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Non-commutative spacetime

Impose non-trivial commutation relations on spacetime coordinates
[2#, 2] = 0" ().

— Not compatible with Poincaré action in general! Need to
quantize the Poincaré group P = SO(1,3) x R%.
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Most constructions are algebraic: deformations of p := Lie(P).
Here: functional analysis and deformations of C2°(P) with
non-formal parameter.
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SO(1,4) = SO(1,3) - AN(3) | P =S0(1,3)- H
[Stad7; KNO3; AK22] with Lie(H) = J(M*)




Abelian approximation for T-Poincaré

Recall: P = SO(1,3)- H = R*-S0O(1,3) up to a nullset. Then

H={zA(z):x €U} forsome A:0€c U CR*— SO(1,3).



Abelian approximation for T-Poincaré

Recall: P = SO(1,3)- H = R*-S0O(1,3) up to a nullset. Then

H={zA(z):x €U} forsomeA:0eU CR*— SO(1,3).

Properties of A

1. A: U — SO(1, 3) is smooth;

2. H={zA(z) : 2 € U} C P is closed;

3. R*\ U has measure 0;

4. A(0) =1 and doA = 7 : R* — SO(1, 3);

5. If 2,y € U, then z + A(x)§ € U and —A(z) "'z € U;
6. A(5)A(y) = Az + A(z)y).



Left-invariant x-product

Theorem

Consider A : U C R* — SO(1,3) as above. Then for every | # 0,
we have a left-invariant continuous associative product

x1: C°(P) x C(P) — C°(P)
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Left-invariant x-product

Theorem

Consider A : U C R* — SO(1,3) as above. Then for every | # 0,
we have a left-invariant continuous associative product

x1: C°(P) x C(P) — C°(P)

(% ¥)(g0) = ;/U L 1e9) o (goA(x)) P (goy) d dy.
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Moreover,
lim o * Y = py;
ek —hxp 0
lim =—~ *#% ¥ _ 7
l1—>0 [ 2 <90 & 1/])7

where 7 s the left-invariant Poisson bivector.



*-product on spacetime

Theorem

Consider A : U C R* — SO(1,3) as above. Then for every | # 0,
we have continuous associative products
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*-product on spacetime

Theorem

Consider A : U C R* — SO(1,3) as above. Then for every | # 0,
we have continuous associative products

+M O (RY) x CP(RY) — C°(RY)
1 ami :
(@ *?4¢)(x0) — Z4/U R4e2l n( 7y)<p(A(x) 1x0)w(xo+y) dx dy.
X

Moreover,
c M .
lim o %" 9 = 15
[—0

hmwle — L
1—0 l

0}
= %{@’ @ZJ}M’

where {-,-}ar is characterized by {a#,x"} s = Wit , 2P



Locally compact quantum groups

Definition ([KV00; KV03])

A locally compact quantum group consists of
e a von Neumann algebra M C B(H);
e a coassociative coproduct A : M — M ® M;
e quantum Haar weights ', % : M, — [0, +o0]

+ suitable axioms.



Locally compact quantum groups

Definition ([KV00; KV03])

A locally compact quantum group consists of
e a von Neumann algebra M C B(H);
e a coassociative coproduct A : M — M ® M;
e quantum Haar weights ', % : M, — [0, +o0]

+ suitable axioms.

Example

G locally compact group. Then L*°(G) is a lcqg with
Ag : LOO(G) — LOO(G) & L°(G) = L®(G x G)
Ac(f)(z zy).
SR () / F(z) da/E.



Dual unitary 2-cocycle

Theorem

Consider A : U C R* — SO(1,3) as before. Then for every | # 0,
the operator Q@ € W*(P x P) determined by

Q = / e%n(m,y))\A(x)_l ® A_ydzdy

is unitary and satisfies the 2-cocycle equation
(@ DA ®id)(Q) = (1 ) @id® A)(Q).

In particular, (W*(P), 3A(-)Q}) is a locally compact quantum
group [De 11], and the familly {(W*(P), QlA(-)QZ‘)}#O quantizes
the Poincaré group.

Here A(Ny) = Ay ® A,
Could also obtain €; from [Bie+24].



Space of plane waves

The space U C R* is a space of plane waves
Eu(x) _ 6—27ri17(u,9;)

In some cases, U splits into two connected components (eg.
light-like x-Poincaré).

Already observed in (1 + 1)D light-like k-Poincaré [DM23].



Towards ~-Poincaré

Recall: SO(1,4) = SO(1,3) - AN(3).
Two strategies:

1. Construct an SO(1, 3)-equivariant diffeomorphism

v:AN(3) - R



Towards ~-Poincaré

Recall: SO(1,4) =SO(1,3) - AN(3).
Two strategies:

1. Construct an SO(1, 3)-equivariant diffeomorphism

v:AN(3) - R

2. Use SO(1,4) = SO(4)AN(3) to construct a k-euclidean
quantum group: Deformation of SO(4) x R%. Then twist
SO(4) into SO(1,3), see [Stal9]. But computations are quite
involved.



Key takeaways

e Can construct non-commutative spacetime and Poincaré
symmetries using operator algebras for T-Poincaré models
thanks to the triangularity.

e Explicit x-products on C°(P) and C°(R%).

e Peculiar global phenomenon, such as splitting of the space of
plane waves.

e Strategies to construct x-Poincaré.
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Thank you for your attention!
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