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From closed strings to generalised geometry

Low-energy limit: The massless NS-NS sector of the closed string is described by supergravity.

Standard formulation: The stringy problem:
@ String theory has T-duality (R < o'/R).

@ T-duality acts via highly non-linear
Buscher rules, mixing g and B.

Sns-Ns = /dDX\/ —ge*® (R+4(09)* — 15 H3)

@ Goal: Formulate the theory so that the

@ g, spacetime metric - )
Buu- 5P O(D, D) symmetry is manifest.

e B,,: Kalb-Ramond 2-form (Hs; = dB5)
o ¢: dilaton
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@ T-duality acts via highly non-linear
Buscher rules, mixing g and B.

Sns-Ns = /dDX\/ —ge*® (R+4(09)* — 15 H3)

@ Goal: Formulate the theory so that the

@ g, spacetime metric - )
Buu- 5P O(D, D) symmetry is manifest.

e B,,: Kalb-Ramond 2-form (Hs; = dB5)
o ¢: dilaton

Generalised geometry/double field theory (DFT) solution: Repackage into O(D, D) covariant

objects.
50
Gen. dilaton d
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Motivation

BV-BRST structure: fields, ghosts, ghosts-for-ghosts, field strengths, Bianchi identities, ... organised
in a cochain complex.

Ry —— Ry

gauge-for- gauge
gauge parameters

~
well understood
(QP2/Courant algebroid)
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Motivation

BV-BRST structure: fields, ghosts, ghosts-for-ghosts, field strengths, Bianchi identities, ... organised
in a cochain complex.

Q Q Q Q Q
Ro R Ro---------- >R 1 ---------~ >R _2---->
gauge-for- gauge fields field Bianchi
gauge parameters strengths identities
~~ ~~

well understood

physical mismatch
(QP2/Courant algebroid)

(degrees < 0)

Three gaps in the QP2 story
© Negative degrees not well understood.
@ Dilaton d is missing — no O(D, D) scalar in Ro.

© No dynamics — tied to the dilaton equation of motion.
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BV-BRST structure: fields, ghosts, ghosts-for-ghosts, field strengths, Bianchi identities, ... organised
in a cochain complex.

Q Q Q Q Q
Ro R Ro---------- >R 1 ---------~ >R _2---->
gauge-for- gauge fields field Bianchi
gauge parameters strengths identities
~~ ~~

well understood

physical mismatch
(QP2/Courant algebroid)

(degrees < 0)
Three gaps in the QP2 story

© Negative degrees not well understood.

@ Dilaton d is missing — no O(D, D) scalar in Ro.

© No dynamics — tied to the dilaton equation of motion.

— Our solution: deformation quantisation
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QP2-manifolds

Graded symplectic manifold (Roytenberg '99):
M=TRT[UM,  w=dx Adp;+ nyd¢' Ad¢’

Coordinate ‘ Degree ‘ Role
X 0 base
h=(£,8) 1 fibresof E=TM & T*M
pi 2 momenta
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QP2-manifolds

Graded symplectic manifold (Roytenberg '99):
M=TRT[UM,  w=dx Adp;+ nyd¢' Ad¢’

Coordinate ‘ Degree ‘ Role
X 0 base
h=(£,8) 1 fibresof E=TM & T*M
pi 2 momenta

Degree —2 Poisson bracket (induced by w):
<\ py=¢, (. y=n"
Hamiltonian S (degree 3) generates the differential @ = {S, -}.

@?=0 <= {S5,S}=0 <= Courant algebroid axioms

The catch: degree-2 functions give diffeos + frame rotations, but no O(D, D) singlet (no dilaton).
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Noncommutative deformation

Deformation quantisation: M — M, = M x R[2]

Graded Moyal-Weyl x-product (normal-ordered):

fxg =1 exp(h(25xa_>p+gg775g)) g
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Noncommutative deformation

Deformation quantisation: M — M, = M x R[2]

Graded Moyal-Weyl x-product (normal-ordered):

fxg =1 exp(h(2§<3_>p+gg775g)) g

The fundamental relation:

’§/*§J — e 4 hn”‘

o Exterior algebra A(E*) — Clifford algebra C/(E*,7)
@ Classical Poisson bracket — graded star-commutator:
1

o (Frg—(-1)elgxf)

{f,g}* =
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Where the dilaton hides

Generic degree-2 function on M}, (canonical transformations):

a = vi(x)p + 3 Tux) € ¢’
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Where the dilaton hides

Generic degree-2 function on M}, (canonical transformations):
_ i 1 I, ¢d
a = Vv(x)p + 5 Tu(x) & *¢
Expand the x-product:
Ty = LT + 11 n
S ——
€ o(D,D) €R
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Where the dilaton hides

Generic degree-2 function on M}, (canonical transformations):
i 1 1, ¢J
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Expand the x-product:
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S ——
€ o(D,D) €R

The noncommutative effect:
e i =0: Yields only o(D, D).

® 1 # 0: The trace survivess = generalised dilaton d = 3 T,'.
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Where the dilaton hides

Generic degree-2 function on M}, (canonical transformations):
i 1 1, ¢J
a = Vv(x)pi + 5 Tu(x) & x§
Expand the x-product:
FTue«¢ = 3Tydd + 37/ n
S ——
€ o(D,D) €R

The noncommutative effect:
e i =0: Yields only o(D, D).

® 1 # 0: The trace survivess = generalised dilaton d = 3 T,'.

’RO ~ o(D,D) & R (frame + dilaton)‘
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Deformed master equation

Degree-3 Hamiltonian separates:

S = E/(x)pi€ + LFuk(x) €'l + F(x)ne
S———— —

3-form flux 1-form flux
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Degree-3 Hamiltonian separates:

S = E/(x)pi€ + LFuk(x) €'l + F(x)ne
S———— —

3-form flux 1-form flux

Deformed master equation {S5,5}, =0 =
e Section condition: 1”p;p; =0
o Fluxes: Fixes Fix and F; in terms of the frame and dilaton d.
o Bianchi identities: Reproduces the full set of DFT Bianchi identities (Geissbiihler et al. '13).
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Deformed master equation

Degree-3 Hamiltonian separates:

S = E/(x)pi€ + LFuk(x) €'l + F(x)ne
S———— —

3-form flux 1-form flux

Deformed master equation {S5,5}, =0 =
e Section condition: 1”p;p; =0
o Fluxes: Fixes Fix and F; in terms of the frame and dilaton d.
o Bianchi identities: Reproduces the full set of DFT Bianchi identities (Geissbiihler et al. '13).

Gauge-inequivalent deformations are classified by H3 (M) & Higz(M).
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The complete tensor hierarchy

Degree Rep. Local element Interpretation

0 Ro A(x) ghosts-for-ghosts
1 R1 Vi(x) ¢! gen. diffeomorphisms
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The complete tensor hierarchy

Rep.

Local element

Interpretation

R2
Ri1
Ro
R_1

A(x)
Vi(x) €'
Miy(x) €'¢? + d(x) h
Fuk(x) E'€2eX + Fi(x)&n

ghosts-for-ghosts
gen. diffeomorphisms
frame + dilaton

field strengths
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The complete tensor hierarchy

Degree Rep. Local element Interpretation
0 Ro A(x) ghosts-for-ghosts
1 Ri1 Vi(x) ¢! gen. diffeomorphisms
2 Ro Miy(x)€'¢? + d(x) h frame + dilaton
3 R_1 Fuk(x) €166 + Fi(x) ¢'h field strengths
4 R o Zyki(x)€E'¢IeRe + Z(x) €'¢/h+ Z(x) h?  Bianchi identities
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The complete tensor hierarchy

Degree Rep. Local element Interpretation
0 Ro A(x) ghosts-for-ghosts
1 Ri1 Vi(x) ¢! gen. diffeomorphisms
2 Ro Miy(x)€'¢? +d(x) R frame + dilaton
3 R_1 Fuk(x) €166 + Fi(x) ¢'h field strengths
4 R o Zyki(x)€E'¢IeRe + Z(x) €'¢/h+ Z(x) h?  Bianchi identities

= The h-tower packages the dilaton and its descendants.
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Link to the Dirac generating operator

The differential on the Clifford bundle C/(E,n) is second order:

Q) = &'~af = dof + mnoaof
\fv:r: ———
exterior deriv. codifferential

This is the Dirac generating operator (DGO) of Carow-Watamura et al. '20.

— Deformation quantisation provides the missing link between the QP-manifold and the
Clifford /Dirac approach to DFT.
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Dynamics: the action

Ingredients:

© Generalised metric X = chiral operator 7 = H " §A6§s splits the Hamiltonian into

eigenspaces: N
S=S+S5+S51+53  H(Sm)=mSn

@ Trace: Berezin integral + Hodge dual on C/(E*,n), extracts the O(D, D) scalar.
© Symmetries: Local O(D), x O(D)g invariance + Z (odd under # — —H).

10/12



Dynamics: the action

Ingredients:

© Generalised metric X = chiral operator 7 = H " §A6§s splits the Hamiltonian into
eigenspaces:
S=5+5+51+5_3, H(Sm) =mS,,

@ Trace: Berezin integral + Hodge dual on C/(E*,n), extracts the O(D, D) scalar.
© Symmetries: Local O(D), x O(D)g invariance + Z (odd under # — —H).

What we find: These requirements uniquely fix the action (up to normalisation):

S = /de e 2? Tr{S, 2(5)}*
M

where Z is the operator, Z(S,) = sgn(m) Sn.
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Dynamics: the action

Ingredients:

© Generalised metric X = chiral operator 7 = H " §A6§s splits the Hamiltonian into
eigenspaces:
S=5+5+51+5_3, H(Sm) =mS,,

@ Trace: Berezin integral + Hodge dual on C/(E*,n), extracts the O(D, D) scalar.
© Symmetries: Local O(D), x O(D)g invariance + Z (odd under # — —H).

What we find: These requirements uniquely fix the action (up to normalisation):

S = /de e 2? Tr{S, 2(5)}*
M

where Z is the operator, Z(S,) = sgn(m) Sn.

—> Reproduces full NS-NS supergravity in T-duality covariant form (Geissbiihler, Marqués, Nufez,
Penas '13).
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The big picture

Classical QP2-manifold Deformation quantisation Clifford algebra bundl
T*[2] T[1]M *, deg(h) = 2 DGO Q =¢'x 9,

T
1
Ro > Rq > Ro > R_1 > R_>—> ---
Gauge-for- Gauge frame + dilaton field strengths Bianchi ids.
gauge parameters A2E* @R A3E* @ E* AE* @ A2E* @R

Previously missing — now filled by the hi-tower of the x-product

Take-home message
© Deformation quantisation natively generates the generalised dilaton.
@ It completes the tensor hierarchy, filling the negative degrees via the hi-tower.
@ It yields the DFT action, linking the QP-manifold to the Clifford/Dirac approach.
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Applications & outlook

o Generalised Cartan geometry: Systematic construction of torsion and curvature tensors for
generalised Cartan geometry (Hassler, Hulik, Osten '24)

e Ramond—Ramond fields: Inclusion of RR fields as O(D, D) spinors?

o Exceptional field theory: Can we deform exceptional Q-manifolds (Arvanitakis '18) to capture
the negative-degree sector of U-duality covariant formulations?

o AKSZ-contact theory: Is there an AKSZ-type sigma model for M = M x R[2] interpreted as a
graded contact manifold, connecting to Contreras, Alba, Mehta '257
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Applications & outlook

o Generalised Cartan geometry: Systematic construction of torsion and curvature tensors for
generalised Cartan geometry (Hassler, Hulik, Osten '24)

e Ramond—Ramond fields: Inclusion of RR fields as O(D, D) spinors?

o Exceptional field theory: Can we deform exceptional Q-manifolds (Arvanitakis '18) to capture
the negative-degree sector of U-duality covariant formulations?

o AKSZ-contact theory: Is there an AKSZ-type sigma model for M = M x R[2] interpreted as a

graded contact manifold, connecting to Contreras, Alba, Mehta '257

Thank you!
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Backup: Why normal ordering?

Two natural quantisations of the same graded Poisson structure:

Normal-ordered (ours)

Symmetric / Weyl

*-product

1200+ Dend¢)

= =
&/1(9x9p—D,0x+0¢ndz)

Hamiltonian S

classical form

deformed by h-terms

projected Q

2nd order: &' x 9

1st order: £'9,

physics

DGO, Clifford, dilaton

ordinary de Rham differential

With the symmetric product, the two orderings average back to the classical differential:
Qf =& % of —{€",af}. = (" % af + (-1)"oyf x ') = &' onf

= no codifferential, no Clifford structure, no dilaton.

They are equivalent quantisations — related by a gauge transformation

frg=T ' (Tfxw Tg) with T = e 2%%_ Under T the hi-corrections move between S and Q: Weyl keeps
the differential classical and deforms the Hamiltonian (frame divergence enters S); normal ordering keeps S
classical and deforms the differential into the DGO.
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Backup: Why can we drop the p's?

For the flat Hamiltonian So = £'p;, the differential acts as

Q&) =p, Q) =0,  Qo(x)=Q(&)=0,
so (&, pi) form a contractible pair:
@ contracting homotopy: p = & 9/0p;,
@ counting operator: N = Qop + pQo, with N(&) = &, N(p;) = pi, N(x') = N(¢') = 0.
Any Qo-closed Fi with N(Fi) = kFi, k > 1, is exact:
Fo=Q(ioR) = H(C™(M),Q) = Hin(M)
(Roytenberg '02; extends to any Q related by canonical transformation.)

@ The momenta carry no cohomological information — projecting to p = 0 is harmless for the complex.
@ What it does destroy is the DGLA structure (S ¢ C°°, Leibniz anomaly).
@ We keep the doubled ¢' = (¢/,&;) to retain manifest O(D, D) covariance.
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Backup: extending Severa's classification

In the coordinate frame (E;” = 67) with S = p&’' + %FUK(X)fIfJfK + BF(x)€', the master equation gives
{5,5}* =0 <~ 8[,FJKL] :0, 8[,FJ] =0.

Poincaré lemma: Hj = 30};Bj and F; = 20;d — defining the B-field and the dilaton.

Shifting F3, F1 by exact forms does not change the homological structure, so gauge-inequivalent deformations
are classified by

deformations of M, = Hig(M) @ Hig(M).

@ H3: the classical Severa class of exact Courant algebroids (H-flux; magnetic sources = NS5-branes).

@ H': new — the dilaton-flux class (closed 1-form; magnetic sources = codimension-2 exotic “NS7"-branes).

The H? class has no analogue for the undeformed QP2-manifold: it is a genuine topological consequence of the deformation.
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Backup: the measure e=2? from (Qf) = 0

Compatibility condition (imposed for degree-1 test functions only): for all f = Va(x)&?,
(QF) :/ dx p Tr(Qf) = 0.
M

Projecting p — 0 and using Tr(¢% % £€8) = n*5:
Qf = —DaVe € % €% + hFAVA + LFapc VAP = Tr(Qf) = —DaV* + FaVA
Rewrite as a total derivative, insert the master equation input Fa + OmEAM = 2D,d, and integrate by parts:

O:/u(—E?MVM+(FA+8MEAM)VA> :/(DAM+2,uDAd)VA vV

E uw= e and /efdeAVA = /efzdFAVA.
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Backup: explicit Bianchi identities

The deformed master equation {S, S}, = 0 yields, beyond the section condition and flux definitions, the
following Bianchi identities:

E[K\’a’FHMN] - %FP[KH FP\MN] =0 (Fs Bianchi)
EOF s — 2E[J\IalF\K] + FiF' )k =0 (F Bianchi)
EIM@MFI - %F’FI + leFIJKFUK =0 (Scalar Bianchi)

These reproduce the DFT Bianchi identities of Geissbiihler et al. '13.
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Backup: the chiral splitting of S

Generalised metric 7 = chiral Euler field 7 = #4° £"0; S=13,, Sm with H(Sm) = m Sm:

53 = %FabC(X) §a£b£C7 5*3 = %F‘?EE(X) 6555557

S1 = EEM(x)pm + 3 Fabe(x) €6°¢F + Fa(x)6h,  S-1 = €E5M (xX)pm + § Fape(x) €665 + F5(x)&h.
2(Sm) = sgn(m) S, realised on degree-3 functions by Z = %(137:1 - 7:13)
Double Lorentz variations S = {A. + Ag, S}, give the flux transformation rules

SnFasc = 3DcMAas + 3 A" Fpse oAFa = — D®Aga + A®Fp

(up to the antisymmetrisation in & 0nFasc £1¢B¢£C), used to fix the action via the A2C, Bianchi identity
—2D,F, = (D€ — F)Fasc.
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