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Quick motivation - physics
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Quantum structure of spacetime and quantum gravity

We need a quantum theory of gravity, uni�ed theory would be great.

We have reasons to believe that a future theory of quantum gravity will have a di�erent notion of
spacetime, with no distinction between points under certain length scales. [Hossenfelder 1203.6191]

Further problems with quantization: which DOFs to quantize, superpositions, etc.
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Quick motivation - math
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Can you hear the shape of a drum? [Kac '66]

∆u + λu = 0 , u|∂Ω = 0
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Can you hear the length of a string?
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Take home message
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Take home message

Dirac ensembles are examples of random fuzzy geometries with a well de�ned path integral.

These are described by random matrix ensembles.
Analyzing them is technically challenging, but doable.

Interesting things happen even in the simplest toy models.
Mostly related to asymmetric regime of the model.
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Spectral triples and Dirac ensembles
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Spectral triples

[Connes '94, van Suijlekom '14]

A way to generalize the geometry of smooth manifolds to non-commutative case.

(A,H,D)

algebra A - functions on a manifold M
Hilbert space H - spinors on a manifold M
self-adjoint operator D - Dirac operator /∂

Examples: A = C∞(M) , A = C⊕H⊕M3(C) , H = C2 .
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Spectral geometry

Points are encoded as pure states of the algebra ϕx , ϕy . Metric distance between them may be
recovered spectrally

d(ϕx , ϕy ) = sup
a∈A

{|ϕx(a)− ϕy (a)| : ∥[D, a]∥ ≤ 1}.

Other properties encoded in the heat trace

Z (t) = Tr(e−tD2

)
t→0∼ (4πt)−d/2 (A0 + A2t + · · · ) + (4πt)−(d−1)/2 (b0 + · · · )

where d is dimension and A,B's depend on the geometry of (the boundary) of M.

d can be recovered as

ds(t) = −2
d logZ (t)

d log t
.

other parameters in a similar fashion.
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Spectral geometry

ds(t) for the fuzzy sphere
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Dirac ensembles

[Barrett '15]

Finite fuzzy spectral triples of signature (p, q)

(MN(C),V ⊗MN(C),D)

and Dirac operator given by

D =

p∑
i=1

τ i ⊗ {Hi , ·}+
q∑

j=1

αj ⊗ [Lj , ·] , D =

p∑
i=1

τ i ⊗ {Hi , ·}+
q∑

j=1

αj ⊗ [Lj , ·]

given by a set of p + q matrices.

The key idea: consider ensemble of geometries with probability distribution

P(D) ∼ dD e−S(D) .

[Barrett, Glaser '16; Glaser '17; Barrett, Druce, Glaser '19; Glaser, Stern '19 '21; Khalkhali, Pagliaroli '21 '22 '25;

Pérez-Sánchez '19-'22] [D'Arcangelo '22; D'Arcangelo, Gnutzmann '26]

Juraj Tekel Phase transitions in Dirac ensembles 13 / 50



One matrix (0, 1) and (1, 0) ensembles
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(0, 1) and (1, 0) multitrace models

The simplest cases include just one matrix. The Dirac operator is given by

D(1,0) = {H, ·} and D(0,1) = [H, ·],

the probability distribution S(D) = t2 TrD
2 + t4 TrD

4 becomes

S(H) = 2t2(N trH2±(trH)2) + 2t4(N trH4±4 trH trH3 + 3(trH2)2) .

Simpler trH trH3 model analyzed before [Bukor, JT '25].

We have the standard measure on the space of hermitian matrices

dD = dH =
N∏
i=1

dHii

∏
1≤i<j≤N

d(Re(Hij)) d(Im(Hij)).
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Three slides about random matrices

[M.L. Mehta 2004; B. Eynard, T. Kimura, S. Ribault 2015; G. Livan, M. Novaes, P. Vivo 2017]

Matrix model = ensemble of random matrices, e.g. ensemble of N × N hermitian matrices with

P(M) ∼ e−NTr(V (M)) = e−S(M) , usually V (x) =
1

2
r x2 + g x4

Expectation values

⟨f ⟩ = 1

Z

∫
dM P(M)f (M)

Saddle point approximation leads to

rλi + 4gλ3i =
2

N

∑
i ̸=j

1

λi − λj
.

N interacting particles in external potential.

We introduce eigenvalue distribution ρ(x).
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Multitrace matrix models

[Das, Dhar, Sengupta, Wadia '90; Cicuta, Montaldi '90]

Varying multitrace action

S(M) = f (c1, c2, . . .) +
1

2
rTr

(
M2

)
+ gTr

(
M4

)
, cn =

1

N

∑
i

λni

leads to saddle point equation∑
n

∂f

∂cn
nλn−1

i + rλi + 4gλ3i =
2

N

∑
i ̸=j

1

λi − λj
.

Multitrace terms introduce a new kind of interaction among the eigenvalues.

Juraj Tekel Phase transitions in Dirac ensembles 18 / 50



(0, 1) Dirac ensemble

[Khalkhali, Pagliaroli '21; D'Arcangelo '22]

The model
S(M) = N (2t2 c2 + 2c4)− 2t2 c

2
1 − 8c1c3 + 6c22

has only symmetric solutions.
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(1, 0) Dirac ensemble

[D'Arcangelo, Gnutzmann '26; Bukor, Khalkhali, Ková£ik, Kubi², Magdolenová, Pagliaroli, JT '26]

The model
S(M) = N (2t2 c2 + 2c4) + 2t2 c

2
1 + 8c1c3 + 6c22

is much richer.

A variety of asymmetric solutions.

For t2 < −3.18703 a preferred asymmetric two cut solution.
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Geometry of the solutions of (0, 1) and (1, 0) ensembles
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Dirac spectra and geometry

[P. Rusnák, JT work in progress]

Spectrum of the Dirac operator in terms of the eigenvalues of H

ω(λ) =

∫
dµρ(µ)ρ(λ∓µ) .

From this we can evaluate the heat trace and from that the other things.

Juraj Tekel Phase transitions in Dirac ensembles 26 / 50



Juraj Tekel Phase transitions in Dirac ensembles 27 / 50



Juraj Tekel Phase transitions in Dirac ensembles 28 / 50



Symmetric one cut geometry
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Symmetric one cut geometry
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Asymmetric two cut geometry
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Asymmetric two cut geometry
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Asymmetric one cut geometries
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Asymmetric one cut geometries
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Asymmetric one cut geometries
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Asymmetric one cut geometries
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Zeta distance analysis

Measure of the geometric "distance" between two spaces by comparing the ratios of their spectral
zeta functions. [Barrett, Druce, and Glaser '19]

Spectral zeta function

ζ(s) =
∑
λ̸=0

(λ2)−s =
∑
λ̸=0

|λ|−2s

Distance of two geometries

σ(D1,D2) = sup
γ≤s≤γ+1

∣∣∣∣log(ζ1(s)ζ2(s)

)∣∣∣∣
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Zeta distance in the (0, 1) model
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Zeta distance in the (1, 0) model
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Future plans - beyond the simple pure geometry
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More complicated one matrix ensemble

[A. Kubi², JT work in progress]

A combination of commutator and anticommutator with just one hermitian matrix H

D = a Γ1 ⊗ [iH, ·] + b Γ2{H, ·}

with Γ's being the 2× 2 spinor representation.

What kinds of geometries and phase transitions can we get with di�erent a and b?
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More structure on the space

Within this procedure one can naturally include scalar �elds with

S(ϕ) = tr

(
1

2
ϕ[D, [D, ϕ]] + V (ϕ)

)
,

fermions with [Barrett '24; Khalkhali, Pagliaroli, Verhoeven '25]

S(ψ) = ⟨ψ,Dψ⟩

and gauge �elds as �uctuations D → D + A+ JAJ−1. [Barrett, Burridge '26]

The path integral is then naturally ∫
dD dϕ dψ dA e−S(D,ϕ,ψ)
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Beyond simple potential for D

[A. Kubi², JT work in progress]

We can add a multitrace term at the level of S(D)

S(D) = t2 TrD
2 + t4 TrD

4+
(
TrD2

)2
.

This mimics a remnant of interaction of D with some other structure which was integrated out.

Juraj Tekel Phase transitions in Dirac ensembles 44 / 50



D = {H, .}, S = g Tr(D2) + γ Tr (D4) + Tr(D2)2

0.1 0.2 0.3 0.4 0.5 0.6 0.7
γ

-7

-6

-5

-4

g

● s1c

● as1c

● as2c
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Beyond the current project

Can we get a better idea about the geometry by using some visualization procedure?
[Glaser, Stern '21]

What about multi-matrix ensembles? Fuzzy sphere in the (0, 3) ensemble.

Can we get towards more �realistic� theories?
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Take home message
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Take home message and 2do list

Dirac ensembles are examples of random fuzzy geometries with a well de�ned path integral.

These are described by random matrix ensembles.
Analyzing them is technically challenging, but doable.

Interesting things happen even in the simplest toy models.
Mostly related to asymmetric regime of the model.

Introduction of matter �elds and study of geometry and matter interaction.

Visualization of the space and further properties of the �uctuating geometry.

Dirac ensembles with more matrices.

Thank you for your attention!
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