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Motivation

• The main questions: can we write a rotating version of the
Witten black hole? what theory would it be a solution for?
• Witten black hole (a solution for the CGHS theory) was found as a
large-d limit of Schwarzschild black hole.
• The solution generating algorithms which ”add” rotations to static
solutions don’t work in 2d .
• To circumvent this, we take the large-d limit of Myers-Perry black
hole (”add rotations” to Schwarzschild first, then take the large-d
limit).
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Low energy effective string theory

The Polyakov action:

S = − 1
4πα′

∫
d2σ

√
γγαβ∂αX µ∂βX νgµν + ϵαβ∂αX µ∂βX νBµν − α′√γR(2)Φ,

where µ, ν = 0, 1, · · · D, α, β = 1, 2, γαβ is the world sheet metric, gµν is the
target space metric and Bµν is an antisymmetric tensor field, R(2) is the Ricci
scalar of the world sheet and Φ is the dilaton.
We can derive the low energy effective action the traditional way setting the beta
function to zero or by dimensional reduction:

Seff = 1
16πGD

∫
dDx

√
−ge−2Φ [R + 4(∂Φ)2 + 4λ2] ,

where λ is an energy scale.
In D = 3 or D = 4, we can add a Maxwell field without too many complications

S{3,4}d,Q = 1
16πG{3,4}

∫
d{3,4}x

√
−g e−2Φ

[
R + 4(∂Φ)2 + 4λ2 − 1

4F 2
]
,

where F is the field strength.
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Myers-Perry black holes: a review

For even dimensions, the metric is

ds2 = − dt2 + µr
ΠF

(
dt +

n∑
i=1

ai µ̂
2
i dϕ̂i

)2

+ ΠF
Π − µr dr 2

+
n∑

i=1

(r 2 + a2
i )
(
dµ̂2

i + µ̂2
i dϕ̂2

i
)

+ r 2dψ̂2.

For odd dimensions:

ds2 = − dt2 + µr 2

ΠF

(
dt +

n∑
i=1

ai µ̂
2
i dϕ̂i

)2

+ ΠF
Π − µr 2 dr 2

+
n∑

i=1

(r 2 + a2
i )
(
dµ̂2

i + µ̂2
i dϕ̂2

i
)
.

where F = 1 −
∑n

i=1
a2

i µ̂2
i

r2+a2
i
, Π =

∏n
i=1(r 2 + a2

i ), ai are the rotation parameters and
µ is proportional to the mass of the black hole.
The coordinates µ̂i are related by

∑n
i=1 µ̂

2
i = 1 for odd d and

∑n
i=1 µ̂

2
i + ψ̂2 = 1

for even d .



Myers-Perry black holes: a review

The singly rotating Myers-Perry black hole metric in any dimension with the
rotation parameter a:

ds2 = − dt2 + µ

r d−5Σ
(
dt + a sin2 θ̂ dϕ̂

)2 + Σ
∆dr 2 + (r 2 + a2) sin2 θ̂ dϕ̂2

+ Σ dθ̂2 + r 2 cos2 θ̂ dΩ̂2
d−4 ,

with
Σ =r 2 + a2 cos2 θ̂ ,

∆ =r 2 + a2 − µ

r d−5 ,

and

dΩ̂2
d−4 =

d−4∑
i=1

i−1∏
j=1

sin2 ϕ̂j dϕ̂2
i .

One horizon for d ≥ 5, J = a
d−2 M.
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The large-d limit of Myers-Perry black holes with one
rotation

We first introduce the parameterizations µ = rd−3
0 where r0 is a length scale.

From ∆|r=rh = 0, we get
(

r0
rh

)d−3
= 1 + α2, where α = a

rh
and r0

rh
= 1 + O(d−1).

We then define the dimensionless coordinate w as r
rh

= 1 + w
d =⇒ w = 0 is a

horizon.
In the large-d limit, the range of w is from −∞ to ∞, and we have

r
rh

d→∞= 1 ,
( r

rh

)d d→∞= ew , dr d→∞= rh

d dw ,

where we keep the following quotient fixed

ℓ
d→∞= rh

d .



The large-d limit of Myers-Perry black holes with one
rotation

The last step before taking the limit of the metric is to zoom in on the angular
coordinates as follows:

θ̂ = θ0 + θ

d , ϕ̂ = ϕ0 + ϕ

d , Ω̂d−4 = Ω0,d−4 + Ωd−4

d ,

where θ0, ϕ0 and Ω0,d−4 are constants with θ0, θ ∈ (−∞,∞), ϕ0, ϕ ∈ [0, 2π), i.e.,
we decompactify θ.
Using the previous parameterization, we have

∆
r 2
h

d→∞= (1 + α2)(1 − e−w ) ,

Σ
r 2
h

d→∞= 1 + α2 cos2 θ0 ,

µ

r d−5Σ
d→∞= e−w 1 + α2

1 + α2 cos2 θ0
.



The large-d limit of Myers-Perry black holes with one
rotation

Putting all together, the large-d limit of the MP metric with one rotation is given
by

ds2 = − dt2 + 1 + α2

1 + α2 cos2 θ0
e−w (dt + ℓα sin2 θ0 dϕ)2 + ℓ2 dw2

F (w)
+ ℓ2(1 + α2) sin2 θ0 dϕ2 + ℓ2(1 + α2 cos2 θ0)dθ2 + ℓ2 cos2 θ0 dΩ2

d−4 ,

where F (w) = 1+α2

1+α2 cos2 θ0
(1 − e−w ) .

At large-d the volume of a sphere goes to zero, thus, the dΩ2
d−4 term can be

dropped. The resulting metric is four dimensional comprises a 3d metric and a
trivial decompactified direction (θ).
The 4d metric is

ds2
3 = − dt2 + 1 + α2

1 + α2 cos2 θ0
e−w (dt + ℓα sin2 θ0 dϕ)2 + ℓ2 dw2

F (w)
+ ℓ2(1 + α2) sin2 θ0 dϕ2 + ℓ2(1 + α2 cos2 θ0)dθ2.



The large-d limit of Myers-Perry black holes with one
rotation

In 3 and 4 dimensions, we can add a Maxwell field without complicating the
geometry too much:
In 4d , the full solution is

ds2 = − dt2 + 1 + α2

1 + α2 cos2 θ0

(
me−w − Q2e−2w) (dt + ℓα sin2 θ0dϕ)2

+ 1 + α2 cos2 θ0

1 + α2
ℓ2dw2

1 − me−w + Q2e−2w + ℓ2(1 + α2) sin2 θ0dϕ2

+ ℓ2(1 + α2 cos2 θ0)dθ2 ,

A = Qe−w

√
2(1 + α2)

√
1 + α2 cos2 θ0

(
dt + ℓα sin2 θ0dϕ

)
,

e−2Φ = ew−θ tan θ0 ,

with 4λ2 = 1
ℓ2 cos2 θ0

.

The dilaton is θ-dependent so it breaks the symmetry ∂θ.



The large-d limit of Myers-Perry black holes with one
rotation

In 3d

ds2 = − dt2 + 1 + α2

1 + α2 cos2 θ0

(
me−w − Q2e−2w) (dt + ℓα sin2 θ0dϕ)2

+ 1 + α2 cos2 θ0

1 + α2
ℓ2dw2

1 − me−w + Q2e−2w + ℓ2(1 + α2) sin2 θ0dϕ2 ,

e−2Φ = ew ,

with the same 4−potential as the 4d solution, and

4λ2 = 1 + α2

ℓ2(1 + α2 cos2 θ0) .

In much of the talk, I will focus on the 3d geometry and discuss higher dimensions
only at the end.
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Properties of the 3d geometry

ds2 = − dt2 + 1+α2

1+α2 cos2 θ0

(
me−w − Q2e−2w) (dt + ℓα sin2 θ0dϕ)2

+ 1+α2 cos2 θ0
1+α2

ℓ2dw2

1−me−w +Q2e−2w + ℓ2(1 + α2) sin2 θ0dϕ2 .

• The Ricci scalar: R = 1
ℓ2

1+α2

1+α2 cos2 θ0

(
e−w m − 4Q2e−2w) w→∞→ 0.

• Curvature singularity where R blows up at w → −∞.
• Horizons: ew± = m±

√
m2−4Q2

2 .
• Symmetries (Killing vectors): ∂t , ∂ϕ.
• The extremality condition m2 = 4Q2 is independent of rotation, i.e., the black
hole can not be overspun.

• Ergospheres: ewE± = 1+α2

1+α2 cos2 θ0

m±

√
m2−4Q2 1+α2 cos2 θ0

1+α2

2 .

• Closed timelike curves exist below the surface w = wc where
Q2e−2wc − me−wc > 1+α2 cos2 θ0

α2 sin2 θ0
> 0.

• When Q = 0, there is only one horizon, one ergosphere, no extremality condition
and no CTCs (remember higher dimensional MP).



Komar Charges and the electrical charge
Komar charges:

M = − 1
8πG3

∫
w→∞

t=constant

e−2Φ ⋆ dσ(t), J = − 1
16πG3

∫
w→∞

t=constant

e−2Φ ⋆ dσ(ϕ),

where ⋆ is the Hodge dual operator, σ(t) = gttdt + gtϕdϕ and
σ(ϕ) = gtϕdt + gϕϕdϕ. Doing the algebra, we get the Komar mass

M = (ew+ + ew− )| sin θ0|
4G3

(1 + α2)3/2

1 + α2 cos2 θ0
,

and the Komar angular momentum

J = (ew+ + ew− )| sin θ0|
8G3

(1 + α2)3/2

1 + α2 cos2 θ0
ℓα sin2 θ0 .

The angular momentum is proportional to the mass as in MP: J = 1
2 Mℓα sin2 θ0.

The total electrical charge is calculated via Gauss’s law:

Qtotal = e(w++w−)/2| sin θ0|√
2ℓ

(1 + α2)2

(1 + α2 cos2 θ0)3/2 .

The electrical potential at the horizon: Φel = −
√

2e(w−−w+)/2
√

1+α2 cos2 θ0
1+α2 .



Thermodynamics

The Entropy is calculated using Wald’s formula:

S = 1
4G3

∫
H

ew √gϕϕdϕ = πℓ| sin θ0|ew+

2G3

1 + α2
√

1 + α2 cos2 θ0
.

The Hawking temperature: T = κ
2π

, where κ is the surface gravity on the horizon.
It can be calculated from

ξµκ = ξν∇νξ
µ,

where ξµ is the normal vector to the outer horizon: ξµ = (∂t)µ − ΩH(∂ϕ)µ and
ΩH = gtϕ

gϕϕ
|H = α

ℓ(1+α2) is the angular velocity on the horizon.

Putting all together, the temperature is

T = 1
4πℓ

(
1 − ew−

ew+

)
.

Q = 0 ≡ ew− = 0 =⇒ T = 1
4πℓ

which is a constant (a property of Witten black
hole in 2d rather than higher-dimensional MP). At extremality (w+ = w−): T = 0.



Thermodynamics

The heat capacity is given by

C = T
( dS

dT

)
J,Qtotal

= T
(
∂S
∂T + ∂S

∂α

dα
dT + ∂S

∂ew+

dew+

dT

)
J,Qtotal

.

Substituting by the previous equations, we get

C = π2(1 + α2) ℓ2 ew+ T | sin θ0|
G3 (1 − 4πℓT ) (2 − 4πℓT )

√
1 + α2 cos2 θ0

×

(
2 +

4πℓT
(
2α2 − 1 − α2(α2 + 4) cos2 θ0

)
α2(α2 + 2) cos2 θ0 + 1

)
> 0.

Thermodynamically stable.
Note that Q = 0 =⇒ C → ∞ similar to Witten black hole in CGHS theory.



The near horizon extremal geometry

Near extremality, we can define ew− ≈ ew+ =: ew0 , and

ew± = ew0 ± 2πℓew0 T + O(T 2) .

Zooming in onto the horizon, we introduce a new radial coordinate x , which
coincides with the horizon for x = 0, an angular coordinate, and a rescaled time
coordinate:

ew = ew+ + 4πℓew0 T sinh2 x
2 , ϕ = ϕ̂− α

1 + α2
t̂

2πℓT , t = t̂
2πT .

Substituting into the metric, we get

ds2 = ℓ2 1 + α2 cos2 θ0

1 + α2

(
− sinh2 xdt̂2 + dx2 + (1 + α2)3 sin2 θ0

(1 + α2 cos2 θ0)2 dϕ̂2
)
.

The near horizon extreme geometry is AdS2 × S1.



Asymptotic symmetries
To derive the ASG, the first step is to recast the metric into the Bondi gauge using
the coordinate transformations

ϕ̄ = ℓα sin2 θ0ϕ, dt = d[u + X(w)] , dϕ̄ = d[ϕ̃+ Y (w)] .
where

X ′(w) = −
(

1 + α2 cos2 θ0

α2
1

f (w)

)
Y ′(w) ,

Y ′(w) = ℓ
√

1 + α2 cos2 θ0√
(1 + α2)(f (w) − 1)

1√
−( 1+α2 cos2 θ0

α2f (w) + 1)2 + (1+α2)(1+α2 cos2 θ0)
α4f (w) + 1+α2

α2

,

where f (w) = me−w − Q2e−2w .
The metric in Bondi gauge is

ds2 =
(

−1 + 1 + α2

1 + α2 cos2 θ0
f (w)

)
du2 + 1 + α2

1 + α2 cos2 θ0
f (w)dudϕ̃

+
(

−2X ′(w) + 2 1 + α2

1 + α2 cos2 θ0
f (w)(X ′(w) + Y ′(w))

)
dudw

+
(

1 + α2

α2 + 1 + α2

1 + α2 cos2 θ0
f (w)

)
dϕ̃2 .



Asymptotic symmetries

In the limit w → ∞, the metric can be expanded as

ds2 = (−1 + O(e−w ))du2 +

(
−2ℓ
√

1 + α2 cos2 θ0

1 + α2 + O(e−w )

)
dudw

+ O(e−w )dudϕ̃+
(

1 + α2

α2 + O(e−w )
)

dϕ̃2.

Restricting to boundary condition leaving invariant metrics of the form

ds2 = − (huu + O(e−w ))du2 − 2ℓ
√

1 + α2 cos2 θ0

1 + α2 (1 + O(e−w ))dudw

+ e−w (huϕ̃ + O(e−w ))dudϕ̃+ 1 + α2

α2 (1 + O(e−w ))dϕ̃2.

The generators of the ASG, denoted by ξµ, are defined by the equation
£ξgµν = δgµν , where we take δhuϕ̃ = 0.
The solution gives the asymptotic symmetry group of BMS2 × U(1) rather than
BMS3.



The Penrose process

Here, we take Q = 0. Consider a particle with mass Mp , its four-momentum is
given by pµ = Mp

dxµ

dτ
where τ is the proper time.

The particle’s energy and angular momentum are conserved and are given by

E = −(∂t)µpµ = −Mpgtt
dt
dτ − Mpgtϕ

dϕ
dτ ,

P = −(∂ϕ)µpµ = −Mpgtϕ
dt
dτ − Mpgϕϕ

dϕ
dτ .

Substituting with the metric, we get the energy

E = Mp

(
1 − m 1 + α2

1 + α2 cos2 θ0
e−w

)
dt
dτ − ℓMpαm 1 + α2

1 + α2 cos2 θ0
e−w dϕ

dτ sin2 θ0 .

Since E < 0 inside the ergoregion, the Penrose process works.
To calculate the maximum energy that can be extracted, we compute the
irreducible mass (the mass once all the possible energy is extracted).



The Penrose process

In 3d the irreducible mass is given by Mirr = AH
16πG2

3
, where AH is the area of the

horizon which is related to the entropy by S = AH
4G3

.
Substituting by the entropy of the black hole, we get

Mirr =

(
ℓ

2G3

√
1 + α2 cos2 θ0

1 + α2

)
M|ew− =0 .

Thus, the extractible energy is

δM = MBH − Mirr =

[
1 − ℓ

2G3

√
1 + α2 cos2 θ0

1 + α2

]
M|ew− =0 .

The fraction of the extractable energy to the total energy (the efficiency) is given
by

η = 1 − ℓ

2G3

√
1 + α2 cos2 θ0

1 + α2 .

The parameters α, θ0 can be chosen as well as the ratio ℓ
G3

so that η ∈ (0, 1) can
be any number between 0 and 1 (excluding 0 and 1).
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The 4d solution

Reminder: the 4d solution is

ds2
4d = − dt2 + 1 + α2

1 + α2 cos2 θ0

(
me−w − Q2e−2w) (dt + ℓα sin2 θ0dϕ)2

+ 1 + α2 cos2 θ0

1 + α2
ℓ2dw2

1 − me−w + Q2e−2w + ℓ2(1 + α2) sin2 θ0dϕ2

+ ℓ2(1 + α2 cos2 θ0)dθ2 ,

A = Qe−w

√
2(1 + α2)

√
1 + α2 cos2 θ0

(
dt + ℓα sin2 θ0dϕ

)
,

e−2Φ = ew−θ tan θ0 .

ds2
4d = ds2

3d + ℓ2(1 + α2 cos2 θ0)dθ2 and the 4−potential is the same as the 3d
solution, but the dilaton is θ dependent.
Same geometrical and thermodynamical properties as the 3d geometry:
R w→∞→ 0, rotating, locally asymptotically flat, CTCs exist for Q ̸= 0, temperature
independent of mass, thermodynamically stable, near horizon extreme geometry:
AdS2 × R × S1 and the ASG is BMS2 × R × U(1).



Solutions in D > 4

The large-d limit of Myres-Perry black holes with multiple rotations results in
solutions for low energy effective string theory in higher dimensions.
Keeping the number of non-zero rotations much less than the dimensions in the
limit, we can repeat the same parameterization and the large-d limit procedure
with multiple rotation parameters.
In D dimensions where D > 4, the solution is

ds2
D = − dt2 + AD(1 − F)

(
dt +

D−2∑
i=1

ℓαiµ0
2
i dϕi

)2

+ ℓ2dw2

ADF

+ ℓ2
D−2∑
i=1

(1 + α2
i )µ0

2
i dϕ2

i ,

Φ = − 1
2w ,

where
F = 1 − me−w , 4λ2 = AD

ℓ2 , AD =

(
1 −

D−2∑
i=1

α2
i µ0

2
i

1 + α2
i

)−1

.



Solutions in D > 4

ds2
D>4 = − dt2 + AD(1 − F)

(
dt +

D−2∑
i=1

ℓαiµ0
2
i dϕi

)2

+ ℓ2dw2

ADF

+ ℓ2
D−2∑
i=1

(1 + α2
i )µ0

2
i dϕ2

i

• The parameters µ0 i > 0 encode the relative warping of the asymptotic spacetime.
• The Ricci scalar is given by R = AD

ℓ2 e−w w→∞→ 0.
• There are D − 1 Komar charges: The mass, ⌊(D − 1)/2⌋ angular momenta, and
the rest are most likely linked to the toroidal nature of the black hole.
• The geometric and thermodynamical properties are similar to the
uncharged 3d solution.
• The ASG is BMS2 × U(1) × · · · × U(1)︸ ︷︷ ︸

D−2 times

.
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Summary
The low energy effective string theory action is

SD = 1
16πGD

∫
dDx

√
−g e−2Φ [R + 4(∂Φ)2 + 4λ2] .

The large-d limit is used to derive solutions without solving the field equations.
The solutions are

ds2
D ̸=4 = − dt2 + AD(1 − F)

(
dt +

D−2∑
i=1

ℓαiµ0
2
i dϕi

)2

+ ℓ2dw2

ADF + ℓ2
D−2∑
i=1

(1 + α2
i )µ0

2
i dϕ2

i ,

ΦD ̸=4 = − 1
2w ,

ds2
D=4 = − dt2 + AD(1 − F)

(
dt + ℓα sin2 θ0dϕ

)2 + ℓ2dw2

ADF + ℓ2(1 + α2) sin2 θ0dϕ2

+ ℓ2(1 + α2 cos2 θ0)dθ2 , ΦD=4 = −1
2w + tan θ0

2 θ,

where
F = 1 − me−w , 4λ2 = AD

ℓ2 , AD
−1 = 1 −

D−2∑
i=1

α2
i µ0

2
i

1 + α2
i
,

and αi , α, µ0 i , ℓ,m, θ0 being constants. In 4d , the dilaton is θ-dependent. These are
rotating asymptotically flat black holes.



Summary

The family of non-charged solutions simultaneously have
• The geometry of higher dimensional MP black holes: one horizon and one
ergosphere, no overspinning, J ∝ M, similar Killing vectors/symmetries.
• The thermodynamics of 2d Witten black holes: temperature being mass
independent, S ∝ M, C → ∞.
• Unique properties: restricted ASG, flexible maximal extractible energy.



Outlook
• Dynamical stability:
For simplicity, we take Q = 0. The massless Klein-Gordon equation is

∇µ

(√
−ge−2Φgµν∂νΨ

)
= 0.

where the scalar field Ψ is written as Ψ(t,w , ϕ) = R(w)e−iωt+iµϕ, where ω and µ
are constants.
The radial equation is

1 + α2

ℓ2(1 + α2 cos2 θ0)
d

dw
(
(ew − 1) dR(w)

dw

)
+ ew R(w)W(w) = 0,

where W(w) = 2ωµg tϕ − ω2g tt − µ2gϕϕ.

Performing the coordinate transformation w⋆ = −2 ℓ
√

1+α2 cos2 θ0√
1+α2

tanh−1 (1 − 2ew ),

we get R ′′(w⋆) + Veff(w⋆)R(w⋆) = 0, where the effective potential is

Veff(w⋆) =G(w⋆)
2ℓ2

(
1
2ω

2ℓ2G(w⋆) − µ2 csc2 θ0G(w⋆)
2 (α2 + 1) + (µ csc θ0 + αωℓ sin θ0)2

1 + α2 cos2 θ0

)
,

where G(w⋆) = 1 + tanh
( √

1+α2w⋆

2ℓ
√

1+α2 cos2 θ0

)
.



Outlook

The radial equation is not analytically solvable, so numerical approximations are
required.
To derive the quasi-normal modes, we impose the boundary conditions

R(w∗) ∼
{

e−i(ω−µΩH )w∗
as w∗ → −∞ (Horizon)

e iωw∗
as w∗ → +∞ (Infinity)

The boundary conditions for superradiant scattering are

R(w∗) ∼
{

T e−ikH w∗
as w∗ → −∞ (Horizon)

Ie−ik∞w∗
+ Re ik∞w∗

as w∗ → +∞ (Infinity)

where k2
H = Veff(w⋆ → −∞), k2

∞ = Veff(w⋆ → ∞), and T , I and R are the
transmission, incidence, and reflection coefficients respectively.



Outlook

• Missing (topological) black holes:

Dimensions
Dilaton linear Φ = Φ(w , θ)

D = 3 or D > 4 ✓ ??
D = 4 ?? ✓

Dimensions
Horizon’s Topology compact non-compact

D = 3 or D > 4 TD−2 ??
D = 4 ?? S1 × R

Notice the parallels between the two tables. Although all the solutions emerge
from the same limit, it seems like the D = 4 solution is misplaced/belongs to a
different family of solutions.
• Charged extensions beyond D = 3 and D = 4 solutions:
Are there solutions if we add p-forms to the action (adding p − 1 branes)?
• Lifting the solutions to supergravity.
• Flat space holography.



Thank you


	Motivation
	Low energy effective string theory
	Myers-Perry black holes: a review
	The large-d limit of Myers-Perry black holes with one rotation
	Properties of the solution
	Higher dimensional solutions
	Summary and outlook

