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This work is a collaboration with P. Papi and C. Hohlweg. It is a continuation of the
work with the (quantum) group of Prague on quantum homogeneous spaces of
Uq(g).

It follows the line of research on the building up of a theory of Noncommutative
differential geometry for quantum flag manifolds.

A question in Noncommutative Differential Geometry inspired a problem in
combinatorial geometry.

Convex orders on the set of positive roots of a semisimple Lie algebra play an
important role when one wants to understand better the interplay between quantum
root vector and the coproduct in Uq(g).
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Alessandro Carotenuto (Università di Parma CaLiSTA meeting Corfù- (Joint work with Christophe Hohlweg and Paolo Papi))Convex orders and quantum tangent spaces September 15, 2025 2 / 1



Quantum tangent spaces and Luzstig quantum root vectors

g is a complex, semisimple Lie algebra. The quantized enveloping algebra Uqg is
generated by ⟨Ei ,Fi ,K

±1
i | i = 1, . . . , rank(g)⟩.

∆(Ki ) = Ki ⊗ Ki ,

∆(Ei ) = Ei ⊗ Ki + 1⊗ Ei , ∆(Fi ) = Fi ⊗ 1 + K−1
i ⊗ Fi

We define dually Oq(G) the quantum coordinate algebra of G (the unique simple,
simply connected, complex Lie group associated to g.)

We are looking for a first order differential calculus on A = Oq(G)
▶ Ω1 is a A-bimodule
▶ d : A → Ω1 is a derivation (the exterior derivative).
▶ Ω1 is generated as a left B-module by those elements of the form db, for b ∈ B.

We can describe it dually by means of a quantum tangent space: that is T ⊆ Uq(g)
such that

∆(T ) ⊆ (T ⊕ C)⊗ Uq(g)
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Alessandro Carotenuto (Università di Parma CaLiSTA meeting Corfù- (Joint work with Christophe Hohlweg and Paolo Papi))Convex orders and quantum tangent spaces September 15, 2025 3 / 1



Quantum tangent spaces and Luzstig quantum root vectors

g is a complex, semisimple Lie algebra. The quantized enveloping algebra Uqg is
generated by ⟨Ei ,Fi ,K

±1
i | i = 1, . . . , rank(g)⟩.

∆(Ki ) = Ki ⊗ Ki ,

∆(Ei ) = Ei ⊗ Ki + 1⊗ Ei , ∆(Fi ) = Fi ⊗ 1 + K−1
i ⊗ Fi

We define dually Oq(G) the quantum coordinate algebra of G (the unique simple,
simply connected, complex Lie group associated to g.)

We are looking for a first order differential calculus on A = Oq(G)
▶ Ω1 is a A-bimodule
▶ d : A → Ω1 is a derivation (the exterior derivative).
▶ Ω1 is generated as a left B-module by those elements of the form db, for b ∈ B.

We can describe it dually by means of a quantum tangent space: that is T ⊆ Uq(g)
such that

∆(T ) ⊆ (T ⊕ C)⊗ Uq(g)
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Idea(Ó Buachalla): to look for quantum tangent spaces T ⊆ Uq(g) from the theory
of Lusztig quantum root vectors. This a very well-established topic in the theory
of quantum groups!

Bg the braid group of g is the group generated by Ti 1 ≤ i ≤ l with relations

TiTj = TjTi

TiTjTi = TjTiTj

TjTiTjTi = TiTjTiTj

TjTiTjTiTjTi = TiTjTiTjTiTj

Wg, the Weyl group of g, is generated by wi with the same relations and
additionally

w 2
i = 1.
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During the ’90 Lusztig gave a representation Bg × Uq(g) → Uq(g)

For X ,Y ∈ Uq(g) one has T (XY ) = T (X )T (Y )

The action is given explicitely on the generators and can then be extended. For
example we have

Ti (Fj) = Fj when aij = 0

Ti (Fj) = [Fj ,Fi ]q when aij = −1

Ti (Fj) = [Fj , [Fj ,Fi ]q0 ]q2 when aij = −2

Ti (Fj) = [Fj , [Fj , [Fj ,Fi ]q−1 ]q1 ]q3 when aij = −3

(Where [X ,Y ]q = XY − qYX .)

Notice that this representation does not give a coalgebra homeomorphism.
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In the universal enveloping U(g) we have root vectors for every root of g.

We can use the action of Bg to define root vectors in Uq(g) as well (not uniquely!)

Let w = wi1 . . .win be a reduced decomposition of the longest element of Wg,
denote by αi the simple roots of g. The list

β1 = αi1 βk = wi1 . . .wik−1(αik )

exhausts all the positive roots of g.

The elements

Eβk = Ti1 . . .Tik−1(Eik ), Fβk = Ti1 . . .Tik−1(Fik )

from Uq(g) are the quantum root vectors of Uq(g) corresponding to the root β and
−β respectively.
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For each g we can look for a reduced decomposition w0 = wi1 . . .win such that the
corresponding {FβiKβi }

n
i=1 span a quantum tangent space in Uq(g).

Non-Example: For g = sl4, consider the decomposition

w0 = w2w1w2w3w2w1

we have

∆Fβ4 = Fβ4 ⊗ 1 + (q − q−1)Fβ1Fβ3K
−1
6 ⊗ Fβ6 + K−1

β4
⊗ Fβ4 .

Example [R. Ó Buachalla–P. Somberg]: Let g = sln+1, then the two reduced
decompositions

w1w2 . . .wnw1 . . .wn−1w1 . . .w1w2w1 and

wnwn−1 . . .w1wn . . .w2wn . . .wnwn−1wn

give rise to two tangent spaces on Uq(g) spanned by their respective {FβKβ}.
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Alessandro Carotenuto (Università di Parma CaLiSTA meeting Corfù- (Joint work with Christophe Hohlweg and Paolo Papi))Convex orders and quantum tangent spaces September 15, 2025 7 / 1



For each g we can look for a reduced decomposition w0 = wi1 . . .win such that the
corresponding {FβiKβi }

n
i=1 span a quantum tangent space in Uq(g).

Non-Example: For g = sl4, consider the decomposition

w0 = w2w1w2w3w2w1

we have

∆Fβ4 = Fβ4 ⊗ 1 + (q − q−1)Fβ1Fβ3K
−1
6 ⊗ Fβ6 + K−1

β4
⊗ Fβ4 .
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Convex orderings on the set of positive roots

Denote by ∆+ the set of positive roots of g.

We say that a total ordering ≤ on ∆+ is a convex ordering when the following
holds:

When β, β′, β + β′ ∈ ∆+ ⇒ β ≤ β + β′ ≤ β′ or β′ ≤ β + β′ ≤ β

Proposition (P. Papi)

There is one-to-one correspondence between convex orderings on ∆+ and reduced
decompositions of the longest element of the weyl group Wg
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Alessandro Carotenuto (Università di Parma CaLiSTA meeting Corfù- (Joint work with Christophe Hohlweg and Paolo Papi))Convex orders and quantum tangent spaces September 15, 2025 8 / 1



It turns out that the coproduct of quantum root vectors can see the convex ordering!

Proposition (A.C., P. Papi, C. Hohlweg)

Let w0 = wi1 . . .win be a reduced decomposition of w0. The coproduct of the negative
quantum root vectors Fβk reads:

∆(Fβk ) =
∑

c
iq1 ,...iqs
ip1 ,...ipr

Fβip1
. . .Fβipr

⊗ Fβiq1
. . .Fβiqs

where c
iq1 ,...iqs
ip1 ,...ipr

are polynomials in q, q−1 and, with respect to the convex order induced by

i we have

βip1
≤ . . . βipr ≤ βk ≤ βiq1

≤ . . . βiqs .

The coproduct of a quantum root vector separates the quantum root vectors with
respect to the convex order!

The reduced decomposition i = (i1, . . . in) span a left quantum tangent space if the

only nonzero coeeficients are the ones c
iq1 ,...iqs
ip1

.
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The combinatorial description of quantum tangent spaces

We want to know exactly which terms appear in the corpoduct of Fβk . This is not
obvious at all with our current presentation.

For example: what are the terms that appear in the coproduct of

Fα2+α3 = T1T2T3T1(F2)?

Rough Idea ”Use the braid relations to write a quantum root vector in the shortest
possible form”

T1T2T3T1(F2) = T1T2T1T3(F2) = T2T1T2T3(F2) = T2T1(F3) = T2(F3)

And in this case the only non-classical term that appear in the coproduct is

F2K
−1
3 ⊗ F3.

Recall the Bruhat order on Wg : v < w if there exists u ∈ Wg such that w = vu.
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Theorem (AC-C. Hohlhweg - P. Papi)

Let wk = si1 . . . sik , and β = si1 . . . sik−1(αik ). The set

{v ≤ wk | β ∈ N(v)}

has a minimum w̄k . Moreover, let w̄k = sj1 . . . sjl be a reduced decomposition, we have

Fβk = Tj1 . . .Tjl−1(Fjl ).

We call sj1 . . . sjl a reduced expression for Fβk .

We call the elements Fj1 ,Tj1(Fj2), . . . the prefix root vectors of Fβk .

Theorem

Let Fβk be a quantum root vector with reduced expression j, that is

Fβk = Tj1 . . .Tjl (Fjl+1).

The terms on the left-hand side of the coproduct of Fβk are products of its prefix root
vectors.

We can read the terms that appear in the coproduct of Fβk directly from its reduced
expression!

One just have to make the comparison between the prefix root vectors {F̃ k
βi
} and

quantum root vectors {F̃βi }.
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Let w k be the minimum of the set {v ≤ wi1 . . .wik | βk ∈ N(v)}. Fix a reduced
decomposition w k = w k

j1 . . .w
k
jr .

Theorem

The quantum root vectors {Fβk } associated to i span a quantum tangent space iff for
every k the following hold

1 {F̃βi ,k} = {Fβi
}.

2 Suppose β = γ + δ, γ < β in the order induced < by j, δ ∈ Q+. Then, for every
decomposition of δ into a sum of simple positive roots, all summands follow β in the order.

Proposition

Let g = g2, f4, e8. There exist no reduced decomposition of w0, the longest element of Wg

such that the corresponding negative quantum root vectors span a quantum tangent
space in Uq(g).
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We can give explicitely all the reduced decomposition of w0 that give a quantum
tangent space for given g!

Two reduced decomposition give the same set of quantum root vectors if and only if
they are in the same commutation class. We consider reduced decomposition up to
this equivalence.

For a simple root αi ∈ Π, let W(i) := WS/{si} with longest element denoted by w0,(i).
Let dΠ

(i) = w0w0,(i). We can iterate this construction by removing one simple root at

the time, considering for example d
Π/(i)
(i) .

Theorem

The negative quantum root vectors corresponding to a reduced decomposition of w0 span
a quantum tangent space iff the reduced decomposition is equivalent to

w0 = dΠ
(i1)d

Π/{i1}
(i2)

. . . d
{sin−1

,sin}
sin−1

sin

where αik is cominuscule in the root system spanned of the Dynkin diagram of
Π/{i1, . . . , ik−1}.
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Let’s take as first example A4. Let’s say we want α2 < α1 < α3 < α4.

We obtain the reduced decomposition w0 = dΠ
(2)d

Π/{2}
(1) d s3,s4

(3) s4 = 124312 · 1 · 34 · 3.

Why not E6? We follow a step-by-step approach. Here we have

theta = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6

So we have to start with either dE6
(1) or d

E6
(5). We then remove the corresponding node:

−→
We now have a D5 root system, where

θ′ = α1 + 2α2 + 2α3 + α4 + α6

and we can take either dD5
(1) , d

D5
(4) , or d

D5
(6) . The next step is

−→
And finally we can repeat what we have already done with A4! So a good reduced
decomposition of w0 for E6 is given by

w0 = dE6
(5) · d

D5
(1) · d

A4
(6) · d

A3
(4) · 23 · 2.
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Thank you!
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