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Motivation

[S. Kováčik, K. Magdolenová (2025)]
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Bootstrap method in matrix models

Expected value

⟨f⟩ = 1

Z

∫︂
d[ϕ] f(ϕ)e−N2S(ϕ)

1. Dyson-Schwinger equations∫︂
d[ϕ]

∂

∂ϕ

(︂
ϕse−N2S(ϕ)

)︂
= 0

⟨Tr(ϕmV ′(ϕ))⟩ =
m−1∑︂
q=0

⟨Tr(ϕq)⟩⟨Tr(ϕm−1−q)⟩

mn =
1

N
⟨Tr(ϕn)⟩

2. Hamburger moment
problem

⎛⎜⎜⎜⎝
m0 m1 m2 . . .
m1 m2 m3 . . .
m2 m3 m4 . . .
...

...
...

. . .

⎞⎟⎟⎟⎠ ≥ 0
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Bootstrap moments
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Reconstruction method

∫︂
Kn(x)Km(x)P (x) dx = Nnδnm

P ′
M (x) = P (x)

M∑︂
n=0

1

Nn
⟨Kn(x)⟩′Kn(x)

[J. Tekel, L. Cohen (2012)]
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Shifted Hankel matrix and support

Projected operator

Mn = H−1
0 H1

(H0)ij = mi+j , (H1)ij = mi+j+1, Vn = span{1, x, . . . , xn−1}
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Cubic asymmetric multitrace model

S =
1

N

(︃
1

2
rTr(ϕ2) + gTr(ϕ4)

)︃
+

1

N2
tTr(ϕ)Tr(ϕ3)

k−1∑︂
q=0

⟨Tr(ϕq)⟩
⟨︁
Tr(ϕk−1−q)

⟩︁
−Nr

⟨︁
Tr(ϕk+1)

⟩︁
− 4Ng

⟨︁
Tr(ϕk+3)

⟩︁
− t

(︁⟨︁
Tr(ϕ3)

⟩︁ ⟨︁
Tr(ϕk)

⟩︁
− 3 ⟨Tr(ϕ)⟩

⟨︁
Tr(ϕk+2)

⟩︁)︁
= 0
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Free energy

F =

∫︂
C

dλV (λ)ρ(λ)−
∫︂∫︂

C×C\λ=λ′
dλ dλ′ ρ(λ)ρ(λ′) log |λ− λ′|

(a) r=-5.265 g=1.732525 (b) r=-5 g=1.5
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Phase diagram
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Triple point

BM + RM g=1.75 r=-5.29
HMC g=1.77 r=-5.54
theory g=1.73 r=-5.27

[B. Bukor,J. Tekel (2025)]
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Random Dirac ensembles - Types (1, 0) and (0, 1)

Dirac operators

D(1,0) = {H, ·} D(0,1) = [H, ·]

Quartic Dirac ensemble
1

Z
e−S(D)dD

S(D) = gTr(D2) + Tr(D4)

Equivalent matrix model

1

Z
exp

[︂
− 2g

(︁
NTr(H2) + ε(TrH)2

)︁
− 2

(︁
NTr(H4) + ε4Tr(H)Tr(H3) + 3(Tr(H2))2

)︁ ]︂
dH
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Bootstrap for Dirac ensembles

Recurrence relation

l−1∑︂
k=0

mkml−k−1 = g (4ml+1 + 4εm1ml)

+ 8 (ml+3 + εm3ml + 3εm1ml+2 + 3m2ml+1)

Type (0, 1), ε = −1 Type (1, 0), ε = 1
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Type (1, 0)

g=-4
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Grosse–Wulkenhaar model

Reduced symmetric model

S = N
[︁
−grTrRΦ2 − g2TrΦ

2 + g4TrΦ
4
]︁

Modified loop equation

m2p+2 =

p−1∑︂
j=0

m2j m2p−2−2j + 2g2m2p + 2grd2p

4g4

External matrix

R ≃
N≫1

−16

N
diag(1, 2, . . . , N)

Additional correlator

d2p =
1

N
Tr

(︁
RΦ2p

)︁
d2p = λmin(R)m2p up

[Prekrat, Bukor, Tekel (2026)]
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GW bootstrap: increasing truncation
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GW bootstrap: reconstruction

[H. W. Lin (2020)]
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From one matrix to multimatrix models

Words

A, B, AB, BA, A2, B2, B2A, A2B, ABA, . . .

#{words of length ≤ Λ} ∼ 2Λ

Positivity

Mij =

⟨︃
1

N
Tr

(︂
O†

iOj

)︂⟩︃
⪰ 0, Oi ∈ {I, A,B,AB, . . .}

Loop equations – quadratic, but no longer closed

⟨︁
Tr (Wordl × ∂MV (A,B))

⟩︁
=

l∑︂
l1=1

⟨︁
TrWord

(M)
l1−1

⟩︁⟨︁
TrWord

(M)
l−l1

⟩︁
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Relaxation bootstrap

Large-N factorization ⇒ quadratic constraints

xi = ⟨TrOi⟩ , Xij = xixj

Nonlinear (non-convex)

X = xxT

xTAix+ bTi x+ ai = 0

Relaxation (convex)

X ⪰ xxT ⇐⇒ R =

(︃
1 xT

x X

)︃
⪰ 0

Resulting linear SDP

M0 +
L∑︂

j=1

Mjxj ⪰ 0, TrXAi + bTi x+ ai = 0, R ⪰ 0

convex ⇒ solvable (SDPA, Clarabel, SCS)

Recent improvement
Add an additional positivity constraint from the correlation matrix:

M −X ⪰ 0 =⇒ stronger relaxation, fewer spurious solutions, tighter bounds

[V. Kazakov, Z. Zheng (2022)]; [H. W. Lin, Z. Zheng (2026)].
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Exploring the bootstrap search space

Increasing complexity more moments =⇒ larger search space

Metropolis-style exploration
Random proposals + probabilistic acceptance

1. Propose a new point

x
′
= x + δ

2. Compute change in loss

∆L = L(x
′
) − L(x)

3. Accept with probability

Pacc = min
(︂
1, e

−∆L/T
)︂

• Random exploration of the search space

• Can escape local minima

• Good for mapping the allowed region

Gradient-based search
Deterministic descent towards lower loss

1. Compute the gradient

g = ∇L(x)

2. Update parameters

xn+1 = xn − ηg

3. Repeat until convergence

∥g∥ < ϵ

• Directed search along the gradient

• Efficient convergence near a minimum

• May get trapped in local minima

−→ Complementary approaches: Metropolis for global exploration, gradient descent for fast refinement.
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Conclusion

Main results
Eigenvalue reconstruction from bootstrap moments

Free-energy selection of thermodynamic phases

Cubic asymmetric multitrace model

Dirac ensembles: types (1, 0) and (0, 1)

Grosse–Wulkenhaar model

Support estimation for improved reconstruction

Relaxation bootstrap for multimatrix models

Current work & outlook
Two- and three-matrix models

Increasingly complex multimatrix systems

Efficient exploration of the bootstrap search space

Metropolis and gradient-based approaches

Applications to other areas of physics
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