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Discretization of space-time as regularization in UV divergent field theories.

Discretization as intrinsic quantum feature.

Continuum limit may be ill defined, or hard to obtain.                           

Difficulties in recovering classical theory, emergent from quantum discrete 
theory.

                  

1. Introduction and motivations



Try to define quantities in the discrete theory that mimic typical quantities of 
the continuum theory. 

In the case of discrete gravity: all quantities pertaining to differential calculus, 
i.e. tangent vectors, vielbein, connection, curvature, torsion etc

Thus: differential calculus on discrete structures. 

Differential calculi on Hopf algebras constructed by Woronowicz (1989).

Discrete structures associated to finite groups (finite group “manifolds”)
have a canonical differential calculus, due to their Hopf algebra structure.

Can define actions formally identical to continuous actions. 

Dimakis, Mueller-Hoissen, Striker (1993); Bresser,Mueller-Hoissen, Dimakis, Sitarz (1996);
Bonechi, Giachetti, Maciocco, Sorace, Tarlini (1996); Majid, Raineri (2000); LC (2001);
Pagani, LC (2002); Aschieri, Isaev, LC (2003); Chamseddine, Mukhanov (2021); 
Chamseddine, Khaldieh (2024)



G = finite group of order n, generic element g and unit e

2. Differential calculus on finite groups

Fun(G) = set of complex functions on G
An element f of Fun(G) is specified by its values fg = f(g).

f =
X

g2G

fgx
g, fg 2 C

<latexit sha1_base64="NEevcFYFx7KjW14hbtEIgEVqU5E="></latexit>

•  f  can be written as: 

where the functions      are defined by xg

<latexit sha1_base64="vfXKMlkoGhyIPGZhLkCxISWo008=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDIA8pMdH5sjGnnM/W3RqIrHwCLVR0iJbvoeBfsI0LSJhqNLOrnR0vksKgbX9apaXlldW18nplY3Nre6e6u9cxYaw5tHkoQ93zmAEpFLRRoIRepIEFnoSuN7nI/O49aCNCdYPTCNyA+UqMBWeYStePt/6wWrPrdg66SJyC1EiB1rD6NRiFPA5AIZfMmL5jR+gmTKPgEmaVQWwgYnzCfOinVLEAjJvkUWf0KDYMQxqBpkLSXITfGwkLjJkGXjoZMLwz814m/uf1YxyfuYlQUYygeHYIhYT8kOFapB0AHQkNiCxLDlQoyplmiKAFZZynYpyWUkn7cOa/XySdk7rTqDeuGrXmedFMmRyQQ3JMHHJKmuSStEibcOKTJ/JMXqwH69V6s95/RktWsbNP/sD6+AYHJpJh</latexit>

xg(g0) = �g,g0

<latexit sha1_base64="9S/RwW2Qx5yd3nlsgg/t7BBUH50=">AAACCnicbVDLSgNBEJz1GeMrKnjxMhgkESTsSkAvgujFYwRjhCSG3klnHTL7YKZXlDV/4Fd41ZM38epPePBf3I05aGKdiqpuurrcSElDtv1pTU3PzM7N5xbyi0vLK6uFtfVLE8ZaYF2EKtRXLhhUMsA6SVJ4FWkE31XYcPunmd+4RW1kGFzQfYRtH7xA9qQASqVOYfPu2uNlr7R71OqiIugk3p5XGnQKRbtiD8EniTMiRTZCrVP4anVDEfsYkFBgTNOxI2onoEkKhYN8KzYYgeiDh82UBuCjaSfD/AO+ExugkEeouVR8KOLvjQR8Y+59N530gW7MuJeJ/3nNmHqH7UQGUUwYiOwQSYXDQ0ZomRaDvCs1EkGWHLkMuAANRKglByFSMU6byqd9OOPfT5LL/YpTrVTPq8Xjk1EzObbFtlmZOeyAHbMzVmN1JtgDe2LP7MV6tF6tN+v9Z3TKGu1ssD+wPr4BDIeZag==</latexit>



•  Thus Fun(G) is a n-dim vector space, and the functions
       provide a basis (coordinate functions)xg

<latexit sha1_base64="vfXKMlkoGhyIPGZhLkCxISWo008=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDIA8pMdH5sjGnnM/W3RqIrHwCLVR0iJbvoeBfsI0LSJhqNLOrnR0vksKgbX9apaXlldW18nplY3Nre6e6u9cxYaw5tHkoQ93zmAEpFLRRoIRepIEFnoSuN7nI/O49aCNCdYPTCNyA+UqMBWeYStePt/6wWrPrdg66SJyC1EiB1rD6NRiFPA5AIZfMmL5jR+gmTKPgEmaVQWwgYnzCfOinVLEAjJvkUWf0KDYMQxqBpkLSXITfGwkLjJkGXjoZMLwz814m/uf1YxyfuYlQUYygeHYIhYT8kOFapB0AHQkNiCxLDlQoyplmiKAFZZynYpyWUkn7cOa/XySdk7rTqDeuGrXmedFMmRyQQ3JMHHJKmuSStEibcOKTJ/JMXqwH69V6s95/RktWsbNP/sD6+AYHJpJh</latexit>

•  Fun(G) is also a commutative algebra, with the usual      
 pointwise sum and product, and unit I defined by   
 I(g)=1 for all g

•  In particular

xgxg0
= �g,g0xg,

X

g2G

xg = I

<latexit sha1_base64="Xyi6PNR26jWmDabqhu6khaPJs0A="></latexit>

•  So far the G group manifold is represented by a 
 collection of points:

g1 g6

g5
g4

g3

g2



•  The left and right action of G on itself :
Lgg

0 = gg0 = Rg0g

<latexit sha1_base64="C8fgEEZBwPLXTy55XpM9my/IN2I=">AAACCXicbVC7TsNAEDyHVwivAKKiORGhUEU2igRNpAgaCoqAyENKLOt82ZhTzg/drZEiK1/AV9BCRYdo+QoK/gXbpICEqUYzu9rZcSMpNJrmp1FYWl5ZXSuulzY2t7Z3yrt7HR3GikObhzJUPZdpkCKANgqU0IsUMN+V0HXHl5nffQClRRjc4SQC22deIEaCM0wlp3xw7XjUqzao51Vp49ZJvOqUek65YtbMHHSRWDNSITO0nPLXYBjy2IcAuWRa9y0zQjthCgWXMC0NYg0R42PmQT+lAfNB20kef0qPY80wpBEoKiTNRfi9kTBf64nvppM+w3s972Xif14/xtG5nYggihECnh1CISE/pLkSaS9Ah0IBIsuSAxUB5UwxRFCCMs5TMU6LKqV9WPPfL5LOac2q1+o39UrzYtZMkRySI3JCLHJGmuSKtEibcJKQJ/JMXoxH49V4M95/RgvGbGef/IHx8Q0IfJg2</latexit>

induce left and right action of G on Fun(G) :

Lgf(g
0) = f(gg0) = Rg0f(g)

<latexit sha1_base64="rfSoS2nffT8yprfIRr3nUVdQ3WM=">AAACI3icbVC7TsNAEDzzDOEVoKQ5ESFCE2wUCRokBA0FRUAkICWRtT425pTzQ3drJGT5M/gEvoIWKjpEQ5F/wU5S8JpqNLOr3RkvVtKQbX9aU9Mzs3PzpYXy4tLyymplbb1tokQLbIlIRfrGA4NKhtgiSQpvYo0QeAqvvcFp4V/fozYyCq/oIcZeAH4o+1IA5ZJb2Uu7AhQ/z1yf93nN39nlR7xf88dkbF5mburvZIW861aqdt0egf8lzoRU2QRNtzLs3kYiCTAkocCYjmPH1EtBkxQKs3I3MRiDGICPnZyGEKDppaNgGd9ODFDEY9RcKj4S8ftGCoExD4GXTwZAd+a3V4j/eZ2E+oe9VIZxQhiK4hBJhaNDRmiZN4b8VmokguJz5DLkAjQQoZYchMjFJK+wnPfh/E7/l7T3606j3rhoVI9PJs2U2CbbYjXmsAN2zM5Yk7WYYI/smb2wV+vJerPerY/x6JQ12dlgP2ANvwADvKEH</latexit>

•  For ex.

Lg1x
g2 = xg�1

1 g2

<latexit sha1_base64="SMO1Q+9tifCaoL8gy5W79YTeu/U=">AAACHHicbZC7SgNBFIZnvRtvUUubwSDYGHYloI0g2lhYKJgo5LKcnZzEwdkLM2dFWfYVfASfwlYrO7EVLHwXZ5MUavyb+fnOOZw5f5Aoach1P52Jyanpmdm5+dLC4tLySnl1rWHiVAusi1jF+ioAg0pGWCdJCq8SjRAGCi+Dm+OifnmL2sg4uqD7BNsh9CPZkwLIIr+8nbUEKH6a+1nf93J+17Hvbn4wNF4n27GwIH654lbdgfi48UamwkY688tfrW4s0hAjEgqMaXpuQu0MNEmhMC+1UoMJiBvoY9PaCEI07WxwUc63UgMU8wQ1l4oPIP6cyCA05j4MbGcIdG3+1gr4X62ZUm+/nckoSQkjUSwiqXCwyAgtbVTIu1IjERQ/Ry4jLkADEWrJQQgLU5tdyebh/b1+3DR2q16tWjuvVQ6PRsnMsQ22ybaZx/bYITthZ6zOBHtgT+yZvTiPzqvz5rwPWyec0cw6+yXn4xv6B6DZ</latexit>

Rg1x
g2 = xg2g

�1
1

<latexit sha1_base64="wo3s2l6d9HdsjTWsWVXPPMTTpCk=">AAACHHicbVDLSgNBEJyN7/iKevQyGIRcDLsS0IsgevGoYhIhiUvvpBMHZx/M9Iqy7C/4CX6FVz15E6+CB//FSdyDr7p0UdVNd1eQKGnIdd+d0sTk1PTM7Fx5fmFxabmystoycaoFNkWsYn0egEElI2ySJIXniUYIA4Xt4Opw5LevURsZR2d0m2AvhGEkB1IAWcmv1LKuAMVPcz8b+l7Oby5s3c73CsKteJFteXnuV6pu3R2D/yVeQaqswLFf+ej2Y5GGGJFQYEzHcxPqZaBJCoV5uZsaTEBcwRA7lkYQoull449yvpkaoJgnqLlUfCzi94kMQmNuw8B2hkCX5rc3Ev/zOikNdnuZjJKUMBKjRSQVjhcZoaWNCnlfaiSC0eXIZcQFaCBCLTkIYcXUZle2eXi/v/9LWtt1r1FvnDSq+wdFMrNsnW2wGvPYDttnR+yYNZlgd+yBPbIn5955dl6c16/WklPMrLEfcN4+AQLioN8=</latexit>

•  Moreover
Lg1Lg2 = Lg2g1

<latexit sha1_base64="xbclUwUaUhcHsjIc/AvXRc7mqM4=">AAACJnicbVC7SgNBFJ31bXxFLW0Gg2AVdkNAGyFoY2GhYDSQhOXu5CYOmX0wc1cIy/6Hn+BX2GplJ2Ih+Cnuriny8FRnzjmXO/d4kZKGbPvLWlhcWl5ZXVsvbWxube+Ud/fuTBhrgU0RqlC3PDCoZIBNkqSwFWkE31N47w0vcv/+EbWRYXBLowi7PgwC2ZcCKJPcci3pCFD8KnWTgeukfPJZS/nZtMDzjFuu2FW7AJ8nzphU2BjXbvm70wtF7GNAQoExbceOqJuAJikUpqVObDACMYQBtjMagI+mmxS3pfwoNkAhj1BzqXgh4uREAr4xI9/Lkj7Qg5n1cvE/rx1T/7SbyCCKCQORLyKpsFhkhJZZach7UiMR5D9HLgMuQAMRaslBiEyMsxZLWR/O7PXz5K5WderV+k290jgfN7PGDtghO2YOO2ENdsmuWZMJ9sRe2Ct7s56td+vD+vyLLljjmX02BevnF0rapJs=</latexit>

Rg1Rg2 = Rg1g2

<latexit sha1_base64="/ZjomiiWzNzm7tpsNFcZLUY6FO4=">AAACJnicbZDLSgNBEEV7fBtfUZduGoPgKsyEgG6EoBuXKkYDSRhqOpXYpOdBd40QhvkPP8GvcKsrdyIuBD/FmTGLPKzV7XOrqK7rRUoasu0va2FxaXlldW29tLG5tb1T3t27M2GsBTZFqELd8sCgkgE2SZLCVqQRfE/hvTe8yP37R9RGhsEtjSLs+jAIZF8KoAy55VrSEaD4TeomA9dJ+eSzlvKzKeDwHLrlil21i+LzwhmLChvXlVv+7vRCEfsYkFBgTNuxI+omoEkKhWmpExuMQAxhgO1MBuCj6SbFbSk/ig1QyCPUXCpeQJycSMA3ZuR7WacP9GBmvRz+57Vj6p92ExlEMWEg8kUkFRaLjNAyCw15T2okgvznyGXABWggQi05CJHBOEuxlOXhzF4/L+5qVaderV/XK43zcTJr7IAdsmPmsBPWYJfsijWZYE/shb2yN+vZerc+rM+/1gVrPLPPpsr6+QVo0KSt</latexit>

Lg1Rg2 = Rg2Lg1

<latexit sha1_base64="PFvZePZunuh7nJyHqw35ZUTKKxA=">AAACMnicbVC7TsNAEDzzJrwClDQnIiSqyEaRoAFF0FBQACIBKYms9WUJJ84P3a2RIst/wyfwFbTQgESBaPkIbCcFOEw1O7Or3R0vUtKQbb9ZU9Mzs3PzC4uVpeWV1bXq+kbbhLEW2BKhCvWNBwaVDLBFkhTeRBrB9xRee/cnuX/9gNrIMLiiYYQ9HwaBvJUCKJPc6lHSFaD4WeomA9dJ+ai8LMq9lB+WhVK7W63ZdbsAnyTOmNTYGOdu9aPbD0XsY0BCgTEdx46ol4AmKRSmlW5sMAJxDwPsZDQAH00vKf5M+U5sgEIeoeZS8ULE3xMJ+MYMfS/r9IHuTNnLxf+8Tky3B71EBlFMGIh8EUmFxSIjtMwCRN6XGokgvxy5DLgADUSoJQchMjHOEq1keTjl7ydJe6/uNOqNi0ateTxOZoFtsW22yxy2z5rslJ2zFhPskT2zF/ZqPVnv1qf1NWqdssYzm+wPrO8f6smphg==</latexit>



•  The G group structure induces a Hopf algebra structure
 on Fun(G),               construction of differential calculi

•  Differential calculi on Hopf algebras: general method in      
 Woronowicz 1989

•  Defined by a linear map d :  Fun(G)             satisfying the
 Leibniz rule 

•  The space of 1-forms      is a bimodule on Fun(G),           
             its elements can be multiplied on the left and 
  on the right by elements of Fun(G)

�

<latexit sha1_base64="PF4MjurmI7rlp050QfCvoanxbr0=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGUEBZRBIg8psaL1ZROO3NnW3RopRPkHWqjoEC1/Q8G/4BgXkDDVaGZXOztBrKQl1/10lpZXVtfWCxvFza3tnd3S3n7TRokR2BCRikw7AItKhtggSQrbsUHQgcJWMLqc+a0HNFZG4S2NY/Q1DEM5kAIolZrdK9AaeqWyW3Ez8EXi5aTMctR7pa9uPxKJxpCEAms7nhuTPwFDUiicFruJxRjECIbYSWkIGq0/ydJO+XFigSIeo+FS8UzE3xsT0NaOdZBOaqA7O+/NxP+8TkKDc38iwzghDMXsEEmF2SErjExrQN6XBolglhy5DLkAA0RoJAchUjFJeymmfXjz3y+S5mnFq1aqN9Vy7SJvpsAO2RE7YR47YzV2zeqswQS7Z0/smb04j86r8+a8/4wuOfnOAfsD5+MbDEWTgQ==</latexit>

�

<latexit sha1_base64="PF4MjurmI7rlp050QfCvoanxbr0=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGUEBZRBIg8psaL1ZROO3NnW3RopRPkHWqjoEC1/Q8G/4BgXkDDVaGZXOztBrKQl1/10lpZXVtfWCxvFza3tnd3S3n7TRokR2BCRikw7AItKhtggSQrbsUHQgcJWMLqc+a0HNFZG4S2NY/Q1DEM5kAIolZrdK9AaeqWyW3Ez8EXi5aTMctR7pa9uPxKJxpCEAms7nhuTPwFDUiicFruJxRjECIbYSWkIGq0/ydJO+XFigSIeo+FS8UzE3xsT0NaOdZBOaqA7O+/NxP+8TkKDc38iwzghDMXsEEmF2SErjExrQN6XBolglhy5DLkAA0RoJAchUjFJeymmfXjz3y+S5mnFq1aqN9Vy7SJvpsAO2RE7YR47YzV2zeqswQS7Z0/smb04j86r8+a8/4wuOfnOAfsD5+MbDEWTgQ==</latexit>

•  From                    

•  From                                              only n-1 independent                     

d(ab) = (da)b+ a(db)

<latexit sha1_base64="zS7p3oBdAIxu9K55ILcbDsytreo=">AAACBXicbVDLSgNBEJyNrxhfiR69DAYhQQi7EtCLEPTiMYJ5QBJC72wnDpl9MNOrhJCzX+FVT97Eq9/hwX9xN+agiXUqqrrp6nIjJQ3Z9qeVWVldW9/Ibua2tnd29/KF/aYJYy2wIUIV6rYLBpUMsEGSFLYjjeC7Clvu6Cr1W/eojQyDWxpH2PNhGMiBFECJ1M8XvBK45YuSB2X3BEqeW+7ni3bFnoEvE2dOimyOej//1fVCEfsYkFBgTMexI+pNQJMUCqe5bmwwAjGCIXYSGoCPpjeZRZ/y49gAhTxCzaXiMxF/b0zAN2bsu8mkD3RnFr1U/M/rxDQ4701kEMWEgUgPkVQ4O2SElkknyD2pkQjS5MhlwAVoIEItOQiRiHFSUi7pw1n8fpk0TytOtVK9qRZrl/NmsuyQHbESc9gZq7FrVmcNJtgDe2LP7MV6tF6tN+v9ZzRjzXcO2B9YH98+pJax</latexit>

da = d(Ia) = (dI)a+ I(da) ) dI = 0

<latexit sha1_base64="lO6itgUrfyT7VKdtTp4YTFXSaq8="></latexit>

0 = dI = d
X

g2G

xg =
X

g2G

dxg

<latexit sha1_base64="cycAAK+jY0GJyT/pgesfpVl1r2I=">AAACJnicbZDLSsNQEIZP6q3WW9Slm4NFcFWSUtBNoehC3VWwF2hrOTmZ1oMnF86ZiCX0PXwEn8KtrtyJuBB8FJOYhbbO6uf7Z5iZ3wml0GhZH0ZhYXFpeaW4Wlpb39jcMrd32jqIFIcWD2Sgug7TIIUPLRQooRsqYJ4joePcnqZ+5w6UFoF/hZMQBh4b+2IkOMMEDc2qVXcv6tSlfR15w3hM+8KnZ1N6fz2mtD5L3RQPzbJVsbKi88LORZnk1Ryan3034JEHPnLJtO7ZVoiDmCkUXMK01I80hIzfsjH0EukzD/Qgzn6b0oNIMwxoCIoKSTMIvydi5mk98Zyk02N4o2e9FP7n9SIcHQ9i4YcRgs/TRSgkZIs0VyIJDagrFCCy9HKgSQScKYYISlDGeQKjJMVSkoc9+/28aFcrdq1Su6yVGyd5MkWyR/bJIbHJEWmQc9IkLcLJA3kiz+TFeDRejTfj/ae1YOQzu+RPGV/fGxqjUw==</latexit>

dxg

<latexit sha1_base64="eNyvD4JnfawTNaj/6LnZtStXtf8=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRB5SYqL1ZROOnB+6WyOClX+ghYoO0fI3FPwLtkkBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx744vMb9+jNjIMrmkSoevDKJBDKYBSqcUHDzcj3i9X7Kqdgy8SZ0YqbIZGv/zVG4Qi9jEgocCYrmNH5CagSQqF01IvNhiBGMMIuykNwEfjJnnaKT+KDVDII9RcKp6L+HsjAd+Yie+lkz7QrZn3MvE/rxvT8MxNZBDFhIHIDpFUmB8yQsu0BuQDqZEIsuTIZcAFaCBCLTkIkYpx2ksp7cOZ/36RtE6qTq1au6pV6uezZorsgB2yY+awU1Znl6zBmkywO/bEntmL9Wi9Wm/W+89owZrt7LM/sD6+AXkdkyM=</latexit>



•  Left and right action of G on the space of 1-forms:
Lg(adb) = (Lga)d(Lgb)

<latexit sha1_base64="fx3dXsIIPIBCj41wZKh4dCUbBTA=">AAACKHicbZC7SgNREIbPeo3xFrW0ORiEpAm7sqCNELSxsIhgLpCEMHsyiYecvXDOrBCWvIiP4FPYamUnKWx8EjcxRS5O9fP9M8zM70VKGrLtsbW2vrG5tZ3Zye7u7R8c5o6OayaMtcCqCFWoGx4YVDLAKklS2Ig0gu8prHuD24lff0ZtZBg80jDCtg/9QPakAEpRJ+fypCVA8ftRp88L0PWK15wX5hgUeXeReMVOLm+X7GnxVeHMRJ7NqtLJfbe6oYh9DEgoMKbp2BG1E9AkhcJRthUbjEAMoI/NVAbgo2kn0+9G/Dw2QCGPUHOp+BTi/EQCvjFD30s7faAns+xN4H9eM6beVTuRQRQTBmKyiKTC6SIjtExjQ96VGolgcjlyGXABGohQSw5CpDBOc8ymeTjL36+K2kXJcUvug5sv38ySybBTdsYKzGGXrMzuWIVVmWAv7I29sw/r1fq0vqzxX+uaNZs5YQtl/fwC1V+i/w==</latexit>

Rg(adb) = (Rga)d(Rgb)

<latexit sha1_base64="tdG1wjQ2wUoT/Wl2NFIYuQ/qmaA=">AAACKHicbZC7SgNREIbPeo3xFrW0ORiEpAm7sqCNELSxjGIukIQwezKJh5y9cM6sEJa8iI/gU9hqZScpbHwSNzFFLk718/0zzMzvRUoasu2xtba+sbm1ndnJ7u7tHxzmjo5rJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4PbiV9/Rm1kGDzSMMK2D/1A9qQASlEn5/KkJUDxh1GnzwvQ9YrXnBfmGBR5d5F4xU4ub5fsafFV4cxEns2q0sl9t7qhiH0MSCgwpunYEbUT0CSFwlG2FRuMQAygj81UBuCjaSfT70b8PDZAIY9Qc6n4FOL8RAK+MUPfSzt9oCez7E3gf14zpt5VO5FBFBMGYrKIpMLpIiO0TGND3pUaiWByOXIZcAEaiFBLDkKkME5zzKZ5OMvfr4raRclxS+69my/fzJLJsFN2xgrMYZeszO5YhVWZYC/sjb2zD+vV+rS+rPFf65o1mzlhC2X9/ALzKaMR</latexit>

bicovariant calculus

• Left-invariant 1-forms: ✓g ⌘
X

h2G

xhdxhg

<latexit sha1_base64="+030yQmD5dTujgWRw7BoAjPxn7E=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0J6DHoQY8KJgrZJPROOtkhsw9neoKy5CP8BL/Cq568idcc/Bc3MQdfdSqquumuClIlDbnuyJmZnZtfWFxaLqysrq1vFDe36iaxWmBNJCrRNwEYVDLGGklSeJNqhChQeB30T8f+9QC1kUl8RfcpNiPoxbIrBVAutYsHPoVI0OpxH2+tHHDuGxu1s5D7MuZnQ37XCnnnrpWFvWG7WHLL7gT8L/GmpMSmuGgXP/xOImyEMQkFxjQ8N6VmBpqkUDgs+NZgCqIPPWzkNIYITTObhBryPWuAEp6i5lLxiYjfNzKIjLmPgnwyAgrNb28s/uc1LHWPm5mMU0sYi/Ehkgonh4zQMm8LeUdqJILx58jzIgRoIEItOQiRizavr5D34f1O/5fUD8tepVy5rJSqJ9NmltgO22X7zGNHrMrO2QWrMcEe2BN7Zi/Oo/PqvDnvX6MzznRnm/2AM/oEQq2iqw==</latexit>

then : Lk✓
g = ✓g, Rk✓

g = ✓kgk
�1

<latexit sha1_base64="+Wqzn4RYrST0wBwcN9gJlq1GSBk="></latexit>

•  From                         we have also  
X

g2G

dxg = 0

<latexit sha1_base64="zdiiUNZdNTiHrGqmYB2pLNS8IeM=">AAACDHicbVDLSsNAFJ34rPUVdSO4GSyCq5JIQTdC0YUuK9gHtDFMprd16OTBzI1YQv0Ev8KtrtyJW//Bhf9iErPQ1rM6nHMv957jRVJotKxPY25+YXFpubRSXl1b39g0t7ZbOowVhyYPZag6HtMgRQBNFCihEylgvieh7Y3OM799B0qLMLjGcQSOz4aBGAjOMJVcc5f2dOy7yZD2REAvJrR/fzOkp9RyzYpVtXLQWWIXpEIKNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUe7GGiPERG0I3pQHzQTtJnmBCD2LNMKQRKCokzUX4vZEwX+ux76WTPsNbPe1l4n9eN8bBiZOIIIoRAp4dQiEhP6S5Emk1QPtCASLLPgeatsCZYoigBGWcp2KcdlVO+7Cn08+S1lHVrlVrV7VK/axopkT2yD45JDY5JnVySRqkSTh5IE/kmbwYj8ar8Wa8/4zOGcXODvkD4+MbAieZ3g==</latexit>

X

g2G

✓g = 0

<latexit sha1_base64="VROZZ1RjKyCgs+gT2vqxKUzFHgk=">AAACEHicbVC7SgNBFJ31GeNr1VKLwSBYhV0JaCMELbSMYB6QjeHu5CYZMvtg5q4QljR+gl9hq5Wd2PoHFv6Lm5hCE091OOde7j3Hj5U05Dif1sLi0vLKam4tv76xubVt7+zWTJRogVURqUg3fDCoZIhVkqSwEWuEwFdY9weXY79+j9rIKLylYYytAHqh7EoBlElt+4B7JgnaaY97MuRXI+5RHwnuevycO2274BSdCfg8caekwKaotO0vrxOJJMCQhAJjmq4TUysFTVIoHOW9xGAMYgA9bGY0hABNK52kGPGjxABFPEbNpeITEX9vpBAYMwz8bDIA6ptZbyz+5zUT6p61UhnGCWEoxodIKpwcMkLLrB7kHamRCMafI8+aEKCBCLXkIEQmJllf+awPdzb9PKmdFN1SsXRTKpQvps3k2D47ZMfMZaeszK5ZhVWZYA/siT2zF+vRerXerPef0QVrurPH/sD6+AY08Juc</latexit>

�

<latexit sha1_base64="PF4MjurmI7rlp050QfCvoanxbr0=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGUEBZRBIg8psaL1ZROO3NnW3RopRPkHWqjoEC1/Q8G/4BgXkDDVaGZXOztBrKQl1/10lpZXVtfWCxvFza3tnd3S3n7TRokR2BCRikw7AItKhtggSQrbsUHQgcJWMLqc+a0HNFZG4S2NY/Q1DEM5kAIolZrdK9AaeqWyW3Ez8EXi5aTMctR7pa9uPxKJxpCEAms7nhuTPwFDUiicFruJxRjECIbYSWkIGq0/ydJO+XFigSIeo+FS8UzE3xsT0NaOdZBOaqA7O+/NxP+8TkKDc38iwzghDMXsEEmF2SErjExrQN6XBolglhy5DLkAA0RoJAchUjFJeymmfXjz3y+S5mnFq1aqN9Vy7SJvpsAO2RE7YR47YzV2zeqswQS7Z0/smb04j86r8+a8/4wuOfnOAfsD5+MbDEWTgQ==</latexit>

           can take the                    as basis of   ✓g, g 6= e

<latexit sha1_base64="eYkaZNoQfBz30pfkA14xWaFADmA=">AAACCHicbVDLTgJBEJz1ifjCx83LRGLiwZBdQ6IXE6IXj5jIIwEkvUMDE2ZnNzO9JkjgA/wKr3ryZrz6Fx78FxfkoGCdKlXd6eryIyUtue6ns7C4tLyymlpLr29sbm1ndnbLNoyNwJIIVWiqPlhUUmOJJCmsRgYh8BVW/N7V2K/co7Ey1LfUj7ARQEfLthRAidTM7NepiwR3nZPRqMPrOqQLjs1M1s25E/B54k1Jlk1RbGa+6q1QxAFqEgqsrXluRI0BGJJC4TBdjy1GIHrQwVpCNQRoG4NJ+iE/ii1QyCM0XCo+EfH3xgACa/uBn0wGQF07643F/7xaTO3zxkDqKCbUYnyIpMLJISuMTGpB3pIGiWCcHLnUXIABIjSSgxCJGCc9pZM+vNnv50n5NOflc/mbfLZwOW0mxQ7YITtmHjtjBXbNiqzEBHtgT+yZvTiPzqvz5rz/jC4405099gfOxze+CplU</latexit>

only n-1 independent ✓

<latexit sha1_base64="ljODdeDv58GL3ZmNPrnFvI+qmtY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBKkxIrWl01y5PzQ3RopWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhfrOA4NKBtgmSQrvIo3gewq73vQq87sPqI0Mg1uaRej6MA7kSAqgVOr0aYIEg2rNrts5+DJxClJjBVqD6ld/GIrYx4CEAmN6jh2Rm4AmKRTOK/3YYARiCmPspTQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kATs+hl4n9eL6bRhZvIIIoJA5EdIqkwP2SElmkNyIdSIxFkyZHLgAvQQIRachAiFeO0l0rah7P4/TLpnNWdRr1x06g1L4tmyuyIHbNT5rBz1mTXrMXaTLB79sSe2Yv1aL1ab9b7z2jJKnYO2R9YH99cgpO0</latexit>



•  Left and right action of G on the space of 1-forms:
Lg(adb) = (Lga)d(Lgb)

<latexit sha1_base64="fx3dXsIIPIBCj41wZKh4dCUbBTA=">AAACKHicbZC7SgNREIbPeo3xFrW0ORiEpAm7sqCNELSxsIhgLpCEMHsyiYecvXDOrBCWvIiP4FPYamUnKWx8EjcxRS5O9fP9M8zM70VKGrLtsbW2vrG5tZ3Zye7u7R8c5o6OayaMtcCqCFWoGx4YVDLAKklS2Ig0gu8prHuD24lff0ZtZBg80jDCtg/9QPakAEpRJ+fypCVA8ftRp88L0PWK15wX5hgUeXeReMVOLm+X7GnxVeHMRJ7NqtLJfbe6oYh9DEgoMKbp2BG1E9AkhcJRthUbjEAMoI/NVAbgo2kn0+9G/Dw2QCGPUHOp+BTi/EQCvjFD30s7faAns+xN4H9eM6beVTuRQRQTBmKyiKTC6SIjtExjQ96VGolgcjlyGXABGohQSw5CpDBOc8ymeTjL36+K2kXJcUvug5sv38ySybBTdsYKzGGXrMzuWIVVmWAv7I29sw/r1fq0vqzxX+uaNZs5YQtl/fwC1V+i/w==</latexit>

Rg(adb) = (Rga)d(Rgb)

<latexit sha1_base64="tdG1wjQ2wUoT/Wl2NFIYuQ/qmaA=">AAACKHicbZC7SgNREIbPeo3xFrW0ORiEpAm7sqCNELSxjGIukIQwezKJh5y9cM6sEJa8iI/gU9hqZScpbHwSNzFFLk718/0zzMzvRUoasu2xtba+sbm1ndnJ7u7tHxzmjo5rJoy1wKoIVagbHhhUMsAqSVLYiDSC7ymse4PbiV9/Rm1kGDzSMMK2D/1A9qQASlEn5/KkJUDxh1GnzwvQ9YrXnBfmGBR5d5F4xU4ub5fsafFV4cxEns2q0sl9t7qhiH0MSCgwpunYEbUT0CSFwlG2FRuMQAygj81UBuCjaSfT70b8PDZAIY9Qc6n4FOL8RAK+MUPfSzt9oCez7E3gf14zpt5VO5FBFBMGYrKIpMLpIiO0TGND3pUaiWByOXIZcAEaiFBLDkKkME5zzKZ5OMvfr4raRclxS+69my/fzJLJsFN2xgrMYZeszO5YhVWZYC/sjb2zD+vV+rS+rPFf65o1mzlhC2X9/ALzKaMR</latexit>

bicovariant calculus

• Left-invariant 1-forms: ✓g ⌘
X

h2G

xhdxhg

<latexit sha1_base64="+030yQmD5dTujgWRw7BoAjPxn7E=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0J6DHoQY8KJgrZJPROOtkhsw9neoKy5CP8BL/Cq568idcc/Bc3MQdfdSqquumuClIlDbnuyJmZnZtfWFxaLqysrq1vFDe36iaxWmBNJCrRNwEYVDLGGklSeJNqhChQeB30T8f+9QC1kUl8RfcpNiPoxbIrBVAutYsHPoVI0OpxH2+tHHDuGxu1s5D7MuZnQ37XCnnnrpWFvWG7WHLL7gT8L/GmpMSmuGgXP/xOImyEMQkFxjQ8N6VmBpqkUDgs+NZgCqIPPWzkNIYITTObhBryPWuAEp6i5lLxiYjfNzKIjLmPgnwyAgrNb28s/uc1LHWPm5mMU0sYi/Ehkgonh4zQMm8LeUdqJILx58jzIgRoIEItOQiRizavr5D34f1O/5fUD8tepVy5rJSqJ9NmltgO22X7zGNHrMrO2QWrMcEe2BN7Zi/Oo/PqvDnvX6MzznRnm/2AM/oEQq2iqw==</latexit>

then : Lk✓
g = ✓g, Rk✓

g = ✓kgk
�1

<latexit sha1_base64="+Wqzn4RYrST0wBwcN9gJlq1GSBk="></latexit>

•  From                         we have also  
X

g2G

dxg = 0

<latexit sha1_base64="zdiiUNZdNTiHrGqmYB2pLNS8IeM=">AAACDHicbVDLSsNAFJ34rPUVdSO4GSyCq5JIQTdC0YUuK9gHtDFMprd16OTBzI1YQv0Ev8KtrtyJW//Bhf9iErPQ1rM6nHMv957jRVJotKxPY25+YXFpubRSXl1b39g0t7ZbOowVhyYPZag6HtMgRQBNFCihEylgvieh7Y3OM799B0qLMLjGcQSOz4aBGAjOMJVcc5f2dOy7yZD2REAvJrR/fzOkp9RyzYpVtXLQWWIXpEIKNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUe7GGiPERG0I3pQHzQTtJnmBCD2LNMKQRKCokzUX4vZEwX+ux76WTPsNbPe1l4n9eN8bBiZOIIIoRAp4dQiEhP6S5Emk1QPtCASLLPgeatsCZYoigBGWcp2KcdlVO+7Cn08+S1lHVrlVrV7VK/axopkT2yD45JDY5JnVySRqkSTh5IE/kmbwYj8ar8Wa8/4zOGcXODvkD4+MbAieZ3g==</latexit>

X

g2G

✓g = 0

<latexit sha1_base64="VROZZ1RjKyCgs+gT2vqxKUzFHgk=">AAACEHicbVC7SgNBFJ31GeNr1VKLwSBYhV0JaCMELbSMYB6QjeHu5CYZMvtg5q4QljR+gl9hq5Wd2PoHFv6Lm5hCE091OOde7j3Hj5U05Dif1sLi0vLKam4tv76xubVt7+zWTJRogVURqUg3fDCoZIhVkqSwEWuEwFdY9weXY79+j9rIKLylYYytAHqh7EoBlElt+4B7JgnaaY97MuRXI+5RHwnuevycO2274BSdCfg8caekwKaotO0vrxOJJMCQhAJjmq4TUysFTVIoHOW9xGAMYgA9bGY0hABNK52kGPGjxABFPEbNpeITEX9vpBAYMwz8bDIA6ptZbyz+5zUT6p61UhnGCWEoxodIKpwcMkLLrB7kHamRCMafI8+aEKCBCLXkIEQmJllf+awPdzb9PKmdFN1SsXRTKpQvps3k2D47ZMfMZaeszK5ZhVWZYA/siT2zF+vRerXerPef0QVrurPH/sD6+AY08Juc</latexit>

�

<latexit sha1_base64="PF4MjurmI7rlp050QfCvoanxbr0=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTaKBGUEBZRBIg8psaL1ZROO3NnW3RopRPkHWqjoEC1/Q8G/4BgXkDDVaGZXOztBrKQl1/10lpZXVtfWCxvFza3tnd3S3n7TRokR2BCRikw7AItKhtggSQrbsUHQgcJWMLqc+a0HNFZG4S2NY/Q1DEM5kAIolZrdK9AaeqWyW3Ez8EXi5aTMctR7pa9uPxKJxpCEAms7nhuTPwFDUiicFruJxRjECIbYSWkIGq0/ydJO+XFigSIeo+FS8UzE3xsT0NaOdZBOaqA7O+/NxP+8TkKDc38iwzghDMXsEEmF2SErjExrQN6XBolglhy5DLkAA0RoJAchUjFJeymmfXjz3y+S5mnFq1aqN9Vy7SJvpsAO2RE7YR47YzV2zeqswQS7Z0/smb04j86r8+a8/4wuOfnOAfsD5+MbDEWTgQ==</latexit>

           can take the                    as basis of   ✓g, g 6= e

<latexit sha1_base64="eYkaZNoQfBz30pfkA14xWaFADmA=">AAACCHicbVDLTgJBEJz1ifjCx83LRGLiwZBdQ6IXE6IXj5jIIwEkvUMDE2ZnNzO9JkjgA/wKr3ryZrz6Fx78FxfkoGCdKlXd6eryIyUtue6ns7C4tLyymlpLr29sbm1ndnbLNoyNwJIIVWiqPlhUUmOJJCmsRgYh8BVW/N7V2K/co7Ey1LfUj7ARQEfLthRAidTM7NepiwR3nZPRqMPrOqQLjs1M1s25E/B54k1Jlk1RbGa+6q1QxAFqEgqsrXluRI0BGJJC4TBdjy1GIHrQwVpCNQRoG4NJ+iE/ii1QyCM0XCo+EfH3xgACa/uBn0wGQF07643F/7xaTO3zxkDqKCbUYnyIpMLJISuMTGpB3pIGiWCcHLnUXIABIjSSgxCJGCc9pZM+vNnv50n5NOflc/mbfLZwOW0mxQ7YITtmHjtjBXbNiqzEBHtgT+yZvTiPzqvz5rz/jC4405099gfOxze+CplU</latexit>

only n-1 independent ✓

<latexit sha1_base64="ljODdeDv58GL3ZmNPrnFvI+qmtY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBKkxIrWl01y5PzQ3RopWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhfrOA4NKBtgmSQrvIo3gewq73vQq87sPqI0Mg1uaRej6MA7kSAqgVOr0aYIEg2rNrts5+DJxClJjBVqD6ld/GIrYx4CEAmN6jh2Rm4AmKRTOK/3YYARiCmPspTQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kATs+hl4n9eL6bRhZvIIIoJA5EdIqkwP2SElmkNyIdSIxFkyZHLgAvQQIRachAiFeO0l0rah7P4/TLpnNWdRr1x06g1L4tmyuyIHbNT5rBz1mTXrMXaTLB79sSe2Yv1aL1ab9b7z2jJKnYO2R9YH99cgpO0</latexit>

Bicovariant diff. calculi
in 1-1 correspondence 
with unions of conjugation
classes of G



•  commutations: ✓gxh = xhg�1

✓g

<latexit sha1_base64="fMG1z4BRlMRmPoo6zjOsTEVopew=">AAACF3icbVC7SgNBFJ31bXxFLW0Gg2Bj2JWANkLQxjKCiUIecndyTQZnH8zcFWXZD/AT/ApbrezE1tLCf3E2rqDRUwyHc87lzj1+rKQh1313Jianpmdm5+ZLC4tLyyvl1bWWiRItsCkiFelzHwwqGWKTJCk8jzVC4Cs886+Ocv/sGrWRUXhKtzF2AxiE8lIKICtdlCsdGiJBb8BvekN+YN90OOilO16W8W/LptyqOwL/S7yCVFiBxkX5o9OPRBJgSEKBMW3PjambgiYpFGalTmIwBnEFA2xbGkKAppuOjsn4VmKAIh6j5lLxkYg/J1IIjLkNfJsMgIZm3MvF/7x2Qpf73VSGcUIYinwRSYWjRUZoaVtC3pcaiSD/OXIZcgEaiFBLDkJYMbG1lWwf3vj1f0lrt+rVqrWTWqV+WDQzxzbYJttmHttjdXbMGqzJBLtjD+yRPTn3zrPz4rx+RSecYmad/YLz9gnjqZ9P</latexit>

 imply: ✓gf = (Rgf)✓
g

<latexit sha1_base64="OgwjLFXMD4z1Bed0Xl0wDgV0lj4=">AAACFnicbVC7TgJREL2LL8QXamlzAzHBhuwaEm1MiDaWaOSRAJLZywA33H3k3lkTsqH3E/wKW63sjK2thf/igpgoeKoz58xkZo4bKmnItj+s1NLyyupaej2zsbm1vZPd3auZINICqyJQgW64YFBJH6skSWEj1Aieq7DuDi8mfv0OtZGBf0OjENse9H3ZkwIokTrZXIsGSHDb570zXohbAhS/HneS8ujH6WTzdtGegi8SZ0bybIZKJ/vZ6gYi8tAnocCYpmOH1I5BkxQKx5lWZDAEMYQ+NhPqg4emHU9/GfPDyAAFPETNpeJTEX9PxOAZM/LcpNMDGph5byL+5zUj6p22Y+mHEaEvJotIKpwuMkLLJCTkXamRCCaXI5c+F6CBCLXkIEQiRklqmSQPZ/77RVI7LjqlYumqlC+fz5JJswOWYwXmsBNWZpeswqpMsHv2yJ7Ys/VgvViv1tt3a8qazeyzP7DevwBcjZ5v</latexit>

g 6= e

<latexit sha1_base64="kHQtUe/DCkL5dnqYM7Afhx01l4Y=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJRJGiQImgog0QeKLGi82UTTrk7W3drpMjKV9BCRYdo+RgK/gXbuICEqUYzu9rZCSIpLLrup1NaWV1b3yhvVra2d3b3qvsHHRvGhkObhzI0vYBZkEJDGwVK6EUGmAokdIPpdeZ3H8FYEeo7nEXgKzbRYiw4w1S6n9CBDvGSwrBac+tuDrpMvILUSIHWsPo1GIU8VqCRS2Zt33Mj9BNmUHAJ88ogthAxPmUT6KdUMwXWT/LAc3oSW4YhjcBQIWkuwu+NhClrZypIJxXDB7voZeJ/Xj/G8YWfCB3FCJpnh1BIyA9ZbkTaBNCRMIDIsuRAhaacGYYIRlDGeSrGaTWVtA9v8ftl0jmre41647ZRa14VzZTJETkmp8Qj56RJbkiLtAknijyRZ/LizJ1X5815/xktOcXOIfkD5+Mbn0SUVg==</latexit>

•  Thus functions commute between themselves, but
 do not commute with the basis of 1-forms ✓

<latexit sha1_base64="ljODdeDv58GL3ZmNPrnFvI+qmtY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBKkxIrWl01y5PzQ3RopWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhfrOA4NKBtgmSQrvIo3gewq73vQq87sPqI0Mg1uaRej6MA7kSAqgVOr0aYIEg2rNrts5+DJxClJjBVqD6ld/GIrYx4CEAmN6jh2Rm4AmKRTOK/3YYARiCmPspTQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kATs+hl4n9eL6bRhZvIIIoJA5EdIqkwP2SElmkNyIdSIxFkyZHLgAvQQIRachAiFeO0l0rah7P4/TLpnNWdRr1x06g1L4tmyuyIHbNT5rBz1mTXrMXaTLB79sSe2Yv1aL1ab9b7z2jJKnYO2R9YH99cgpO0</latexit>

•  From inversion formula                                 one findsdxh =
X

g

xhg�1

<latexit sha1_base64="pRONeDYOk92g6rJ1z0/Oos5eNuU=">AAACDXicbVC7SgNBFJ2NrxhfUSuxGQyCjWFXAtoIQRvLCOYBeTE7udkMmX0wc1cSluAn+BW2WtmJrd9g4b+4u26hiac6nHMv955jB1JoNM1PI7e0vLK6ll8vbGxube8Ud/ca2g8Vhzr3pa9aNtMghQd1FCihFShgri2haY+vE795D0oL37vDaQBdlzmeGArOMJb6xYPBpDeil7SjQ7fv0EkvGjm96NSazfrFklk2U9BFYmWkRDLU+sWvzsDnoQsecsm0bltmgN2IKRRcwqzQCTUEjI+ZA+2YeswF3Y3SCDN6HGqGPg1AUSFpKsLvjYi5Wk9dO550GY70vJeI/3ntEIcX3Uh4QYjg8eQQCgnpIc2ViLsBOhAKEFnyOVDhUc4UQwQlKOM8FsO4rELchzWffpE0zspWpVy5rZSqV1kzeXJIjsgJscg5qZIbUiN1wskDeSLP5MV4NF6NN+P9ZzRnZDv75A+Mj288/Zs4</latexit>

 the differential of a function:

df =
X

h

fhdx
h =

X

g 6=e

(Rgf � f)✓g ⌘
X

g 6=e

(tgf)✓
g

<latexit sha1_base64="km64qu9EeRfNWHoUqIXmtJkYJEE="></latexit>

•  the finite difference operators                        are the tg = Rg � I

<latexit sha1_base64="zw9Gfl1EG9664gkWgorVXZujgTI=">AAACCHicbVC7SgNREL0bXzG+4qOzuRgEG8OuBLQRgjbaRTEPSJYwezOJl9x9cO+sEJf8gF9hq5Wd2PoXFv6LuzGFRk915pwZZuZ4kZKGbPvDys3NLywu5ZcLK6tr6xvFza2GCWMtsC5CFeqWBwaVDLBOkhS2Io3gewqb3vA885t3qI0MgxsaRej6MAhkXwqgVOoWd6g74Kc86QhQ/HqcFof8slss2WV7Av6XOFNSYlPUusXPTi8UsY8BCQXGtB07IjcBTVIoHBc6scEIxBAG2E5pAD4aN5lcP+b7sQEKeYSaS8UnIv6cSMA3ZuR7aacPdGtmvUz8z2vH1D9xExlEMWEgskUkFU4WGaFlGgvyntRIBNnlyGXABWggQi05CJGKcZpTIc3Dmf3+L2kclZ1KuXJVKVXPpsnk2S7bYwfMYcesyi5YjdWZYPfskT2xZ+vBerFerbfv1pw1ndlmv2C9fwHfcZgo</latexit>

analogues of (left-invariant) tangent vectors

✓g

<latexit sha1_base64="NyxRrRU0YR94OzRXASnC01JOWCs=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBJQYqL1ZZOccn7obo0UWfkKWqjoEC0fQ8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhfrOA4NKBtgmSQrvIo3gewq73vQq87uPqI0Mg1uaRej6MA7kSAqgVLrv0wQJHsaVQbVm1+0cfJk4BamxAq1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8sBzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Powk1kEMWEgcgOkVSYHzJCy7QJ5EOpkQiy5MhlwAVoIEItOQiRinFaTdaHs/j9Mumc1Z1GvXHTqDUvi2bK7Igds1PmsHPWZNesxdpMMJ89sWf2Ys2tV+vNev8ZLVnFziH7A+vjGxarlKE=</latexit>



•  an exterior product is defined as

✓g ^ ✓g
0
= ✓g ⌦ ✓g

0
� (Rg✓

g0
)⌦ ✓g

<latexit sha1_base64="cbtn5UQsECC8KzbR9tnO+efoTyw="></latexit>

(g, g0 6= e)

<latexit sha1_base64="Mgq6uZvhoGDjgjTjtFDlGQJPvNM=">AAACAHicbVDLSsNAFJ3UV62vqks3g0WsICWRgm6EohuXFewD2lgm09s6OJmEmRuhhG78Cre6cidu/RMX/otJzEJbz+pwzr3cc48XSmHQtj+twsLi0vJKcbW0tr6xuVXe3mmbINIcWjyQge56zIAUClooUEI31MB8T0LHu79M/c4DaCMCdYOTEFyfjZUYCc4wkW6r4+PxIe2rAM8pHA3KFbtmZ6DzxMlJheRoDspf/WHAIx8UcsmM6Tl2iG7MNAouYVrqRwZCxu/ZGHoJVcwH48ZZ6ik9iAzDgIagqZA0E+H3Rsx8Yya+l0z6DO/MrJeK/3m9CEdnbixUGCEonh5CISE7ZLgWSR1Ah0IDIkuTAxWKcqYZImhBGeeJGCX9lJI+nNnv50n7pObUa/XreqVxkTdTJHtkn1SJQ05Jg1yRJmkRTjR5Is/kxXq0Xq036/1ntGDlO7vkD6yPbwYhlZM=</latexit>

 compatible with left and right action of G, i.e. if we define 

L(✓i ^ ✓j) = L✓i ^ L✓j

<latexit sha1_base64="9q0XX9R0EimawBpk6yxfAqFKKzQ="></latexit>

R(✓i ^ ✓j) = R✓i ^R✓j

<latexit sha1_base64="0z0mz0YPUpXylPxuLHy0xrQeM4c=">AAACRnicbVDLSgNBEOyN7/iKevQyGAS9hF0J6EUQvXhUMSpkY+idtHF09sFMryJL/stP8Bc86FVP3sSrm7iIRutUU1VNT1eQaGXZdR+d0sjo2PjE5FR5emZ2br6ysHhi49RIashYx+YsQEtaRdRgxZrOEkMYBppOg+u9vn96Q8aqODrmu4RaIXYjdaEkci61K0eZL1GLo55Y8/mSGM+V8G+p0yVRvLOr3vq2EN+54diwcdWuVN2aO4D4S7yCVKHAQbvy5HdimYYUsdRobdNzE25laFhJTb2yn1pKUF5jl5o5jTAk28oGt/fEamqRY5GQEUqLgUg/JzIMrb0LgzwZIl/aYa8v/uc1U77YamUqSlKmSPYXsdI0WGSlUXmpJDrKEDP2f05CRUKiQWYySqCUuZjmLZfzPrzh6/+Sk42aV6/VD+vVnd2imUlYhhVYAw82YQf24QAaIOEenuEFXp0H5815dz6+oiWnmFmCXyjBJ0dtsKo=</latexit>

L(✓i ⌦ ✓j) = L✓i ⌦ L✓j

<latexit sha1_base64="2G8NL4/1cpkdW3R/m0CZJcLpn7E=">AAACSHicbVDLSgNBEJyNrxhfUY9eBoOgl7ArAb0IohcPHiLkBdk19I6tjs4+mOkVZMmP+Qn+gQfBq568iTc36yKaWKeiqpruLj9W0pBtP1mlqemZ2bnyfGVhcWl5pbq61jFRogW2RaQi3fPBoJIhtkmSwl6sEQJfYde/PR753TvURkZhi+5j9AK4CuWlFECZNKi2UleA4qdDvu3SNRKcS+5GJAM0vBDSm+HOAec/wYncuHMzqNbsup2DTxKnIDVWoDmoPrsXkUgCDEkoMKbv2DF5KWiSQuGw4iYGYxC3cIX9jIaQrfXS/Psh30oMUMRj1Fwqnov4eyKFwJj7wM+SAdC1GfdG4n9eP6HLfS+VYZwQhmK0iKTCfJERWma1Ir+QGolgdDlyGXIBGohQSw5CZGKS9VzJ+nDGv58knd2606g3zhq1w6OimTLbYJtsmzlsjx2yE9ZkbSbYA3thr+zNerTerQ/r8ztasoqZdfYHpdIXWjqxtg==</latexit>

 we find                
R(✓i ⌦ ✓j) = R✓i ⌦R✓j

<latexit sha1_base64="mFNVE2zpNbnUOciHLUiuYRzynpk=">AAACSHicbVDLSgNBEJyNrxhfUY9eBoOgl7ArAb0IohePUfKC7Bp6x1ZHZx/M9Aqy5Mf8BP/Ag+BVT97Em5t1EU2sU1FVTXeXHytpyLafrNLU9MzsXHm+srC4tLxSXV3rmCjRAtsiUpHu+WBQyRDbJElhL9YIga+w698ej/zuHWojo7BF9zF6AVyF8lIKoEwaVFupK0DxsyHfdukaCc4ldyOSARpeCOnNcOeA85/gRG7cuRlUa3bdzsEniVOQGivQHFSf3YtIJAGGJBQY03fsmLwUNEmhcFhxE4MxiFu4wn5GQ8jWemn+/ZBvJQYo4jFqLhXPRfw9kUJgzH3gZ8kA6NqMeyPxP6+f0OW+l8owTghDMVpEUmG+yAgts1qRX0iNRDC6HLkMuQANRKglByEyMcl6rmR9OOPfT5LObt1p1BunjdrhUdFMmW2wTbbNHLbHDtkJa7I2E+yBvbBX9mY9Wu/Wh/X5HS1Zxcw6+4NS6Qt5KrHI</latexit>

and 
and 

•  can be generalized to k-forms
✓i1 ^ ... ^ ✓ik ⌘ Ai1...ik

j1...jk
✓j1 ⌦ ...⌦ ✓jk

<latexit sha1_base64="1GM5amSVn1ydjeXt4iEQxt3HXao="></latexit>

•   exterior derivative d, satisfying (graded) Leibniz rule:
d(⇢ ^ ⇢0) = d⇢ ^ ⇢0 + (�1)k⇢ ^ d⇢0

<latexit sha1_base64="btuGttU2/MeP6At+6K/1BuRehGI="></latexit>

 with     k-form⇢

<latexit sha1_base64="hocGUPGwoE6a/rNWyXLmtSDMbrM=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyY55fzQ3RoRWfkFWqjoEC2/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73uwm87sPqI0Mg3uaR+j6fBLIsRScMmmgp+GwWrPrdg62SpyC1KBAa1j9GoxCEfsYkFDcmL5jR+QmXJMUCheVQWww4mLGJ9hPacB9NG6SZ12ws9hwClmEmknFchF/byTcN2bue+mkz2lqlr1M/M/rxzS+chMZRDFhILJDJBXmh4zQMi0B2UhqJOJZcmQyYIJrToRaMi5EKsZpK5W0D2f5+1XSuag7jXrjrlFrXhfNlOEETuEcHLiEJtxCC9ogYApP8Awv1qP1ar1Z7z+jJavYOYY/sD6+Ac9DktM=</latexit>



•  an exterior product is defined as

✓g ^ ✓g
0
= ✓g ⌦ ✓g

0
� (Rg✓

g0
)⌦ ✓g

<latexit sha1_base64="cbtn5UQsECC8KzbR9tnO+efoTyw="></latexit>

(g, g0 6= e)

<latexit sha1_base64="Mgq6uZvhoGDjgjTjtFDlGQJPvNM=">AAACAHicbVDLSsNAFJ3UV62vqks3g0WsICWRgm6EohuXFewD2lgm09s6OJmEmRuhhG78Cre6cidu/RMX/otJzEJbz+pwzr3cc48XSmHQtj+twsLi0vJKcbW0tr6xuVXe3mmbINIcWjyQge56zIAUClooUEI31MB8T0LHu79M/c4DaCMCdYOTEFyfjZUYCc4wkW6r4+PxIe2rAM8pHA3KFbtmZ6DzxMlJheRoDspf/WHAIx8UcsmM6Tl2iG7MNAouYVrqRwZCxu/ZGHoJVcwH48ZZ6ik9iAzDgIagqZA0E+H3Rsx8Yya+l0z6DO/MrJeK/3m9CEdnbixUGCEonh5CISE7ZLgWSR1Ah0IDIkuTAxWKcqYZImhBGeeJGCX9lJI+nNnv50n7pObUa/XreqVxkTdTJHtkn1SJQ05Jg1yRJmkRTjR5Is/kxXq0Xq036/1ntGDlO7vkD6yPbwYhlZM=</latexit>

 compatible with left and right action of G, i.e. if we define 

L(✓i ^ ✓j) = L✓i ^ L✓j

<latexit sha1_base64="9q0XX9R0EimawBpk6yxfAqFKKzQ="></latexit>

R(✓i ^ ✓j) = R✓i ^R✓j

<latexit sha1_base64="0z0mz0YPUpXylPxuLHy0xrQeM4c=">AAACRnicbVDLSgNBEOyN7/iKevQyGAS9hF0J6EUQvXhUMSpkY+idtHF09sFMryJL/stP8Bc86FVP3sSrm7iIRutUU1VNT1eQaGXZdR+d0sjo2PjE5FR5emZ2br6ysHhi49RIashYx+YsQEtaRdRgxZrOEkMYBppOg+u9vn96Q8aqODrmu4RaIXYjdaEkci61K0eZL1GLo55Y8/mSGM+V8G+p0yVRvLOr3vq2EN+54diwcdWuVN2aO4D4S7yCVKHAQbvy5HdimYYUsdRobdNzE25laFhJTb2yn1pKUF5jl5o5jTAk28oGt/fEamqRY5GQEUqLgUg/JzIMrb0LgzwZIl/aYa8v/uc1U77YamUqSlKmSPYXsdI0WGSlUXmpJDrKEDP2f05CRUKiQWYySqCUuZjmLZfzPrzh6/+Sk42aV6/VD+vVnd2imUlYhhVYAw82YQf24QAaIOEenuEFXp0H5815dz6+oiWnmFmCXyjBJ0dtsKo=</latexit>

L(✓i ⌦ ✓j) = L✓i ⌦ L✓j

<latexit sha1_base64="2G8NL4/1cpkdW3R/m0CZJcLpn7E=">AAACSHicbVDLSgNBEJyNrxhfUY9eBoOgl7ArAb0IohcPHiLkBdk19I6tjs4+mOkVZMmP+Qn+gQfBq568iTc36yKaWKeiqpruLj9W0pBtP1mlqemZ2bnyfGVhcWl5pbq61jFRogW2RaQi3fPBoJIhtkmSwl6sEQJfYde/PR753TvURkZhi+5j9AK4CuWlFECZNKi2UleA4qdDvu3SNRKcS+5GJAM0vBDSm+HOAec/wYncuHMzqNbsup2DTxKnIDVWoDmoPrsXkUgCDEkoMKbv2DF5KWiSQuGw4iYGYxC3cIX9jIaQrfXS/Psh30oMUMRj1Fwqnov4eyKFwJj7wM+SAdC1GfdG4n9eP6HLfS+VYZwQhmK0iKTCfJERWma1Ir+QGolgdDlyGXIBGohQSw5CZGKS9VzJ+nDGv58knd2606g3zhq1w6OimTLbYJtsmzlsjx2yE9ZkbSbYA3thr+zNerTerQ/r8ztasoqZdfYHpdIXWjqxtg==</latexit>

 we find                
R(✓i ⌦ ✓j) = R✓i ⌦R✓j

<latexit sha1_base64="mFNVE2zpNbnUOciHLUiuYRzynpk=">AAACSHicbVDLSgNBEJyNrxhfUY9eBoOgl7ArAb0IohePUfKC7Bp6x1ZHZx/M9Aqy5Mf8BP/Ag+BVT97Em5t1EU2sU1FVTXeXHytpyLafrNLU9MzsXHm+srC4tLxSXV3rmCjRAtsiUpHu+WBQyRDbJElhL9YIga+w698ej/zuHWojo7BF9zF6AVyF8lIKoEwaVFupK0DxsyHfdukaCc4ldyOSARpeCOnNcOeA85/gRG7cuRlUa3bdzsEniVOQGivQHFSf3YtIJAGGJBQY03fsmLwUNEmhcFhxE4MxiFu4wn5GQ8jWemn+/ZBvJQYo4jFqLhXPRfw9kUJgzH3gZ8kA6NqMeyPxP6+f0OW+l8owTghDMVpEUmG+yAgts1qRX0iNRDC6HLkMuQANRKglByEyMcl6rmR9OOPfT5LObt1p1BunjdrhUdFMmW2wTbbNHLbHDtkJa7I2E+yBvbBX9mY9Wu/Wh/X5HS1Zxcw6+4NS6Qt5KrHI</latexit>

and 
and 

•  can be generalized to k-forms
✓i1 ^ ... ^ ✓ik ⌘ Ai1...ik

j1...jk
✓j1 ⌦ ...⌦ ✓jk

<latexit sha1_base64="1GM5amSVn1ydjeXt4iEQxt3HXao="></latexit>

•   exterior derivative d, satisfying (graded) Leibniz rule:
d(⇢ ^ ⇢0) = d⇢ ^ ⇢0 + (�1)k⇢ ^ d⇢0

<latexit sha1_base64="btuGttU2/MeP6At+6K/1BuRehGI="></latexit>

 with     k-form⇢

<latexit sha1_base64="hocGUPGwoE6a/rNWyXLmtSDMbrM=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyY55fzQ3RoRWfkFWqjoEC2/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73uwm87sPqI0Mg3uaR+j6fBLIsRScMmmgp+GwWrPrdg62SpyC1KBAa1j9GoxCEfsYkFDcmL5jR+QmXJMUCheVQWww4mLGJ9hPacB9NG6SZ12ws9hwClmEmknFchF/byTcN2bue+mkz2lqlr1M/M/rxzS+chMZRDFhILJDJBXmh4zQMi0B2UhqJOJZcmQyYIJrToRaMi5EKsZpK5W0D2f5+1XSuag7jXrjrlFrXhfNlOEETuEcHLiEJtxCC9ogYApP8Awv1qP1ar1Z7z+jJavYOYY/sD6+Ac9DktM=</latexit>

✓g ^ ✓g = 0

<latexit sha1_base64="TmPoeVBx4DEldEFsL495L94JM40=">AAACD3icbVC7TgJREL2LL8QXaklzIzGxIruGRBsToo0lJvJIAMnsZYAb7j5y76yGEAo/wa+w1crO2PoJFv6Ly7oxCp7qzDkzmZnjhkoasu0PK7O0vLK6ll3PbWxube/kd/fqJoi0wJoIVKCbLhhU0scaSVLYDDWC5ypsuKOLmd+4RW1k4F/TOMSOBwNf9qUAiqVuvtCmIRLcDHj7DnsD5D/1md3NF+2SnYAvEiclRZai2s1/tnuBiDz0SSgwpuXYIXUmoEkKhdNcOzIYghjBAFsx9cFD05kkT0z5YWSAAh6i5lLxRMTfExPwjBl7btzpAQ3NvDcT//NaEfVPOxPphxGhL2aLSCpMFhmhZZwO8p7USASzy5FLnwvQQIRachAiFqM4rlychzP//SKpH5eccql8VS5WztNksqzADtgRc9gJq7BLVmU1Jtg9e2RP7Nl6sF6sV+vtuzVjpTP77A+s9y+VpJvo</latexit>

[g, g0] = 0

<latexit sha1_base64="bgYNEw8pJoePd2XTmErp0uTGFl4=">AAAB+nicbVC7TsNAEDyHVwivACXNiQhBgSIbRYIGKYKGMkjkITlWdL5swinns3W3RopMfoIWKjpEy89Q8C/YxgUkTDWa2dXOjh9JYdC2P63S0vLK6lp5vbKxubW9U93d65gw1hzaPJSh7vnMgBQK2ihQQi/SwAJfQtefXGd+9wG0EaG6w2kEXsDGSowEZ5hKPXd8Oj72Lu1BtWbX7Rx0kTgFqZECrUH1qz8MeRyAQi6ZMa5jR+glTKPgEmaVfmwgYnzCxuCmVLEAjJfkeWf0KDYMQxqBpkLSXITfGwkLjJkGfjoZMLw3814m/ue5MY4uvESoKEZQPDuEQkJ+yHAt0iKADoUGRJYlByoU5UwzRNCCMs5TMU6bqaR9OPPfL5LOWd1p1Bu3jVrzqmimTA7IITkhDjknTXJDWqRNOJHkiTyTF+vRerXerPef0ZJV7OyTP7A+vgFkm5Oc</latexit>

if✓g ^ ✓g
0
= �✓g

0
^ ✓g

<latexit sha1_base64="MVfGmq2YLiAJivN/kutAbwnERjg=">AAACMHicbVDLTgJBEJzFN75Qj14mEqMXya4h0YMmRi8eNREhASS9Q7NMmH1kpldDNvyMn+BXeNWTHozx6le44B4QrFN1VXe6u9xISUO2/W7lZmbn5hcWl/LLK6tr64WNzVsTxlpgRYQq1DUXDCoZYIUkKaxFGsF3FVbd3sXQr96jNjIMbqgfYdMHL5AdKYBSqVU4aVAXCe483njAtoc8qxNvb8BP+cF4OdkxaBWKdskegU8TJyNFluGqVfhotEMR+xiQUGBM3bEjaiagSQqFg3wjNhiB6IGH9ZQG4KNpJqMvB3w3NkAhj1BzqfhIxPGJBHxj+r6bdvpAXTPpDcX/vHpMneNmIoMoJgzEcBFJhaNFRmiZxoe8LTUSwfBy5DLgAjQQoZYchEjFOM0zn+bhTH4/TW4PS065VL4uF8/Os2QW2TbbYfvMYUfsjF2yK1Zhgj2yZ/bCXq0n6836tL5+W3NWNrPF/sD6/gHAnamb</latexit>



•  in general for a diff. calculus with m independent ✓

<latexit sha1_base64="ljODdeDv58GL3ZmNPrnFvI+qmtY=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBKkxIrWl01y5PzQ3RopWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/6BjwlgLbItQhfrOA4NKBtgmSQrvIo3gewq73vQq87sPqI0Mg1uaRej6MA7kSAqgVOr0aYIEg2rNrts5+DJxClJjBVqD6ld/GIrYx4CEAmN6jh2Rm4AmKRTOK/3YYARiCmPspTQAH42b5Gnn/CQ2QCGPUHOpeC7i740EfGNmvpdO+kATs+hl4n9eL6bRhZvIIIoJA5EdIqkwP2SElmkNyIdSIxFkyZHLgAvQQIRachAiFeO0l0rah7P4/TLpnNWdRr1x06g1L4tmyuyIHbNT5rBz1mTXrMXaTLB79sSe2Yv1aL1ab9b7z2jJKnYO2R9YH99cgpO0</latexit>

 there is an integer p      m  such that the linear space of 
 left-invariant p-forms is 1-dimensional, and 
 (p+1)-forms vanish identically. 

•  then every product of p 1-forms is proportional to one
 of these products, that can be chosen as volume form

�

<latexit sha1_base64="UiUAhAxsKNDOAyVeBTWJHlxDTvM=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe553KCSAbZJksJepJH7nsKuN73K/O4DaiPD4I5mEbo+nwRyLAWnVLodTHBYrdl1OwdbJk5BalCgNax+DUahiH0MSChuTN+xI3ITrkkKhfPKIDYYcTHlE+ynNOA+GjfJo87ZSWw4hSxCzaRiuYi/NxLuGzPzvXTS53RvFr1M/M/rxzS+cBMZRDFhILJDJBXmh4zQMu0A2UhqJOJZcmQyYIJrToRaMi5EKsZpKZW0D2fx+2XSOas7jXrjplFrXhbNlOEIjuEUHDiHJlxDC9ogYAJP8Awv1qP1ar1Z7z+jJavYOYQ/sD6+AeYtkkw=</latexit>

✓i1 ^ ... ^ ✓ip = "i1....ip vol

<latexit sha1_base64="fD0+LS24saaw7sh/J6yKiO154zs="></latexit>

•  integration of a p-form     : ⇢

<latexit sha1_base64="hocGUPGwoE6a/rNWyXLmtSDMbrM=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyY55fzQ3RoRWfkFWqjoEC2/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73uwm87sPqI0Mg3uaR+j6fBLIsRScMmmgp+GwWrPrdg62SpyC1KBAa1j9GoxCEfsYkFDcmL5jR+QmXJMUCheVQWww4mLGJ9hPacB9NG6SZ12ws9hwClmEmknFchF/byTcN2bue+mkz2lqlr1M/M/rxzS+chMZRDFhILJDJBXmh4zQMi0B2UhqJOJZcmQyYIJrToRaMi5EKsZpK5W0D2f5+1XSuag7jXrjrlFrXhfNlOEETuEcHLiEJtxCC9ogYApP8Awv1qP1ar1Z7z+jJavYOYY/sD6+Ac9DktM=</latexit>

Z
⇢ =

Z
⇢i1...ip✓

i1 ^ ... ^ ✓ip =

Z
⇢i1...ip"

i1...ip vol =
X

G

⇢i1...ip(g)"
i1...ip

<latexit sha1_base64="pS3coxE4IxAjztVMYQSCCeFTDes="></latexit>

2 Fun(G)

<latexit sha1_base64="m75EpZFqxMbvc9v8NET3VbcD6gI=">AAAB/XicbVDLSsNAFJ3UV62vqks3g0Wom5JIQZdFQV1WsA9oQ5lMb+vQySTM3AglVL/Cra7ciVu/xYX/YhKz0NazOpxzL/fc44VSGLTtT6uwtLyyulZcL21sbm3vlHf32iaINIcWD2Sgux4zIIWCFgqU0A01MN+T0PEmF6nfuQdtRKBucRqC67OxEiPBGSZSry8UfbiMVPXqeFCu2DU7A10kTk4qJEdzUP7qDwMe+aCQS2ZMz7FDdGOmUXAJs1I/MhAyPmFj6CVUMR+MG2eRZ/QoMgwDGoKmQtJMhN8bMfONmfpeMukzvDPzXir+5/UiHJ25sVBhhKB4egiFhOyQ4VokXQAdCg2ILE0ONGmAM80QQQvKOE/EKCmnlPThzH+/SNonNadeq9/UK43zvJkiOSCHpEocckoa5Jo0SYtwEpAn8kxerEfr1Xqz3n9GC1a+s0/+wPr4BuP/lQY=</latexit>



•  picture of a finite group and its diff. calculus: 

 Bresser, Mueller-Hoissen, Dimakis, Sitarz (1996) 

a collection of points corresponding to the group elements
with links associated to tangent vectors                   , or
equivalently to the right actions       ,    belonging to union
of conjugacy classes characterizing the diff. calculus

th = Rh � I

<latexit sha1_base64="w0Ci/91hyaiSG9+0tdjJLGW9cz0=">AAACB3icbVC7TgJREL3rE/GFUtrcSExsJLuGRBsToo12aOSRACGzlwFuuPvIvbMmZMMH+BW2WtkZWz/Dwn9xWbdQ8FRnzpnJzBw3VNKQbX9aS8srq2vruY385tb2zm5hb79hgkgLrItABbrlgkElfayTJIWtUCN4rsKmO76a+c0H1EYG/j1NQux6MPTlQAqgROoVitQb8QsedwQofjdNipObXqFkl+0UfJE4GSmxDLVe4avTD0TkoU9CgTFtxw6pG4MmKRRO853IYAhiDENsJ9QHD003To+f8qPIAAU8RM2l4qmIvydi8IyZeG7S6QGNzLw3E//z2hENzrux9MOI0BezRSQVpouM0DJJBXlfaiSC2eXIpc8FaCBCLTkIkYhRElM+ycOZ/36RNE7LTqVcua2UqpdZMjl2wA7ZMXPYGauya1ZjdSbYhD2xZ/ZiPVqv1pv1/tO6ZGUzRfYH1sc3hbCYAA==</latexit>

Rh

<latexit sha1_base64="pHFYUMfy64V0TcUKPQ1Jyd1vVxA=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIneGREuijSUa+YhAyNwywIa9vcvunAm54K+w1crO2PpfLPwvHieFgq96eW8m8+b5kZKWXPfTya2srq1v5DcLW9s7u3vF/YOGDWMjsC5CFZqWDxaV1FgnSQpbkUEIfIVNf3w185sPaKwM9R1NIuwGMNRyIAVQKt0nHQGK3057o16x5JbdDHyZeHNSYnPUesWvTj8UcYCahAJr254bUTcBQ1IonBY6scUIxBiG2E6phgBtN8kST/lJbIFCHqHhUvFMxN8bCQTWTgI/nQyARnbRm4n/ee2YBhfdROooJtRidoikwuyQFUamVSDvS4NEMEuOXGouwAARGslBiFSM024KaR/e4vfLpHFW9irlyk2lVL2cN5NnR+yYnTKPnbMqu2Y1VmeCafbEntmL8+i8Om/O+89ozpnvHLI/cD6+Af98lSc=</latexit>

•  link is oriented from      to       if

h

<latexit sha1_base64="NEP9G4wjIjThU04m40cMuc8fuyE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCgTiTykxIrOl01yyvls3e0hRVa+gBYqOkTLB1HwL9jGBSRMNZrZ1c5OEEth0HU/ndLG5tb2Tnm3srd/cHhUPT7pmshqDh0eyUj3A2ZACgUdFCihH2tgYSChF8zvMr/3CNqISD3gIgY/ZFMlJoIzTKX2bFStuXU3B10nXkFqpEBrVP0ajiNuQ1DIJTNm4Lkx+gnTKLiEZWVoDcSMz9kUBilVLATjJ3nQJb2whmFEY9BUSJqL8HsjYaExizBIJ0OGM7PqZeJ/3sDi5MZPhIotguLZIRQS8kOGa5E2AHQsNCCyLDlQoShnmiGCFpRxnoo2raSS9uGtfr9Ould1r1FvtBu15m3RTJmckXNySTxyTZrknrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1T8gfOxzdv35F4</latexit>

xg

<latexit sha1_base64="vfXKMlkoGhyIPGZhLkCxISWo008=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDIA8pMdH5sjGnnM/W3RqIrHwCLVR0iJbvoeBfsI0LSJhqNLOrnR0vksKgbX9apaXlldW18nplY3Nre6e6u9cxYaw5tHkoQ93zmAEpFLRRoIRepIEFnoSuN7nI/O49aCNCdYPTCNyA+UqMBWeYStePt/6wWrPrdg66SJyC1EiB1rD6NRiFPA5AIZfMmL5jR+gmTKPgEmaVQWwgYnzCfOinVLEAjJvkUWf0KDYMQxqBpkLSXITfGwkLjJkGXjoZMLwz814m/uf1YxyfuYlQUYygeHYIhYT8kOFapB0AHQkNiCxLDlQoyplmiKAFZZynYpyWUkn7cOa/XySdk7rTqDeuGrXmedFMmRyQQ3JMHHJKmuSStEibcOKTJ/JMXqwH69V6s95/RktWsbNP/sD6+AYHJpJh</latexit>

xg0

<latexit sha1_base64="HN22RU2SfEsJ230IR9QX0DWW/L4=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESGoIhtFgjKChjJI5CElITpfNuHI+aG7NSJY+QdaqOgQLX9Dwb9gGxeQMNVoZlc7O26opCHb/rQWFpeWV1YLa8X1jc2t7dLObtMEkRbYEIEKdNvlBpX0sUGSFLZDjdxzFbbc8UXqt+5RGxn41zQJsefxkS+HUnBKpObDTTw6mvZLZbtiZ2DzxMlJGXLU+6Wv7iAQkYc+CcWN6Th2SL2Ya5JC4bTYjQyGXIz5CDsJ9bmHphdnaafsMDKcAhaiZlKxTMTfGzH3jJl4bjLpcbo1s14q/ud1Ihqe9WLphxGhL9JDJBVmh4zQMqkB2UBqJOJpcmTSZ4JrToRaMi5EIkZJL8WkD2f2+3nSPKk41Ur1qlqunefNFGAfDuAYHDiFGlxCHRog4A6e4BlerEfr1Xqz3n9GF6x8Zw/+wPr4Bjpck54=</latexit>

xg0
= Rhx

g

<latexit sha1_base64="oSdHnPdKkSK9JzBQLyM3iDeN+4I=">AAACCXicbVDLTgJBEJzFF+ILNZ68TCRGT2TXkOjFhOjFIxp5JLzSOzQwYfaRmV4D2fAFfoVXPXkzXv0KD/6LC3JQsE6Vqu50dbmhkoZs+9NKLS2vrK6l1zMbm1vbO9ndvYoJIi2wLAIV6JoLBpX0sUySFNZCjeC5Cqvu4HriVx9QGxn49zQKselBz5ddKYASqZ09GLbi3sn4Mm4IUPxu3O7zYavXzubsvD0FXyTOjOTYDKV29qvRCUTkoU9CgTF1xw6pGYMmKRSOM43IYAhiAD2sJ9QHD00znsYf8+PIAAU8RM2l4lMRf2/E4Bkz8txk0gPqm3lvIv7n1SPqXjRj6YcRoS8mh0gqnB4yQsukF+QdqZEIJsmRS58L0ECEWnIQIhGjpKhM0ocz//0iqZzlnUK+cFvIFa9mzaTZITtip8xh56zIbliJlZlgMXtiz+zFerRerTfr/Wc0Zc129tkfWB/fezyZvA==</latexit>

 i.e. if                .  (NB unoriented if               )             g0 = gh�1

<latexit sha1_base64="YzKNWYQZOUOWZ4sTFhxuT3/TF5A=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFoiGwUCRqkCBrKIJGHSEx0vmySU85n626NFFnhK2ihokO0/AsF/4JtXEDCVKOZXe3seKEUBm3701pYXFpeWS2sFdc3Nre2Szu7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHnjq9RvPYA2IlC3OAnB9dlQiYHgDBPpbnh0MRzdxyfOtFcq2xU7A50nTk7KJEe9V/rq9gMe+aCQS2ZMx7FDdGOmUXAJ02I3MhAyPmZD6CRUMR+MG2eJp/QwMgwDGoKmQtJMhN8bMfONmfheMukzHJlZLxX/8zoRDs7dWKgwQlA8PYRCQnbIcC2SKoD2hQZEliYHKhTlTDNE0IIyzhMxSropJn04s9/Pk+ZpxalWqjfVcu0yb6ZA9skBOSYOOSM1ck3qpEE4UeSJPJMX69F6td6s95/RBSvf2SN/YH18A0/KlLg=</latexit>

h = h�1

<latexit sha1_base64="KFTypTRIZTldP4ebZhH1o3ayDno=">AAAB+nicbVC7TsNAEFzzDOEVoKQ5ESHRENkoEjRIETSUQSIPKTHR+bJJTjk/dLdGikx+ghYqOkTLz1DwLzjGBSRMNZrZ1c6OFylpyLY/raXlldW19cJGcXNre2e3tLffNGGsBTZEqELd9rhBJQNskCSF7Ugj9z2FLW98PfNbD6iNDIM7mkTo+nwYyIEUnFKpPboc3SenzrRXKtsVOwNbJE5OypCj3it9dfuhiH0MSChuTMexI3ITrkkKhdNiNzYYcTHmQ+ykNOA+GjfJ8k7ZcWw4hSxCzaRimYi/NxLuGzPxvXTS5zQy895M/M/rxDS4cBMZRDFhIGaHSCrMDhmhZVoEsr7USMRnyZHJgAmuORFqybgQqRinzRTTPpz57xdJ86ziVCvV22q5dpU3U4BDOIITcOAcanADdWiAAAVP8Awv1qP1ar1Z7z+jS1a+cwB/YH18AyVWlBc=</latexit>

•  Two examples follow:  ZN  and  S3  



3. Differential calculus on Zn

•  Elements: {e, u, u2, ...un�1}

<latexit sha1_base64="qsrV80PecSFb6a/IQvcTP66r3D8=">AAACC3icbVC7TsNAEDyHVwivAAUFzYkIiSJYNooEZQQNZZDIQ8pL58smnHI+W3d7SMjyJ/AVtFDRIVo+goJ/wQkpIGGq0cyudmeCWAqDnvfp5JaWV1bX8uuFjc2t7Z3i7l7DRFZzqPNIRroVMANSKKijQAmtWAMLAwnNYHw18Zv3oI2I1C0+xNAN2UiJoeAMM6lfPOgkULZl2zsru65re4k69VPaSfvFkud6U9BF4s9IicxQ6xe/OoOI2xAUcsmMaftejN2EaRRcQlroWAMx42M2gnZGFQvBdJNpgJQeW8MwojFoKiSdivB7I2GhMQ9hkE2GDO/MvDcR//PaFocX3USo2CIoPjmEQsL0kOFaZM0AHQgNiGzyOVChKGeaIYIWlHGeiTarqpD14c+nXySNM9evuJWbSql6OWsmTw7JETkhPjknVXJNaqROOEnJE3kmL86j8+q8Oe8/ozlntrNP/sD5+AYzqZlx</latexit>

•  Basis of dual functions: {xe, xu, xu2

, ..., xun�1

}

<latexit sha1_base64="E7qFWt29/PAq9eEQI9gd2iLQ32Y=">AAACGHicbVA9SwNBEN2L3/Hr1NJmMQoW8bgLAS1FG0sFYwL5Ym8z6pK9vWN3ViLH/QF/gr/CVis7sbWz8L94iSk08cHA470ZZuaFiRQGff/TKczMzs0vLC4Vl1dW19bdjc0rE1vNocZjGetGyAxIoaCGAiU0Eg0sCiXUw/7p0K/fgTYiVpd4n0A7YjdKXAvOMJe67m4rHXSgPOjYvFLbqWRlz/N+eKoOgiyjrazrlnzPH4FOk2BMSmSM86771erF3EagkEtmTDPwE2ynTKPgErJiyxpIGO+zG2jmVLEITDsdfZPRPWsYxjQBTYWkIxF+T6QsMuY+CvPOiOGtmfSG4n9e0+L1UTsVKrEIig8XoZAwWmS4FnlMQHtCAyIbXg5UKMqZZoigBWWc56LNcyvmeQST30+Tq4oXVL3qRbV0fDJOZpFskx2yTwJySI7JGTknNcLJA3kiz+TFeXRenTfn/ae14IxntsgfOB/fK1afZw==</latexit>

 Left and right actions coincide, since the group is abelian:  

•  Conjugation classes: {e}, {u}, {u2}, ...{un�1}

<latexit sha1_base64="WkuoNPbWrwzU1m5nwnOh3is6lio=">AAACGHicbVC7TsNAEDyHd3gFKGlOBCQKsGwUCUoEDSVI5CHFITpfFjjlfLbu1kjIyg/wCXwFLVR0iJaOgn/hbFxAwhR3o5ld7e6EiRQGPe/TqUxNz8zOzS9UF5eWV1Zra+stE6eaQ5PHMtadkBmQQkETBUroJBpYFEpoh8PT3G/fgTYiVpd4n0AvYjdKXAvO0Er92naQAQ1Ge0GW/rxXB/Z3XTenmdr3R9bt1+qe6xWgk8QvSZ2UOO/XvoJBzNMIFHLJjOn6XoK9jGkUXMKoGqQGEsaH7Aa6lioWgellxTUjupMahjFNQFMhaSHC746MRcbcR6GtjBjemnEvF//zuileH/UyoZIUQfF8EAoJxSDDtbAxAR0IDYgs3xyoUJQzzRBBC8o4t2Jqc6vaPPzx6ydJ68D1G27jolE/PimTmSebZIvsEp8ckmNyRs5Jk3DyQJ7IM3lxHp1X5815/ymtOGXPBvkD5+MbvMWfIw==</latexit>

 here we use the diff. calculus corresponding to {u}

<latexit sha1_base64="wb91Z2QMpQq+dZENYUpNZhEphho=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDhJNIsRWdL5twyvls3e0hRVa+gRYqOkTL51DwL9jBBSRMNZrZ1c5OlEph0HU/ncra+sbmVnW7trO7t39QPzzqmsRqDj5PZKL7ETMghQIfBUropxpYHEnoRdObwu89gjYiUfc4SyGM2USJseAMc8kPMhvMh/WG23QXoKvEK0mDlOgM61/BKOE2BoVcMmMGnptimDGNgkuY1wJrIGV8yiYwyKliMZgwW4Sd0zNrGCY0BU2FpAsRfm9kLDZmFkf5ZMzwwSx7hfifN7A4vgozoVKLoHhxCIWExSHDtchbADoSGhBZkRyoUJQzzRBBC8o4z0Wb11LL+/CWv18l3Yum12q27lqN9nXZTJWckFNyTjxySdrklnSITzgR5Ik8kxdn5rw6b877z2jFKXeOyR84H9+9jpNd</latexit>

 all the left-invariant 1-forms        are set to zero except         ✓u
i

<latexit sha1_base64="bVGk8RFbDW+Y6ro9vPuO35AsxVU=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKexKQI9BLx4jmAdkk9A76SRDZh/M9AphCfgVXvXkTbz6Kx78F3fXHDSxTkVVN11dXqSkIdv+tApr6xubW8Xt0s7u3v5B+fCoZcJYC2yKUIW644FBJQNskiSFnUgj+J7Ctje9yfz2A2ojw+CeZhH2fBgHciQFUCq5Lk2QoJ/EfTkflCt21c7BV4mzIBW2QGNQ/nKHoYh9DEgoMKbr2BH1EtAkhcJ5yY0NRiCmMMZuSgPw0fSSPPOcn8UGKOQRai4Vz0X8vZGAb8zM99JJH2hilr1M/M/rxjS66iUyiGLCQGSHSCrMDxmhZVoG8qHUSARZcuQy4AI0EKGWHIRIxThtp5T24Sx/v0paF1WnVq3d1Sr160UzRXbCTtk5c9glq7Nb1mBNJljEntgze7EerVfrzXr/GS1Yi51j9gfWxzdRQZaC</latexit>

✓u =
n�1X

j=0

xuj

dxuj+1

<latexit sha1_base64="yGGP2d6ztr0KJPgaO4dfVctoh+w="></latexit>

•  Commutations: ✓uf = (Ruf)✓
u

<latexit sha1_base64="pOYDhNkU08A1vsVIppFNhsP5ChE=">AAACG3icbVC7SgNBFJ31GeMramkzGMTYhF0JaCOINpZRzAOSGO5ObuLg7IOZO4Is+QQ/wa+w1cpObC0s/Bc3cQtNPNXhnHu59xw/VtKQ6346M7Nz8wuLuaX88srq2nphY7NuIqsF1kSkIt30waCSIdZIksJmrBECX2HDvz0b+Y071EZG4RXdx9gJYBDKvhRAqdQt7LXpBgmuEzvkfX7MS0lbgOKXw67l/X2euZZ3C0W37I7Bp4mXkSLLUO0Wvtq9SNgAQxIKjGl5bkydBDRJoXCYb1uDMYhbGGArpSEEaDrJONCQ71oDFPEYNZeKj0X8vZFAYMx94KeTAdCNmfRG4n9ey1L/qJPIMLaEoRgdIqlwfMgILdOmkPekRiIYfY5chlyABiLUkoMQqWjT6vJpH95k+mlSPyh7lXLlolI8Oc2aybFttsNKzGOH7ISdsyqrMcEe2BN7Zi/Oo/PqvDnvP6MzTrazxf7A+fgGsyegIw==</latexit>

Luixuj

= xuj�i

= Ruixuj

<latexit sha1_base64="YgSGTIrQ4FzEJmXcxA4H7jeIgCY=">AAACMHicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKQAsF0cbCQsWokBd3J1edZPbBzF0xLPszfoJfYauVFiK2foWbR6GJp5nDOedy5x4vUtKQ47xbuYnJqemZ/Gxhbn5hccleXrk0YawFVkSoQn3tgUElA6yQJIXXkUbwPYVXXueo51/dozYyDC6oG2Hdh9tA3kgBlElNey+pCVD8JG0mcUOm/KGRve10f0CS9pZMU77PB6nzkVTTLjolpw8+TtwhKbIhTpv2R60VitjHgIQCY6quE1E9AU1SKEwLtdhgBKIDt1jNaAA+mnrSvzLlG7EBCnmEmkvF+yL+nkjAN6bre1nSB7ozo15P/M+rxnSzW09kEMWEgegtIqmwv8gILbP6kLekRiLo/Ry5DLgADUSoJQchMjHO+ixkfbij14+Ty+2SWy6Vz8rFg8NhM3m2xtbZJnPZDjtgx+yUVZhgj+yZvbBX68l6sz6tr0E0Zw1nVtkfWN8/E8SqZA==</latexit>



•  Tangent vector: tu = Ru � I

<latexit sha1_base64="Zv0hv+fXEs1U3dkDQU8LQTyl0eU=">AAACBnicbVA9SwNBEN3z2/h1ammzGAQbw50EtBFEG+1UjAkk4ZjbTOLi3ge7s6Ic6f0VtlrZia1/w8L/4t2ZQqOverw3w7x5YaqkIc/7cCYmp6ZnZufmKwuLS8sr7uralUmsFtgQiUp0KwSDSsbYIEkKW6lGiEKFzfDmuPCbt6iNTOJLuk+xG8Egln0pgHIpcNcosAc86whQ/GIYWL5zGrhVr+aV4H+JPyJVNsJZ4H52eomwEcYkFBjT9r2UuhlokkLhsNKxBlMQNzDAdk5jiNB0szL7kG9ZA5TwFDWXipci/tzIIDLmPgrzyQjo2ox7hfif17bU3+9mMk4tYSyKQyQVloeM0DIvBXlPaiSCIjlyGXMBGohQSw5C5KLNW6rkffjj3/8lV7s1v16rn9erh0ejZubYBttk28xne+yQnbAz1mCC3bFH9sSenQfnxXl13r5HJ5zRzjr7Bef9C1T1l/A=</latexit>

(tuf)(u
i) = (Ruf)(u

i)� f(ui) = f(ui+1)� f(ui)

<latexit sha1_base64="GMb+jvtBT8L2W2u5q+81Eqo+QCc="></latexit>

•  Differential:                       , where the partial derivative df = (tuf)✓
u

<latexit sha1_base64="rk84qxy8F4hqDB0YhjttYxCQSxA=">AAACCnicbVC7TkJBEN2LL8QXamJjs5GYYEPuNSTamBBtLDGRRwJI5i4DbNj7yO6sCUH+wK+w1crO2PoTFv6LF6RQ8FQn58xkzhw/VtKQ6346qaXlldW19HpmY3Nreye7u1c1kdUCKyJSka77YFDJECskSWE91giBr7DmD64mfu0etZFReEvDGFsB9ELZlQIokdrZg073guepbXn3hDepjwR3lvN2NucW3Cn4IvFmJMdmKLezX81OJGyAIQkFxjQ8N6bWCDRJoXCcaVqDMYgB9LCR0BACNK3RNP+YH1sDFPEYNZeKT0X8vTGCwJhh4CeTAVDfzHsT8T+vYal73hrJMLaEoZgcIqlwesgILZNikHekRiKYJEcuQy5AAxFqyUGIRLRJU5mkD2/++0VSPS14xULxppgrXc6aSbNDdsTyzGNnrMSuWZlVmGAP7Ik9sxfn0Xl13pz3n9GUM9vZZ3/gfHwDYjuY/g==</latexit>

is just a finite difference operator between two neighbour sites

•  Integration: the volume form is     , the integral of a 1-form     is ✓u

<latexit sha1_base64="YOAXhBQ6hUaQ/Prmnayoejtg4HE=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRBIkx0TryyY55fzQ3RopiiK+ghYqOkTLt1DwL9jGBSRMNZrZ1c6OHytpyLY/rdLK6tr6RnmzsrW9s7tX3T/omCjRAtsiUpG+88GgkiG2SZLCu1gjBL7Crj+5yvzuA2ojo/CWpjF6AYxCOZQCKJVc3qMxEtwnnPerNbtu5+DLxClIjRVo9atfvUEkkgBDEgqMcR07Jm8GmqRQOK/0EoMxiAmM0E1pCAEab5ZHnvOTxABFPEbNpeK5iL83ZhAYMw38dDIAGptFLxP/89yEhhfeTIZxQhiK7BBJhfkhI7RMu0A+kBqJIEuOXIZcgAYi1JKDEKmYpOVU0j6cxe+XSees7jTqjZtGrXlZNFNmR+yYnTKHnbMmu2Yt1maCReyJPbMX69F6td6s95/RklXsHLI/sD6+AQFJlRk=</latexit>

⇢

<latexit sha1_base64="iecvXJe1pckCrjFkTVvFNlZB8cY=">AAAB93icbVC7TsNAEFzzDOEVoKQ5ESFRRTaKBGUEDWWQcBIpsaLzZZOccn7obo0UWfkGWqjoEC2fQ8G/YBsXkDDVaGZXOzt+rKQh2/601tY3Nre2KzvV3b39g8Pa0XHHRIkW6IpIRbrnc4NKhuiSJIW9WCMPfIVdf3ab+91H1EZG4QPNY/QCPgnlWApOmeSygZ5Gw1rdbtgF2CpxSlKHEu1h7WswikQSYEhCcWP6jh2Tl3JNUihcVAeJwZiLGZ9gP6MhD9B4aRF2wc4TwyliMWomFStE/L2R8sCYeeBnkwGnqVn2cvE/r5/Q+NpLZRgnhKHID5FUWBwyQsusBWQjqZGI58mRyZAJrjkRasm4EJmYZLVUsz6c5e9XSeey4TQbzftmvXVTNlOBUziDC3DgClpwB21wQYCEJ3iGF2tuvVpv1vvP6JpV7pzAH1gf3yankv0=</latexit>

Z
⇢ =

Z
⇢u✓

u =

Z
⇢u vol =

X

g2Zn

⇢u(g)

<latexit sha1_base64="PnhXPfaHuykRsVyOu/LuVW8syQI="></latexit>

Integration by parts holds since
Z

df =

Z
(tuf)✓

u =

Z
(Ruf � f) vol =

X

g2Zn

(Ruf � f)(g) = 0

<latexit sha1_base64="SI8X/CaHtr3rdfDdlJWKGDP9LRo="></latexit>



e

u

u2

u3

un-1

Zn
discrete approximation of S1 



4. Differential calculi on S3

 volume form: ✓a ^ ✓b ^ ✓a ^ ✓c

<latexit sha1_base64="Gp5YJcr1VrZYP2LzgcDGhh/220Y=">AAACLHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNiRyJXjxiIo+ERdI7NDBh9pGZXg0h/Iqf4Fd41ZMXY7j6HS64B12sU3VVd7q7vEhJQ7b9YeXW1jc2t/LbhZ3dvf2D4uFR04SxFtgQoQp12wODSgbYIEkK25FG8D2FLW98vfBbD6iNDIM7mkTY9WEYyIEUQInUK1ZdGiHBPXD3EftD5GntZeqsL3rFkl22l+CrxElJiaWo94pztx+K2MeAhAJjOo4dUXcKmqRQOCu4scEIxBiG2EloAD6a7nT54YyfxQYo5BFqLhVfivh7Ygq+MRPfSzp9oJHJegvxP68T06DancogigkDsVhEUuFykRFaJtEh70uNRLC4HLkMuAANRKglByESMU6yLCR5ONnvV0nzouxUypXbSql2lSaTZyfslJ0zh12yGrthddZggj2xF/bK3qxn6936tOY/rTkrnTlmf2B9fQPZ3Kgm</latexit>

In Catenacci, Debernardi, Pagani, LC (2003), diff calculi for all finite G of order  8

<latexit sha1_base64="STi+2WlUo4dkVILQxkFVQ7SDkYg=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKrJRJFJG0FAGiTykxIrOl0045fzgbo0UWfkIWqjoEC1fQ8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvcYNKBtghSQr7kUbuewp73uw683uPqI0MgzuaR+j6fBrIiRScUqk3VPjAmpVRtWbX7RxslTgFqUGB9qj6NRyHIvYxIKG4MQPHjshNuCYpFC4qw9hgxMWMT3GQ0oD7aNwkj7tgZ7HhFLIINZOK5SL+3ki4b8zc99JJn9O9WfYy8T9vENOk6SYyiGLCQGSHSCrMDxmhZdoDsrHUSMSz5MhkwATXnAi1ZFyIVIzTYrI+nOXvV0n3ou406o3bRq11VTRThhM4hXNw4BJacANt6ICAGTzBM7xYifVqvVnvP6Mlq9g5hj+wPr4B0U+TTA==</latexit>



5. Finite group discretization of gravity (coupled to fermions)

•  Classical gravity +  fermions, summary

 index-free notation:

R = d⌦� ⌦ ^ ⌦

<latexit sha1_base64="VoZp5jpnX32Wub2GB5qKSWGarWs=">AAACEnicbVDLSgNBEJyNrxhfUY+CDAbBi2FXAnoRgl68GcU8IAmhd9KJQ2YfzPQqIeTmJ/gVXvXkTbz6Ax78F3c3OWi0LlNd1U1Plxsqaci2P63M3PzC4lJ2Obeyura+kd/cqpkg0gKrIlCBbrhgUEkfqyRJYSPUCJ6rsO4OzhO/fofayMC/oWGIbQ/6vuxJARRLnfzu9Wm3delhHw4nD2/dY7ePfFJ18gW7aKfgf4kzJQU2RaWT/2p1AxF56JNQYEzTsUNqj0CTFArHuVZkMAQxgD42Y+qDh6Y9Su8Y8/3IAAU8RM2l4qmIPydG4Bkz9Ny40wO6NbNeIv7nNSPqnbRH0g8jQl8ki0gqTBcZoWUcEPKu1EgEyc+RS58L0ECEWnIQIhajOLFcnIcze/1fUjsqOqVi6apUKJ9Nk8myHbbHDpjDjlmZXbAKqzLBHtgTe2Yv1qP1ar1Z75PWjDWd2Wa/YH18A5SonPo=</latexit>

 basic fields:                         ,                              ,                                                                                      

<latexit sha1_base64="1Nm8WwRDMeruPfBHG1WHNWTshnA=">AAAB9nicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXnyyY55Xw+3a0RkZVfoIWKDtHyOxT8C7ZxAQlTjWZ2tbMTaCksuu6nU1pb39jcKm9Xdnb39g+qh0cdG8WGQ5tHMjK9gFmQQkEbBUroaQMsDCR0g9lN5ncfwFgRqXuca/BDNlFiLDjDTBpoK4bVmlt3c9BV4hWkRgq0htWvwSjicQgKuWTW9j1Xo58wg4JLWFQGsQXN+IxNoJ9SxUKwfpJnXdCz2DKMqAZDhaS5CL83EhZaOw+DdDJkOLXLXib+5/VjHF/5iVA6RlA8O4RCQn7IciPSEoCOhAFEliUHKhTlzDBEMIIyzlMxTluppH14y9+vks5F3WvUG3eNWvO6aKZMTsgpOSceuSRNcktapE04mZIn8kxenEfn1Xlz3n9GS06xc0z+wPn4BtP3ktY=</latexit>

 curvature:

Rab = d!ab � !a
c ^ !cb

<latexit sha1_base64="o/vmQXNNBfAPS84sVqgQzQ/a6zQ=">AAACKHicbVC7TsNAEDzzJrwClDQnIiQaIhtFggYJQUMJiJBIibHWlyWcOD90twYhy3wIn8BX0EJFhyho+BIcYyRImGpuZlZ7O36spCHbfrfGxicmp6ZnZitz8wuLS9XllXMTJVpgU0Qq0m0fDCoZYpMkKWzHGiHwFbb868OB37pBbWQUntFdjG4A/VBeSgGUS161cXqRgp/t9bpRgH0oHlslBy+9Fxnv3mKvj/wnIPzMq9bsul2AjxKnJDVW4tirfnR7kUgCDEkoMKbj2DG5KWiSQmFW6SYGYxDX0MdOTkMI0LhpcV3GNxIDFPEYNZeKFyL+nkghMOYu8PNkAHRlhr2B+J/XSehy101lGCeEoRgsIqmwWGSElnltyHtSIxEMfo5chlyABiLUkoMQuZjkPVbyPpzh60fJ+XbdadQbJ43a/kHZzAxbY+tskzlsh+2zI3bMmkywB/bEntmL9Wi9Wm/W+3d0zCpnVtkfWJ9fPXWneg==</latexit>

R =
1

4
Rab�ab =

1

4
Rab

µ⌫dx
µ ^ dx⌫�ab

<latexit sha1_base64="ar6GGeZY7PqoDKER2umAAoMpaPQ="></latexit>

covariant exterior derivative: D ⌘ d � ⌦ 

<latexit sha1_base64="f4I0jPllhtzdJCCVVPlycE+AbMQ=">AAACFHicbVC7TgJREL3rE/GFWtrcSExsJLuGREuiFnZiIo+EJWT2MuANdx/eO0tCCK2f4FfYamVnbO0t/Bd3VwoFT3XmnJnMzPEiJQ3Z9qe1sLi0vLKaW8uvb2xubRd2dusmjLXAmghVqJseGFQywBpJUtiMNILvKWx4g4vUbwxRGxkGtzSKsO1DP5A9KYASqVPgl25kJHfxPpZD3s2KY+5e+9gHnladQtEu2Rn4PHGmpMimqHYKX243FLGPAQkFxrQcO6L2GDRJoXCSd2ODEYgB9LGV0AB8NO1x9smEH8YGKOQRai4Vz0T8PTEG35iR7yWdPtCdmfVS8T+vFVPvrD2WQRQTBiJdRFJhtsgILZOIkHelRiJIL0cuAy5AAxFqyUGIRIyTzPJJHs7s9/OkflJyyqXyTblYOZ8mk2P77IAdMYedsgq7YlVWY4I9sCf2zF6sR+vVerPef1oXrOnMHvsD6+Mb8fmdrw==</latexit>

S =

Z
Tr

�
i R ^ V ^ V �5 � [(D ) ̄ �  (D ̄)] ^ V ^ V ^ V �5

�

<latexit sha1_base64="AZOHlM6tC6HYdBAPihm1RBc2vv4="></latexit>

V = V a
µ �adx

µ

<latexit sha1_base64="tzSxHQDtq8eUBZHCf8TIyIVoMUs=">AAACDXicbVDLSgNBEJyNrxhfUU/iZTAInsKuBPQiBL14jGAekMfSO+nEITO7y0yvGELwE/wKr3ryJl79Bg/+i5uYg0brVF3VTXdXECtpyXU/nMzC4tLySnY1t7a+sbmV396p2SgxAqsiUpFpBGBRyRCrJElhIzYIOlBYDwYXE79+i8bKKLymYYxtDf1Q9qQASiU/v1c7q3XAb+mEt/qgNfjAu3edtPbzBbfoTsH/Em9GCmyGip//bHUjkWgMSSiwtum5MbVHYEgKheNcK7EYgxhAH5spDUGjbY+mL4z5YWKBIh6j4VLxqYg/J0agrR3qIO3UQDd23puI/3nNhHqn7ZEM44QwFJNFJBVOF1lhZJoN8q40SASTy5HLkAswQIRGchAiFZM0rFyahzf//V9SOy56pWLpqlQon8+SybJ9dsCOmMdOWJldsgqrMsHu2SN7Ys/Og/PivDpv360ZZzazy37Bef8CXg+bTQ==</latexit>

⌦ = ⌦ab
µ �abdx

µ

<latexit sha1_base64="rmQ5Lqr09H36zBm8ZMeqAk5oTaQ=">AAACH3icbZDPSsNAEMY3/rf+q3r0slgEQSiJFPQiiF68qWBVaGqYbKd16W4SdieihD6Ej+BTeNWTN/Hag+9i0vagrXP6+H0zzMwXJkpact2+MzU9Mzs3v7BYWlpeWV0rr29c2zg1AusiVrG5DcGikhHWSZLC28Qg6FDhTdg9LfybBzRWxtEVPSXY1NCJZFsKoBwF5T3/XGMH+BEfirsMwl7g65RzvwNaQ1CA1uNdjoJyxa26g+KTwhuJChvVRVD+9luxSDVGJBRY2/DchJoZGJJCYa/kpxYTEF3oYCOXEWi0zWzwVI/vpBYo5gkaLhUfQPw9kYG29kmHeacGurfjXgH/8xoptQ+bmYySlDASxSKSCgeLrDAyTwt5SxokguJy5DLiAgwQoZEchMhhmsdXyvPwxr+fFNf7Va9WrV3WKscno2QW2BbbZrvMYwfsmJ2xC1Zngj2zV/bG3p0X58P5dL6GrVPOaGaT/Smn/wN1z6LT</latexit>

 (used in Aschieri, LC (2009) for Drinfeld twist     deformation)?

<latexit sha1_base64="ba0Vc6X8j0WW9Dj1gogGrhVFQ4s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDRB5SYkXryyYcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKVZhK4Pk0COpQBKpc7AEOjKsFqz63YOvkycgtRYgdaw+jUYhSL2MSChwJi+Y0fkJqBJCoXzyiA2GIGYwgT7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtCdWfQy8T+vH9P4wk1kEMWEgcgOkVSYHzJCy7QG5COpkQiy5MhlwAVoIEItOQiRinHaS9aHs/j9Mumc1Z1GvXHTqDUvi2bK7Igds1PmsHPWZNesxdpMsHv2xJ7Zi/VovVpv1vvPaMkqdg7ZH1gf39y7k2I=</latexit>



•  Carrying out the Tr on spinor indices:

S =

Z
Rab ^ V c ^ V d✏abcd + i[ ̄�aD � (D ̄)�a ] ^ V b ^ V c ^ V d✏abcd

<latexit sha1_base64="ZpTCXVVTdDFiKRTfY8lt0ebltp8="></latexit>

•  Symmetries

�"V = [", V ]

<latexit sha1_base64="GwkOHpuToQm9pdQBbIOib/zVcR4=">AAACG3icbVC7TgJBFJ31ifhCLW0mEqOFIbuGRBsToo0lJvJIYEPuDhecMDu7mblLQgif4Cf4FbZa2RlbCwv/xQUpEDzVyTn35t5zglhJS6775Swtr6yurWc2sptb2zu7ub39qo0SI7AiIhWZegAWldRYIUkK67FBCAOFtaB3M/ZrfTRWRvqeBjH6IXS17EgBlEqt3EmzjYqg1eyDwdhKFWle5Ve8MSOc8arfyuXdgjsBXyTelOTZFOVW7rvZjkQSoiahwNqG58bkD8GQFApH2WZiMQbRgy42UqohROsPJ4FG/DixQBGP0XCp+ETE2Y0hhNYOwiCdDIEe7Lw3Fv/zGgl1Lv2h1HFCqMX4EEmFk0NWGJk2hbwtDRLB+HPkUnMBBojQSA5CpGKSVpdN+/Dm0y+S6nnBKxaKd8V86XraTIYdsiN2yjx2wUrslpVZhQn2yJ7ZC3t1npw35935+B1dcqY7B+wPnM8fNJahDQ==</latexit>

�"⌦ = d⌦+ [",⌦]

<latexit sha1_base64="i2lm5CWWLPLhPwQCyWZppC+wqB0=">AAACLXicbVDLSgNBEJz1bXxFPXoZDIKghF0JqAch6MWbCkaF7BJ6J20cMju7zPQGQsi3+Al+hVc9eRDUq7/hJtlDNNapqOqmuypMlLTkuu/O1PTM7Nz8wmJhaXllda24vnFj49QIrIlYxeYuBItKaqyRJIV3iUGIQoW3Yfts4N920FgZ62vqJhhE0NLyXgqgTGoUj/0mKoKG3wGDiZUq1ty/iLAF/IQ3R2yvPubu53bQKJbcsjsEnyReTkosx2Wj+Ok3Y5FGqEkosLbuuQkFPTAkhcJ+wU8tJiDa0MJ6RjVEaIPeMGKf76QWKOYJGi4VH4o4vtGDyNpuFGaTEdCD/esNxP+8ekr3R0FP6iQl1GJwiKTC4SErjMy6Q96UBolg8DlyqbkAA0RoJAchMjHNyixkfXh/00+Sm4OyVylXriql6mnezALbYttsl3nskFXZObtkNSbYI3tmL+zVeXLenA/nazQ65eQ7m+wXnO8fg22ocw==</latexit>

�" = " 

<latexit sha1_base64="FkTy7hqWqFp9PJF2UbPbazc9J6M=">AAACH3icbVDLSgNBEJz1GeNr1aOXwSAIQtiVgF6EoBePEcwDsiH0TjpxyOzsMtMbCCEf4Sf4FV715E285uC/uIk5aGJduqjqprsrTJS05HkTZ2V1bX1jM7eV397Z3dt3Dw5rNk6NwKqIVWwaIVhUUmOVJClsJAYhChXWw/7t1K8P0FgZ6wcaJtiKoKdlVwqgTGq750EHFUE7GIDBxEoVax5klV/zJantFryiNwNfJv6cFNgclbb7FXRikUaoSSiwtul7CbVGYEgKheN8kFpMQPShh82MaojQtkazp8b8NLVAMU/QcKn4TMTfEyOIrB1GYdYZAT3aRW8q/uc1U+petUZSJymhFtNFJBXOFllhZJYW8o40SATTy5FLzQUYIEIjOQiRiWkWXz7Lw1/8fpnULop+qVi6LxXKN/NkcuyYnbAz5rNLVmZ3rMKqTLAn9sJe2Zvz7Lw7H87nT+uKM585Yn/gTL4B+YejFQ==</latexit>

�" ̄ = � ̄"

<latexit sha1_base64="Fk5wOs/U7f3GxlopCahpG32KtaA=">AAACLnicbVDLSgNBEJz1GeMr6tHLYBC8GHYloAhC0IvHCOYB2RB6J504ODu7zPQKsuRf/AS/wqueBA/Bq5/hJgaMiXWqruqmuyuIlbTkuh/OwuLS8spqbi2/vrG5tV3Y2a3bKDECayJSkWkGYFFJjTWSpLAZG4QwUNgI7q9GfuMBjZWRvqXHGNsh9LXsSQGUSZ3Cud9FRdDxH8BgbKWKNE/9AAz3s2rAL/jxb8kHfKqvUyi6JXcMPk+8CSmyCaqdwtDvRiIJUZNQYG3Lc2Nqp2BICoWDvJ9YjEHcQx9bGdUQom2n4x8H/DCxQBGP0XCp+FjE6YkUQmsfwyDrDIHu7Kw3Ev/zWgn1ztqp1HFCqMVoEUmF40VWGJmFh7wrDRLB6HLkUnMBBojQSA5CZGKSpZnP8vBmv58n9ZOSVy6Vb8rFyuUkmRzbZwfsiHnslFXYNauyGhPsib2wV/bmPDvvztD5/GldcCYze+wPnK9vz1ypKg==</latexit>

•  Lorentz

• Infinitesimal diff.s

 S invariant under Lie derivative 
.

`v = ivd+ div

<latexit sha1_base64="8mq8aKruJY1AWQvi9TY37KFBkpg=">AAACCnicbVDLSgNBEJyNrxhfq4IXL4NBEISwKwG9CEEvHiOYByQhzE46ccjsg5neQFjzB36FVz15E6/+hAf/xdl1D5pYMENR1U13lxdJodFxPq3C0vLK6lpxvbSxubW9Y+/uNXUYKw4NHspQtT2mQYoAGihQQjtSwHxPQssbX6d+awJKizC4w2kEPZ+NAjEUnKGR+vZBF6TsT+glFeYf0FPzDOvbZafiZKCLxM1JmeSo9+2v7iDksQ8Bcsm07rhOhL2EKRRcwqzUjTVEjI/ZCDqGBswH3Uuy/Wf0ONYMQxqBokLSTITfHQnztZ76nqn0Gd7reS8V//M6MQ4veokIohgh4OkgFBKyQZorYYIBOhAKEFm6OVARUM4UQwQlKOPciLFJqmTycOevXyTNs4pbrVRvq+XaVZ5MkRySI3JCXHJOauSG1EmDcPJAnsgzebEerVfrzXr/KS1Yec8++QPr4xtKkpjt</latexit>

�"R = [", R]

<latexit sha1_base64="M0xouXgLLUSoozun5Xpvue/OSIg=">AAACG3icbVC7TgJBFJ31ifhCLW0mEqOFIbuGRBsToo0lEnkksCF3hwtOnJ3dzNwlIYRP8BP8Clut7IythYX/4oIUiJ7q5Jx7c+85QaykJdf9dBYWl5ZXVjNr2fWNza3t3M5uzUaJEVgVkYpMIwCLSmqskiSFjdgghIHCenB/NfbrfTRWRvqWBjH6IfS07EoBlErt3FGrg4qg3eqDwdhKFWle4Re8OSOc8IrfzuXdgjsB/0u8KcmzKcrt3FerE4kkRE1CgbVNz43JH4IhKRSOsq3EYgziHnrYTKmGEK0/nAQa8cPEAkU8RsOl4hMRZzeGEFo7CIN0MgS6s/PeWPzPaybUPfeHUscJoRbjQyQVTg5ZYWTaFPKONEgE48+RS80FGCBCIzkIkYpJWl027cObT/+X1E4LXrFQvCnmS5fTZjJsnx2wY+axM1Zi16zMqkywB/bEntmL8+i8Om/O+8/ogjPd2WO/4Hx8AyfOoQU=</latexit>

S =

Z
Tr

�
i R ^ V ^ V �5 � [(D ) ̄ �  (D ̄)] ^ V ^ V ^ V �5

�

<latexit sha1_base64="AZOHlM6tC6HYdBAPihm1RBc2vv4="></latexit>

�"(D ) ̄ = [", (D ) ̄]

<latexit sha1_base64="opT1NxAsvv3vYd8sR9jS6e0vq2E=">AAACPnicbVBNS8NAEN34bf2qevSyWIQKUhIp6EUQ9SCeKthaaEKZbKe6uNmE3Ykgof/Jn+CvEDyInryJV48mtQetvtPjvTfMzAsTJS257pMzMTk1PTM7N19aWFxaXimvrrVsnBqBTRGr2LRDsKikxiZJUthODEIUKrwMb44L//IWjZWxvqC7BIMIrrTsSwGUS93ymd9DRdD1b8FgYqWKNa+e+DnbzvwQDC/ogB/wzs/Ezj+ZoFuuuDV3CP6XeCNSYSM0uuVnvxeLNEJNQoG1Hc9NKMjAkBQKByU/tZiAuIEr7ORUQ4Q2yIY/D/hWaoFinqDhUvGhiD8nMoisvYvCPBkBXdtxrxD/8zop9feDTOokJdSiWERS4XCRFUbmZSLvSYNEUFyOXGouwAARGslBiFxM83ZLeR/e+Pd/SWu35tVr9fN65fBo1Mwc22CbrMo8tscO2SlrsCYT7J49shf26jw4b8678/EdnXBGM+vsF5zPL7Ydrvs=</latexit>

" =
1

4
"ab�ab

<latexit sha1_base64="YMmOuKc5Gq+7dT814uDKSXTe7+Y=">AAACKnicbVDLSgNBEJz1bXxFPXoZDAFPYVeCehFELx4VjBGSGHrHNg7OzC4zvQFZ8id+gl/hVU/eRLz5Ic7GHDSxTkVVN11dcaqkozB8D6amZ2bn5hcWS0vLK6tr5fWNS5dkVmBDJCqxVzE4VNJggyQpvEotgo4VNuP7k8Jv9tE6mZgLekixo6Fn5K0UQF7qlvfafbCYOqkSww95HvF24ud5fcB/Odc5xF7ogdbQLXi3XAlr4RB8kkQjUmEjnHXLn+2bRGQaDQkFzrWiMKVODpakUDgotTOHKYh76GHLUwMaXScf/jfg1cwBJTz1uaTiQxF/b+SgnXvQPmJVA925ca8Q//NaGd0edHJp0ozQiOIQSYXDQ05Y6YtAfiMtEkGRHLk0XIAFIrSSgxBezHyTJd9HNP79JLncrUX1Wv28Xjk6HjWzwLbYNtthEdtnR+yUnbEGE+yRPbMX9ho8BW/Be/DxMzoVjHY22R8EX9+dgKeV</latexit>

with

[�"1 , �"2 ] = ��["1,"2]
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algebra:

Then                        ,



•  Discrete gravity +  fermions

• Formally the same action:

S =

Z
Tr

�
i R ^ V ^ V �5 � [(D ) ̄ �  (D ̄)] ^ V ^ V ^ V �5

�
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where now the 1-forms      and      are expanded on the basis
of left-invariant 1-forms      and on the Dirac basis of gamma matrices.

• The gamma expansion must now include new contributions   

⌦
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since the gauge variations                      and  �"V = [", V ]
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�"⌦ = d⌦+ [",⌦]

<latexit sha1_base64="i2lm5CWWLPLhPwQCyWZppC+wqB0=">AAACLXicbVDLSgNBEJz1bXxFPXoZDIKghF0JqAch6MWbCkaF7BJ6J20cMju7zPQGQsi3+Al+hVc9eRDUq7/hJtlDNNapqOqmuypMlLTkuu/O1PTM7Nz8wmJhaXllda24vnFj49QIrIlYxeYuBItKaqyRJIV3iUGIQoW3Yfts4N920FgZ62vqJhhE0NLyXgqgTGoUj/0mKoKG3wGDiZUq1ty/iLAF/IQ3R2yvPubu53bQKJbcsjsEnyReTkosx2Wj+Ok3Y5FGqEkosLbuuQkFPTAkhcJ+wU8tJiDa0MJ6RjVEaIPeMGKf76QWKOYJGi4VH4o4vtGDyNpuFGaTEdCD/esNxP+8ekr3R0FP6iQl1GJwiKTC4SErjMy6Q96UBolg8DlyqbkAA0RoJAchMjHNyixkfXh/00+Sm4OyVylXriql6mnezALbYttsl3nskFXZObtkNSbYI3tmL+zVeXLenA/nazQ65eQ7m+wXnO8fg22ocw==</latexit>

contain also anticommutators of gamma matrices. 

The gauge parameter     , however, has the same expansion
as in the classical case, because functions on G commute 
The gauge group is still Lorentz.

"
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The extra gamma contributions in the connection produce
extra contributions in the curvature:

R = (
1

4
Rab

ij �ab + irij1 + r̃ij�5) ✓
i ^ ✓j

<latexit sha1_base64="BS5ECvQCNj5bWKzhBZjld3o529k="></latexit>

•  The action is invariant under Lorentz variations provided
   that the volume form commutes with functions. This is the
   case for G=S3 , but not for the 4-dim calculus of (Zn)4

 S is invariant under Lie derivative

•  Invariances 

Z
d⇢ = 0
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•  When                    ,  

 with a caveat: modified Leibniz rule 



•  Gauge variations (Lorentz) 



•  When a classical limit can be defined (for ex. in the Zn case)
        do the extra fields disappear in this limit ?

In the (Zn )4 a lattice spacing a can be introduced, and
extra fields appear always multiplied  by (powers of ) a



Classical action (Mac Dowell-Mansouri)

S = 2i

Z
Tr(R ^R�5 + 2⌃ ^ ⌃̄�5)

⌦ =

✓
⌦  
 ̄ 0

◆
OSp(1|4) connection: 5 x 5 supermatrix

⌦ =
1

4
!ab�ab �

i

2
V a�a

OSp(1|4) curvature

R = d⌦�⌦ ^⌦ =

✓
R ⌃
⌃̄ 0

◆

R =
1

4
Rab�ab �

i

2
Ra�a

⌃ = d � 1

4
!ab +

i

2
V a 

Ra = dV a � !a
cV

c � i

2
 ̄�a 

Rab = d!ab � !a
c!

cb + V aV b +
1

2
 ̄�ab {

6. Finite group discretization of Osp(1|4) supergravity



Action (explicit): N=1, D=4 anti de Sitter SG

S =

Z
RabV cV d✏abcd + 4⇢̄�a�5 V

a +
1

2
(V aV bV cV d + 2 ̄�ab V cV d)✏abcd

After rescaling V a ! �V a  !
p
� �2and dividing S by 

the � ! 0 limit reproduces usual Minkowski SG
(contraction of OSp(1|4) to superPoincaré)

Action in terms of OSp(1|4) curvature supermatrix

S = 4

Z
STr[R(1+

�2

2
)R�] � =

✓
i�5 0
0 0

◆

NOT invariant under OSp(1|4) gauge variations 

�✏⌦ = d✏�⌦ ✏+ ✏ ⌦ ✏ =

✓
1
4�

ab"ab � i
2�

a"a ✏
✏̄ 0

◆

because [�, ✏] 6= 0 , but Lorentz inv. and supersymmetry ok  



OSp(1|4) supergravity:

S = 4

Z
STr[R(1+

�2

2
)R�]

where the auxiliary field supermatrix

� =

✓
1
4⇡ + i��5 + �a�a�5 ⇣

�⇣̄ ⇡

◆

transforms as
�✏� = �� ✏+ ✏ �

Then the action is OSp(1|4) gauge invariant

OSp(1|4) variations:



     Twisted OSp(1|4) supergravity:

S = 4

Z
STr[R ? (1+

� ?�

2
) ^? R ?�]

• On finite group spaces: invariant under OSp(1|4) gauge group 
  (not enhanced to U(1,3|1)) 

LC (2013)



7. Conclusions and outlook

• so far only algebraic analysis. Need to understand physical implications
• for ex: problems of introducing fermions in lattice gauge theories.
• study field equations, solutions.

• study continuum limit

• action is a finite (discrete) sum: numerical simulations ?



Thank you !


