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There is a whole raft of SUSY-like supertrace identities associated 
UV/IR mixing that have not been noticed before 

In this talk I will demonstrate this by showing how they appear in 
any closed string theory

These identities seem to have profound implications: e.g. they forbid 
power law running (Non-SUSY non-renormalisation theorems)

e.g. they imply scale invariance at the string scale

Themes of this talk … 



How UV/IR mixing constrains theories 

Higher dimensions

Theories with higher dimensional limits

Surprising behaviour!

Outline



How UV/IR mixing 
constrains theories: string 

theory example



Understanding UV/IR mixing: the one-loop cosmological 
constant done in a stringy way

For our discussion this can be written in a “stringy way” using a Schwinger worldline 
parameter, t : 

 As a useful laboratory let’s derive  the one-loop cosmological constant: we can do 
this as an integral over all distinct loops of massive propagators of mass  as follows:

Λ
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Understanding UV/IR mixing: the one-loop cosmological 
constant done in a stringy way

where we identify a “particle partition 
function” which is a graded sum over 
the spectral density: THIS WILL BE 
THE HERO IN OUR DISCUSSION
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For our discussion this can be written in a “stringy way” using a Schwinger worldline 
parameter, t : 

 As a useful laboratory let’s derive  the one-loop cosmological constant: we can do 
this as an integral over all distinct loops of massive propagators of mass  as follows:
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To orient you: if I perform this with cut-off it gives the precursor to the 
Coleman-Weinberg potential:

where here   is the graded sum over states in the theoryStrEFT ≡ ∑
states in EFT
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Instead of a circle, closed string theory instead maps out a torus:
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The full action therefore combines the bosonic and supersymmetric actions. In the conformal and

light-cone gauges

SLC = −
T

2

∫

d2σ
(

ηab∂aX
j∂bX

j + iΨ
j

+ρ
a∂aΨ

j
+ + iλ

J

−ρ
a∂aλ

J
−

)

(6.3)

where J= 1 . . .16 counts the complex right-moving fermions, and j= 1 . . .8 counts the left-moving

transverse degrees of freedom. It is not hard to see that the appropriate constraint equations Tab =

Ga = 0 must be the sum of the bosonic contribution from the right movers and the supersymmetric

contribution from the left movers.

The technique of constructing the string models with all the additional degrees of freedom

expressed as world-sheet fermions is known as the fermionic formulation. It was developed in

refs.[7, 8, 9]. In this discussion I shall use the notation of ref.[8]. It is important to realize that the

consistent models in 10-D are of course independent of the formalism (i.e. fermionic or bosonic)

used to derive them. The fermionic formulation can also be used to develop 4-D models and this

in fact was the point of the original papers. There it gives a slightly unusual viewpoint for model

building; it disgards the geometrical interpretation of the 4-D models as compactified 10-D models,

and regards the world-sheet fermions simply as extra degrees of freedom thrown in to cancel the

conformal anomaly. Later I shall return to the 4-D models in this formalism, but for the moment

let us concentrate on our task of finding the consistent models in 10 dimensions.

6.1 Modular Invariance - the tool to tell us which models are consistent

We now turn to the question that I alluded to at the end of the previous section, namely how

to determine the consistent models. The trick is to start doing some perturbation theory. If we go

to complicated enough diagrams, some putative model will give inconsistent answers (for example

more than one answer for the same physical amplitude) whereupon it can be discarded. In fact

we only need to go as far as vacuum→vacuum amplitudes (one loop partition functions) with no
vertex operators to determine all the consistent 10 dimensional models. The relevant diagram are

shown below.

Z0= trivial Z1 Constrains model Z2..Minor additional constraints

r

r

1

2

The reason that the one loop diagram is so constraining is that it must be modular invariant.

Consider the one loop diagram for a particular shape (i.e. given by the length of the two cycles)

of torus. First recall that going to the conformal gauge (γab = eφηab) leaves a Weyl invariance in

the metric (since there is no φ dependence). This allows one by a suitable rescaling to go to a flat

metric. Now consider the integration region itself: this is now planar, so the world sheet integral is

over the region shown in the diagram

29

How does string theory get to be UV-complete and so avoid the need for the 
cut-off ? Importantly I want to think about the theory generically TODAY, 
when SUSY (if it was ever there) is absent: I am not interested in model specific 
things.

MUV
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The torus is defined by two complex parameters

z= z+ τ1n+ τ2m (6.4)

where n,m are integers. Lines with strokes are identified. But we can still use the Weyl invariance

to get rid of one of the parameters. i.e. z→ λ z is still a symmetry of the 2D theory and we can

reduce it to

z= z+2πn+2πmτ (6.5)

so that any point is defined by the coordinates σ1,σ2 ∈ (0,2π] where z = σ1+ τσ2. The param-

eter τ defining the torus is called the Teichmüller parameter: it should not be confused with the

world-sheet coordinate τ . There is an additional invariance under large reparameterizations. Any

reparameterization that describes the same torus has to be moded out to avoid over-counting.

τ → τ+1 redefines torus :

τ

0 1

τ+1

τ →−1/τ swops σ1 and σ2 and just reorients torus

These two transformation generate the modular group, PSL(2,Z)

τ →
aτ+b

cτ+d
a,b,c,d ∈ Z ; ad−bc= 1 (6.6)

For a particular value of τ we get a corresponding Z1(τ). The total one loop partition function

then requires us to integrate over all independent values of this parameter

Z1 =
∫

C

d2τ

Im(τ)2
Z1(τ) (6.7)

where C is the fundamental region (i.e. the region of τ left after moding out the modular transfor-

mations). The measure of the integration renders the integration modular invariant, and so in order

to make sense our integrand should itself be modular invariant.

Exercise: using the transformations above show that dτdτ/Im(τ)2 is modular invariant.

30

But Modular Invariance implies torus can be 
mapped to parallelogram in complex plane, 
defined by single parameter ,τ

Instead of a circle, closed string theory instead maps out a torus:



where  when   Z(τ) = Z(τ′￼) τ′￼=
aτ + b
cτ + d

 is the string version of the particle  
and holds all the information about the 
spectrum. All amplitudes look similar to this. 

Z(τ) g(t)

Λ =

Thus the integral over all diagrams does not cover the whole  plane but takes the 
form     (M  )…
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This is the textbook explanation of stringy finiteness. However: a method due to 
Rankin and Selberg (1939/40) expresses the integral in terms of the completely 
particle theory expression  of physical (level-matched) states —g(τ2)

RS use a transform to unfold  to the critical strip   ℱ 𝒮
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This is the textbook explanation of stringy finiteness. However: a method due to 
Rankin and Selberg (1939/40) expresses the integral in terms of the completely 
particle theory expression  of physical (level-matched) states —g(τ2)
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infinite overcounting
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Note the labels “UV” and an “IR” on the string integral no longer make sense.



Let’s pause for a minute to see (as physicists) why this is remarkable:

  clearly plays the role of the Schwinger 
parameter  when : by naively integrating 
over the fundamental domain, we physicists see a 
result that mimics EFT   …

πα′￼τ2
t τ2 ≥ 1
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Let’s pause for a minute to see (as physicists) why this is remarkable:

But this is equal to a very not EFT-like 
limit - it instead looks like a deep UV 
limit!!
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So this is the ultimate UV/IR mixing. But it also implies something spectacular 
about the supertrace over the physical states …

To see this let’s try and evaluate this RS limit:
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It looks like it diverges because of the  prefactor in    !!!   1/τ2 g(τ2)
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To see this let’s try and evaluate this RS limit:

So this is the ultimate UV/IR mixing. But it also implies something spectacular 
about the supertrace over the physical states …



Thus — if we define a stringy regulated supertrace appropriate for infinite towers of 
states for any operator X,

then here (where  X  for the case of ) we see that any modular invariant 4D 
theory with a finite  obeys  

= const Λ
Λ

Any tachyon-free modular invariant theory in 4D has  even when no SUSY!Str(1) = 0
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Or to put it another way … if we expand  around  in a generic particle 
theory it would go like

g(τ2) τ2 = 0

but in a modular invariant theory we have  and it must instead go like C0 = 0
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Note we can express the integral as  ,  where by expanding the 
exponential around  and picking off the first term : we have 

Λ = πC1/3
τ2 C1

8

However it is ultimately and very generally related to worldsheet modular-invariance. In particular we do not need to
determine the precise shift in the metric induced by a Higgsing in order to evaluate the effect on the mass-squared.
Moreover this also implies that effect persists regardless of the IR physics. Typically a string construction will invoke
both perturbative and non-perturbative mechanisms in order to achieve various outcomes at low-energy, such as the
stabilisation of compact dimensions, or the Standard Model content. There is other known non-perturbative physics
that occurs at low energies, such as QCD confinement. While these processes may change the vacuum energy, and
even the most appropriate effective field theory description, they cannot change the modular anomaly, which is always
cancelled by gravitational degrees of freedom. Thus Eq.(2.30) always holds, even today, provided all contributions to
the cosmological constant (even nonperturbative ones) are generated within a framework where the UV completion
looks like (2.2).

This has interesting implications if the cosmological constant is dominated by its one-loop contributions. For
example as we shall see the leading contributions to the remaining terms are discrete (being dominated by charges
and group-theoretical Casimir traces). To avoid large instabilities one might suppose that the leading contribution
must be zero or positive for all scalars in a stable (or possibly long-lived metastable) vacuum. Therefore, if modular
invariance is responsible for maintaining UV finiteness, the present day cosmological constant is a lower bound on the
mass-squared of any such Higgs scalars in the theory. (Of course axions behave differently because they are protected
by shift-symmetries and do not give mass to any states).

III. SUPERTRACE RELATIONS FOR THE C.C. AND HIGGS POTENTIAL

Now let us extend the result above to develop a complete expression for the rest of the scalar mass-squared terms.
We begin with a well-known but remarkable supertrace formula for closed strings, namely that in a theory with
modular invariance in 4 large space time dimensions, the one-loop cosmological constant in (2.4) can be written as
supertrace over the entire tower of physical string states of mass M :

⇤(1) =
1

24
M

2STrM2 . (3.1)

The supertrace on the right-hand side of this expression is over all the “physical” states in the entire theory. Eq.(3.1)
is exactly equivalent to (2.4) for any modular invariant theory that is unitary and has no tachyons. As we shall see,
it can also be a parametrically good approximation in theories such as the heterotic theory that contain unphysical
tachyons.

Let us first discuss the meaning of (3.1), and how it comes about. At first sight, given its obvious similarity to the
usual quadratic divergence one finds in the Coleman-Weinberg potential of field theory, one might find it unsurprising.
However it is this very similarity that makes (3.1) remarkable, because the nature of the supertrace is very different
from the one that appears in the effective field theory: what is surprising is that eq.(3.1) sums over the “physical” states
of the entire infinite spectrum of the UV complete theory. A second reason to find eq.(3.1) surprising is that it involves
a trace over the physical states only, so it is not obvious that it corresponds to (2.4), or in fact that it corresponds
to a modular invariant integral at all. Indeed in the textbook calculation of the one-loop cosmological constant,
the integration over the canonical fundamental domain F gets contributions from both physical and unphysical (i.e.
non-level matched) states (due to the curved boundary of F). Nevertheless (3.1) says that the end result can be
expressed in terms of just the physical spectrum.

There are various ways to derive (3.1). It was originally deduced in [14] from [10]. However for a number of
reasons it is useful to include a derivation of it in this paper. This is partly because the original work only obliquely
treated issues to do with the regularisation and convergence of the supertrace. The discussion of modular integrals
has been improved in this context in recent years, especially in refs.[11]. It will also be useful for the mass-squareds,
which unlike the cosmological constant are subject to renormalisation. This will follow almost immediately. For the
derivation we will need the result of Rankin-Selberg (RS) (see [12, 34–36, 93] for a comprehensive discussion). The
details of the derivation are included in Appendix A, and we will now apply this result directly to ⇤(1) to prove (3.1).

The RS result can be expressed as follows. We are interested in a integrals of modular invariant functions F (⌧)
over the fundamental domain of the modular group:

I =

Z

F
dµF (⌧) . (3.2)

The function F need not be holomorphic (as of course our functions will not be), but it should decay sufficiently
rapidly as ⌧ ! i1. The “physical” level-matched terms in F correspond to the constant piece in its ⌧1-Fourier

• Dienes, Misaligned SUSY, 1994	
• Kutasov, Seiberg, 1994
• Dienes, Moshe, Myers 1995

This looks exactly like the leading piece in the Coleman Weinberg potential if the quartic 
 term magically vanishes. i.e. the condition  forces the quartic divergence 

term vanishing in any modular invariant theory. Only the first non-renormalisation theorem 
we will meet.

M4
UV Str1 = 0



Higher dimensions



In theories with  space-time dimensions things get more constrained. The 
reason why is that  takes the form 

D > 4
g(τ2)

But now applying Rankin-Selberg we see that in a theory with  …D = 4 + δ

 we have   ⟹ C′￼0, C′￼1, …, C′￼δ/2 = 0
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Thus in a theory with   expanding the expression for  we have D = 4 + δ Λ(D)

for all .k < 2 + δ
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Space-time helicity   Gauge charges

{

Any amplitude one might want to calculate simply corresponds to the insertion of 
an operator        into the  integral.Λ

But in higher dimensions many more supertraces get constrained: let’s now 
extend the discussion to more general amplitudes …

For example vacuum polarisation amplitude to find one-loop gauge coupling 
correction   :16π2/g2

G = 16π2/g2
tree + ΔG



For example in a 6 dimensional theory we find a constraint plus a one - loop 
contribution to        of the form16π2/g2

G = 16π2/g2
tree + ΔG

and …

×

where



Theories with higher 
dimensional limits



So the question is — what happens when a 4 dimensional theory has a 
decompactification limit to a higher dimensional theory?



So the question is — what happens when a 4 dimensional theory has a 
decompactification limit to a higher dimensional theory? Generally we can 
expect a theory that can decompactify to look like this:

The  indicates a sum over different sectors … each with a “base” contribution     
multiplying KK/winding factors  which turn into volumes in each large radius limit …            

i Z′￼i
Θi
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So the question is — what happens when a 4 dimensional theory has a 
decompactification limit to a higher dimensional theory? Generally we can 
expect a theory that can decompactify to look like this:

The  indicates a sum over different sectors … each with a “base” contribution     
multiplying KK/winding factors  which turn into volumes in each large radius limit …            

i Z′￼i
Θi
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i.e. at large radius the partition function is simply proportional to the 
higher dimensional theory 



But at this point we notice a clash! … we know that the  have to satisfy many 
more constraints than the four dimensional theory 

Z′￼

The only way to resolve this clash and for physics to be smooth at infinite radius is 
for all the constraints to already be satisfied in the 4D theory … it turns out this is 
independent of the compactification radius:

The 4D theory will inherit the precise stricter internal 
cancellations of any higher-dimensional theory to which 
can be decompactified.



The only way to resolve this clash and for physics to be smooth at infinite radius is 
for all the constraints to already be satisfied in the 4D theory … it turns out this is 
independent of the compactification radius:

The 4D theory will inherit the precise stricter internal 
cancellations of any higher-dimensional theory to which 
can be decompactified.

For example  in a theory with  decompactification:16π2g−2
G = 16π2g−2

tree + ΔG δ = 2

Vδ

But at this point we notice a clash! … we know that the  have to satisfy many 
more constraints than the four dimensional theory 

Z′￼



Some of these endpoint theories related by duality transformations - but they all lead 
to a constraint that has to be satisfied in the 4D theory. 

So the cartoon looks like this …

4D 
Theory
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Surprising behaviour …

⟹



Power law running is the expectation that contributions over towers of Kaluza-Klein 
modes resum to give a power-law scale dependence …

 

 MKK ∼ k /R

ΔG = ∑
KK states

∼ C′￼2 μδRδ = C′￼2 μδVδ

which arises because a single -dimensional KK tower contribution to  goes like  δ g(t)

g(t) →
1
t (C′￼0 + C′￼1t + C′￼2t2 + …) t ≫ R2

Rδ

t1+δ/2 (C′￼0 + C′￼1t + C′￼2t2 + …) t ≪ R2

No power-law running …



The crux of the matter: we saw that in modular invariant theories:   if   !C′￼2 = 0 δ > 2

In other words there can be no  power law running, and moreover there is no 
contribution to any running (even logarithmic) from the states in the theory associated with 

 decompactification limits.

δ > 2

δ > 2

• The case of  is more subtle: these can give logarithmic running below the KK scale. 
• However it is easy to see that however we define the energy scale there can be no  

power-law running if there is no  running (which as we just saw is unphysical).

δ = 2
δ = 2

δ > 2



Modular invariant renormalisation: 
 

• SAA, Dienes, 2021

Let’s see an example: running in a theory with a   decompactification limit
 

δ = 2

To insert an energy scale  we insert a cut-off function  which removes log 
divergences from any massless states and which must itself be modular invariant
 

μ 𝒢(μ, τ)
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 suppresses integral 
in a modular invariant 
way around all the 
cusps  

𝒢

Modular invariant renormalisation: 
 

• SAA, Dienes, 2021

τ* ≡ M2
s /μ2

Let’s see an example: running in a theory with a   decompactification limit
 

δ = 2

To insert an energy scale  we insert a cut-off function  which removes log 
divergences from any massless states and which must itself be modular invariant
 

μ 𝒢(μ, τ)
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requires  
invariant under 

 

𝒢(μ, τ)

μ → M2
s /μ

Modular invariant renormalisation: 
 

• SAA, Dienes, 2021

τ* ≡ M2
s /μ2

Let’s see an example: running in a theory with a   decompactification limit
 

δ = 2

To insert an energy scale  we insert a cut-off function  which removes log 
divergences from any massless states and which must itself be modular invariant
 

μ 𝒢(μ, τ)



Using such a regulator cut-off function with a 2-torus volume factor we can compare 
 with the famous result of Dixon, Kaplunovsky and Louis, but recovering energy 

dependence and the EFT … 
ΔG(μ)

SAA, Dienes, Nutricati
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T2 = R2R1 = 10000
U2 = R2/R1 = 100
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SAA, Dienes, Nutricati

Rectangular 
torus: 
T2 = R2R1 = 1000
U2 = R2/R1 = 20

Using such a regulator cut-off function with a 2-torus volume factor we can compare 
 with the famous result of Dixon, Kaplunovsky and Louis, but recovering energy 

dependence and the EFT … 
ΔG(μ)
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Similarly we can get a scale dependent  …    and thus a stringy Coleman-
Weinberg potential at  but it has complete  symmetry

Λ ̂Λ (μ)
μ ≲ 1/R μ → M2

s /μ

log

logarithmic/
power-law

running

lightest

EFT approx.

deep
IR

"turnaround"
region

EFT
region

"dip"
region

dual EFT
region

dual "dip"
region dual

deep IR
(the most UV possible)

4

Λ̂(µ) →
1
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• Using various novel techniques we learnt how an EFT emerges from a UV/IR mixed theory 

• In a 4D theories this requires constraints which become more and more severe when there are 
decompactification limit 

• Consistent theories already “know” they can decompactify

• A definition of energy scale consistent with UV/IR mixing implies scale invariance around 
.

• This explains why for example we often found scale-invariant (e.g.  SUSY sectors) when 
doing model building — but this is really to do with decompactification - it applies just the same 
in non-SUSY theories

• Potential implications for Dynamical Dark Matter and also “dark dimension” scenarios 

• Phenomenological consequences - no power law running - Hagedorn behaviour and thermal 
duality?

• Removes “technical hierarchies”: i.e. all the heavy modes yield a constant piece that may be 
large but which is always separated from the EFT modes.

μ = Ms

𝒩 = 4

Summary


