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Overview

equivalent
Euclidean * Minkowskian
perturbative superstring

perturbative superstring

exhibits stringy causality

Matrix regularisation
of the type |IB string

Minkowskian
NBI-type IKKT matrix model

A “causal” matrix model is Theory of
obtained by matrix regularisation “causal fuzzy world-sheet”

that respects the stringy causality.
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Euclidean v. Minkowskian

We start with the Minkowski signature but at some point,
Wick-rotate the theory to the Euclidean signature.
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Cauchy’s integral thm. cannot be applied.



Introduction
3 different types of world-sheet formulation

Nambu-Goto type

_ N hy =TT, h=deth,
SNG d d°o h [T# = 0_X* for the bosonic str.
Schild type
L[, —h
Ssehild = — = |d°0 - €,
2 e,
Polyakov type
o
Sp == |d°0\/=88"ha




Introduction
3 different types of world-sheet formulation

Nambu-Goto type
S = — | d2o\/h hy = TIL,,, k= dethy,

J

ITY, = d,X* for the bosonic str.

Schild type i h Quantum mechanically
—h . o
Seupitg = — = d’c | Equivalent”.
) €q
Polyakov type
1 2 ab
Sp = — 5 d o\/—gg" hy, The Euclidean case was

discussed long time ago.
[Polyakov ’87; Yoneya ‘97]



Path integral—Euclidean to Minkowskian

Let’s start with Polyakov’s Euclidean path integral
in the case of critical bosonic string theory for simplicity.

% The equivalences hold for critical type |IB and IIA string and critical bosonic
string theory on the flat target space.
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7 = JDX Dg exp [—5 d*c\/gg"h,, Polyakov-type
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Let’s start with Polyakov’s Euclidean path integral
in the case of critical bosonic string theory for simplicity.

% The equivalences hold for critical type |IB and IIA string and critical bosonic
string theory on the flat target space.

/= JDXDg exXp [——

1
JDXDg exp ——Jd%

|

DX

I _

5 d*c g gab h,, Polyakov-type

2e? dAdA En

0 M
Dg =D [ 222 o TR T

o

(Ag)?

L A A

SAZ + 6A?
1 2 4 5¢2)

1
So |l = = | d%6y /2050, oS0, = Jd%ed)
| 6g | 2{ 88 08pc8 0844 ( A2)2

Ui

hio N2 hyihoy — h2
A1—£> 4 Dt 12+A2h11

Nyhy
Schild-type
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Cauchy’s integral thm. equates the Euclidean path integral

to its Minkowskian version by this deformation of contour.
2N ubA“)z} > ()

Y A El\c UClA UbA"} T «\C Ua

i [, [ —hihy— hip) 5 0
DX[H (ze>3/2] o _5[“{ P |
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3 egf ) = ¢! eg(eg>0>
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//\ // XD — €_i9XO

| Re .
— (E) _ —i60

—~ Im(e{™) < 0 / €, = T¢€ 6




Path integral—Euclidean to Minkowskian

" (® —de, - —(hy o — B2 ]
_ g R 11700 ~ Mg
Z_JDX ||L B exp 2Jd 0'{ - +eg}

T 8




Path integral—Euclidean to Minkowskian

" (® —de, - —(hy o — B2 ]
_ g R 11700 ~ Mg
Z_JDX ||L B exp 2Jd 0'{ - +eg}

T 8

© dA / h B\
1: H[ - 1 exp inzgi Al__lo
s J-o0 iAo/ hy ) 2 Ag hyy




Path integral—Euclidean to Minkowskian

' ® —de, ] —(hy1hoy — h?))
_ g 2 1100 — 10
/= JDX I I L (ieg)3/2 exXp ) [d 0{ y + eg}

- o N g _
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Polyakov-type

Polyakov’s Euclidean path int. is equivalent to its Minkowskian vet.
[Y.A. '24]



Path integral—Polyakov to Nambu-Goto

The obtained Minkowskian Schild-type path integral effectively
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Z=JDX

o _
deg

1] _ae

exp

l

. szd{ _—h + e
g
€q

2

Schild-type

e, = thll




Path integral—Polyakov to Nambu-Goto

The obtained Minkowskian Schild-type path integral effectively
contains i€ terms:

Z=JDX

©  —de.

_HJ g
AL Ge)2.

exp

l

2

.'[dzo'{_—h+e —iele,| —1i
8 g

g

Schild-type

~J

€

e |

eg — thll




Path integral—Polyakov to Nambu-Goto

The obtained Minkowskian Schild-type path integral effectively
contains i€ terms:

' ® —de, ] i —h &
/Z = | DX * | exp | —— | d% — 4 e —icle | —1
J HJOO e |~ 2J { Tl I }

: g

Schild-type

eg — thll

Regulators for the convergence of the path integral:
- 1€ terms are regarded as terms from the ground state wave function
* gauge invariant

- A, correspond to constraints:  §(y) = J 2—elM‘€'A' — e, € (-0, 0)
Lo 27
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Schild-type
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Schild-type

© —de, ' h é
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8
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\/ . .

My 22

o s(6)= +1\/ h — ies

] exp [—inza s\ —h — ies]

Nambu-Goto-type

The Polyakov, Schild and Nambu-Goto types are
quantum mechanically equivalent.
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Schild-type
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[E[J_ooaegw] P 2J {e s 1] |eg|}

8
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cancel if 7 > 0 = No space-like propagation

[H 2 h-ws] P [_ijdz"s\/_h_ies] {zillF i

o s(o)=x1
e Nambu-Goto-type

The Polyakov, Schild and Nambu-Goto types are
quantum mechanically equivalent.

The causality is realised by an anti-F1. [Y.A. '24)



Toward the non-pert. definition
The path integral of perturbative string theory:

Aky, -+, k,) = Z 8~ JDX DO De, V(k,)---V(k,) exp iSsepird]
=2,0,—2, -

... This is merely perturbation theory around the 10D flat spacetime.

Matrix regularisation ‘

Aky, -, k) = de V(ky)---V(k,) exp|iSym] /
XH =

We expect the matrices describe multi-body systems of superstrings.



Matrix regularisation

A map of functions on a compact space to matrices [Hoppe ’82]
00 [ N-1 [
f0)=2, D fi¥l® — D D fuVids =1
fn on §2 =0 m=-1 \ =0 m=—I matrix

spherical harmonics

Matrix reqularisation of the Schild-type theory

There are some ways to apply matrix regularisation.
In this talk, we consider matrix regularisation w/o Wick rotation:

Though the IS Lorentzian, the worldsheet coordinates
are just parameters. Consider compact worldsheet with punctures.

P =

Tl
»




Toward the non-pert. definition

We fix the fermionic gauge of the Schild-type theory by
§0=91+i92=0 1//:91_1'92

Then we obtain (f.g)p = €70, fo,8
1 2 i 1 2 . T eg _
SSChﬂd = — | d‘o _{X’M, XU}A + 2”.// Fﬂ{X'u, l//}f) — [Ishibashi, Kawai,
27 de, P 2 | Kitazawa, Tsuchiya '96]
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Toward the non-pert. definition

We fix the fermionic gauge of the Schild-type theory by
§0=91+i92=0 W:HI_Z'Qz

Then we obtain {f.g}p == €"0,f0,8
Seoping = L“61,12(7 -L{X'M X’/}% + ZiWTF {X’u l//}A — %_ [Ishibashi, Kawali
Schild 272' | 4€g ’ P # ’ P 2 ] Kitazawa: Tsuch’iya '96]
. L N [, 1
By matrix regularisation, {-,-}p—~—[-,-1, — | doc — Ntr,
l T
with €, > — Y, without Wick rotation
JDX Dy De, e"saiia = jDX Dy DY e'xei

1 1 i
Sy = Ntr| =Y [X* X2 + —u'T [XK. p] + ¥ + —(N+)n(—iY
NBI <4 [ P+ Sy L Xyl vV Fn=i¥)

cf. [Fayyazuddin, Makeenko, Olesen, Smith, Zarembo ’96]

% The Euclidean IKKT is obtained by MR after Wick rot. w/ eg2 =1



Minkowskian “dielectric” NBl IKKT model

1 1 i
Swry = Ntr| =Y [X*, XY + —=y'T [X*, w] + Y + —(N+=)In(—iY
NBI <4 [ | 34 WXyl N( >)In(=iY)
cf. [Fayyazuddin, Makeenko, Olesen, Smith, Zarembo '96]

Unlike the IKKT model,
this NBI-type IKKT model explicitly holds the “causality” property:

1 1 ' 1
JDY exp |iNtr Y M+ —Y+— (N4 — In(—iY) + ieY? + ieY 2
4 N2 N 2
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1 1 i
Swry = Ntr| =Y [X*, XY + —=y'T [X*, w] + Y + —(N+=)In(—iY
NBI <4 [ | 34 WXyl N( >)In(=iY)
cf. [Fayyazuddin, Makeenko, Olesen, Smith, Zarembo '96]

Unlike the IKKT model,
this NBI-type IKKT model explicitly holds the “causality” property:

1 1 ' 1
JDY exp |iNtr Y M+ —Y+— (N4 — In(—iY) + ieY? + ieY 2
4 N2 N 2

y oV PN NN ey
o Am)™" det | (iN—~ — + .
i.j a \ \/m; — i€ \/ m; + i€ )

= 4 a—1

M = [X*, X"]?, m;: the ith eigenvalue of M

This is zero if at least one eigenvalue of M is negative.
-+ similar to the cancellation in perturbative string theory



Summary

* The Minkowskian perturbative superstring theory is quantum mechanically
equivalent to its Euclidean version in terms of path integration.

- The Polyakov, Schild and Nambu-Goto-type formulations are quantum
mechanically equivalent in the case of critical string theory (bosonic & type II).

* Full integration over the worldsheet metric provides the stringy causality.
Since configs. with det/_, > 0 don’t contribute to the path integral,
string propagation with a space-like area is prohibited.

« We obtained the Minkowskian NBI-type IKKT model as a causal matrix
model by matrix regularisation of the type IIB string.

This partially answers how we define the IKKT model in the path-integral
formalism, but it doesn't uniquely determine the matrix model (even
whether it's Euclidean or Minkowskian).



Backups



Overview

Matrix model

Matrix model is proposed as a non-perturbative formulation.

- c=1 matrix model: 1D matrix Q.M. (bosonic)
-+ 2D bosonic/0B string theory

* BFSS model: 1D matrix Q.M. w/ SUSY
--- DLCQ M-theory

IKKT modelt OD matrix model w/ SUSY
.-+ type lIB string theory

E.g. One-matrix model (0D matrix model)

1 A '

2 4 gs = N (A+—) 7" fixed
correlator: 1 5 1 \—5
(4 + E) A A+ E) A,
ANV, 4) —Ao+ N2 + Y2 + e

— Apg (&) = Z gszh <Ah + e_“/gsA}EI) + )
h=0

This model describes 2D pure gravity/1D critical bosonic string



Overview
The IKKT matl’IX mOde/ [Ishibashi, Kawai, Kitazawa, Tsuchiya '96]

2

X*: bosonic N X N matrices (u = 0,:--,9) y: Majorana-Weyl fermionic N X N matrices

1 1 '
SIX,yl = Nt (X9 XX, X, ]+ —y' THX,,, ]

This O-dimensional theory is considered to describe type |IB superstring
theory non-perturbatively. We believe this because it:

- has supersymmetry identical to that of type lIB string: /4 = (2,0) in (9+1)D

* reproduces perturbative results
(graviton-exchange potential, D-brane scattering amplitudes, etc. )

» can reproduce the light-cone string field theory by the Schwinger-Dyson eq,.
[Fukuma, Kawai, Kitazawa, Tsuchiya '97]

- has potential to dynamically realise (3+1)D space-time at large N

- Dynamics of the diagonal elements of X* forms 4D  [Aoki, Iso, Kawai, Kitazawa, Tada 98]

- SSB to SO(S) IS observed [Anagnostopoulos, Azuma, lto,
Nishimura, Okubo, Papadoudis ’20;

Kumar, Joseph, Kumar ’22]



Overview

Problem: How is the 0D theory defined?

The IKKT action:
SIX,y;G, ] =Ntr

ﬂﬂ Gyo

1 _
XV, XANXP X+~ G, TV IX, v

However, we don’t really know how the IKKT action enters in the partition fn.

} [ [dX][dy] e®F¥ el 2

Euclidean
weight

Minkowski

metric in the action

(1, = diag(=1,1,+,1),,

“Euclidean IKKT model”

Euclidean MinkowskKi
e_S[X’l/jaélm/] e_S[X,l/jan/,w]
e SIXyo,l | HiSIXysn,,]

(Lorentzian)

— “Minkowskian IKKT model”

We will try to answer this by revisiting perturbative string theory.



Overview
Ambiquity of the Minkowskian IKKT model

The Minkowskian IKKT w/ ¢ w/o regulators is conditionally convergent.

sl There are various definitions
depending on how to make it finite.

E.Q.
1. Mass term + Lorentz-sym. breaking cutoft
1 . .
S = Ntr[Z[X”, X2 + 7 tr(eXiXi — e‘leXOXO)]

- ¥ = 07: equiv. to the Euclidean IKKT (Xi = TR X0 = VX0, 010 g)

. +. ;
Yy — O : a different theory [Y.A., Nishimura, Piensuk, Yamamori, to appear]

2. Lorentz symmetry “gauge-fixed” model

9
7 = JDX Dy App[X] H S(tr(X°X?1)) WX Wil

i=1 [Y.A., Nishimura, Piensuk, Yamamori '24;
Chou, Nishimura, Tripathi '25]

We do not discuss such ambiguity in this talk.



Overview of the equivalences

Ajla"'vjn(kl, k) = Z gS_%JDXDQDg Vh(kl)V]n(kn) eXp[—SI(,E)]
x=2,0,—-2,--

Polyakov’s Euclidean path int.

]:[ % equiv. at least after gauge-fixing k sym.

Minkowskian path int. w/ the Polyakov-type action

|

Schild-type action

|

Nambu-Goto-type action

The equivalences hold for critical type |IB and IIA string and
critical bosonic string theory on the flat target space.



Minkowskian “dielectric” NBl IKKT model

The large-N limit reproduces the perturbative string theory
up to a measure factor.

i 1 1 ' 1 '
JDY exp |iNtr Y M+ —Y+— (N4 — In(—iY) + ieY? + ieY 2
4 N2 N 2

9 -1 ( o—iy/m =i/ a ez\/mﬁie\/a\
IN — +
\ \/ m; — i€’ \/m; + i€’ )

oo
[ B
B 2 7 . 7 .— 71’5,
i=1 s=+1 Hl.j<i(si\/mi— €S, +Sj\/mj— i€'s;) i=1 \/mz €S

- 2

o s(o)= +1\/ h — ies

o A(m)~" det
L]

- a—1

] M| —h(o),s(o)] exp [—zJ o S\/ h — ZGS]

cf. [Fayyazuddin, Makeenko, Olesen, Smith, Zarembo ’96]

xz\/ﬁ — J‘dza\/—%{Xﬂ,XU}2 = ndzm/—h as N - o

-+ the inverse of matrix regularisation




Future work

* It’s iImportant to establish the exact relationship between perturbative

superstring d.o.f. and matrix d.o.f.  cf. SFT: [Fukuma, Kawai, Kitazawa, Tsuchiya ’97]
string states: [Iso, Kawai, Kitazawa '00; Steinacker ’16]

In the matrix model, we have a vertex op. V® = tr e

This forms a massless multiplet of type-lIB SUGRA
by acting the supercharge operator () onto this vertex.

[Kitazawa ’02; Iso, Terachi, Umetsu ’04; Kitazawa, Mizoguchi, Saito '07]

Perturbative Matrix model
String states ] Operators

Amplitudes computed by the vertex operators in the NBl model are expected
to reproduce the genus expansion via the matrix reg.
Is it also obtained by a 1/N expansion?

* A mass term may be essential to define the IKKT model.

The Polarised IKKT model is singular and subtle.  [Hartnoll, Liu ’24; Komatsu et al. "24]
[Benelli '02]

== Double scaling limit as 2 — 0 (massless lim.)?



Path integral—point particle

— mXM
Spp = — deT —X”X” Pﬂ — PﬂP/“‘ — —m?
\/ —X2
1 .
H = EA(Pz + m?) X* = APH

1 [ X2 v/ 800 .
SSchild = ‘dfz ( A — m2A> Sp = de > (‘80_01X2 - m2>

1
\/ —800 = A | og ||2 = E[dfy/—80080058008005800 = Jd’f
*° dA .
Zb = JDX H[ — e Oschild

— pl)}( H —iy 27 <e—imAT\/—X2—i€ _ eimAf\/—X2+i€>

i
o PDX [H Z ]exp [—iders\/—XﬂX” — ise]
° T s(r)==xl1

signed line element dz s = dT’% w/ better parameter 7’
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