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» Motivation



e The main questions: can we write a rotating version of the
Witten black hole? what theory would it be a solution for?

e Witten black hole (a solution for the CGHS theory) was found as a
large-d limit of Schwarzschild black hole.

e The solution generating algorithms which "add" rotations to static
solutions don’t work in 2d.

e To circumvent this, we take the large-d limit of Myers-Perry black
hole ("add rotations” to Schwarzschild first, then take the large-d
limit).
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This talk: how to derive (some of) these




» Low energy effective string theory



Low energy effective string theory

The Polyakov action:
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where p,v =0,1,--- D, o, 8 = 1,2, Yap is the world sheet metric, g, is the
target space metric and By, is an antisymmetric tensor field, R® is the Ricci
scalar of the world sheet and & is the dilaton.
We can derive the low energy effective action the traditional way setting the beta
function to zero or by dimensional reduction:
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where A is an energy scale.

In D=3o0r D=4, we can add a Maxwell field without too many complications
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where F is the field strength.



» Myers-Perry black holes: a review



Myers-Perry black holes: a review

For even dimensions, the metric is

2
nF .,
ds? = —dt? + dt+Za,u,d¢,> + H_Wdr

i=1

+ 3 (P +al) (dpF + fdeT) + rPdd?.
For odd dimensions:
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where F =1— %" 25 M =] (r* + a}), a are the rotation parameters and

1 is proportional to the mass of the black hole.
The coordinates /i; are related by Y7 47 =1 for odd d and Y|  fif +9%=1
for even d.



Myers-Perry black holes: a review

The singly rotating Myers-Perry black hole metric in any dimension with the
rotation parameter a:

2 2 2\ . 25 112
ds® = ): (dt+aS|n 9d¢) Zdr +(r"+a%)sin“0d¢
+ ¥ d? + r* cos? 9de,47
with R
Y =r’ + 2 cos’
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A=r+a T
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d 4721_.[5”1 ¢Jd¢,.
i=1 j=1
One horizon for d > 5, J = -2 M

d—2""""



» The large-d limit of Myers-Perry black holes with one rotation



The large-d limit of Myers-Perry black holes with one

rotation

We first introduce the parameterizations p = rg_3 where ry is a length scale.

d—3
From Al,=, =0, we get (}2) =1+ a?, where a = % and }: =1+0(d™).
We then define the dimensionless coordinate w as i =1+% = w=0isa
horizon.
In the large-d limit, the range of w is from —oo to oo, and we have
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where we keep the following quotient fixed
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The large-d limit of Myers-Perry black holes with one

rotation

The last step before taking the limit of the metric is to zoom in on the angular
coordinates as follows:

A 0 2 ¢ ~ Q44
0= 6o+ = = L Qia= Qog-
ot 5> o] ¢o+d, d—4 0d—a+ =
where 0g, ¢o and Qo 4_4 are constants with 6p, 0 € (—00, ), ¢o, ¢ € [0,27), i.e.,
we decompactify 6.
Using the previous parameterization, we have
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The large-d limit of Myers-Perry black holes with one

rotation

Putting all together, the large-d limit of the MP metric with one rotation is given

by
d? = —dt - — 1T et tasin? 0o dg)? + 29
o 1+ o2 cos? O 0 F(w)
+ (14 o) sin® 6y dg® + £°(1 + o cos” 0p)d6” + £ cos” 0o dQT_4
where F(w) = ﬁ(l —e ).

At large-d the volume of a sphere goes to zero, thus, the dQ2_, term can be
dropped. The resulting metric is four dimensional comprises a 3d metric and a
trivial decompactified direction (6).

The 4d metric is

2 dW2

F(w)

14 a?
1+ a2 cos? Oy
+ (14 a®)sin® B d¢” + £°(1 4 o cos’ f)db>.

ds? = —dt? + e " (dt + Lasin® §o dg)® + ¢




The large-d limit of Myers-Perry black holes with one

rotation

In 3 and 4 dimensions, we can add a Maxwell field without complicating the
geometry too much:
In 4d, the full solution is )

2 2 l+a —w 2 —2w . 2 2
ds® = —dt +m(me - Qe )(dt—l—éasm Bode)

1+ o cos? b dw?
1+a2 1—me w4 Q%e?
+ (1 4 o cos® p)do?

— + (1 + o) sin® Opdg?

2(1+a?) 2
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V1 + a2 cos? @y ( 0 ¢)
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The dilaton is #-dependent so it breaks the symmetry 0.



The large-d limit of Myers-Perry black holes with one

rotation

In 3d
2 2 1+ a? W > ow .2 )
ds' = —dt 4 T g, (M~ @) (dt - Lasin® fodo)
1+ a2 cos? by £2dw? ) o o ,
1+Of2 1— mevw+ Q2e—2W + (1+Oé )SIn 00d¢ )
672‘» _ ew7

with the same 4—potential as the 4d solution, and

1+ a?

2 _
M= 2(1+ a?cos? )

In much of the talk, | will focus on the 3d geometry and discuss higher dimensions
only at the end.



» Properties of the solution



Properties of the 3d geometry

ds? = —dt® + 5 (me™ — Q%) (dt + Lasin® od)?

1+a2 cos? Oy

+ 140 cos? 0y 2dw? + 62(1 + a2) sin2 90d¢)2 )

1+a? 1—me—W+Q2e—2%

P . p_ 1 1t+a? ( w22 —2w) w—00
e The Ricci scalar: R = 5 Taleoddy (€M 4Q%e = 0.

e Curvature singularity where R blows up at w — —oo.

. + 2_4Q2
o Horizons: %+ — MEVm 4@

2
e Symmetries (Killing vectors): 0:, 0s.

o The extremality condition m* = 4Q? is independent of rotation, i.e., the black
hole can not be overspun.

1402 cos? 6o

2 _ 2
m+ m*—4Q Tra?

L AWEL 14+a?
e Ergospheres: e = a2 g 3

o Closed timelike curves exist below the surface w = w, where

2 2
Q2672WC — me W > 1+3¢ .cgs 6o > 0.
a? sin? O

e When Q = 0, there is only one horizon, one ergosphere, no extremality condition
and no CTCs (remember higher dimensional MP).



Komar Charges and the electrical charge

Komar charges:

1 _20 (t) 1
M=— * d s J = —
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t=constant t=constant
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where x is the Hodge dual operator, o) = gndt 4 gr3d¢ and
ol®) = 8iodt + gpedd. Doing the algebra, we get the Komar mass

(e +e")|sinfo| (14 a?)¥?

N 4G; 14+ a2cos?bp’
and the Komar angular momentum

(e + e"=)|sinbp| (1+ a?)*/?
8Gs 1 4 a2 cos? Oy

M

J=

Lorsin? 6o .

The angular momentum is proportional to the mass as in MP: J = %Mﬁa sin 6p.

The total electrical charge is calculated via Gauss's law:

e+ +W=)/2| 5in | (1+a?)?
V20 (14 a2 cos? 6p)3/2"

The electrical potential at the horizon: ® = fﬁe(w—f‘”*)m\/@.

Qtotal -




The Entropy is calculated using Wald's formula:

1 7l sin Gp|e™* 1+a?
S = e \/gsasd .
4G; Eoodd = 2G3 V1+ a2 cos? 6,

The Hawking temperature: T = 5=, where x is the surface gravity on the horizon.
It can be calculated from

e =¢"V,E",
where £* is the normal vector to the outer horizon: &* = (9:)" — Qu(94)* and

H= :;4; v = m is the angular velocity on the horizon.

Putting all together, the temperature is

1 e’

R=0=e"=0 = T= ﬁ which is a constant (a property of Witten black
hole in 2d rather than higher-dimensional MP). At extremality (wy = w_): T =0.




Thermodynamics

The heat capacity is given by

C:T(ﬁ) :T<85+85da+ 05 de+> :
J, Qtotal J, Qtotal

dT 0T  OadT = Oew dT

Substituting by the previous equations, we get
_ 72(1 4 o®) 2 e"+ T |sin bo|
G3(1—4nlT) (2 —47lT) /14 o?cos? by

AmlT (2a2 —1—0a?(a® + 4)cos® 90)
x |2+ > 0.
a?(a? +2)cos? 0y + 1

Thermodynamically stable.

Note that Q =0 = C — oo similar to Witten black hole in CGHS theory.



near horizon extremal geometry

Near extremality, we can define "~ ~ "+ =: e"°, and
et =™ £ 210" T + O(T?).

Zooming in onto the horizon, we introduce a new radial coordinate x, which
coincides with the horizon for x = 0, an angular coordinate, and a rescaled time
coordinate:
e = " + 4mle"™ T sinh® 2 (ﬁ:(]@—Li L
2’ 1+a227lT’ 2n T
Substituting into the metric, we get

> 1+ a2 cos? by
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— sinh? xd#? + dx® 4+ - @) S fo
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The near horizon extreme geometry is AdS, x S*.



Asymptotic symmetries

To derive the ASG, the first step is to recast the metric into the Bondi gauge using
the coordinate transformations

¢ = lasin® 6pp, dt =d[u+ X(w)], dé=d[¢+ Y(w)].

where
, B 14+ a?cos?ly 1 /
X (W) - < a2 f(W) Y (W)7
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VA +a)(F(w) -1) \/—(7122,«(@ % 4 1)2 4 el el 4 Mg

where f(w) = me™™ — @%e™".

The metric in Bondi gauge is

1+a2 2 1+Oé2 ~
ds’ = -1+ —F——5f dv’ + —————f(w)dud
s ( + 1 4+ a2 cos? g (W)> ut 14 a2 cos? 0q (w)dud®
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Asymptotic symmetries

In the limit w — oo, the metric can be expanded as

1 + a2 cos? Oy

2 —w 2
ds* = (—-14+0(e”"))du” + <—2€ e

+ (’)(ew)> dudw

1+ a?
o?

+ O(e™")dudé + ( + O(e_w)> dé’.

Restricting to boundary condition leaving invariant metrics of the form

2 cos?
" = — (hu+ O 20/ (e

2
e (b, + O(e™))dudd + L (14 0(e7))dd.

The generators of the ASG, denoted by £”, are defined by the equation
£¢guy = 08uv, Where we take dh,; = 0.

The solution gives the asymptotic symmetry group of BMS; x U(1) rather than
BMS;.



The Penrose process

Here, we take Q = 0. Consider a particle with mass M,, its four-momentum is

given by p" = Mp% where 7 is the proper time.

The particle's energy and angular momentum are conserved and are given by
dt do

E=—(0)up" = - P8t Mpgt¢57
d

dt P
P =—05)up" = —Mpgro o~ — Mogso -

Substituting with the metric, we get the energy

2 2
E:Mp(l— ke ‘W>dt—el\// _thal  -wdd

. 2
m sin® 6 .
1 + a2 cos? Oy

am e
dr P71+ a2 cos? 6 dr
Since E < 0 inside the ergoregion, the Penrose process works.

To calculate the maximum energy that can be extracted, we compute the
irreducible mass (the mass once all the possible energy is extracted).



The Penrose process

In 3d the irreducible mass is given by M;, = 161—”62, where Ay is the area of the
3
horizon which is related to the entropy by S = %.

Substituting by the entropy of the black hole, we get

[ ¢ 1+ a?cos? by
Mip = <2G3” ].+042> M| .

Thus, the extractible energy is
¢ |14 a?cos? by
M=Mpy — My, = |1 — —| ————| M|w__,.
J BH [ 2Gs 14 a? ‘e =0

The fraction of the extractable energy to the total energy (the efficiency) is given
by
_ 4 1+ a2 cos? by
== 2G; 1+a2

The parameters «, p can be chosen as well as the ratio G% so that n € (0,1) can
be any number between 0 and 1 (excluding 0 and 1).



» Higher dimensional solutions



The 4d solution

Reminder: the 4d solution is

2 2 1+o —w 2 2w 2 2
d54d = —dt + HTCOSZQO (me — Q e ) (dt —l—éasm 90d¢)
1+ o2 cos? by Pdw?

1+a2 1—me "+ Qe & (1 4 a®)sin® fodgs?

+ (1 4 o cos® p)d6?
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V1 + a2 cos? by

—2¢ _ ew—@ tan O )

A= Qe ™" (dt + £asin® Bodg) |

e

dsz, = dss; + £2(1 4 o cos? 0p)d6? and the 4—potential is the same as the 3d
solution, but the dilaton is § dependent.

Same geometrical and thermodynamical properties as the 3d geometry:

R "= 0, rotating, locally asymptotically flat, CTCs exist for Q # 0, temperature
independent of mass, thermodynamically stable, near horizon extreme geometry:
AdS; x R x S* and the ASG is BMS, x R x U(1).



Solutions in D > 4

The large-d limit of Myres-Perry black holes with multiple rotations results in
solutions for low energy effective string theory in higher dimensions.

Keeping the number of non-zero rotations much less than the dimensions in the
limit, we can repeat the same parameterization and the large-d limit procedure
with multiple rotation parameters.

In D dimensions where D > 4, the solution is

b-2 2 2dw?
2 2 20 w
ds3 = —dt* + Ap(1 — F) (dt+;za,m,d¢,> + 7

D—2

+6Y (1+a)uoide?,

i=1

where D-2 , ,\ !
Fel-me™, ax=2o AD:<1— 0"’“"") .



Solutions in D > 4

D-2 2
2dw?
dshos = —dt* + Ap(1 — F) (dt + Zﬁa;uo?dqb,-) + ADVJVT
i=1
D—2
+ 6 (14 af)uolds?

i=1

e The parameters po; > 0 encode the relative warping of the asymptotic spacetime.
e The Ricci scalar is given by R = %e’w YZ0.

e There are D — 1 Komar charges: The mass, |(D — 1)/2] angular momenta, and
the rest are most likely linked to the toroidal nature of the black hole.

e The geometric and thermodynamical properties are similar to the
uncharged 3d solution.

e The ASG is BMS; x U(1) x --- x U(1) .
N———

D—2 times



» Summary and outlook



The low energy effective string theory action is

1
167’I'GD

Sp = /de\ﬁ—g e ?* [R+4(00)* +4X7] .

The large-d limit is used to derive solutions without solving the field equations.
The solutions are

D—2 2 D—2
£2d
dspis = —dt’ + Ap(1 — F) <dt+§ Eaiuo?d@) 4w + 0 (14 af)uolde?

: ApF
i=1 i=1
1
bpsy = — W
2 2 .2 2 dw?
dsp_g = — dt’ + Ap(1 — F) (dt + Lasin® 6od)” + F T (1 + a®)sin® Gpd
+€2(1 + o cos? 90)d92, bpy = *%W+ taZHOO,
where A b=z 2 2
—w 2 D —1 Qi o
F=1—me™", 4)\26—2, Ap  =1-— T4a2

i=1
and «j, o, poi, £, m, 0y being constants. In 4d, the dilaton is -dependent. These are
rotating asymptotically flat black holes.



The family of non-charged solutions simultaneously have

e The geometry of higher dimensional MP black holes: one horizon and one
ergosphere, no overspinning, J o< M, similar Killing vectors/symmetries.

e The thermodynamics of 2d Witten black holes: temperature being mass
independent, S o« M, C — .

e Unique properties: restricted ASG, flexible maximal extractible energy.



e Dynamical stability:
For simplicity, we take @ = 0. The massless Klein-Gordon equation is

Vu (\/Tge_mg“”ay\ll) =0.
where the scalar field W is written as W(t, w, ¢) = R(w)e™™“*""? where w and u
are constants.
The radial equation is

1+ o?

d w dR(w) w
BT oot 0o dw ((" —1)=) + " R(w)W(w) =0,

where W(w) = 2wugt® — w?g™ — 2g%?.

Z\/H»Tz cozs2 0o tanh—l (1 _ 2ew)’
Vit

we get R”(w*) + Vegr(w*)R(w*) = 0, where the effective potential is

Performing the coordinate transformation w* = —2

* G * 1 *
Ver(w?) = g;”z ) <2w2€2G(W )

- p2esc? 0oG(w*)  (esclo + awlsin 6g)?
2(a?+1) 1+ a?cos? by ’

o Ve
where G(w*) =1+ tanh (ym ’



Outlook

The radial equation is not analytically solvable, so numerical approximations are
required.

To derive the quasi-normal modes, we impose the boundary conditions
R(w") e W=rUW 35 w* 5 —oo  (Horizon)

w ~ . *
e as w* — 400 (Infinity)

The boundary conditions for superradiant scattering are

R(w") Te as w* — —oo  (Horizon)
w') ~ __— " .

Te koW L Re*=""  as w* — +oo (Infinity)
where kf = Veg(w* — —00), k% = Ver(w* — 00), and 7,7 and R are the
transmission, incidence, and reflection coefficients respectively.



e Missing (topological) black holes:

DimensionsDIIaton linear | ® = ®d(w,0)
D=3orD>4 N 7
D=4 7?7 v
. . Horizon's Topology compact | non-compact
Dimensions
D=3orD>4 TP-2 7?
D=4 ?7? STXR

Notice the parallels between the two tables. Although all the solutions emerge
from the same limit, it seems like the D = 4 solution is misplaced/belongs to a
different family of solutions.

e Charged extensions beyond D = 3 and D = 4 solutions:
Are there solutions if we add p-forms to the action (adding p — 1 branes)?

e Lifting the solutions to supergravity.

e Flat space holography.



Thank you
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