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Outline:

* Lie-Poisson electrodynamics (LPE): definition and overview

* Classical action for LPE and Lagrangian field equations

* Application to the κ-Minkowski case

* Comparison with previous results
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Lie-Poisson electrodynamics: definition

• The starting point is a d-dimensional space-time M ≃ Rd, equipped with a given
Poisson bracket,

{xµ, xν} = Θµν(x) µ, ν = 0, ..., d− 1,

• Poisson electrodynamics (PE) is a non-Abelian deformation of usual electrody-
namics, where the infinitesimal gauge transformations close the Poisson gauge
algebra,

[δf , δg]Aµ = δ{f,g}Aµ, lim
Θ→0

δfAµ = ∂µf.

• PE can be seen as a semiclassical limit of the noncommutative U(1) gauge the-
ory [Kupriyanov, Vitale 2020] and [Kupriyanov, Szabo 2022],

[δf , δg]Aµ = δ−i[f,g]⋆Aµ, [f, g]⋆ = f ⋆ g − g ⋆ f, [f, g]⋆ ≃ i {f, g} .

Thus, we refer to our Poisson bracket as noncommutativity.
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Lie-Poisson electrodynamics: definition

• Consider a class of Poisson bivectors, which are linear in coordinates,

Θµν(x) = Cµνξ xξ .

The constants Cµνξ are the structure constants of a given d-dimensional Lie alge-
bra g. Various noncommutativities which have attracted significant attention in
the literature are of the Lie-algebraic type:

{xµ, xν} = Cµνλ xλ.

• For example, at d = 4 (I present non-zero Poisson brackets only):

{xj, xk} = ℓ εijk xk, (the su(2) noncommutativity)
{x3, x1} = −ℓ x2, {x3, x2} = −ℓ x1, (the angular noncommutativity)
{x0, xj} = ℓ︸︷︷︸

1
κ

xj. (the κ-Minkowski noncommutativity)

• The corresponding Poisson electrodynamics we call the Lie-Poisson electro-
dynamics (LPE). Today I shall discuss the LPE only.
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Overview of the construction: what we are looking for

• First of all, for a given Poisson bivector Θµν we would like to define the deformed
gauge transformations.

δfAµ =? [δf , δg]Aµ = δ{f,g}Aµ, lim
Θ→0

δfAµ = ∂µf.

• We would also like to define the gauge-covariant field strength.

Fµν =? δfFµν = {Fµν, f}, lim
Θ→0

Fµν = ∂µAν − ∂νAµ =: Fµν.

• Finally, we are looking for the deformed classical action, which respects the Pois-
son gauge symmetry and which reduces to the standard Maxwell action in the
commutative limit.

S[A] =? δfS[A] = 0, lim
Θ→0

S[A] = −1
4

∫
M dxFµν Fαβ ηµα ηνβ.
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Overview of the construction: master equations

• The key technical elements of the construction are two d × d field-dependent
matrices, γ(A) and ρ(A), which solve the master equations


γνµ(A) ∂γ

ξ
λ(A)
∂Aµ

− γξµ(A) ∂γ
ν
λ(A)
∂Aµ

= Cνξµ γ
µ
λ(A)

γνλ(A)
∂ρ

µ
ξ (A)
∂Aλ

+ ρλξ (A) ∂γ
ν
λ(A)
∂Aµ

= 0
,

• and tend to the identity matrix in the commutative limit,

lim
Θ→0

γ = I, lim
Θ→0

ρ = I.

• For a given Poisson bivector Θµν = Cµνξ xξ, defining the noncommutativity, the
main constituents of the Poisson gauge formalism, viz. the deformed gauge
transformations δfA, the deformed field strength F and the deformed gauge-
covariant derivative D, are completely determined by the matrices.
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Overview of the construction: basic elements

The required deformed gauge transformations δfA, deformed field strength F and
the deformed gauge-covariant derivative D were constructed in [Kupriyanov, Vitale
2020] and [Kupriyanov 2021]

Definition Property

δfAµ = γνµ ∂νf + {Aµ, f} [δf , δg]Aµ = δ{f,g}Aµ

Fµν(x) = ραµ ρ
β
ν

(
γξα ∂ξAβ − γ

ξ
β ∂ξAα + {Aα, Aβ}

)
δfFµν = {Fµν, f}

Dµψ(x) = ραµ
(
γλα∂λψ + {Aα, ψ}

)
δf

(
Dµψ

)
= {Dµψ, f}

In the last line ψ is an arbitrary field which transforms in a covariant manner under
gauge transformations: δfψ = {ψ, f}.
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Overview of the construction: universal LPE

• In [Kupriyanov, Szabo 2022] and [Kupriyanov, Kurkov, Vitale 2022] special so-
lutions of the two master equations were obtained in terms of matrix-valued
functions.

• Introducing the matrix,

[Â]βµ = −iCαβµ Aα,

we can represent these universal solutions as follows

γ(A) =G(Â),
ρ(A) =

(
γ(A) − i Â

)−1 , with G(p) := i p
2

+ p

2
cot p

2

• These solutions are valid for arbitrary structure constants Cαβµ . The correspond-
ing Lie-Poisson gauge theory will be referred to as the “universal LPE".
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Overview of the construction: universal-equivalent LPE

• For any invertible field redefinition

A → Ã(A), such that lim
Θ→0

Ã(A) = A,

the quantities

γ̃µν (Ã) =

γµξ (A) · ∂Ãν
∂Aξ


∣∣∣∣∣∣∣∣∣∣A=A(Ã)

, ρ̃µν (Ã) =


∂Aξ
∂Ãµ

· ρξν(A)


∣∣∣∣∣∣∣∣∣∣A=A(Ã)

,

are again the solutions of the master equations. The matrices γ̃ and ρ̃ define
one more Poisson model for the same Poisson bivector Θ, which we call the
“universal-equivalent".

• The infinitesimal gauge transformation of the new model reads:

δ̃f Ãµ = γ̃νµ(Ã) ∂νf + {Ãµ, f} .

Upon the field redefinition the gauge orbits are mapped onto the gauge orbits,

Ã
(
A + δfA

)
= Ã(A) + δ̃f Ã(A) .
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LPE: gauge (non)invariance of the action
• The Lagrangian density, obeying the gauge-covariance condition δfL = {L, f},

can be easily constructed:

L = −1
4

Fµν Fαβ ηµα ηνβ.
However, the corresponding classical action

Sg[A] =
∫
M dxL,

is gauge-invariant for unimodular algebras g only, Cµνµ = 0.

• The gauge covariance of the Lagrangian density does not imply gauge invariance
of the action:

δfSg =
∫
M dx {L, f}

=
∫
M dx

(
−∂ν

(
∂µf · ΘµνL

)
︸ ︷︷ ︸

nice t.d.
− ∂µf · Cνµν · L︸ ︷︷ ︸

problematic!

)
̸= 0.

• This property is nothing but the semiclassical version of the non-cyclicity of the
corresponding ⋆-product, ∫

M dx [ . , .]⋆ ̸= 0.
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LPE: from gauge-covariance to gauge-invariance

• In my recent article, J.Phys.A 59 (2026) 14, 145402, I proved that any quantity
Q, transforming in a gauge-covariant manner δfQ = {Q, f}, can be converted
into a gauge-invariant object (up to a total derivative) by means of an integrating
factor.

• A suitable integrating factor, valid for all gauge-covariant objects Q, can be
chosen as follows:

MA(x) :=
 det

[
γ

(
A(x)

)
ρ

(
A(x)

)]−1
.

• Then, the expression

Q̌(x) := MA(x) Q(x)

is gauge-invariant up to a total derivative:

δfQ̌(x) = ∂ν
(
xξ Cνσξ Q̌(x) ∂σf

)
.
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LPE: gauge-invariant action

• By choosing the Lagrangian density

Ľ(x) = MA(x)
 − 1

4
Fµν(x) Fµν(x)


︸ ︷︷ ︸

gauge-covariant

,

we obtain a gauge-invariant action

Sg[A] =
∫
M dx Ľ(x).

• Being an integral of a total derivative, the corresponding variation of the action
vanishes, provided the gauge field A(x) decays sufficiently fast at infinity:

δfSg[A] =
∫
M dx ∂ν

(
xξ Cνσξ Ľ(x) ∂σf

)
= 0.

• The above classical action has the correct commutative limit:

lim
C→0

Sg[A] =
∫
M dx

 − 1
4
Fµν(x)Fµν(x)

.
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LPE: Euler-Lagrange field equations

• The gauge-invariance of the action implies that the corresponding Euler-Lagrange
equations

EµEL(x) = 0, EµEL(x) := δSg[A]
δAµ(x)

,

are not independent but obey the Noether identity:

∂ν
(
γνµ(A) EµEL(x)

)
+ {Aµ, EµEL(x)} + Cξνν ∂ξAµ EµEL(x) = 0.

• In J.Phys.A 59 (2026) 14, 145402 I have shown that these Euler-Lagrange equa-
tions admit the manifestly gauge-covariant form EµG(x) = 0 with

EµG(x) := DξF ξµ + 1
2

Fλω Cλων Fµν − Fλω Cµων Fλν − 1
4

(
Cνµν Fλω Fλω + 4 Cνλν Fλω Fωµ)

.

• Under the gauge transformations of A,

δfEµG = {EµG, f}.
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LPE: κ-Minkowski case

• In the four-dimensional κ-Minkowski case:

{xµ, xν} = κ−1 (
δ
µ
0 x

ν − δν0 x
µ

)
,

and

Cσνσ = −3 δν0κ−1 ̸= 0.

• The matrices γ and ρ can be chosen as follows:

γ(A) =


1 −A1

κ −A2
κ −A3

κ
0 1 0 0
0 0 1 0
0 0 0 1

 , ρ(A) =



1 0 0 0
0 e

A0
κ 0 0

0 0 e
A0
κ 0

0 0 0 e
A0
κ


,

so
MA(x) = exp

(
− 3κ−1A0(x)

)
.

• So the corresponding action becomes

Sg[A] =
∫
M dx exp

(
− 3κ−1A0(x)

) − 1
4

Fµν(x) Fµν(x)
.
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LPE: comparison with previous results

• At the leading order in κ−1, my integrating factor

MA(x) = 1 − 3κ−1A0(x) + O
(
κ−2)

perfectly agrees with the field-dependent volume factor proposed in JHEP 09
(2005), 068 by M. Dimitrijevic et al. within the perturbative first-order approach
to noncommutative electrodynamics on the κ-Minkowski space-time.

• In the article JHEP 11 (2023) 200 written together with Kupriyanov and Vitale, on
purely general grounds, we proposed a one-parameter family of deformed Maxwell
equations for the κ-Minkowski LPE.

Eµ
G = 0, Eµ

G = DξF ξµ + 1
2

Fλω Cλω
ν Fµν − Fλω Cµω

ν Fλν + α
(
Cνµ

ν Fλω Fλω + 4 Cνλ
ν Fλω Fωµ

)
, α ∈ R.

The left-hand sides of these equations obey the gauge identity

Dµ EµG = 1
2

(1 + 12α) Cµνξ Fµν EξG.

• My Euler-Lagrange equations have exactly the above structure at α = −1/4.
Then the above gauge identity becomes the Noether identity, rewritten in a gauge-
covariant form.
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Summary

• LPE describes the semiclassical limit of noncommutative U(1) gauge theories
with Lie-algebra-type noncommutativities.

• I addressed the problem of finding a local gauge-invariant classical action for a
generic LPE.

• The main technical tool of my construction is the integrating factor MA(x) which
converts gauge-covariant expressions into gauge-invariant objects (up to a total
derivative).

• The deformed Maxwell action and the corresponding field equations have been
constructed for a generic Lie-algebra-type noncommutativity.

• In the κ-Minkowski case, my findings agree with the previous first-order results
by M. Dimitrijevic on the classical action and with our previous results on the
deformed Maxwell equations.
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