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Supergravity theories can be naturally formulated in a 
super-Lie group-geometric framework.  

Tangent vectors       on the G group manifold , defined by the 
infinitesimal action of G on itself, satisy the Lie commutation 
relations

The dual cotangent basis  of one-forms         (with                         )
satisfies the Cartan-Maurer eq.s. 

1. Introduction and motivations
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The basic fields correspond to the        . For p-form fields:
 generalize Cartan-Maurer eq.s to Free Differential Algebras 
(FDA). Their dual formulation is given by         algebras, a 
generalization of Lie algebras with higher brackets.     
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2. Group geometric approach

To interpret all (local) symmetries as 
    coordinate transformations

Thus diff.s, supersymmetry, gauge transformations are
    all diffeomorphisms in the (super)group manifold G

They are invariances of an action invariant under 
    group manifold diff.s

Dynamical fields: Vielbein (components) on G

to (super) gauge and gravity theories



Group geometric construction of supergravity theories, Torino group 80’s

originates from Ne’eman and Regge (1978), then D’Adda, D’ Auria, Fré, LC, 
van Nieuwenhuizen, Townsend, …

Reviews: D’ Auria Fré LC 1991, LC 2018, D’ Auria 2019 

Related approaches: Chamseddine, West 1977 



•  Lie (super)algebra G

•  Cartan-Maurer eq.s

Basic steps

[TA, TB ] = CC
ABTC

On the group manifold G: basis of tangent vectors        closes 
on the same Lie algebra. 

tA

Dual (cotangent) basis: left-invariant one-forms          , Vielbeine        
of the group manifold 

Jacobi id.s



•  fundamental fields

•  Bianchi identities

More precisely the dynamical fields are the vielbeins of  
a smooth deformation of       , with curvature 

measuring the deformation



Example: N=1, D=4 supergravity

•  Lie algebra (superPoincaré)

•  Dynamical fields

vierbein

spin connection

gravitino

G-coordinates

x

yab

✓↵
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•  Curvatures

Torsion

Lorentz curvature

gravitino curvature

•  Bianchi identities



Geometric action

Task: construct an action, invariant under the
diffeomorphisms on the G-group manifold

Then the symmetries of the theory are given
by the G-diffeomorphisms

The group-geometric approach provides a systematic
and algorithmic procedure to construct locally
supersymmetric actions



N=1 supergravity in d=4
Action

Invariances

ISG =
R
M4 Rab ^ V c ^ V d✏abcd + 4  ̄ ^ �5�d⇢ ^ V d

Rab = d!ab � !a
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ab�ab 
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local Lorentz rotations
local supersymmetry �✏V a = i ✏̄�a 
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vierbein
spin connection

gravitino

Rab = Rab
µ⌫dx

µ ^ dx⌫ = (@[µ!
ab
⌫] � !ac

[µ!
b

⌫]c)dx
µ ^ dx⌫

ISG =

Z

M4

(R
p
�g +  ̄µ�5�aD⌫ ⇢V

a
� ✏

µ⌫⇢�)d4x

in form language:

Ferrara, Friedman, van Nieuwenhuizen 1976
Deser, Zumino 1976
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A combined spin 2 - spin 3/2 extension of general relativity is given which is both free of the usual higher spin m- 
conststencms and mvarmnt under local supersymmetry transformatmns. 

The unification of  the gravitational field with a 
spin 3/2 system is a natural goal within the framework 
of  supersymmetry [1 ] .  In constructing such a theory 
one faces obvious problems due to the highly non-h- 
near nature of  general relativity [2] and to the well- 
known difficultms encountered in coupling higher 
spin fields in a consistent way. We shall show here 
that the simplest candidate, namely the sum of  the 
Einstein action and that for a massless, minimally 
coupled, Rarlta-Schwinger [3] Majorana field fulfils 
the consistency criteria. As we shall also see, this fact 
is related to the invariance of the theory under local 
supersymmetry transformations #1 . 

The key to our result_ ~ lies in the use of  the first or- 
der formalism for gravitation, in which vierbeins and 
connection coefficients are treated independently (a 
convenient description of the first order formalism 
can be found in a paper by Kibble [5] ). Minimal cou- 
pling in this sense lmphes the existence of  torsion, or 
of  non-minimal contact  interactions m second order 
language. The first order formulation with torsion is 
closely related to the description of  supergravlty in su- 
perspace [1, 6] .  

The combined Lagrangian has the form ¢2 

* On leave from Brandeis University Waltham, MA, USA; sup- 
ported in part by the U.S. National Science Foundation. 

¢1 Local supersymmetry transformations, with parameters de- 
pending arbitrarily upon the space-time co-ordinates were 
f'trst discussed m ref. [4 ], where their existence was stated 
for two space-time dimensions and conjectured for four di- 
mensmns. The commutato~ of two local supersymmetry 
transformations contains a general co-ordinate transforma- 
tion. 

¢2 We choose units in which r = 1. Our gamma matrices satis- 
fy (3,0) 2 = (3,5) 2 = -1.  If we use the Majorana representa- 
tion the matrices 3,tt and 3,s are real and the field Ca 
Hermitean, with t~j~ = ~ '3 ,0  We also take e 0123 = -'e0123 
= 1 .  

L = -  5 e R  - e xuvo ~ x 7 5 7 u D v t ~  o O) 

where 

e = det eva , R = eaUebVRuv, ab . (2) 

The covariant derivative on Cu is defined according to 
its spin 1/2 content only 

= i ~ab ,  ~ab = ¼ [U ,  ~/b I (3) D u a u - -~ 6Ou,ab 

and satisfies 

[ D u , D v ] =  L o  vab (4) 
- -  2J,t~u,ab,~ • 

This form for D u is strongly suggested by the Maxwell- 
like gauge invariance of  the flat space action uncer 6 flu 
= 2aua  and preserves the simplest definition of  the 
curl. This results in a particularly simple form of  the 
torsion. The vierbeins eua,  the connection coefficients 
cola,a b and the Majorana vector-spinor ~k u are to be 
varied independently.  Note that we have not intro- 
duced any auxiliary fields. They wdl be useful, how- 
ever, when coupling to matter is included. The equa- 
tions of  motion are 

R x  = eXUVo(?uDv~ ; 1 r - ~ c ~ .  %)  = 0 (5) 
1 

Cur r = ~ ~ u T r ~ v  (6) 

and 

i 
GrU = ~ e x u u o ~ x  T s T r D v $  - (7) 

Here 

1 T Gra = R r  a - - £ e  a R ,  Rra  = R r h ,  a x 

is the (non-symmetric)Einstein tensor and 

(8) 
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3. Free differential algebras (FDA)

•  generalize Cartan-Maurer eq.s of group manifold G 
    1-form vielbeins      ,  by including p-forms      

•  convenient algebraic setting for field theories 
    with antisymmetric tensors (p-forms)

dBi + Ci
Aj �ABj +

1

(p+ 1)!
Ci

A1...Ap+1
�A1 ...�Ap+1 = 0

rBi

�A Bi

•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

•  taking      of l.h.s. and requiring                    d d2 = 0

D’Auria, Fré 1982
Sullivan, 1977



3. Free differential algebras (FDA)

•  generalize Cartan-Maurer eq.s of group manifold G 
    1-form vielbeins      ,  by including p-forms      

•  convenient algebraic setting for field theories 
    with antisymmetric tensors (p-forms)

dBi + Ci
Aj �ABj +

1

(p+ 1)!
Ci

A1...Ap+1
�A1 ...�Ap+1 = 0

rBi

�A Bi

•  example : ordinary Cartan-Maurer 1-forms       supplemented
    by a single p-form       in a representation            of GDi

j

�A

Bi

•  taking      of l.h.s. and requiring                    d d2 = 0

D’Auria, Fré 1982
Sullivan, 1977

suggests a multibracket



CA
B[CC

B
DE] = 0

Ci
AjC

j
Bk � Ci

BjC
j
Ak = CC

ABC
i
Ck

2 Ci
A1jC

j
A2...Ap+2]

� (p+ 1)Ci
B[A1...Ap

CB
Ap+1Ap+2]

= 0

Generalized Jacobi identities

usual Jacobi id.s

representation condition

cocycle condition

•                                             is a (p+1)-cocycle  (               )Ci = Ci
A1...Ap+1

�A1 ...�Ap+1 rCi = 0

•  given a FDA, there is a well-defined procedure
    to construct a Lagrangian with the p-forms as 
    fundamental fields



•  To extend a Lie algebra to a FDA: need a 
    covariantly closed (p+1)-form  

•  given such a form       ,        +  covariantly closed (p+1)-form 
        still yields a FDA.  But if this cov. closed form is cov. exact  (=          )  
                         leads to an equivalent FDA via the redefinition 

Ci

Ci Ci

r�i

Ci +r�i

Bi ! Bi + �i

•  Thus inequivalent FDA’s are classified by nontrivial cohomology 
    classes of the covariant derivative     , i.e. by Chevalley cohomologyr



4. Example: FDA of d=11 supergravity

d!ab � !a
c!

cb = 0 [= Rab]

dV a � !a
bV

b � i

2
 ̄�a = 0 [= Ra]

d � 1

4
!ab�ab = 0 [= ⇢]

dA� 1

2
 ̄�ab V

aV b = 0 [= R(A)]

 ̄�ab  ̄�
a = 0•  the d=11 Fierz identity                               ensures 

   FDA closure  (             )
                           

d2 = 0

•  extends the superPoincaré Lie algebra in d=11 with a 3-form A
    in the identity representation 

Ci
A1...Ap+1• C ↵�ab = �12(C�ab)↵�

nontrivial 4-cocycle

D’Auria, Fré 1982



•  The lagrangian of d =11 supergravity can be written as a 11- form,
    made out of (exterior) products of fields and curvatures, therefore
    invariant by construction under diff.s.  D’Auria, Fré 1982

•  Original construction (in components) by  Cremmer, Julia, Scherk 1978

d=11 supergravity Lagrangian 



5. The general structure of FDA’s

•  Use simplified notations:

ta
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<latexit sha1_base64="SUWW0nMy3GWjq8ITXcIhEXn3s3I=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRJYFAW9ELx4xyiMBQnqHBifMPjLTqyGET/CqJ2/Gq9/jwX9xFzFRo3WqVHWnq8sNlTRk229Waml5ZXUtvZ7Z2Nza3snu7jVNEGmBDRGoQLddMKikjw2SpLAdagTPVdhyx+eJ37pFbWTgX9MkxJ4HI18OpQCKpSvqQz+bs/On1bJz4nA7b9sVp1hOiFMpOUVeiJUEObZAvZ997w4CEXnok1BgTKdgh9SbgiYpFM4y3chgCGIMI+zE1AcPTW86jzrjR5EBCniImkvF5yJ+35iCZ8zEc+NJD+jG/PYS8S+vE9Gw2ptKP4wIfZEcIqlwfsgILeMOkA+kRiJIkiOXPheggQi15CBELEZxKZm4j6+n+f+k6eQLpXzpspSrnS2aSbMDdsiOWYFVWI1dsDprMMFG7J49sEfrznqynq2Xz9GUtdjZZz9gvX4AXu2SnA==</latexit>

p - vectors:

•  Generalization of Cartan-Maurer equations:

dta +
1X

k=1

1

k!
Ca

a1···ak
ta1 ^ · · · ^ tak = 0

<latexit sha1_base64="R9O16YA3WiRWcMPKVRlLUZo5V9w="></latexit>

with ta(tb) = �ab

<latexit sha1_base64="b4v4lWR9lk6YaKp+p1mR7/oT2Gk=">AAACCnicbVDLSgNBEJyNrxhfq4IXL4NBiJewKwG9CEEvHiOYB+Sx9E46ccjsg5leIcT8gV/hVU/exKs/4cF/cRNz0MQ6FVXddHX5sZKGHOfTyiwtr6yuZddzG5tb2zv27l7NRIkWWBWRinTDB4NKhlglSQobsUYIfIV1f3A18ev3qI2MwlsaxtgOoB/KnhRAqeTZB9QBXiDPP+EXvNVFRdABz/fsvFN0puCLxJ2RPJuh4tlfrW4kkgBDEgqMabpOTO0RaJJC4TjXSgzGIAbQx2ZKQwjQtEfT/GN+nBigiMeouVR8KuLvjREExgwDP50MgO7MvDcR//OaCfXO2yMZxglhKCaHSCqcHjJCy7QY5F2pkQgmyZHLkAvQQIRachAiFZO0qVzahzv//SKpnRbdUrF0U8qXL2fNZNkhO2IF5rIzVmbXrMKqTLAH9sSe2Yv1aL1ab9b7z2jGmu3ssz+wPr4B4IGZTw==</latexit>

•  Closure of exterior differential d

d2ta =
1X

k,j=1

1

(k � 1)!

1

j!
Ca

a1a2···ak
Ca1

b1···bj tb1 ^ · · · ^ tbj ^ ta2 ^ · · · ^ tak

<latexit sha1_base64="VEBZzZTzhxK+rTBiZq9vAMSylbM="></latexit>

 p - forms:



•  From              :
1X

k,j=1

1

(k � 1)!

1

j!

X

�

�(�, t) Ca
a1�(a2)···�(ak)

Ca1

�(b1)···�(bj) t
b1 ^ · · · ^ tbj ^ ta2 ^ · · · ^ tak = 0

<latexit sha1_base64="pUZv8r23pAixgBcnnG2irtqnzLQ="></latexit>

1X

k,j=1

X

�2Unsh

�(�, t) Ca
a1�(a2)···�(ak)

Ca1

�(b1)···�(bj) t
b1 ^ · · · ^ tbj ^ ta2 ^ · · · ^ tak = 0

<latexit sha1_base64="5P4EwaVIsj8UwxniTHDix9LGaUo="></latexit>

permutations that shuffle separately b1, · · · bj

<latexit sha1_base64="OIZrB0I0oLMKBvTa9kgpyAbqXAs=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIFCiyUSQoI2gog0QeUmJZ58smHDk/dLeHFEUp+QpaqOgQLR9Cwb9gGxeQMNVoZlc7O0EihUbH+bRKK6tr6xvlzcrW9s5u1d7b7+jYKA5tHstY9QKmQYoI2ihQQi9RwMJAQjeYXGV+9wGUFnF0i9MEvJCNIzESnGEq+XY18N1TOuDDGDUN/Hvfrjl1JwddJm5BaqRAy7e/BsOYmxAi5JJp3XedBL0ZUyi4hHllYDQkjE/YGPopjVgI2pvlwef02GiGMU1AUSFpLsLvjRkLtZ6GQToZMrzTi14m/uf1DY4uvJmIEoMQ8ewQCgn5Ic2VSBsBOhQKEFmWHKiIKGeKIYISlHGeiiatqJL24S5+v0w6Z3W3UW/cNGrNy6KZMjkkR+SEuOScNMk1aZE24cSQJ/JMXqxH69V6s95/RktWsXNA/sD6+AY8KZbP</latexit>

a2, · · · ak

<latexit sha1_base64="aQ2WuncprphHG41jOV7bx45R8Os=">AAACA3icbVC7SgNBFJ2NrxgfiVraDAbBQsJuCGgZtLGMYB6QhOXu5CYOmX0wc1cIIaVfYauVndj6IRb+i7vrFpp4qsM593LPPV6kpCHb/rQKa+sbm1vF7dLO7t5+uXJw2DFhrAW2RahC3fPAoJIBtkmSwl6kEXxPYdebXqd+9wG1kWFwR7MIhz5MAjmWAiiR3EoZ3Pr5QIxCMpyDO3UrVbtmZ+CrxMlJleVouZWvwSgUsY8BCQXG9B07ouEcNEmhcFEaxAYjEFOYYD+hAfhohvMs+IKfxgYo5BFqLhXPRPy9MQffmJnvJZM+0L1Z9lLxP68f0/hyOJdBFBMGIj1EUmF2yAgtk0aQj6RGIkiTI5cBF6CBCLXkIEQixklFpaQPZ/n7VdKp15xGrXHbqDav8maK7JidsDPmsAvWZDesxdpMsJg9sWf2Yj1ar9ab9f4zWrDynSP2B9bHNz3els8=</latexit>

and
give identical terms, then need to consider only “unshuffles”
 

•  For a fixed n = j+k-1  (number of p-forms in the wedge products):
1X

k+j=n+1

X

�2Unsh

�(�, t) Ca
a1�(a2)···�(ak)

Ca1

�(b1)···�(bj) = 0

<latexit sha1_base64="JTixORnn+qG+jxnXJcoKNUHz4oA="></latexit>

d2 = 0

<latexit sha1_base64="ascF76tDZWqFFNYrbAf28/VapWg=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrKjSNAgRdBQBok8pMRE58smnHJ+6G6NFJn8BC1UdIiWn6HgX3CMC0iYajSzq50dL1LSkG1/WoWV1bX1jeJmaWt7Z3evvH/QNmGsBbZEqELd9bhBJQNskSSF3Ugj9z2FHW9yNfc7D6iNDINbmkbo+nwcyJEUnFKpO7yrsQtms0G5YlftDGyZODmpQI7moPzVH4Yi9jEgobgxPceOyE24JikUzkr92GDExYSPsZfSgPto3CTLO2MnseEUsgg1k4plIv7eSLhvzNT30kmf071Z9Obif14vptG5m8ggigkDMT9EUmF2yAgt0yKQDaVGIj5PjkwGTHDNiVBLxoVIxThtppT24Sx+v0zatapTr9Zv6pXGZd5MEY7gGE7BgTNowDU0oQUCFDzBM7xYj9ar9Wa9/4wWrHznEP7A+vgGlAeTFw==</latexit>

generalized Jacobi identities 



5. The duality between FDA’s and L∞

•  based on the duality of derivations on cotangent space 
   and tangent space 

exterior derivative d        exterior derivative D        
acts on p-forms acts on p-vectors
degree +1 degree  -1

•  p-vectors  belong to the antisymmetric tensor space 

V ⇤

<latexit sha1_base64="qfA7RN0YC4nV/tio9b6nO8MYwjY=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjExHja7ywp4I3rxiFEeCSCZHRqcMPvITK+GED7Bq568Ga9+jwf/xV3ERI3WqVLVna4uL5JCo2W9GZmFxaXllexqbm19Y3Mrv73T0GGsONR5KEPV8pgGKQKoo0AJrUgB8z0JTW90lvrNW1BahMEVjiPo+mwYiIHgDBPpsnF91MsXLPOkUnKOHWqZllV2iqWUOGXXKVI7UVIUyBy1Xv690w957EOAXDKt27YVYXfCFAouYZrrxBoixkdsCO2EBswH3Z3Mok7pQawZhjQCRYWkMxG+b0yYr/XY95JJn+GN/u2l4l9eO8ZBpTsRQRQjBDw9hELC7JDmSiQdAO0LBYgsTQ5UBJQzxRBBCco4T8Q4KSWX9PH1NP2fNBzTdk33wi1UT+fNZMke2SeHxCZlUiXnpEbqhJMhuScP5NG4M56MZ+PlczRjzHd2yQ8Yrx/Yl5JG</latexit>

V

<latexit sha1_base64="e2QAxltwReIqHUb5NJ9zl/p1/zA=">AAAB83icdVC7TsNAEDyHVwivACXNiQiJyrKNSUIXQUOZSOQhJVZ0vmzCKeeH7tZIkZUvoIWKDtHyQRT8C3YIEiCYajSzq50dP5ZCo2W9GYWV1bX1jeJmaWt7Z3evvH/Q0VGiOLR5JCPV85kGKUJoo0AJvVgBC3wJXX96lfvdO1BaROENzmLwAjYJxVhwhpnU6gzLFcu8qFedc4dapmXVnLNqTpya65xRO1NyVMgSzWH5fTCKeBJAiFwyrfu2FaOXMoWCS5iXBomGmPEpm0A/oyELQHvpIuicniSaYURjUFRIuhDh+0bKAq1ngZ9NBgxv9W8vF//y+gmO614qwjhBCHl+CIWExSHNlcgaADoSChBZnhyoCClniiGCEpRxnolJVkkp6+Prafo/6Tim7Zpuy600LpfNFMkROSanxCY10iDXpEnahBMg9+SBPBqJ8WQ8Gy+fowVjuXNIfsB4/QC5ppGq</latexit>

(space of antisymmetric tensor products of tangent vectors)

•  The duality  d          D is defined by

V _ · · · _ V

<latexit sha1_base64="sl0njGrAww0vc/8o/hFY6Ca/ng8=">AAACCXicdVDLTgJBEJzFF+ILNZ68TCQmnsiyIOCN6MUjJrKQsITMDg1OmH1kppeEbPgCv8KrnrwZr36FB//FXcBEjdapuqo73V1uKIVG03w3Miura+sb2c3c1vbO7l5+/8DWQaQ4tHggA9VxmQYpfGihQAmdUAHzXAltd3yV+u0JKC0C/xanIfQ8NvLFUHCGidTPH9nUmQBQ6vBBgHpR2P18wSxe1KvWuUXNomnWrHI1JVatYpVpKVFSFMgSzX7+wxkEPPLARy6Z1t2SGWIvZgoFlzDLOZGGkPExG0E3oT7zQPfi+fkzehpphgENQVEh6VyE7xMx87Seem7S6TG807+9VPzL60Y4rPdi4YcRgs/TRSgkzBdprkSSC9CBUIDI0suBCp9yphgiKEEZ54kYJUHlkjy+nqb/E9sqlirFyk2l0LhcJpMlx+SEnJESqZEGuSZN0iKcxOSBPJIn4954Nl6M10VrxljOHJIfMN4+AbtQmUo=</latexit>

d

<latexit sha1_base64="hOlusqX7q1jkfRnviqWCe9i/QQw=">AAAB9HicdVDLTgJBEJzFF+IL9ehlIjHxtNldVsAb0YtHNPJIYENmhwYnzD4y00tCCH/gVU/ejFf/x4P/4i5iokbrVKnqTleXH0uh0bLejNzK6tr6Rn6zsLW9s7tX3D9o6ShRHJo8kpHq+EyDFCE0UaCETqyABb6Etj++zPz2BJQWUXiL0xi8gI1CMRScYSrdDGi/WLLM81rFOXOoZVpW1SlXMuJUXadM7VTJUCJLNPrF994g4kkAIXLJtO7aVozejCkUXMK80Es0xIyP2Qi6KQ1ZANqbLZLO6UmiGUY0BkWFpAsRvm/MWKD1NPDTyYDhnf7tZeJfXjfBYc2biTBOEEKeHUIhYXFIcyXSCoAOhAJEliUHKkLKmWKIoARlnKdiknZSSPv4epr+T1qOabume+2W6hfLZvLkiByTU2KTKqmTK9IgTcLJkNyTB/JoTIwn49l4+RzNGcudQ/IDxusHJrqR4g==</latexit>

⇥

<latexit sha1_base64="t/L3Gu5zbDMyc72NILlYMoXIBM0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDlJeUWNH6sklOOT90t0aKrHwELVR0iJavoeBfsI0LSJhqNLOrnR0vUtKQbX9apY3Nre2d8m5lb//g8Kh6fNI1YawFdkSoQt33wKCSAXZIksJ+pBF8T2HPm99lfu8RtZFh0KZFhK4P00BOpABKpd6wPUMCPqrW7Lqdg68TpyA1VqA1qn4Nx6GIfQxIKDBm4NgRuQlokkLhsjKMDUYg5jDFQUoD8NG4SR53yS9iAxTyCDWXiuci/t5IwDdm4XvppA80M6teJv7nDWKa3LiJDKKYMBDZIZIK80NGaJn2gHwsNRJBlhy5DLgADUSoJQchUjFOi6mkfTir36+T7lXdadQbD41a87ZopszO2Dm7ZA67Zk12z1qswwSbsyf2zF6sxHq13qz3n9GSVeycsj+wPr4Bg02Tvg==</latexit>

D

<latexit sha1_base64="OZdrV1aKGUMWcqQh7DYxTflxTmE=">AAAB83icdVDLTgJBEJzFF+IL9ehlIjHxtNldVsAbUQ8eIZFHAhsyOzQ4YfaRmV4TQvgCr3ryZrz6QR78F3cREzVap0pVd7q6/FgKjZb1ZuRWVtfWN/Kbha3tnd294v5BW0eJ4tDikYxU12capAihhQIldGMFLPAldPzJZeZ37kBpEYU3OI3BC9g4FCPBGaZS82pQLFnmea3inDnUMi2r6pQrGXGqrlOmdqpkKJElGoPie38Y8SSAELlkWvdsK0ZvxhQKLmFe6CcaYsYnbAy9lIYsAO3NFkHn9CTRDCMag6JC0oUI3zdmLNB6GvjpZMDwVv/2MvEvr5fgqObNRBgnCCHPDqGQsDikuRJpA0CHQgEiy5IDFSHlTDFEUIIyzlMxSSsppH18PU3/J23HtF3Tbbql+sWymTw5IsfklNikSurkmjRIi3AC5J48kEcjMZ6MZ+PlczRnLHcOyQ8Yrx+dmJGY</latexit>

⇥ (v1 _ · · · _ vn) = (v1 _ · · · _ vn)

<latexit sha1_base64="suxWAzWJ/j1km7l1YAhy2YtsoaE=">AAACOXicdVDLSgNBEJz1GeMr6tHLYBD0EnYloBdBFMFjhMQI2bD0TlodnJ1dZnoDIZgf8hP8Co8qHryJV3/AzZqDJlqnoqqa7q4wUdKS6z45U9Mzs3PzhYXi4tLyymppbf3CxqkR2BCxis1lCBaV1NggSQovE4MQhQqb4e3J0G920VgZ6zr1EmxHcK3llRRAmRSUTv36DRLwwU438LjfReS+6MRkv3k30Lv8kA9y/B8JSmW34ubgk8QbkTIboRaUXv1OLNIINQkF1rY8N6F2HwxJofCu6KcWExC3cI2tjGqI0Lb7+bt3fDu1QDFP0HCpeC7iz4k+RNb2ojBLRkA3dtwbin95rZSuDtp9qZOUUIvhIpIK80VWGJn1iLwjDRLB8HLkUnMBBojQSA5CZGKaFVvM+vDGv58kF3sVr1qpnlfLR8ejZgpsk22xHeaxfXbEzliNNZhg9+yRPbMX58F5c96dj+/olDOa2WC/4Hx+Abemq+A=</latexit>



•  Definition:

(v1 _ · · · _ vn) ⌘
X

�

�(�, v)(v�(1) ⌦ · · ·⌦ v�(n))

<latexit sha1_base64="9+9zVwu88XtWAoyhu3O8Qv49DTI="></latexit>

where the sign               takes into account �(�, v)

<latexit sha1_base64="W/oTGIYt4SQR7gDe8EBmXAmLkGg=">AAACBXicbVDLTgJBEJzFF+IL9OhlIjHBxJBdQ6JHohePmMgjYQnpHRqYMPvITC+GEM5+hVc9eTNe/Q4P/ovLykHBOlWqutPV5UVKGrLtTyuztr6xuZXdzu3s7u0f5AuHDRPGWmBdhCrULQ8MKhlgnSQpbEUawfcUNr3RzdxvjlEbGQb3NImw48MgkH0pgBKpmy+4Yih5yTVy4MM5H5/xbr5ol+0UfJU4C1JkC9S6+S+3F4rYx4CEAmPajh1RZwqapFA4y7mxwQjECAbYTmgAPprONI0+46exAQp5hJpLxVMRf29MwTdm4nvJpA80NMveXPzPa8fUv+pMZRDFhIGYHyKpMD1khJZJJ8h7UiMRzJMjlwEXoIEIteQgRCLGSUm5pA9n+ftV0rgoO5Vy5a5SrF4vmsmyY3bCSsxhl6zKblmN1ZlgD+yJPbMX69F6td6s95/RjLXYOWJ/YH18Aw1ilzE=</latexit>

- the parity of the permutation  �

<latexit sha1_base64="TsFCPbMQ+NOFj2oZdWeu7UzW0tQ=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXryyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKVZhK4Pk0COpQBKpc7AyIkPw2rNrts5+DJxClJjBVrD6tdgFIrYx4CEAmP6jh2Rm4AmKRTOK4PYYARiChPspzQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kB3ZtHLxP+8fkzjCzeRQRQTBiI7RFJhfsgILdMakI+kRiLIkiOXAReggQi15CBEKsZpL5W0D2fx+2XSOas7jXrjplFrXhbNlNkRO2anzGHnrMmuWYu1mWD37Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BVLOTrw==</latexit>

- the gradings of the (multi)vectors  vi

<latexit sha1_base64="18oYhcAz7t+sXWWGrp5PmdoISe0=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDICFSYkXnyyaccn7obh0UWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhbrrcYNKBtgmSQq7kUbuewrvvclV5t9PURsZBnc0i9D1+TiQIyk4pdLtdCAH1Zpdt3OwZeIUpAYFWoPqV38YitjHgITixvQcOyI34ZqkUDiv9GODERcTPsZeSgPuo3GTPOqcncSGU8gi1Ewqlov4eyPhvjEz30snfU4PZtHLxP+8XkyjCzeRQRQTBiI7RFJhfsgILdMOkA2lRiKeJUcmAya45kSoJeNCpGKcllJJ+3AWv18mnbO606g3bhq15mXRTBmO4BhOwYFzaMI1tKANAsbwBM/wYj1ar9ab9f4zWrKKnUP4A+vjGwiykmI=</latexit>

(analogous to wedge products of p - forms)



•  From the definition of duality we deduce 
    the following properties of D:

1)  D can be written as a sum of differential operators

D = `1 + `2 + `3 + · · ·

<latexit sha1_base64="ZGigh5k0AASMx1q6iMuqw6BENC0=">AAACGXicbZDLSgNBEEV74ivGV9Slm8YQEIQwEwO6EYK6cBnBPCAZhp5OJTbpedBdI4QhX+An+BVudeVO3Lpy4b84k4ygibU63FtFVV03lEKjaX4auaXlldW1/HphY3Nre6e4u9fSQaQ4NHkgA9VxmQYpfGiiQAmdUAHzXAltd3SZ+u17UFoE/i2OQ7A9NvTFQHCGieQUy1f0nPZASseixzOo/sBJCrwfoHaKJbNiTosugpVBiWTVcIpfvX7AIw985JJp3bXMEO2YKRRcwqTQizSEjI/YELoJ+swDbcfTdya0HGmGAQ1BUSHpVITfEzHztB57btLpMbzT814q/ud1Ixyc2bHwwwjB5+kiFBKmizRXIskJaF8oQGTp5UCFTzlTDBGUoIzzRIyS4ApJHtb894vQqlasWqV2UyvVL7Jk8uSAHJIjYpFTUifXpEGahJMH8kSeyYvxaLwab8b7rDVnZDP75E8ZH99V3p2i</latexit>

2)  the action of       on n-plets

`n

<latexit sha1_base64="2c1KVUcipIQMwp5dQ0aCvdWii/Q=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SEkXnyyYcOZ+tuzVSsPIPtFDRIVr+hoJ/wTEuIGGq0cyudnb8SElLrvvpFFZW19Y3ipulre2d3b3y/kHLhrER2BShCk3H5xaV1NgkSQo7kUEe+Arb/uRq7rcf0FgZ6luaRtgP+FjLkRScUqnVQ6UGelCuuFU3A1smXk4qkKMxKH/1hqGIA9QkFLe267kR9RNuSAqFs1IvthhxMeFj7KZU8wBtP8nSzthJbDmFLELDpGKZiL83Eh5YOw38dDLgdGcXvbn4n9eNaXTRT6SOYkIt5odIKswOWWFkWgOyoTRIxOfJkUnNBDecCI1kXIhUjNNeSmkf3uL3y6R1VvVq1dpNrVK/zJspwhEcwyl4cA51uIYGNEHAPTzBM7w4j86r8+a8/4wWnHznEP7A+fgGSZeTqA==</latexit>

- if            ,             
`i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

i > n

<latexit sha1_base64="bCOmpmdsa91+sopCwvX9NwdGx38=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaAS+G6MUjJhZIoCHb5YEbtttm99WEEH6DVz15M179OR78L7aIiRqd02Tmvbx5E8RSGLTtNyu3tLyyupZfL2xsbm3vFHf3WiZKNAePRzLSnYAZkEKBhwIldGINLAwktIPxZea370AbEakbnMTgh2ykxFBwhqnkCXpOVb9Ysstn9apz6lC7bNs156SaEafmOie0kioZSmSBZr/43htEPAlBIZfMmG7FjtGfMo2CS5gVeomBmPExG0E3pYqFYPzpPOyMHiWGYURj0FRIOhfh+8aUhcZMwiCdDBnemt9eJv7ldRMc1v2pUHGCoHh2CIWE+SHDtUhbADoQGhBZlhyoUJQzzRBBC8o4T8UkraWQ9vH1NP2ftJxyxS27126pcbFoJk8OyCE5JhVSIw1yRZrEI5wIck8eyKM1sZ6sZ+vlczRnLXb2yQ9Yrx/dnZLR</latexit>

i = n

<latexit sha1_base64="Vf6RbZuHY8kpxt825ibvZvcwuR8=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaAQ8mRC8eMbFAAg3ZLg/csN02u68mhPAbvOrJm/Hqz/Hgf7FFTNTonCYz7+XNmyCWwqBtv1m5peWV1bX8emFjc2t7p7i71zJRojl4PJKR7gTMgBQKPBQooRNrYGEgoR2MLzO/fQfaiEjd4CQGP2QjJYaCM0wlT9BzqvrFkl0+q1edU4faZduuOSfVjDg11zmhlVTJUCILNPvF994g4kkICrlkxnQrdoz+lGkUXMKs0EsMxIyP2Qi6KVUsBONP52Fn9CgxDCMag6ZC0rkI3zemLDRmEgbpZMjw1vz2MvEvr5vgsO5PhYoTBMWzQygkzA8ZrkXaAtCB0IDIsuRAhaKcaYYIWlDGeSomaS2FtI+vp+n/pOWUK27ZvXZLjYtFM3lyQA7JMamQGmmQK9IkHuFEkHvyQB6tifVkPVsvn6M5a7GzT37Aev0A3AyS0A==</latexit>

i < n

<latexit sha1_base64="pRDEwGOQsa+YowTa+uaWre9wzQI=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaARMPRC8eMbFAAg3ZLg/csN02u68mhPAbvOrJm/Hqz/Hgf7FFTNTonCYz7+XNmyCWwqBtv1m5peWV1bX8emFjc2t7p7i71zJRojl4PJKR7gTMgBQKPBQooRNrYGEgoR2MLzO/fQfaiEjd4CQGP2QjJYaCM0wlT9BzqvrFkl0+q1edU4faZduuOSfVjDg11zmhlVTJUCILNPvF994g4kkICrlkxnQrdoz+lGkUXMKs0EsMxIyP2Qi6KVUsBONP52Fn9CgxDCMag6ZC0rkI3zemLDRmEgbpZMjw1vz2MvEvr5vgsO5PhYoTBMWzQygkzA8ZrkXaAtCB0IDIsuRAhaKcaYYIWlDGeSomaS2FtI+vp+n/pOWUK27ZvXZLjYtFM3lyQA7JMamQGmmQK9IkHuFEkHvyQB6tifVkPVsvn6M5a7GzT37Aev0A2nuSzw==</latexit>

- if            ,        vanishes     

`i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

- if            ,        acts as a coderivation:     `i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

`n(ta1 _ · · · _ tan) = �Cb
a1···an

tb

<latexit sha1_base64="jZn3l+4D1gnDN4KTOSz53JhDYZw="></latexit>

`i(v1 _ · · · _ vn)

<latexit sha1_base64="S9ecXojLZrIaoRbPMZlhMcFA1E4=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYFCE9koEpQRNJRBIg8ptqzzZRNOOZ+tu3WkyMof8Al8BS1UdIiWhoJ/wUlcQMJUo5ld7c4EsRQGbfvLWlldW9/YLGwVt3d29/ZLB4ctEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB8Obqd8egTYiUvc4jsEL2UCJvuAMM8kvnbkgpS9oZeSnzoS6IwDq8l6EZs4zWU3OqV8q21V7BrpMnJyUSY6GX/p2exFPQlDIJTOm69gxeinTKLiESdFNDMSMD9kAuhlVLATjpbM8E3qaGIYRjUFTIelMhN8bKQuNGYdBNhkyfDCL3lT8z+sm2L/yUqHiBEHx6SEUEmaHDNciKwpoT2hAZNPPgQpFOdMMEbSgjPNMTLLmilkfzmL6ZdK6qDq1au2uVq5f580UyDE5IRXikEtSJ7ekQZqEk0fyTF7Iq/VkvVnv1sd8dMXKd47IH1ifP3JUoA8=</latexit>

X

�

�(�, v) `i(v�(1) _ · · · _ v�(i)) _ v�(i+1) _ · · · _ v�(n)

<latexit sha1_base64="xWxFZm0ln4UoCprIDzbVrS6yBoU="></latexit>

=

FDA 



•  From the definition of duality we deduce 
    the following properties of D:

1)  D can be written as a sum of differential operators

D = `1 + `2 + `3 + · · ·

<latexit sha1_base64="ZGigh5k0AASMx1q6iMuqw6BENC0=">AAACGXicbZDLSgNBEEV74ivGV9Slm8YQEIQwEwO6EYK6cBnBPCAZhp5OJTbpedBdI4QhX+An+BVudeVO3Lpy4b84k4ygibU63FtFVV03lEKjaX4auaXlldW1/HphY3Nre6e4u9fSQaQ4NHkgA9VxmQYpfGiiQAmdUAHzXAltd3SZ+u17UFoE/i2OQ7A9NvTFQHCGieQUy1f0nPZASseixzOo/sBJCrwfoHaKJbNiTosugpVBiWTVcIpfvX7AIw985JJp3bXMEO2YKRRcwqTQizSEjI/YELoJ+swDbcfTdya0HGmGAQ1BUSHpVITfEzHztB57btLpMbzT814q/ud1Ixyc2bHwwwjB5+kiFBKmizRXIskJaF8oQGTp5UCFTzlTDBGUoIzzRIyS4ApJHtb894vQqlasWqV2UyvVL7Jk8uSAHJIjYpFTUifXpEGahJMH8kSeyYvxaLwab8b7rDVnZDP75E8ZH99V3p2i</latexit>

2)  the action of       on n-plets

`n

<latexit sha1_base64="2c1KVUcipIQMwp5dQ0aCvdWii/Q=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SEkXnyyYcOZ+tuzVSsPIPtFDRIVr+hoJ/wTEuIGGq0cyudnb8SElLrvvpFFZW19Y3ipulre2d3b3y/kHLhrER2BShCk3H5xaV1NgkSQo7kUEe+Arb/uRq7rcf0FgZ6luaRtgP+FjLkRScUqnVQ6UGelCuuFU3A1smXk4qkKMxKH/1hqGIA9QkFLe267kR9RNuSAqFs1IvthhxMeFj7KZU8wBtP8nSzthJbDmFLELDpGKZiL83Eh5YOw38dDLgdGcXvbn4n9eNaXTRT6SOYkIt5odIKswOWWFkWgOyoTRIxOfJkUnNBDecCI1kXIhUjNNeSmkf3uL3y6R1VvVq1dpNrVK/zJspwhEcwyl4cA51uIYGNEHAPTzBM7w4j86r8+a8/4wWnHznEP7A+fgGSZeTqA==</latexit>

- if            ,             
`i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

i > n

<latexit sha1_base64="bCOmpmdsa91+sopCwvX9NwdGx38=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaAS+G6MUjJhZIoCHb5YEbtttm99WEEH6DVz15M179OR78L7aIiRqd02Tmvbx5E8RSGLTtNyu3tLyyupZfL2xsbm3vFHf3WiZKNAePRzLSnYAZkEKBhwIldGINLAwktIPxZea370AbEakbnMTgh2ykxFBwhqnkCXpOVb9Ysstn9apz6lC7bNs156SaEafmOie0kioZSmSBZr/43htEPAlBIZfMmG7FjtGfMo2CS5gVeomBmPExG0E3pYqFYPzpPOyMHiWGYURj0FRIOhfh+8aUhcZMwiCdDBnemt9eJv7ldRMc1v2pUHGCoHh2CIWE+SHDtUhbADoQGhBZlhyoUJQzzRBBC8o4T8UkraWQ9vH1NP2ftJxyxS27126pcbFoJk8OyCE5JhVSIw1yRZrEI5wIck8eyKM1sZ6sZ+vlczRnLXb2yQ9Yrx/dnZLR</latexit>

i = n

<latexit sha1_base64="Vf6RbZuHY8kpxt825ibvZvcwuR8=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaAQ8mRC8eMbFAAg3ZLg/csN02u68mhPAbvOrJm/Hqz/Hgf7FFTNTonCYz7+XNmyCWwqBtv1m5peWV1bX8emFjc2t7p7i71zJRojl4PJKR7gTMgBQKPBQooRNrYGEgoR2MLzO/fQfaiEjd4CQGP2QjJYaCM0wlT9BzqvrFkl0+q1edU4faZduuOSfVjDg11zmhlVTJUCILNPvF994g4kkICrlkxnQrdoz+lGkUXMKs0EsMxIyP2Qi6KVUsBONP52Fn9CgxDCMag6ZC0rkI3zemLDRmEgbpZMjw1vz2MvEvr5vgsO5PhYoTBMWzQygkzA8ZrkXaAtCB0IDIsuRAhaKcaYYIWlDGeSomaS2FtI+vp+n/pOWUK27ZvXZLjYtFM3lyQA7JMamQGmmQK9IkHuFEkHvyQB6tifVkPVsvn6M5a7GzT37Aev0A3AyS0A==</latexit>

i < n

<latexit sha1_base64="pRDEwGOQsa+YowTa+uaWre9wzQI=">AAAB93icdVBNT8JAFNziF+IX6tHLRmLiiZRaARMPRC8eMbFAAg3ZLg/csN02u68mhPAbvOrJm/Hqz/Hgf7FFTNTonCYz7+XNmyCWwqBtv1m5peWV1bX8emFjc2t7p7i71zJRojl4PJKR7gTMgBQKPBQooRNrYGEgoR2MLzO/fQfaiEjd4CQGP2QjJYaCM0wlT9BzqvrFkl0+q1edU4faZduuOSfVjDg11zmhlVTJUCILNPvF994g4kkICrlkxnQrdoz+lGkUXMKs0EsMxIyP2Qi6KVUsBONP52Fn9CgxDCMag6ZC0rkI3zemLDRmEgbpZMjw1vz2MvEvr5vgsO5PhYoTBMWzQygkzA8ZrkXaAtCB0IDIsuRAhaKcaYYIWlDGeSomaS2FtI+vp+n/pOWUK27ZvXZLjYtFM3lyQA7JMamQGmmQK9IkHuFEkHvyQB6tifVkPVsvn6M5a7GzT37Aev0A2nuSzw==</latexit>

- if            ,        vanishes     

`i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

- if            ,        acts as a coderivation:     `i

<latexit sha1_base64="QtLQ1O5GE/q+YpVJZrWdAjPJvNI=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4JZmEbo+nwRyLAWnVOoMUKmhHFZrdt3OwZaJU5AaFGgNq1+DUShiHwMSihvTd+yI3IRrkkLhvDKIDUZcTPkE+ykNuI/GTfK0c3YSG04hi1AzqVgu4u+NhPvGzHwvnfQ53ZlFLxP/8/oxjS/cRAZRTBiI7BBJhfkhI7RMa0A2khqJeJYcmQyY4JoToZaMC5GKcdpLJe3DWfx+mXTO6k6j3rhp1JqXRTNlOIJjOAUHzqEJ19CCNgi4hyd4hhfr0Xq13qz3n9GSVewcwh9YH99BzJOj</latexit>

`n(ta1 _ · · · _ tan) = �Cb
a1···an

tb

<latexit sha1_base64="jZn3l+4D1gnDN4KTOSz53JhDYZw="></latexit>

`i(v1 _ · · · _ vn)

<latexit sha1_base64="S9ecXojLZrIaoRbPMZlhMcFA1E4=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYFCE9koEpQRNJRBIg8ptqzzZRNOOZ+tu3WkyMof8Al8BS1UdIiWhoJ/wUlcQMJUo5ld7c4EsRQGbfvLWlldW9/YLGwVt3d29/ZLB4ctEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB8Obqd8egTYiUvc4jsEL2UCJvuAMM8kvnbkgpS9oZeSnzoS6IwDq8l6EZs4zWU3OqV8q21V7BrpMnJyUSY6GX/p2exFPQlDIJTOm69gxeinTKLiESdFNDMSMD9kAuhlVLATjpbM8E3qaGIYRjUFTIelMhN8bKQuNGYdBNhkyfDCL3lT8z+sm2L/yUqHiBEHx6SEUEmaHDNciKwpoT2hAZNPPgQpFOdMMEbSgjPNMTLLmilkfzmL6ZdK6qDq1au2uVq5f580UyDE5IRXikEtSJ7ekQZqEk0fyTF7Iq/VkvVnv1sd8dMXKd47IH1ifP3JUoA8=</latexit>

X

�

�(�, v) `i(v�(1) _ · · · _ v�(i)) _ v�(i+1) _ · · · _ v�(n)

<latexit sha1_base64="xWxFZm0ln4UoCprIDzbVrS6yBoU="></latexit>

=

FDA 

generalization of Lie bracket



•  Then               D2 = (`1 + `2 + `3 + · · · )(`1 + `2 + `3 + · · · ) = 0

<latexit sha1_base64="BCbASmc+TpwGfWr+Npfh3tbxNCU=">AAACQ3icjZDLSgNBEEV74ivG16hLN41BiAhhJgZ0Ewjqwp0RzAOSGHo6ldik50F3jRBCPstP8CNE3OnKnbgVnBkjaOLCWh3uraKqrhNIodGyHozU3PzC4lJ6ObOyura+YW5u1bQfKg5V7ktfNRymQQoPqihQQiNQwFxHQt0ZnMZ+/RaUFr53hcMA2i7re6InOMNI6pgXZ9cFWqK5FkjZsekBTaDwDYcx8K6Pev8fLbRkdcyslbeSorNgTyBLJlXpmE+trs9DFzzkkmndtK0A2yOmUHAJ40wr1BAwPmB9aEboMRd0e5Q8PqZ7oWbo0wAUFZImIvycGDFX66HrRJ0uwxs97cXiX14zxN5xeyS8IETweLwIhYRkkeZKRIkC7QoFiCy+HKjwKGeKIYISlHEeiWEUcSbKw57+fhZqhbxdzBcvi9nyySSZNNkhuyRHbHJEyuScVEiVcHJHHskzeTHujVfjzXj/ak0Zk5lt8quMj0/dz6s9</latexit>

implies, when acting on a n-plet of (multi)vectors :             

•  In multibracket notation `n(ta1 _ · · · _ tan) = [ta1 , · · · , tan ]

<latexit sha1_base64="N2npCuqf+0CrrjlhZK0mxW4bMYQ="></latexit>

`n(ta1 _ · · · _ tan) = �Cb
a1···an

tb

<latexit sha1_base64="jZn3l+4D1gnDN4KTOSz53JhDYZw="></latexit>

(“strong homotopy Jacobi identity”)

X

k+j=n+1

X

�2Unsh

�(�, t) `k(`j(t�(a1) _ · · · _ t�(aj)) _ t�(aj+1) _ · · · _ t�(aj+k�1)) = 0

<latexit sha1_base64="bMMYCHLi3tsJQkolOT8C6tIgzDs="></latexit>

•  reproduces the generalized Jacobi id.s of FDA, after using

X

k+j=n+1

X

�2Unsh

�(�, t) [[t�(a1), · · · , t�(aj)], t�(aj+1), · · · , t�(aj+k�1)] = 0

<latexit sha1_base64="JmqW7K9YU2JvnzT/zkAme9a5bsQ="></latexit>

characterizes  L∞  algebras



• In the multibracket formulation, L∞ algebras were first 
introduced in Stasheff 1992, Lada and Stasheff 1993

   and later recognized to be dual to FDA’s by Fiorenza, Sati     
   and Schreiber 2014

• Two alternative routes to relate FDA’s to algebras of 
tangent vectors:

- “resolution” of p-form fields as products of (new)1-forms,        
satisfying the FDA Cartan-Maurer eqs., leading to a
larger Lie algebra (for ex. the M algebra of d=11 SG)
D’ Auria Fré 1982

- introducing a generalized Lie derivative along 
antisymmetrized multivectors, with p-form parameters.
The algebra of Lie derivatives becomes non-associative
Perotto and LC 1996, LC 2011, 2014.



7. The L∞  structure of FDA1

1-forms

2-forms Bi

1-vectors
2-vectors

d�A +
1

2
CA

BC �B�C = 0

dBi + Ci
Aj�

A ^Bj +
1

3!
Ci

A1A2A3
�A1 ^ �A2 ^ �A3 = 0

<latexit sha1_base64="w0BsXOKIviHdVYpkxihx2td5mhw="></latexit>

tA

<latexit sha1_base64="mCAJrC4mzN4LIUSpHXf/kYDmElo=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGWAhjII8pASK1pfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGdzSN0PVhHMiRFECpdEuDi0GlatfsHHyROAWpsgLNQeWrPwxF7GNAQoExPceOyE1AkxQKZ+V+bDACMYEx9lIagI/GTfKoM34cG6CQR6i5VDwX8fdGAr4xU99LJ32gezPvZeJ/Xi+m0bmbyCCKCQORHSKpMD9khJZpB8iHUiMRZMmRy4AL0ECEWnIQIhXjtJRy2ocz//0iaZ/WnHqtflOvNi6LZkrskB2xE+awM9Zg16zJWkywMXtiz+zFerRerTfr/Wd0ySp2DtgfWB/fxymSOA==</latexit>

ti

<latexit sha1_base64="NwuSyxW7d/B63jQPUzo0Ta9q8YQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVsaymG1ZtftHHyZOAWpsQKtYfVrMApF7GNAQoExfceOyE1AkxQK55VBbDACMYUJ9lMagI/GTfKoc34SG6CQR6i5VDwX8fdGAr4xM99LJ32ge7PoZeJ/Xj+m8YWbyCCKCQORHSKpMD9khJZpB8hHUiMRZMmRy4AL0ECEWnIQIhXjtJRK2oez+P0y6ZzVnUa9cdOoNS+LZsrsiB2zU+awc9Zk16zF2kywCXtiz+zFerRerTfr/We0ZBU7h+wPrI9vBZCSYA==</latexit>

[tA, tB ] = CA
BCTC

<latexit sha1_base64="sJZjzhZJM8ipfBv/r4qChcpDiuc=">AAACDXicbVC7SgNBFJ2Nrxhfq1ZiMxgECwm7EtBGyKOxjJAXJOsyO7mJQ2YfzNwVwhL9BL/CVis7sfUbLPwXNzGFJp7qcM693HuOF0mh0bI+jczS8srqWnY9t7G5tb1j7u41dRgrDg0eylC1PaZBigAaKFBCO1LAfE9CyxtWJ37rDpQWYVDHUQSOzwaB6AvOMJVc86CDbvkU3YpDL2n1puwm95XqmNbdqmvmrYI1BV0k9ozkyQw11/zq9kIe+xAgl0zrjm1F6CRMoeASxrlurCFifMgG0ElpwHzQTjKNMKbHsWYY0ggUFZJORfi9kTBf65HvpZM+w1s9703E/7xOjP0LJxFBFCMEfHIIhYTpIc2VSLsB2hMKENnkc6AioJwphghKUMZ5KsZpWbm0D3s+/SJpnhXsYqF4XcyXKrNmsuSQHJETYpNzUiJXpEYahJMH8kSeyYvxaLwab8b7z2jGmO3skz8wPr4BYC+aDQ==</latexit>

[tA, ti] = Cj
ACTj

<latexit sha1_base64="LE5ZnPwcIAWQ1p2MlumMVOFwTSc=">AAACDXicbVC7SgNBFJ2Nrxhfq1ZiMxgECwm7EtBGSExjGSEvSNZldnITx8w+mLkrhCX6CX6FrVZ2Yus3WPgvbmIKTTzV4Zx7ufccL5JCo2V9GpmFxaXllexqbm19Y3PL3N5p6DBWHOo8lKFqeUyDFAHUUaCEVqSA+Z6EpjeojP3mHSgtwqCGwwgcn/UD0ROcYSq55l4b3fIxusKh57Ryfesm9+XKiNbcW9fMWwVrAjpP7CnJkymqrvnV6YY89iFALpnWbduK0EmYQsEljHKdWEPE+ID1oZ3SgPmgnWQSYUQPY80wpBEoKiSdiPB7I2G+1kPfSyd9hjd61huL/3ntGHtnTiKCKEYI+PgQCgmTQ5orkXYDtCsUILLx50BFQDlTDBGUoIzzVIzTsnJpH/Zs+nnSOCnYxULxqpgvXUybyZJ9ckCOiE1OSYlckiqpE04eyBN5Ji/Go/FqvBnvP6MZY7qzS/7A+PgGHFOagw==</latexit>

[tA, tB , tC ] = Ci
ABCTi

<latexit sha1_base64="Ws6X2iCuL2NG9m9rnhB2z/shOAw=">AAACEnicbVDJSgNBEO2JW4zbqEdBGoPgQcKMBPQiZLl4jJANknHo6VRik56F7hohDPHkJ/gVXvXkTbz6Ax78FycxB018UPB4r4qqel4khUbL+jQyS8srq2vZ9dzG5tb2jrm719RhrDg0eChD1faYBikCaKBACe1IAfM9CS1vWJ34rTtQWoRBHUcROD4bBKIvOMNUcs3DDrrlU3QraVUdekmrN8JN7suV6pjWXeGaeatgTUEXiT0jeTJDzTW/ur2Qxz4EyCXTumNbEToJUyi4hHGuG2uIGB+yAXRSGjAftJNM/xjT41gzDGkEigpJpyL8nkiYr/XI99JOn+Gtnvcm4n9eJ8b+hZOIIIoRAj5ZhELCdJHmSqQBAe0JBYhscjlQEVDOFEMEJSjjPBXjNLFcmoc9//0iaZ4V7GKheF3MlyqzZLLkgByRE2KTc1IiV6RGGoSTB/JEnsmL8Wi8Gm/G+09rxpjN7JM/MD6+ARvmnBA=</latexit>

Satisfy Jacobi id.s of L∞  

Satisfy Jacobi id.s of FDA1  



8. The L∞  structure of d=11 supergravity

d!ab � !a
c!

cb = 0 [= Rab]

dV a � !a
bV

b � i

2
 ̄�a = 0 [= Ra]

d � 1

4
!ab�ab = 0 [= ⇢]

dA� 1

2
 ̄�ab V

aV b = 0 [= R(A)]

Mab

<latexit sha1_base64="jWK9MyjiFM33hUU9rNRc/UcgcXQ=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGUEDQ1SkMhDSqxofdmEI+eH7tZIwco/0EJFh2j5Gwr+Bdu4gISpRjO72tnxIiUN2fantbS8srq2Xtoob25t7+xW9vbbJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPLzO88oDYyDG5pGqHrwziQIymAUql9PUjAmw0qVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpKnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zl5LxP/83oxjc7dRAZRTBiI7BBJhfkhI7RMa0A+lBqJIEuOXAZcgAYi1JKDEKkYp72U0z6c+e8XSfu05tRr9Zt6tXFRNFNih+yInTCHnbEGu2JN1mKC3bMn9sxerEfr1Xqz3n9Gl6xi54D9gfXxDUrdk6k=</latexit>

Q̄↵

<latexit sha1_base64="BO1TsfCrcnduRJuhrUk5CrI1tgk=">AAACA3icbVC7TgJBFJ3FF+ID1NJmIjGxIruGREuijSUk8khgs7k7XGDC7CMzd03IhtKvsNXKztj6IRb+i7tIoeCpTs65N/fc48dKGrLtT6uwsbm1vVPcLe3tHxyWK0fHHRMlWmBbRCrSPR8MKhlimyQp7MUaIfAVdv3pbe53H1AbGYX3NIvRDWAcypEUQJnkVcrpwAfNW3NvACqegFep2jV7Ab5OnCWpsiWaXuVrMIxEEmBIQoExfceOyU1BkxQK56VBYjAGMYUx9jMaQoDGTRfB5/w8MUARj1FzqfhCxN8bKQTGzAI/mwyAJmbVy8X/vH5Co2s3lWGcEIYiP0RS4eKQEVpmjSAfSo1EkCdHLkMuQAMRaslBiExMsopKWR/O6vfrpHNZc+q1eqtebdwsmymyU3bGLpjDrliD3bEmazPBEvbEntmL9Wi9Wm/W+89owVrunLA/sD6+AWN5l4g=</latexit>

Cartan-Maurer eq.s dual tangent vectors

Pa

<latexit sha1_base64="QXPBf+cViNiZnoM/v9y7hpHifvA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpdvWEIbVml23c/Bl4hSkxgq0htWvwSgUsY8BCQXG9B07IjcBTVIonFcGscEIxBQm2E9pAD4aN8mjzvlJbIBCHqHmUvFcxN8bCfjGzHwvnfSB7s2il4n/ef2YxhduIoMoJgxEdoikwvyQEVqmHSAfSY1EkCVHLgMuQAMRaslBiFSM01IqaR/O4vfLpHNWdxr1xk2j1rwsmimzI3bMTpnDzlmTXbMWazPBJuyJPbMX69F6td6s95/RklXsHLI/sD6+AcClkjQ=</latexit>

t(A)

<latexit sha1_base64="Dmni0nCVQIsb688hMFAsZe1NU/A=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJRJCgDNJRBIg8psaL1ZZOccn7obo2IrPwCLVR0iJbfoeBfcIwLSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7mZ++0H1EaGwT1NI3R9GAVyKAVQJlWuzvqlsl21M/Bl4uSkzHI0+qWv3iAUsY8BCQXGdB07IjcBTVIonBV7scEIxARG2E1pAD4aN8myzvhpbIBCHqHmUvFMxN8bCfjGTH0vnfSBxmbRm4v/ed2YhpduIoMoJgzE/BBJhdkhI7RMS0A+kBqJYJ4cuQy4AA1EqCUHIVIxTlsppn04i98vk9Z51alVa3e1cv06b6bAjtkJqzCHXbA6u2UN1mSCjdkTe2Yv1qP1ar1Z7z+jK1a+c8T+wPr4BtbwkjQ=</latexit>

L∞  structure

d=11 superPoincaré Lie algebra + 4- bracket

[Q̄↵, Q̄� , Pa, Pb] =
1

2
(�ab)↵� t(A)

<latexit sha1_base64="2iaHs0grmg1HWCr036+oUm4nXNE="></latexit>



with also a 6-form B, add a 5- and a 7- bracket 

[Q̄↵, Q̄� , Pa1 , · · · , Pa5 ] =
i

2
(�a1···a5)↵� t(B)

<latexit sha1_base64="kylIpJCKwr9tDPmpQEyFLjjljSE="></latexit>

[Q̄↵, Q̄� , Pa, Pb, t(A)] =
15

2
(�ab)↵� t(B)

<latexit sha1_base64="/sY+LrFyXqxs7eG8BMrf7CQLIZ0="></latexit>



9. Conclusions and outlook

• Need to understand symmetry structure induced by L∞  

• use of L∞  structure for double copy formulation of SG ? (cf L. Jonke talk)

• Include 0-forms in the L∞ structure

• Relate the resolved Lie algebra directly to the L∞  algebra , without the
“bridge” of FDA.



Thank you !


