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Motivation

[S. Kovacik, K. Magdolenova (2025)]

Katarina Magdolenova | Eigenvalue distribution from bootstrap estimates



Bootstrap method in matrix models

Expected value
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Bootstrap moments

4x4 matrix
6x6 matrix
13x13 matrix
18x18 matrix
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Reconstruction method

—P'(x)

e P(X)
e P'3(x)
- Pls(x)

-1.0 -0.5 0.0 0.5
[J. Tekel, L. Cohen (2012)]
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Shifted Hankel matrix and support

Projected operator

M, = Hy 'H,

(HO)ij = miJrj, (Hl)ij = mi+j+17 Vn = Span{l, 9590009 x"_l}
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Cubic asymmetric multitrace model
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Free energy
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lagram
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[B. Bukor,J. Tekel (2025)]
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Random Dirac ensembles - Types (1,0) and (0, 1)

Dirac operators

Doy ={H,} Doy =[H,]

Quartic Dirac ensemble

1 _
E@ S(D)dD

S(D) = g Tx(D?) + Tx(D*)

Equivalent matrix model

TRT—

— 2 (NTr(H*) + eATr(H)Te(H?) + 3(Tr(H2))2) }dH
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Bootstrap for Dirac ensembles

Recurrence relation Y
-1
Z memy_g—1 = g (4myq1 + demymy)
k=0
+ 8 (ml+3 —+ emsmy + 3€m1ml+2 + 3m2ml+1)
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(a) Comparison for g = —4.
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(b) Comparison for g = —3.15.




Grosse—\Wulkenhaar model

Ell

Reduced symmetric model

S =N [-g,TtR®* — goTr®* + g, Trd*|

Modified loop equation

p—1
>y mop-2-2j + 2gamay + 20,y
=0
Mapta = - 494
External matrix Additional correlator
1
16 dop = —Tr(Rtbzp)
~ —— di N
RN>>1 N diag(1,2,...,N)

dgp = )\min(R) Map Up

[Prekrat, Bukor, Tekel (2026)]
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GW bootstrap: increasing truncation

L2 (5x5) brute

m2:[0.81054,1.2647] ma:[1.314,2.0786]
1
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1
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GW bootstrap: reconstruction
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From one matrix to multimatrix models

Words
A, B, AB, BA, A%, B%, B?A, A’B, ABA, ...
#{words of length < A} ~ 28

Positivity

1
Mij:<NTr<O;‘rOj)>§0, O; € {I,A,B,AB,...}

Loop equations — quadratic, but no longer closed

l
(Tr (Word; x 9,V (4, B)) ) = Y (Tx Word{"", )(Tr Word{™}))

11=1
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Relaxation bootstrap

Large-N factorization = quadratic constraints

Tr; = <TI' Ol> o Xi]' = TiTj

Nonlinear (non-convex) Relaxation (convex)

X = g2’

T
2TAxz+bTc+a; =0 X = az” = R=<1 x)to

Resulting linear SDP

L
Mo+» Mjz; =0, TrXA;+b z+a;=0, R=0
j=1
convex = solvable (SDPA, Clarabel, SCS)

Recent improvement

Add an additional positivity constraint from the correlation matrix:

M-X>0 = stronger relaxation, fewer spurious solutions, tighter bounds
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Exploring the bootstrap search space

Increasing complexity

Metropolis-style exploration

Random proposals + probabilistic acceptance

1. Propose a new point
’
T =x+90
2. Compute change in loss

AL = L(z') — L(z)

3. Accept with probability

Pace = min (17 eiA['/T)
e Random exploration of the search space
e Can escape local minima

e Good for mapping the allowed region

more moments —

larger search space

Gradient-based search

Deterministic descent towards lower loss

1. Compute the gradient
g=VL(x)
2. Update parameters

Tn+l = Tn — NG

3. Repeat until convergence
llgll < e

e Directed search along the gradient
e Efficient convergence near a minimum

e May get trapped in local minima

—  Complementary approaches: Metropolis for global exploration, gradient descent for fast refinement.
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Conclusion

Main results

Eigenvalue reconstruction from bootstrap moments

Free-energy selection of thermodynamic phases
Cubic asymmetric multitrace model

Dirac ensembles: types (1,0) and (0, 1)
Grosse—Wulkenhaar model

Support estimation for improved reconstruction

Relaxation bootstrap for multimatrix models

Current work & outlook
Two- and three-matrix models
Increasingly complex multimatrix systems
Efficient exploration of the bootstrap search space
Metropolis and gradient-based approaches

Applications to other areas of physics
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