ωg−1ug ,g−1vg ,g

ωu,g−1vg ,g
T u
g ⊗ T v

g

with Drinfel’d associator Ω =
∑

u,v ,w ωu,v ,wT
u
e ⊗ T v

e ⊗ Tw
e

(Hu ⊗Hv )⊗Hw → Hu ⊗ (Hv ⊗Hw )

→

• Braiding σ : Hu ⊗Hv → Huvu−1 ⊗Hu

→

• Antipode from orientation reversing

https://arxiv.org/abs/hep-th/0612105


Hilbert space and Hamiltonian

Hilbert space H = L2(G 2|E | × X |V |) associated to an oriented
ribbon graph Γ = (E ,V ,F ) with basis

∣∣ {ge,we, xv}
〉

• Every edge is a triangulated rectangle with gauge variable ge ,
incoming g−1

e wege and outgoing we windings

g

gwg−1 w

g

• Every vertex with n incident edges is a triangulated polygon
with n + 1 sides, a corner carrying xv ∈ X , next n sides
attached to windings w1, . . . ,wn and xvw1 · · ·wi at corner i ,
with defect w1, . . . ,wn on last edge

defect −→
u

v

w

x xu

xuvxuvw



Projection onto magnetic amplitude
For a vertex v with defect wv = w1 · · ·wn, as an incoming string

ΠvΨ
(
{ge,we, xv’}

)
=

1

|X |
∑
y∈X

exp iC
(
tetrahedra on y , xv, {ge,we}v∋e

)
exp i

{
B(xv, y , ywv)+B(ywv, xvwv, xv)+Awv(xv, y)

}
Ψ
(
{ge,we, xv’̸=v, y}

)
Mutually commuting projectors such that

∏
v∈V Πv projects on

magnetic amplitudes on the Γ: Ψstring({ge,we, yv})× F ({ge,we})

• triangle in a polygonal vertex x
xu

xuv

exp iΦu,v (x)× exp iB(x , xu, xuv)

• edge
x y

yg ygwg−1xw g

exp i
{
B(x , yg , ygw) + B(ygw , xw , x) + Aw (x , yg)

}
× exp−iAg (y , yw)× exp iϕw ,g (y)

exp iϕg ,g−1wg (y)



Spin network expression
Irreducible representations of Dω[G ] are ρ = (C , r) with C a
conjugation class and r a projective representation of any
centralizer of w ∈ C and obey∑

b

Dρ
a,b

(
□
g

w
)
Dρ

b,c

(
□
h

v
)
=
δgvg−1,w ωw ,g ,h ωg ,h,(gh)−1wgh

Dρ
a,c

(
□
gh

w
)
ωg ,g−1wg ,h

They define an orthonormal basis of L2(G 2) (Peter-Weyl theorem)

1

|G |
∑
g ,w

√
dρDρ

a,b

(
g ,w

) √
dρD

ρ′

c,d

(
g ,w

)
= δρ,ρ′δa,cδb,d

Spin network basis of L2(G 2|E | × X |V |) by contracting with
intertwiners Iv,ρ1,...,ρn,ρv, with ρv associated to the total winding

x xu

xuvxuvw

ρ1

ρ2

ρ3

ρv



Finite group gauge transformations at vertices

Uv,gΨ
(
{ge,we, xv′}

)
= Ψ

( action on variable at vertex v︷ ︸︸ ︷
{g ▷v ge, g ▷v we, g ▷v xv′}

)
× exp iAg (xv′ , xv′w)×

exp iϕg ,g−1wg (xv)

exp iϕw ,g (xv)︸ ︷︷ ︸
magnetic translation of string

g2
x xw

g

xg

g1 w

g1g g−1wg
g−1g2

If ΠvΨ = Ψ for all v, then Uv,gΨ = (
∏
ω)Ψ with

∏
ω ∈ U(1)

corresponding to products, coproducts and antipodes of elements
in Dω[D] that can be compensated in internal space {ge,we}



String insertions on faces
hf =

∏
e,v ∈f (g

±
e or w±

v ) holonomy including defect at vertices
u → u1 → . . . parallel transported around the face by inner
automorphism with hfu = uhf (closing condiction)

f

w

g

x

xu

u

gug−1

u−1w

Df,ρΨ
(
{ge,we, xv}

)
=

∑
u∈G

hfu=uhf

Ψ
( action on variable around f︷ ︸︸ ︷
{ge, u ▷f we, u ▷f xv}

)
×

∏
exp iC︸ ︷︷ ︸

magnetic flux on tube

×Ψstring

(
{ge,wv, u, xv}

)︸ ︷︷ ︸
string on lateral side

×Tr
∏

D(ui □
gi
)︸ ︷︷ ︸

representation ρ



Simple D = 1 model

Single edge oriented from v to w x at v

xu

yu−1

u

u

y at w

ΠvΨ(x , y , u) =
1

|X |
∑
x ′

exp i
{
− B(x , x ′, yu−1) + A′(x , x ′)

}
Ψ(x ′, y , u)

ΠwΨ(x , y , u) =
1

|X |
∑
y ′

exp i
{
B(y , y ′, xu)− A′(y , y ′)

}
Ψ(x , y ′, u)

projected on (Dρ projective irrep of G with ω, basis of L2(G ))

Ψρ
ij(x , y , g) = exp i

{
A(xu, y) + Φu(x)

}
Dρ

ij(u)

Under a gauge transformation (invariant states given by characters
TrDρ(g) on closed graphs x = y , g = h)

Uv,gUw,hΨ
ρ
ij(x , y , u) = Ψρ

ij(xg , yh, g
−1uh) exp i

{
Φg (x)− Φh(y)

}
=

∑
k,l

Dlj(h)
1

ωg ,g−1

Dik(g
−1)Ψρ

kl(x , y , u)



Hamiltonian and symmetries
The Hamiltonian is a sum of mutually commuting projectors

H =
∑
v

λv
(
1− Πv

)
+
∑
v

µv
(
1− Pv

)
+
∑
f

νf
(
1− Qf

)
with λv, µv, νf positive coupling constants and

Pv =
δ(wv)

|G |
∑
g∈G

Uv,g Qf =
dρ
|G |

∑
ρ

Vf,ρ

It commutes with Uv,g (unitary symmetry) and Vf,ρ (non invertible

symmetry), obeying the algebra (Nρ′′

ρ,ρ′ fusion coefficients)

Uv,gUv,h =
ωg ,g−1wvg ,h

ωwv,g ,h ωg ,h,(gh)−1wvgh
Uv,gh Vf,ρVf,ρ′ =

∑
ρ′′

Nρ′′

ρ,ρ′Vf,ρ′′

• Πv projects onto magnetic amplitudes

• Pv projects onto gauge invariant states

• Qf imposes flatness and translates w



Ground state
Unique ground state Ψ0 if Γ can be drawn on a genus 0 surface Σ

Ψ0

({
xv , ge,we

})
= Ψstring

({
xv , ge,we

})
×

ΨDW

({
ge,we = e

})
ΨDW

({
ge,we

})
ΨDW

({
ge,we

})
is the partition function of the finite group G

Chern-Simons theory with 3-cocyle ω (Dijkgraaf Witten 90) on a
triangulated 3-sphere that bound Σ, where each tetrahedron (in
red) is associated to ωg ,h,k with g , h, k ∼ gref, ge,we

we

ge

gref

https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-129/issue-2/Topological-gauge-theories-and-group-cohomology/cmp/1104180750.full


Excitations as open strings
Elementary excitations are open strings carrying a representation of
Dω[G ] at both ends, created by a ribbon operator

g w h

gu
u′ u′

u′′

• paralel transport created winding u using gauge fields (not
windings) u → u′ = g−1ug → u′′ = (gh)−1u gh

• insert string magnetic tube exp−iC , string wave function
Ψstring and representation Dρ

ij on lateral face

• translate transversal gauge fields to ensure flatness

Homotopy invariance ensured if no defect is encountered by
moving the ribbon

Ribbon operators can be concatenated, superposed and braided


