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Quantum principal bundle:
* aHopf algebra H (structure group);
* an H-comodule algebra A (total space) with coaction 6: A > A®H, a — a ®ag,
s B:=AH ={be A|5(b) = b® 1y} the subalgebra of coinvariants (base space);
* A an H-Galois algebra extension of B: the canonicalmap y :A®g A > AQ®H,
aQ®ga’ =ad(a’) is bijective.
In classical geometry, given a principal G—bundle P — Y and a map F : X — Y then the
induced bundle (pull-back) F.(P)

F*(P) :={(x,p) € X®P|F(x) = ne(p)} P
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is a principal G-bundle. The fiber over a point x € X is 7" *(F(x)).

How to define pull-back of principal bundles in the algebraic setting of quantum group
gauge theory?
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Push-forwards of central Hopf-Galois extensions along morphisms of

commutative algebras

D. Rumynin, Hopf-Galois extensions with central invariants and their geometric properties, Algebra Repr. Th. (1998)

C.Kassel, Quantum principal bundles up to homotopy equivalence, The legacy of Niels Henrik Abel, Springer (2004)

For any morphism of algebras F : B — C and any left B-module algebra A, the
push-forward F,A of A is the covariant F-extension of A:

Co®gA=C®A/{c®ba-cF(b)®a,acA beB, ceC)
Problem: Defining an algebra structure on C ®g A.

The most natural way to equip F,A with a multiplication is to define it to be m¢cga

— For m¢cga to be well-defined, the algebra B has to be central in A, and thus in particular
commutative, and F(B) central in C.

Theorem [Kassel].  The push-forward algebra C ®g A of a (faithfully flat) central
H—-Galois extension B C A is a (faithfully flat) central H-Galois extension of C.



Pull-back of principal bundles on noncommutative spaces

Joint work in progress with Giovanni Landi (Trieste)

Aim of the research project: To go beyond the central case and study the pull-back of
principal bundles on not necessarily commutative algebras

Idea: To approach the problem by using Twisted tensor products of algebras

elet Aand Cbetwoalgebrasandyp:A®C - CQRA,a®cH cl¥l® al¥] be a linear map,
m¥ = (mc®@my)(idc®P®idy) : (CRA)®(CR®A) - CRA
(c®a)®(c’®a’) cyp(a®c’)a’ = cc'Mgaltly’
defines an associative product on the vector space C ® A if and only if

(ldC®mA)O(¢®ldA)O(ldA ®mC®IdA)O(1dA ®ldc®1,b) -
(mC ®idA)O(idc®1,b)O(idc®mA ®idc)o(¢®idA ®idc).



* Aand Ctwoalgebrasand ¢ =flip: A®C - C®A, a®c — c®a the flip map. Then
C®y A is the ordinary tensor product of algebras;
* A aleft K-comodule algebra and C a left K-module algebra for K a Hopf algebra,

¢A®C—)C®A, a®C|’_)a(_1)>C®a(O).
Then C®, A is Takeuchi’s smash product (1980).

Dually, one can define the twisted tensor product of two coalgebras, with twisted
coproduct and also the twisted tensor product of bialgebras.

¢ Let H and A be two Hopf algebras such that A is a right H-module algebra and H is a
left A-comodule coalgebra. Then

Yp:A®H ->H®A, a®hh;®a<hp (v twisted my,)

®:H®A—>A®H, h®awr h_ja®h, (m> twisted Ag)

Then H ®$ A is Majid’s bicrossproduct (1990).



Twisted tensor products of algebras C®% A := (C®A, m¥)

S. Caenepeel, B. lon , G. Militaru, S. Zhu, The factorization problem and the smash biproduct of algebras and

coalgebras. Algebr. Represent. Theory 3 (2000).
e A sufficient condition for the associativity of m¥:
P(ma®idc) = (idc®ma)o (P®ida)o(ida®y),  Plaa’®c)=pascha’¥ (1)
p(idp ®@mc) = (mc ®ida) o (idc ®p) o (p®idc),  plawec’)=clp@¥ec) (2)
e The element 1 ® 1, is a unit for C®Y A if and only if ¥ is normal:
PY(1p®c)=c®1l, (right normal), Y(a®lc)=1c®a (left normal)

e For i normal, conditions (1) and (2) are equivalent to the associativity of the product.
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From twisted tensor product algebras to push-forward of H—Galois extensions

Consider A, C,A® C, C® A € g Mg with obvious B-bimodule structures.

Proposition

Leti: A® C — C®A be a normal twist map and C®¥ A = (C® A, m¥) be the
corresponding twisted tensor product algebra. The multiplication

m¥ =(mc@my)(idc ® P ®ida)

on C®Y A descends to a well-defined product on the push-forward C ®g A if and only if
1 is a B-bimodule morphism:

P(b>(a®c)<b’)=p(ba® cF(b’))=F(b)p(a®c)b’, a€A bb eB,ceC.

~» the twisted push-forward algebra of A along F:  C ®g A:=(CQgA, m‘l’)



Suppose A is an H-comodule algebra with coaction 5 : A - A®H and B = A",

e The vector space C®A is a right H-comodule with coaction id¢c ® 6. Since B = A<°H | this
descends to a coaction id: ®g 6 on C ®g A.

e Also AQ® C is a right H-comodule with coaction (idy ® 7) o (6 ®id¢).

Proposition
Letip: A® C — C®A be a normal twist and a B-bimodule morphism.
Suppose 1) is an H-comodule morphism:

(a["[’])(o) ecllle (a["b])(l) = (a(o))[ll)] ®cl¥l ®agqy, ac€A beB,ceC

then the twisted push-forward algebra C ®g A is an H-comodule algebra with coaction

H
idc®sandCC(CapA)”



Theorem

Let B C A be H-Galois with A faithfully flat as a B-module. Let F : B — C be a morphism
of algebras and i : A® C - C®A a normal twist map that is compatible with F, that is a
B-bimodule map, and is an H-comodule morphism. Then the twisted push-forward
algebra C ®g) A of BC A alongF : B — C is a faithfully flat H-Galois extension of C.

Proof.

The left C-module C ®g A is faithfully flat since A is faithfully flat as a left B-module.
Under the isomorphism (C®g A)®c (C®g A) ~ C®z (AR A)

x¥ : (C®sA)®c(C®BA) — (CoA)BH, (c®a)®c(c'®pa’) - (c®pa)¥ (idc®po)(c'®pa’)

is simply x¥ =id¢ ®g x, where x : A®g A — A® H is the canonical map of B C A.
Then x? is surjective. Since the left C-module C ®g A is faithfully flat and x¥ is surjective,
c=(C ®g A)ceH [Takeuchi 1977]. Then the algebra extension C C C®g Ais H-Galois. O

~ C ®;§ A is the twisted push-forward H-Galois extension of B C A along F



On =-structures

Lemma
Suppose A and C are x-algebras. The twisted tensor product algebra C P Aisa

x-algebra with ¢ ® x4 < 1 = flip.
Proposition

The twisted tensor product algebra C ®¥ A is a -algebra with
#:=1h(+4 ®*c) o flip, (c®a) :=y(a*®c)

& 1 is invertible with inverse ™! = (x4 ®*¢) o flip o o (*4 ®*¢) o flip. In this case, we
can form the twisted tensor product algebra A ®1/’71 C. It is a *-algebra with
(a®c) =y~ i(c*®a*)and i : A ®¥" C — C®Y A is a *-algebra isomorphism.

Lemma
SupposeF : B — C is a *-algebra morphism and B a *-subalgebra of A. The *-structure

(c®a)"=1(a*®c*) on C®Y A descends to a well-defined *-structure on C ®g A
— yY(ab®c)=y(a®F(b)c), YaeA beB, ceC.



Example: The push-forward to the total algebra alongi:B — A

The push-forward of a Hopf-Galois extension to the total algebra is trivial (the pull-back
of a principal bundle to the total space is trivial).

Let B C A be a faithfully flat H-Galois extension. [Schauenburg-Schneider (2005)]: there
always exists a strong connection: a linear map{: H > A®A, h i {(h) := hY' @ h'? with
properties

0(1)=1®1, mgol=r1, (idy®d)ol=((®idy)oA, (6,®idy)ol=(idy®¢€)oA
where

- ig :A®A — A Qg A the canonical projection,

-9 :A—>H®A, a— S’l(a(l)) ® a) the induced left coaction of H on A

- T=x"Yigy:H—>A®gA, h— h<®g h<® the translation map.



Proposition
Let B C A be a faithfully flat H-Galois extension with strong connection
{:H—>AQ®A, h—{(h):=h"®h?. The map

¢€A®A —>A®A; a®Ci—>a(0)Ca(1)=1}®a(1)(2}
is a normal twist map. It is left and right B-linear (being {(h)b =b{(h),¥ b € B):

Ye(ba®a’b’)=byp(a®a’)b’, Va,a €A, bb €B.

~» we can construct the algebra A ®%¢ A with twisted product
(a®c)y, (a’'®c) = (ap,(c®a’)c) = aa’'gc(a’n) e (a’y) e’

and this descends to a well-defined product

(a®pc)y, (a'®c’)=mg (aa'(o)c(a'(l))m ® (a'(l))mc') =aa’gc(a’y) " ®g (a'y)Fc.

on the twisted push-forward A ®Ef A of B C A along the algebra inclusioni: B — A.



The twisted push-forward algebra A ®g€ A is A ®g A with algebra structure induced by

that of the tensor product algebra A ® H via the canonical map y : A®g A —» A®H (which
becomes then an algebra map):

My, =x "t omagr o (X ®X).

Proposition

The twisted push-forward algebra A ®gf A of B C A along the algebra inclusioni: B — A

is a trivial H-Galois extension.

Observation: The twist map 1y is the lift to A ® A of the Durdevi¢ braiding

0:A®A >A®gA, a®gckH a(o)c(a(l))<1> ®p (a(l))<2>.



e An alternative construction consists in constructing
m¥ =(mc®@my)(idc ® P ®ida)

directly on the covariant F-extension C ®g A, without assuming it comes from a twisted
product on C® A. Here

V:ARC - CQgA, a®cn—>c[’*"]®3a[4’]

cf. [Durdevi¢, Quantum classifying spaces and universal quantum characteristic classes, Banach Publ. 1997]

e For each n, the Hopf fibering s2ntl _, cpn pull-backs via the classifying map
1
2 o
F,:CP'~S3/U(1) - CP" =~ S°"1/U(1), [z0,2z1] — [zg,...,(rj) 7 O poncy |,
J

to a U(1)-bundle on CP! whose total space is the Lens space L(n, 1).
~» its quantum version as an example of a twisted push-forward algebra.



