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§1. Introduction

To do
Gauging of AKSZ sigma models (Special Batalin-Vilkovisky
formalism) Alexandrov, Kontsevich, Schwartz, Zaboronsky '97

Purposes e Equivariant generalizations of geometry in physics

cf. Equivariant BV formalism, weak Q-manifolds
Bonechi-Cattaneo-Qiu-Zabzine '20, Grigoriev-Rudinsky '25

Carow-Watamura-NI-Kaneko-Watamura '19

cf. Realizations of momentum maps by Q-manifolds and AKSZ
Sigma models Zucchini '08, Bonechi-Cabrera-Zabzine '12



Gauged sigma models geometry in target space 4+ symmetry

pre-(multi)symplectic (and metric) + Lie groups
(Gauged nonlinear sigma models) Hull-Spence '91

pre-(multi)symplectic (and metric) + Lie algebroids(groupoids)
Chatzistavrakidis-Deser-Jonke '16, Chatzistavrakidis-Deser-Jonke-Strobl '16

Poisson + Lie algebroids(algebras)?
Courant algebroids + Lie algebroids (Courant algebroids)?
Higher groupoids + another higher groupoids?

Applications of AKSZ sigma models

e 2D Poisson sigma models NI-lzawa '93, NI '94, Schaller-Strobl '94
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JT gravity, 2D dilation gravity Teitelboim '83, Jackiw '85,
Chirco-Vacchiano-Vitale '25, Girelli-Pollack-Riello '26,,,

Kontsevich formulas in deformation quantizations, noncommutative
gauge theory via NS B-field Kontsevich '97, Cattaneo-Felder '99

e 3D Courant sigma models NI '03, Roytenberg '07
Cherns-Simons theory, T-duailty, generalized geometry
e higher dimensions

Brane current algebras NI-Xu '13, Arvanitakis '21



Plan of Talk

e Poisson sigma models
e Gauging of PSM

e GPSM with boundary



§2. Poisson sigma model

Y:: 2D manifold

A,i(0): gauge field (u = 1,2), X*(0): scalar field
(X)) = -1l (X).

1 -
S, = / d%c [6“’/14“2-8”)(2 + §€MV7TZ](X)AMZ'AV]'
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The theory is gauge invariant under the following gauge
transformations,

187rjk( )
2 00Xt

6X" = -7 (X)e; 0A,; = 0,6 + A ek



if 7% 1s a Poisson tensor, i.e.,

on omik Ok
ﬂ_mk_|_ 7Tm2_|_

o m o m 8Xm7T 0= 065=0 (1)

(1) is the Jacobi identity of the Poisson bracket

L .. oF 0G

{F(X)v G(X)}PB = §WZJ(X)aXz6XJ




Batalin-Vilkovisky formalism

The BV action functional

1
S = /E 20 [e“”Am&,X’ 5T (X) Ay,

*7 119 *U17 aﬂ-]k 187Tjk %7
~X*re; + A (8 c; + X A,,jck) +§8Xic CiCk

1 927
T AOXFYXI

A 'uA CkCl] .

satisfies the BV master equation, {S, S} = 0, where {—, —} is the
BV (anti)bracket.



§3. AKSZ formulation
Supefield formalism

Introduce a (vector) supercoordinate 60* (u = 1,2), where
degree=ghost number: |6 =1

Define superfield by

: : : 1 :
X'(0,0) = X'+ 0" AL + S0 e, |X| =0,
1

ZZ'(O', 9) = —C; + H’MAIW; -+ —HMHVX+

9 %% |Z‘ — 17



BV action
1.
S:/ d20'd2(9 (ZidXZ—F—TF”(X)ZiZj)
TS 2

Here d = 0+0,,.
The BV bracket is

o 0 o 0
F .G} = d’cd®9 | F——G — F ve.
th Gl /Tmz ’ ( 0X'0Z; 0Z;0X"

A graded Poisson bracket of degree 1.

e e—>>



Classical master equation to homological condition

. L ..
Sy = / d%cd?0 Z;dX", S, = / d*od®0 S (X)Z,;Z;,
T[1]% % 2

{S, S} — {SQ, SO} -+ Q{SQ, SW} -+ {Sw, Sﬂ} TriviaIIy, {SQ, So} —
{So, Sx} = 0. Therefore,

Theorem 1. {5, 5} =0<«= {5,,5:} =0.

Note: The target space quantity corresponding to .S is denoted
by O, = 27 ()22
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84. Lie algebroid gauging
Lie algebroids

A Lie algebroid (E,|-,-],p) is a vector bundle £ — M together
with a bundle morphism (an anchor map) p: E — T'M as well as a
Lie bracket |-, -], satisfying the Leibniz rule

e1, feal = flei,ea] +pler)f - ez,

for every e1,eo € I'(E) and f € C°(M).
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Example 1. [Lie algebra] Let a manifold M be one point M =
{pt}. Then a Lie algebroid is a Lie algebra g.

Example 2. [Vector fields] /f E = T'M and p = id, then the
bracket |—,—] is a normal Lie bracket of vector fields and
(T'M,id, |—,—]) is a Lie algebroid.
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QP-manifolds of Lie algebroids

1. The target space T™[1]|M is generalized to T7|1|F/[1].

T*[1|E[1]: (2% a%, z;,yq) of degree (0,1,1,0)
2. The graded symplectic form on T*[1]E[1]:

Worad = STt A 8z — da A 8y,

3. The homological function for a Lie algebroid is

- 1
Op = Pé(ﬁ)zi@a+§cgb(x)aaabyca

where for the basis e,, p(eq) = p(x)d; and [eq, e5] = CS, (z)e..
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Lie algebroid gauging

Homological functions

O, = %Wij () zizj,
Or = p'(r)za®+ : < (x)aa’ye,
{O,,0,} =0 iff 7 is a Poisson structure.

{Of, 0} =0iff Eis a Lie algebroid.

[A candidate gauged homological function is © = O, + Og.
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;
Problems
1, ©, (and ©) is not globally well-defined.

2, In general, {©,,0g} #£0, thus, {©,0} £0for©® =0, +Opg.
\Thus, {S, S} # 0!

Coordinate transformations under diffeomophisms and transition
functions on the graded manifold,

' =a"(x),  d=Mj(x)a’, oy, = M(@)y,
/

61"7 b C a
5T gt (2j + Mg (2)0iMj (z)aye) ,
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Connections, torsions and curvatures

A connection V : I'(F) — I'(EF ® T*M) on a vector bundle E.
w? = wb (z)dx': a connection 1-form.

The curvature, R € Q?(M,E ® E*), the E-torsion, T € I'(E ®
A?E*), and the basic curvature ©S € QY (M, \>E* ® E) are

R(”? U/) c= [v’ua vv’] — v[’U,’U’]?
T(e,e') = V€ — V,ene—le €],
PS(e,e') == [e,Ve]—[e,Ve] = V]e,€'] =V, ver€ + V (vene

for v,v" € X(M) and e, e’ € I'(F).
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Covariantized homological functions  The global

covariantized coordinate of z; on T*[1)E[1] is 2,7 := z; + w”.a%y,.
0y = %Wij(x)zivzjv #+ O,
05" = phle)=Fa" — 3% (x)a"a"y. = O

These satisfies

V V _ 1) -kl b a V_V
{@71'7@77} = miT Rija,a’ Yoo <1

1 - 1 .
V AV B ij V.V a ijE V a b
{6,005} 5 V2 2z a —5773 SiapZi a4a’Ye,

{@g7 @g} = 0,
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where ¥V v = [p(e),v] + p(V,e) is the basic E-connection on T'M
for a vector field v and e € T'(F).

4 ™
Theorem 2. [Nl '25] OV :=0Y +0z". {6Y,0V} =0 if and
only if

Evr = 0, («#"?R=0, =*¥S=0.
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Gauged Poisson sigma models

Superfields (Local coordinates) corresponding to local coordinates
(2%, z;,a%, y,) of degree (0,1,1,0) are

X' T — M, Z; c T(TE, X*T*[1]M),

A® e T(T[1]2, X" E[1]), Y, e I'(T[1]%, X" E*).

The BV action functional (the homological function) is

S = / dX\2 [ZYdX' — Y,DA"
T[]

+377(X) 27 Z) + po(X) 2 A" — 5T5,(X) A AY,]

where DA® = dA® — w(X)A'dX".
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{Proposition 1. {S,S} = 0 is satistfied iff conditions in Theorem}
2 hold.

e The target space structure of a gauged AKSZ sigma model is
formulated by equations,

B
{SO + Sgaugea So + Sgauge} = F
or
(Qo + anuge)2 — 7 with a 'curvature’ F.
\
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§5. GPSM with boundary
Let 9% # 0.

We assume the boundary condition, Z; = 0, and the boundary term,
S@Z — / d)\l ,ua(X)Aa’,
T[1]0%

where 1 = pq(x)e® € I'(E*). The total BV action is

Sy = / d\2 [ZYdX' - Y, DA + in"(X)ZY ZY
T[S

+oL(X)ZY A* — 1T (X)AA’Y,] + / dA1 e (X)A”,
T[1]6%
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must satisfies {SyY,SY} = 0. This equation gives consistent
boundary conditions.

Proposition 2. Assume Proposition 2, i.e.
EVr =0,(m2R =0 and 7*FS = 0.
Then, {SY,SY} =0 if

1. X = constant map on 0>,
2. p(e) = =74 (V) (e),
3. Fdp(er, e2) = —m((Vi)(er), (Vi)(ea)),

where e, e1,e9 € I'(E). ¥d is the E-differential of the Lie algebroid
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Eb.

Conditions 1, 2, 3 are equivalent to Hamziltonian Lie algebroids
over Poisson manifolds.

Blohmann-Ronchi-Weinstein '23, (Blohmann-Weinstein '18)

Example

If &/ = M X g is an action Lie algebroid with a Lie algebra g and
V =d, u is an nfinitesimally equivariant momentum map.
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Theorem 3. [Nl °25] Under the condition in Theorem 2,\
EVr =0,(#x"2R =0,7%S =0,

the GPSM with boundary satisfies the classical master equation
{SY,SY} = 0 if the target space E is a Hamiltonian Lie

\algebmid over a Poisson manzifold.
/
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§6. 3 dimensional case NI '26
QP-manifolds of degree 2

Courant sigma models with Lie algebroid or Courant algebroid
gauging. Connections, E-torsions and basic curvatures in Courant
algebroids appear.

The curvature, R € Q?(M, EQ E*), the E-torsion, (or the Gualtieri
torsion,) T € T'(A3E*) and the basic curvature ©'S € QY (M, N>E*)

are

R(vi,v2) == [vvp V’UQ] - V[UL’UQ]’
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T(e1, €2, €3) := ("Veea — "Veger — [e1, €2] g, €3)
T %(<Ev63617 €2> — <Ev€3€27 61>)7

ES(eq,eq,e3)v:= (Vyle1, ealr — [Vuer, el g — [e1, Voea|k

1
_ VEV62U€1 + VEV6111627 €3> —+ 5 <<VEV631)617 62> — <VEV€3U€2, 61>> ,

for e1,e9,e3 € I'(E) and v, vy, v9 € X(M).

'Theorem 4. [NI '26] The BV action functional S satisfies the
classical master equation {S,S} = 0 if and only if Vp = 0,
R=%8=0, and *VH = 0.

N /
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§. Summary
e Gauged Poisson and Courant sigma models have been proposed.

e [ he structure is an equivariant double complex,

[(Qo + Q1)2 — ¢ with a 'curvature’ F. J

Torsions and curvatures in various algebroids appear.
e Consistency requires compatibility of two QP-manifold structures.

e Gauged AKSZ sigma models with boundary require structures of
generalizations of momentum maps.
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Thank you for your attention!
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