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2. (Exceptional) generalised geometry

3. exceptional covariance as a symmetry property
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cfields x: 2 —+ M
o coordinates of . ,p = dimX - 1
x™: coordinates on field (target) space M,

. ‘coupling constants’: g is a metric tensor on M, C a (p+1)form potential
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(Non-linear) o-models
L ~ gun(x)0x™d*x™ (+C,, ,, Jd, x" .0, xMretifr)
cfields x: 2 —+ M
o coordinates of . ,p = dimX - 1
x™: coordinates on field (target) space M,

. ‘coupling constants’: g is a metric tensor on M, C a (p+1)form potential

P physical model z M C?

1 | point particle coupling to GR and EM world-line space-time A,

2 | 2d materials (continuum limit of spin chains, ...) material O(3),0(N),... -
(first quantised) string world-sheet space-time yes
Geroch model (GR with 2 Killing vectors) eff. space-time SL(2,R) -

3 | relativistic membrane (e.g. in M-theory) world-volume space-time yes

4 | effective theory for pions space-time SU(N) -
original Skyrme model space-time SU(I\SDUXG\SDU‘N) Skyrme term
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geometric paradigm: _> which geometryz
physical properties of 6-models < geometry of M
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1. Generalised geometry unifying language of brane o-models /Dufrer al 90-, Siegel et al 92-,
Tseytlin 92, Hull 06-, Alekseev/Strobl 04, Hatsuda et al 12-, Sakatani/Uehara 16-, Arvanitakis/Blair 17-,DO 19-]
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after gauge fixing metric on %/ Nambu-Goto type actions DBI type actions
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1. Generalised geometry unifying language of brane o-models /Dufrer al 90-, Siegel et al 92-,
Tseytlin 92, Hull 06-, Alekseev/Strobl 04, Hatsuda et al 12-, Sakatani/Uehara 16-, Arvanitakis/Blair 17-,DO 19-]

2. Covariance under exceptional generalised geometry restricts to 2-BPS branes

(string, M-branes, D-branes, non-perturbatives/exotic branes, ...) in supergravity
[DO 21,23,24, building on Arvanitakis/Blair 17-22]
- only considering bosonic part (7.e. no supersymmetry necessary)
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Examples:
Hamiltonian formulation of brane o-models

* ¢X. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g, dx™ A xdx" + B,,,,dx™ A dx")

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* ¢X. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g, dx™ A xdx" + B,,,,dx™ A dx")

e Currents tm(o) = (pm(0),0x™(0))

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* ¢X. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g, dx™ A xdx" + B,,,,dx™ A dx")

d canonical momenta IV d coordinate fields

* Currents tm(o) = (;?:,,(cr),axm(ﬂ’))

[Siegel 92, Tseytlin 92]
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Examples:
Hamiltonian formulation of brane o-models

* ¢X. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g, dx™ A xdx" + B,,,,dx™ A dx")

d canonical momenta IV d coordinate fields

+ QU 1y (0) = (Ph(0),05(0)
* Poisson brackets  {tp(0),tn(0")} = puné’ (0 —0')
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* ¢X. 1: 2dim o-models and O(d,d) generalised geometry S ~ [ (g, dx™ A xdx" + B,,,,dx™ A dx")

d canonical m(;menta IV d coordinate fields
POUenS (o) = (pu(0),0x"(0)

O(d,d)-inv. metric: 1 = ( ? {1} )
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° €X. 2: membrane oc-model (p=2) in ddim. S ~ / (gnmdx’" A #dx" + Cppdx™ A dx" A dx? + % * 1)
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[Hatsuda/Kamimura 12, DO 21]
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Generalised geometry (overview)

_ Riemannian geometry Generalised Geometry

physical objects metric g metric g, (p+1)-form gauge fields C, ..., dilaton

,tensor * hierarchy of bundles

underlying iyt boclle T4 * generalised :[angent bundle ,R-bundle®: s o /\ PT*M & ...
bundle ,R,-bundle‘: /\ P
: GL(d) . . G :
geometry metric g € o) generalised metric: H € E H,;: maximal compact subgroup of G
d
duality group G = O(d,d), By, ..., action on bundles

structure group GLd) invariants of G describe algebraic structure of tensor hierarchy

connection Levi-Civita generalised Levi-Civita (not unique)

curvature Riemann tensor generalised Riemann tensor (not unique)
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Generalised geometry (overview)

_ Riemannian geometry Generalised Geometry

physical objects metric g
mod i tangent bundle 7M
bundle &
. GL(d)
geometry metric g € Od)
structure group GL(d)
connection Levi-Civita
curvature Riemann tensor
« two aims:

metric g, (p+1)form gauge fields C, ..., dilaton

,tensor * hierarchy of bundles
* generalised tangent bundle , R -bundle®: 77 o /\ PT*M & ..
,R,-bundle®: ArTmme ...

. : G
generalised metric: H € T H,;: maximal compact subgroup of G
d

duality group G = O(d,d), By, ..., action on bundles
invariants of G describe algebraic structure of tensor hierarchy

generalised Levi-Civita (not unique) ™ See Larisa‘s

. . 7 & Falks talks
generalised Riemann tensor (not unique)

* unified treatment of metric and p-form gauge fields
e.g. ,gauge transformations‘ for metric and p-form gauge field
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* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (x™,y#)
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Generalised geometry (slightly more formal)

* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}:'rm,y?:L

internal coordinates external coordinates

* duality group G: E g4, O(d,d), O(d,d+n), SL(d+1) (generalised geometry)  (0rd. geometry)

* tensor hierarchy (& associated bundles) — representations of G: g, R1, Rz, Rs3, ...
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derivative Q- Rp = Rp- with 92 =0
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Generalised geometry (slightly more formal)

* d-dimensional internal manifold in splitting D = (D-d)+d, coordinates YM = (}:'rm,y?:L

. . internal coordinates external coordinates
duality group G: E 4, O(d,d), O(d,d+n), SL(d+1) eneralised geometry)  (0rd. geometry)

* tensor hierarchy (& associated bundles) — representations of G: g, R1, Rz, Rs3, ...

* algebraic structure: dot product e: R, X Ry = Rpig
derivative Q- Rp = Rp- with 92 =0

* inindices A € 'Rp, AKp (Ae B)Mpﬂir — ]?MP“IK L AKvBLg
plq

(0A)Mr-1 = Dy Mp-1L19, AMy
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* consistency conditions: Rq @ R, P ... together with » and 9 forms diff. graded Lie algebra
[Palmkvist, Cederwall/Palmkvist, Lavau/Palmkvist, Bonezzi/Hohm]
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* consistency conditions: Rq @ R, P ... together with » and 9 forms diff. graded Lie algebra
[Palmkvist, Cederwall/Palmkvist, Lavau/Palmkvist, Bonezzi/Hohm]

- extended internal coordinates: XM = (x™, fml___mp,.“)
* section condition: I)ﬁ,hl{l*"“lEi‘;;(;1 - dr,- =0, solutions: dpg, = (9,0, ...)
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*
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Realisation in p-dim. o-models

* phase space variables (currents):
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Realisation in p-dim. o-models

* phase space variables (currents):

spatial (p — q + 1)-forms (for all q > 0): ¢(4) (ﬂ') = Rq

* Poisson brackets (realisation of *—product)
(9) (r) _ , (q+7)
(9 (@), (')} = M, 8577 (o) A do(o — o)
* Hamiltonian and diff. constraints (extension to external space exists)
H = %HMINItEI}.f\Hg]

0 =y, L) A xtY
1 1
* example — membrane currents:
1 !
tfmi = (pm,dx™ Adx™,0,...)

) = (dx™,0, ...
e = (1,0,..), i) =0 forg>4
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* All diff-invariant o-models can be realised like that (Claim 1).
It turns that it is not a very strong statement, concrete choices of 4 (¢) can break
G (duality) symmetry completely.
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Generalised Lie bracket
and brane charge constraint

* All diff-invariant o-models can be realised like that (Claim 1).
It turns that it is not a very strong statement, concrete choices of % (¢) can break
G (duality) symmetry completely.

* Stronger statement: G-covariance on phase space
For this, the generalised Lie bracket should be realised on phase space:

V= [V € R, g= [ () € R, ‘{M}é Z(ﬁvq’)“"*’fﬁi\

/ This requires a hierarchy of constraints: \

(p+1) Liy _ Mp,Ly 4(P)
fkf;ﬂ AdX 18L1 = DKPH P li‘ﬁpall

* Lessons/Results for G = £, [DO, 21,23,24]
* Constraints are very restrictive:

only 2-BPS branes (string, membrane, D-branes, ...) are allowed.

* remarkable, as only bosonic part of o-models

\° Still: solutions break E; ,— GL(d) /

David Osten
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summary & outlook

Hamiltonian formulation
currents, Poisson structure &
Hamiltonian: data from
p-brane o-models (exceptional)
1/2—-BPS branes \ / generalised geometry

exceptional covariance
generalised Lie derivative on phase space

* so far for £, for d<9, extension to higher d, exotic brane c-models

* gauge symmetries: exceptional Cartan geometry, cf. /Hassier, Hulik, DO 24]
* canonical quantisation? (very spectulative)

* classical dynamics: integrability, duality, solutions to membrane dynamics =
generalised geodesics in generalised geometry /Strickiand-Constable 217— generalisation

* A-theory (Hatsuds, Hulik, Linch, Siegel, Wang, Wang 237 : non-conventional brane theories,
without requiring exceptional covariance (brane charge constraints)
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Thank you for your attention!
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