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The BFSS Matrix del

BFSS Action

Serss = Elz [ dt Tr {3(DeXA)? + L[XA, XB)?
+IWTiDW + 2UTTA[XA ]}

The Hamiltonian

NanA

Herss = Tr{ - }L[XA,XB]2 +07TAX4, 9]}

XA are N x N matrices with A=1,...,9 and © are Majorana
fermions.
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The gravity dual and its geometry

Gauge/gravity duality predicts strong coupling is described by the
114 supergravity and in a thermal background has black hole metric:

Dual Geometry

ds? = —ar'/2F(r)dt? + ﬂ%(% + r2dQ3)

7
=t Cnr, F()=1-1 (1)

-5 ..
z~ r2 and 7 ~ t the metric without the black hole becomes

2 3/5 2, 42 2
“(5) " [(2) () omp
o 2 5 z2

conformal to AdS? x S&.
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Schwarzschild-AdS

dr? r? rp\ D—3
B 2 % g _ o (rh
d? = ~f()dt? + g+ Pd%h,  fl) =1+ (r)

Hawking-Page transition

AdS Energy versus Temperature
E=M

@ Small BH: Cy <0 Large BH: Cy >0



How do the Matrices Encode the Geometry?

@ The observables of the matrix model are SU(N) invariants,
e.g. O.ap =tr(X;, -+ X;5,)

These form the commutative algebra with relations, Cg .
{Qu, Qs} = dapHpFss + constraint

Q. a Dirac like operator on the invariant algebra.
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The Space of Invariants

Matrix Quantum Mechanics

Consider d hermitian N x N matrices X;, a=1,...,d, with gauge
symmetry
Xa — gXog™ ', ge UN).

Physical states are those invariant under this gauge action.

The canonical partition function

Z = TrIm,(e_ﬁH) = ZZ(N,d, k)xk; x=e P,
k

where Z(N, d, k) is the microcanonical degeneracy—the number
of gauge-invariant states at energy level k.

o If H= N the number operator it does the counting.

e Counting Z(N,d, k) is a problem in invariant theory.



Simplified Setting

@ The commutative algebra Cy
@ The operator H = N

@ The microcanonical ensemble energy E = k.
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|dentifying and Counting Invariants

Single Hermitian matrix: U(N) adjoint action

One matrix X has N? degrees of freedom, but only N invariants:
the eigenvalues, or equivalently the traces Tr(X*) for k = 1,..., N.

N

with py(k) the number of partitions of k into no more than N
parts.

‘Z(N717k) = pN(k)‘

F. Dolan, “Counting BPS Operators in A’ = 4 SYM"
arXiv:0704.1038.

The Micocanonical Ensemble and Negative Heat Capacity



Multi-matrix Invariants

Invariants at degree k

For d matrices Xj, ..., Xy invariants of degree k are spanned by
Tr(Xo Xay - Xa,), ai€{l,...,d}.

Z(N,d, k) is the number of linearly independent degree k multi
traces.

In N'=4 SYM at weak coupling, Z(N, 2, k) counts half-BPS
operators. Dual to graviton states in AdSsx S°.

Witten, arXiv:hep-th/9802150;

Aharony, Gubser, Maldacena, Ooguri, Oz arXiv:hep-th/9905111;
Corley, Jevicki,Ramgoolam, arXiv:hep-th/0111222.
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The d-Matrix Harmonic Oscillator

Matrix Variables

Xy witha=1,...d, ij=1....N

N x N hermitian matrices: X! = (X! )"
N
i |2 i |2
=% Z 5 (10:X5,1° = 1X341%)

a=1i,j=1

o U(N): adjoint action X; — UX,U"
@ SO(d) or O(d): vector action on a-index
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Counting Invariant States

States at Energy Level k

Apply k creation operators to vacuum:

(A2 - (AD)X ,10)

a1 Ak jk

Gauge Invariant Combinations

e Contract U(N) indices with Kronecker deltas: 5J’-'
e Contract SO(d) indices with deltas and epsilons

o Different contraction patterns = different invariants

Example: U(N) x SO(d), k = 2 invariants
Al = X,

(TrX,)2, Tr(X2)
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Path Integral Derivation of Molien-Weyl

Gauge: Make the group invariance local

L= Tr%(DtX)z - X?}
Dy =0 +w —i[A, ]

A is a Lagrange multiplier
Implements the Gauss law constraint.

The Hamiltonian is the number operator + constraint.
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Euclidean Action
p 1 1
S[X] = / dr Tr (—(DTX)2 + —x2>
0 2 2
D; =0; +w —i[A,]
D.0O'C & S. Ramgoolam arXiv:2312.12397

Lattice Discretization

DX — Rn,nt18n,n+1Xn+18n+1,n — Xn
a

&nn+1: U(N) link variables,
Rn.nt1: SO(d) link variables

Partition Function

ZNZ/\
Zn = / na(R)un(g) d

det[l — Z}R® g ® g~ 1]
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Derivation of Molien-Weyl: Continuum Limit

Taking A — oo

With zi:1+%:|:\/--- and zyz_ =1:
e—dN2ﬁ/2

det[ll —e PR® g® g1

Remove Zero-Point Energy

Z(N,d;x) = /Md(R)MN(g) det[l = le®g g 1]

Zoo(N, d) = / na(R)un(e)

x=e"
Counts polynomial invariants of degree k
Equivalent to Hilbert-Poincaré series
Exact for all N, d, k.
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The Molien-Weyl Formula

Generating Function

For U(N) x SO(d) invariants:

1
Z(N,d; x) = /Mso(d)(R) Hu)(8) det[l - xR® g ® g 1]

® /150(d)(R): Haar measure on orthogonal group

o pyny(g): Haar measure on unitary group
o x=e"

o det is over d x N? dimensional representation

Expansion

Z(N, d; x) ZZNdk
k=0
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Exact Results for Small N

N = 1: d-oscillators

Z(1,d;x) = T2 for all d
N =2
1+ x*
Z(2,2;x) =
(2.2 = T 5epa =y
1
Z0(2,s;,x) =

(1 —x2)2(1 —x*)2
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Low Energy Stable Counting

Regime: N > k> d ~ O(1)

Counting becomes independent of N: stable range

Large k Asymptotics

c(d) d*
2(N.d. k) ~ 21) (a7
e ¢(q) = (g; g)oo: Euler function
@ c(d): constant from SO(d) group integrals
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High Energy Counting

Large N Free Energy

From the path integral form, using U(N) eigenvalue density:

1 0, xd <1
—man(N,d;x) = BlF = {1

i—ﬁ—%lnsz, x>(—lj
where s2 =1 — 1—%
k d(BF
E= =0
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The Hagedorn transition at kit = N2/4

Large-N saddle-point analysis above the Hagedorn transition

For x > xy = d~1, the eigenvalue distribution of g € U(N)
satisfies

gk _1/2 1+\/E/ L,
TN 8\ 2 —o 4 Va2V "4

The transition energy £y = ket /N> = 1/4, i.e. keiy = N?/4.
F = E — TS becomes —3F = S(E) — B(E)E

Entropy across the transition

k 4k 2

. azInd —v(d)Inz +-- k<M
5(33) = 3

N2 k ak 4k 1 a2
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Asymptotic Counting

Z(N, d, k)

Z(N,d, k) =

d“  ¢(d)
d“  c(d)

¢(%) kd(d—=1)/4 ¢

240 k
—N23 (s
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Microcanonical Ensemble

Microcanonical Temperature

dS

Tr;i]c-ro: d_E’ S(N7d7 k)zan(N,d,k)
Numerically:
Tmicro(N, d, k) = 2
mlcro( , d, ) = IZ(TI{—H.)
N\ Z(N,d k-1

The Micocanonical Ensemble and Negative Heat Capacity



A Caloric Fold

Microcanonical energy vs Tpicro N=20, d=4 Microcanonical energy vs Tyicro N=20, SO(4)
k k
W v
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Ungauged d = 4 model 50(4)-gauged model
Red: exact finite-N microcanonical data.

Green:asymptotic large N but k < N?4 low energy counting
Blue: analytic approximation from the eigenvalue density.
Curves match surprisingly well already at N = 20, merging at
k = N2/4.
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Key Observation

o Low energy: T decreases as E increases = negative heat
capacity
@ High energy: T increases with E = positive heat capacity

o Turning point at ki ~ N?/4
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The Turning Point k:: Exact counting

Energy=k, with N, d=4

N2
SO(4) : keit =45+ e
(N +1)2

50(6) : kCI'it =72+ 2
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Black Holes in AdS vs Matrix Models

Schwarzschild-AdS SO(d) Matrix Model

. o Ty=1/Ind
ds? = _f(r)dt2+%+r2d9%_2 @ Low energy: Cy <0
r @ High energy: Cy >0
2 D-3 kerie = N2 /4
=1+ 7 (%) o ke = N2/
L e Caloric fold at kit
o Small BH: Cy <0
@ Large BH: Cy >0 O(d) invariant sectors capture

: " microscopic degrees of
Hawking-Page transition
o freedom of dual AdS black holes.
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Summary and Outlook

Main Results

@ Derived exact finite N counting formula for counting matrix
invariants of U(N) x SO(d).

o Character-pairing formula: Z(N,d, k) =3, W®/Sym(p)
@ Negative heat capacity in microcanonical ensemble
e Caloric fold at kit ~ N2 /4

Extensions & Broader Context

e Fermionic matrices (vector vs spinor representations)

@ Strong coupling SYM: minimum black hole temperature

@ Testbed for AdS/CFT thermodynamics

@ New connections between representation theory and black
hole physics

@ Potential for numerical lattice simulations
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