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® Joint work with Francisco Simao arXiv:2508.02628

Problem: To formulate physics on quantum spacetimes we need
variational calculus

@ to connect the path integral to Hamilton quantisation

@ at classical level: derive Euler-Lagrance egqm and Noether charges

Solved Today: for a scalar field on a lattice / discrete Abelian
group as spacetime

@ Exactly conserved charges, the lattice is not merely an approx but a
discrete NCG could even be finite

® For example on Z if ¢ obeys the dlscrete wave equatlon
(A, + m?)¢ =0 then E[¢] = __(a+¢)( _$) + _¢2 is constant



| Graphs as quantum differential geometry

Propn: X t A=CX) QlL* = bidirected graph
FOPH: 74 @ 5€ LX) ’ with vertices X

Ql spanC{ x—>y} f x—>y — f(X) x—>y, ex—>y f x—>yf(y)
df = ) (f») = f®)e,, e, =—e,

X—Yy

@ metric g=)Yg e Qe  €Q'®0Q: g  €R\{0]

X—Yy

edge symmetricif &y, =8, .x =P real ‘square-length’ on each edge

T,Q! = Path algebra, in degree i Q!®i = {¢

x1—>x2 ® exz—ms.“ ® exi—1—>xi}

® Q . =T,Q! relations Z e,yNe, =0 Vp,q

y:p=y=q
may take further relations eg for Cayley graph on a discrete group



@ Cayley graph on discrete group X=G generated by € C G\ {e}

Arrows = {x = xa, a € €} = Ql = C(X){e“} for basic |-forms ("tetrad’)
o4 = 5.ds eaf — Ra(f)e“, Ra(f)(X) =f(xa)

o df =0,f)e’, o0,=R,—1d
= (2) 2 =C(G)A (b) g = Z gaea ® ea‘1
A = Grassmann algebra on a
{e%) if G abelian metric tensor forced to be "antidiagonal’

e f = (R.f)e™
(R )W) =fG£1)
Flatmetricg=eT Qe +e Qe™ (0.0 =f £ 1) — 1))
1

Ve* =0 Laplacian A, = — 5( , )Vd = (0, +d_)f

Az =f+ 1D+ —=1)=2/@)

® For example on Z, Q' = C(Z2){e*},

QRG fully worked out for any edge-symmetric metric on Z, zero curvature
iff g, (i) = a' a geometric sequence [SM Class. Quantum Grav 36 (2019)]




Il Recap of jet bundles and classical varcalc on M

Space of fields p € ' = C*(M), j : F — F% sections of jet bundle
J® =M x RN = {(z, w,ui, wij, )},
Joo(9)(@) = (2, 8(x), Dip(x), 0i0;0(x), - ) = {(z,0r¢9)}  u1(joo(9)(z)) = (Ir¢) ()

- oot M X F =5 J™, (2,0)  joo(9)(2)
= > e Q(J*)—=Q(M)RQ(F)
= e.g QNJ>®) = C>®°(J*){dz",dur}
’ ) et (dr®) = darel (@), el (dyv®) = dpel, ()
kR d ) 0 o € C=(J)
0—Q0— 0 b 00 g2 S L e

» —> EE— _ T ——> oo q) _6@ — Uy
T A +Z(‘9uzu1
: : ' : oD

dV(I) = Z (dU] — uZ[dCIf )
Anderson variational bicomplex - Our



Lagrangian LVol € Qtopr.0( joo) L = L(u,u;) € C®(J*®)

Acion  S[¢] = /M % (LVol)(z, ¢)

+ sl = [ enlvEavol@g)  dvEAVol = FL -6
M EL-form EL € Qtop.1(J>)
zerovar «e=p FEI =0 boundary form @ ¢ Qtop—L1( joo)
EL = 8—L — D; oL dyu A Vol, O = oL dyu A Vol; Vol; = 15. Vol
ou ou; ou; ¢
. 0
Any vector field Xp=X'0, + Xd_ on E=MxR —> M extends to
u
. 0
Xo=X0,+X'—=X,+X, on J¥
al/l] _ .
Symmetry iff Lx. (LVol) =dgox for some ox € QPO J>)
=P-| Noether thm dgjx =ix, FL i.e. conserved on shell

where jX = 0X — LXy (LVOI) — LXV@ - QtOp_l’O(JOO)




Il ' varcalc on M = Z, EL egqm and Noether theorem

JX =7ZxR® =7 xR xR?xR3x .. coordinates (i,us)
]oo(gb) — Qb + 8a§b€a + = Za[¢ €I 1, ei, etet
T
= Cx ! L XF — J e(@P)(i) = (i, (0;9)(1))

= ek 1 QJ®) C QUZ)RO(F)

,ete +e et

, €

e' € Sym({e*})

=P [ Thm noncommutative double complex Q"' (J*) with

dy® =[0,0), @€ C(J®) = C(Z)[u]]

o
dV(I) = Z 8—dv’u,[, dvu[ = duI — [(9,’&[]

,ur] = uqre®, dur, @] = Z%I (Da0)e dur,uy] =

O:=et+e”

E ualuaJe

{e*,dur} + dugr ANe® =0, {duy,duy}+ Z Uqrdug g + (dugr)uqy) Ae* = 0.

® For weQuey w=EDY R, dpw=(-1)D,(w)e"

defines D,

D,

= R,

_e_, cee

—id



L = L(u7 Ua) Vol =et Ae” Vol, = e, Vol_ = —e™)

Thm EL = <g§ + D, (%)) dyu A Vol, O =R, (;j ) dyu A Vol,.
obeys dy(LVol) = EL —dy©
Noether theorem
interior product 1 + 1y, on (/%) et = €, wwdvur = — Z € Uq1

a

jo =0 —tg(LVol) — ty©® naive Noether current almost works

Propn for free particle Lagrangian L = 3 Zaec — %m2u2
j==) ¢ (1 (ua_l + luba_l) up + 6{}L) Vol, is conserved on shell
a,beC 2 2 dyj=0

extra term

1 1 /

=P T =— (5%% +  Uabtiy + oy L) is conserved on shell 2_¢ Da-1Tap =0



IV Generalisation to M = G an Abelian group

Q(G) = C(G)Ag A Grassmann algebra on basic |-forms ¢4, a € G\{e}
d=10, }for 0 =) e e! = symmetric products of these Jjo(@) = al(d;)el

Vol = el A+ Nel€l=e® AVol, (no sum). and then same formulae as in Thm

C = {+v'=4(0,...,0,1,0,...,0) € Z™i =1,...,m}

Volgm =elT Ael™ Ao Ae™T Ae™™

1

acC

Lattice case (5 = 7™M

Sipl =3 [

Zm

1 1
_ 2 _
FL = <m u + 5 E uaa1> dyu N Vol, O = —5 E Ug—1dyu A Vol,

acC acC

- (Z Oq + m2> $»=0 etc. as before

E = —% /Zml ((&@)(@mb) —I—% Z (Op)? — m2) Volym—1

becm—l

Py= =3 [ (010) @40~ 0y26) Vs

on shell conserved energy & momentum



VI Next steps and related work

@ Vvarcalc on any graph: doable but can’t solve for a QLC in general
to write down actions

@ Vvarcalc on noncommutative spacetimes like fuzzy sphere, k-Mink

J° (section of jet bundle) not a problem,  SM & FS Lett. Math. Phys.(2023)

what is analogue of Q(J*) ? Flood, Mantegaza, Winther, Selecta (2025)
X. Han & SM arXiv: 2507.02848

® conserved charges in lattice gauge theory, lattice gravity?

@ Physical applications (i) quantum gravity on one placquette

—dpp = —dy

kNS B AR 2 potential solution to problem
L |'; = ARyl of cosmological constant
paap——— Blitz and SM, Class. Quantum Grav. (2025)

(i) Lorentzian quantum gravity on fuzzy sphere A as fibre =
Kaluza-Klein structure of gravity+YM-+Liouville on spacetime

Thank you Liu & SM J. High Energ. Phys. (2024) , arXiv: 2507.21861



