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What’s going on?

What happens as we approach the Planck scale? or just as we go up in
energy...

What happened in the early Universe?

How are the gauge, Yukawa and Higgs sectors related at a more
fundamental level?

How do we go from a fundamental theory to eW field theory as we know
it?

How do particles get their very different masses?

What about flavour?

Where is the new physics??
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Search for understanding relations between parameters

addition of symmetries.

N = 1 SUSY GUTs.

Complementary approach: look for RGI relations among couplings at
GUT scale −→ Planck scale

⇒ reduction of couplings

resulting theory: less free parameters ∴ more predictive
Zimmermann 1985

Remarkable: reduction of couplings provides a way to relate two
previously unrelated sectors

gauge and Yukawa couplings

Gauge Yukawa Unification – GYU

Remarkable: reduction of couplings provides a way to relate
two previously unrelated sectors

gauge and Yukawa couplings

Reduction of couplings in third generation provides predictions
for quark masses (top and bottom)

Adding SUSY improves remarkably results
Including soft breaking terms gives Higgs masses and SUSY
spectrum

Kapetanakis, M.M., Zoupanos (1993), Kubo, M.M., Olechowski, Tracas, Zoupanos (1995,1996,1997); Oehme

(1995); Kobayashi, Kubo, Raby, Zhang (2005); Gogoladze, Mimura, Nandi (2003,2004); Gogoladze, Li, Senoguz,

Shafi, Khalid, Raza (2006,2011); M.M., Tracas, Zoupanos (2014)
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Reduction of Couplings – ROC

A RGI relation among couplings Φ(g1, . . . ,gN) = 0 satisfies

µdΦ/dµ =
N∑

i=1

βi ∂Φ/∂gi = 0.

gi = coupling, βi its β function

Finding the (N − 1) independent Φ’s is equivalent to solve the
reduction equations (RE)

βg (dgi/dg) = βi ,

i = 1, · · · ,N

Reduced theory: only one independent coupling and its β function
complete reduction: power series solution of RE

ga =
∑

n=0

ρ
(n)
a g2n+1
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uniqueness of the solution can be investigated at one-loop
valid at all loops Zimmermann, Oehme, Sibold (1984,1985)

The complete reduction might be too restrictive, one may use
fewer Φ’s as RGI constraints
SUSY is essential for finiteness

finiteness: absence of∞ renormalizations
⇒ βN = 0

may be achieved through RE

SUSY no-renormalization theorems

⇒ only study one and two-loops

ROC guarantees that is gauge and reparameterization
invariant to all loops
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Reduction of couplings: the Standard Model

It is possible to make a reduced system in the Standard Model in the matter
sector:
solve the REs, reduce the Yukawa and Higgs in favour of αS gives

αt/αs =
2
9

; αλ/αs =

√
689− 25

18
' 0.0694

border line in RG surface, Pendleton-Ross infrared fixed line
But including the corrections due to non-vanishing gauge couplings up to
two-loops, changes these relations and gives

Mt = 98.6± 9.2GeV

and
Mh = 64.5± 1.5GeV

Both out of the experimental range, but pretty impressive
Kubo, Sibold and Zimmermann, 1984, 1985
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SUSY in RE

Many of the reduced systems imply SUSY, even if it was not assumed a priori
Moreover: adding SUSY improves predictions⇒ SUSY + reduction of
couplings natural

Light SUSY in
various SUSY models
incompatible with LHC data

BUT Different assumptions on
parameters of MSSM or NMSSM
lead to different predictions

https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/

PUBNOTES/ATL-PHYS-PUB-2022-013/
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Predictions in SU(5) FUTs
M th

top ∼ 178 GeV large tanβ 1993

Mexp
top = 176± 18 1995

M th
top ∼ 174 Mexp

top = 175.6± 5.5 heavy s-spectrum 1998

M th
top ∼ 174 Mexp

top = 174.3± 5.1GeV M th
Higgs ∼ 115 ∼ 135 GeV 2003

constraints on Mh and b → sγ already push up the s-spectrum > 300 GeV

M th
top ∼ 173 Mexp

top = 172.7± 2.9 GeV M th
Higgs ∼ 122 ∼ 126 GeV 2007

Mexp
Higgs = 126± 1 2012

M th
top ∼ 173 Mexp

top = 173.3± 0.9 GeV M th
Higgs ∼ 121− 126 GeV 2013

Constraints from Higgs and B physics⇒ s-spectrum > 1 TeV.

More analyses, phenomenological and theoretical, encouraged (and done)

MM, Kapetanakis, Zoupanos 1992; MM, Heinemeyer, Kalinowski, Kotlarski, Kubo, Ma, Olechowski, Patellis, Tracas, Zoupanos

1993-2023
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Finiteness

Finiteness = absence of divergent contributions to renormalization
parameters⇒ β = 0
Possible in SUSY due to improved renormalization properties

A chiral, anomaly free, N = 1 globally supersymmetric gauge theory based
on a group G with gauge coupling constant g has a superpotential

W =
1
2

mij Φi Φj +
1
6

C ijk Φi Φj Φk ,

Requiring one-loop finiteness β(1)
g = 0 = γ

j(1)
i gives the following conditions:

∑

i

T (Ri ) = 3C2(G) ,
1
2

CipqC jpq = 2δj
i g

2C2(Ri ) .

C2(G) quadratic Casimir invariant, T (Ri ) Dynkin index of Ri , Cijk Yukawa coup., g gauge coup.

restricts the particle content of the models
relates the gauge and Yukawa sectors
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One-loop finiteness⇒ two-loop finiteness
Jones, Mezincescu and Yao (1984,1985)

One-loop finiteness restricts the choice of irreps Ri , as well as the
Yukawa couplings
Cannot be applied to the susy Standard Model (SSM):
C2[U(1)] = 0
The finiteness conditions allow only SSB terms

It is possible to achieve all-loop finiteness βn = 0:
Lucchesi, Piguet, Sibold

1 One-loop finiteness conditions must be satisfied
2 The Yukawa couplings must be a formal power series in g, which

is solution (isolated and non-degenerate) to the reduction
equations
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SUSY breaking soft terms
Supersymmetry is essential. It has to be broken, though. . .

−LSB =
1
6

hijk φiφjφk +
1
2

bij φiφj +
1
2

(m2)j
i φ
∗ iφj +

1
2

M λλ+ H.c.

h trilinear couplings (A), bij bilinear couplings, m2 squared scalar masses, M unified gaugino mass

Introduce over 100 new free parameters §
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RGI in the Soft Supersymmetry Breaking Sector

The RGI method has been extended to the SSB of these theories.

One- and two-loop finiteness conditions for SSB have been known for
some time Jack, Jones, et al.

It is also possible to have all-loop RGI relations in the finite and non-finite
cases Kazakov; Jack, Jones, Pickering

SSB terms depend only on g and the unified gaugino mass M
universality conditions

h = −MC, m2 ∝ M2, b ∝ Mµ

but charge and colour breaking vacua

Possible to extend the universality condition to a sum-rule for the soft
scalar masses

⇒ better phenomenology
Kawamura, Kobayashi, Kubo; Kobayashi, Kubo, M.M., Zoupanos
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Soft scalar sum-rule for the finite case

Finiteness implies

C ijk = g
∑

n=0

ρijk
(n)g

2n ⇒ hijk = −MC ijk + · · · = −Mρijk
(0) g + O(g5)

If lowest order coefficients ρijk
(0) and (m2)i

j satisfy diagonality relations

ρipq(0)ρ
jpq
(0) ∝ δ

j
i , (m2)i

j = m2
j δ

i
j for all p and q.

The following soft scalar-mass sum rule is satisfied, also to all-loops

( m2
i + m2

j + m2
k )/MM† = 1 +

g2

16π2 ∆(2) + O(g4)

for i, j, k with ρijk
(0)
6= 0, where ∆(2) is the two-loop correction =0 for universal choice

Kobayashi, Kubo, Zoupanos

based on developments by Kazakov et al; Jack, Jones et al; Hisano, Shifman; etc

Also satisfied in certain class of orbifold models, where massive states are organized into N = 4 supermultiples
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Several aspects of Finite Models have been studied

SU(5) Finite Models studied extensively
Rabi et al; Kazakov et al; López-Mercader, Quirós et al; M.M, Kapetanakis, Zoupanos; etc

One of the above coincides with a non-standard Calabi-Yau SU(5)× E8
Greene et al; Kapetanakis, M.M., Zoupanos

Finite theory from compactified string model also exists (albeit not good
phenomenology) Ibáñez

Criteria for getting finite theories from branes Hanany, Strassler, Uranga

N = 2 finiteness Frere, Mezincescu and Yao

Models involving three generations Babu, Enkhbat, Gogoladze

Some models with SU(N)k finite ⇐⇒ 3 generations, good
phenomenology with SU(3)3 Ma, M.M, Zoupanos

Relation between commutative field theories and finiteness studied
Jack and Jones

Proof of conformal invariance in finite theories Kazakov

Inflation from effects of curvature that break finiteness
Elizalde, Odintsov, Pozdeeva, Vernov
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SU(5) Finite Models

Example: two models with SU(5) gauge group. The matter content is

3 5 + 3 10 + 4 {5 + 5}+ 24

The models are finite to all-loops in the dimensionful and
dimensionless sector. In addition:

The soft scalar masses obey a sum rule

At the MGUT scale the gauge symmetry is broken⇒ MSSM

At the same time finiteness is broken

Assume two Higgs doublets of the MSSM should mostly be made out of a pair of Higgs
{5 + 5} coupled mainly to the third generation

The difference between the two models is the way the Higgses couple
to the 24

Kapetanakis, Mondragón, Zoupanos; Kazakov et al.
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The superpotential which describes the two models takes the form

W =
3∑

i=1

[
1
2

gu
i 10i10iHi + gd

i 10i5i H i ] + gu
23 102103H4

+gd
23 10253 H4 + gd

32 10352 H4 +
4∑

a=1

gf
a Ha 24 Ha +

gλ

3
(24)3

find isolated and non-degenerate solution to the finiteness
conditions

The unique solution implies discrete symmetries, Zn × Zm × ...
We will do a partial reduction, only third generation
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The finiteness relations give at the MGUT scale

Model A
g2

t = 8
5 g2

g2
b,τ = 6

5 g2

m2
Hu

+ 2m2
10 = M2

m2
Hd

+ m2
5

+ m2
10 = M2

3 free parameters:
M, m2

5
and m2

10

Model B

g2
t = 4

5 g2

g2
b,τ = 3

5 g2

m2
Hu

+ 2m2
10 = M2

m2
Hd
− 2m2

10 = −M2

3

m2
5

+ 3m2
10 = 4M2

3

2 free parameters:
M, m2

5
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FUTs at work

     SU(5) FUT

Yt

Yb

Yτ

MSUSYMW

 Y2t = kt g2 
Y2b,τ = kb g2

MSSMSM

mt = Yt vu               vu/  vd = tan β                         
mb,τ = Yb,τ vd           vd = mτexp /Yτ 

Impose 
phenomenological

constraints

Sum rule
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Phenomenology

The gauge symmetry is broken below MGUT ⇒
Boundary conditions of the form Ci = κi g, h = −MC and the sum rule at MGUT

⇒ MSSM.

Fix the value of mτ ⇒ tanβ ⇒ Mtop and mbot

Assume a unique susy breaking scale
The LSP is neutral
The solutions should be compatible with radiative electroweak
breaking
No fast proton decay

We also

Allow 5% variation of the Yukawa couplings at GUT scale due to threshold corrections

Include radiative corrections to bottom and tau, plus resummation (very important!)

Estimate theoretical uncertainties
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Top and bottom masses...

First top and bottom masses (depends on SSB) were predicted, now
constraints:

Predictions:

FUTB:
Mtop ∼ 172 ∼ 174 GeV
Theoretical uncertainties∼ 4%

large tanβ

∆b and ∆τ included
resummation done.
Depend mainly on tanβ and
unified gaugino mass M.

FUTB µ < 0 favoured
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Now include the rest...

Once top was found, we look for the solutions that satisfy the following
constraints:

Facts of life:

Right masses for top and
bottom

B physics observables

BR(b → sγ)SM/MSSM :
|BRbsg − 1.089| < 0.27
BR(Bu → τν)SM/MSSM :
|BRbtn − 1.39| < 0.69
∆MBs SM/MSSM : 0.97± 20

BR(Bs → µ+µ−) = (2.9±1.4)×10−9

Results:
MH =∼ 121− 126 GeV

Heavy s-spectrum
Heinemeyer, MM, Zoupanos, JHEP 2008

Once the Higgs was found, we can use the experimental value as
constraint⇒ restrict more M and s-spectrum

Myriam Mondragón (IF-UNAM) FUTs Corfu 2023 21 / 42



Experimental challenge

Can they be tested at HL-LHC or FCC?
Constraints: Top, bottom, and Higgs masses, B physics
tanβ always large, heavy s-spectrum common to all, but details
differ
Test models, calculate expected cross sections at 14 Tev
(HL-LHC) and 100 TeV (FCC)

Heinemeyer, Kalinowski, Klotarski, MM, Patellis, Tracas, Zoupanos, Eur. Phys. J. C (2021) 81:185
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Results

With latest FeynHiggs and experimental constraints⇒ collider
phenomenology:

Top and bottom quark masses within 2σ

Heavy SUSY spectrum
⇒ consistent with non-observation

From collider searches
⇒ challenging even for the FCC

Lightest neutralino 100% of DM
⇒ Over abundance of DM

BUT take into account:

Only third generation included

R parity breaking ⇒ neutrino masses
and gravitino as DM

Possible to extend to 3 generations
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FUTs
Finiteness provides us with an UV completion of our QFT
Boundary conditions for RGE of the MSSM
RGI takes the flow in the right direction for the third generation
and Higgs masses
Taking into account experimental constraints
⇒ susy spectrum high
Experimentally challenging

Are there other finite models?
Can it give us insight into the flavour structure?
Can we have successful reduction of couplings in a SM-like
theory?
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SU(N)k

3 generations↔ finite Consider the gauge group

SU(N)1 × SU(N)2 × · · · × SU(N)k

with nf copies of (N, N̄, 1, . . . , 1) + (1,N, N̄, . . . , 1) + · · · + (N̄, 1, 1, . . . ,N).

The one-loop β-function coefficient

β =

(
−11

3
+

2
3

)
N + nf

(
2
3

+
1
3

)(
1
2

)
2N = −3N + nf N .

⇒ nf = 3 is a solution of β = 0, independently of the values of N and k .

www.advancedsciencenews.com www.fp-journal.org

(gd2 )
2 = (gd3 )

2 = 3
5
g2, (gu23)

2 = 4
5
g2, (gd23)

2 = (gd32)
2 = 3

5
g2,

(g!)2 = 15
7
g2, (gf2 )

2 = (gf3 )
2 = 1

2
g2, (gf1 )

2 = 0, (gf4 )
2 = 0.

Furthermore, we have the h = −MC relation, while from the
sum rule (see Subsection 2.4) we obtain:

m2
Hu

+ 2m2
10 = M2, m2

Hd
− 2m2

10 = −M2

3
, m2

5
+ 3m2

10 =
4M2

3
.

(90)

This shows that we have only two free parametersm10 andM for
the dimensionful sector.
The GUT symmetry breaks to the MSSM, where we want

only two Higgs doublets. This is achieved with the introduc-
tion of appropriate mass terms that allow a rotation in the
Higgs sector,[19,20,109–111 ] that permits only one pair of Higgs dou-
blets (which couplemostly to the third family) to remain light and
acquire vacuum expectation values. the usual fine tuning to
achieve doublet-triplet splitting helps the model to avoid fast pro-
ton decay (but this mechanism has differences compared to the
one used in the minimal SU(5) because of the extended Higgs
sector of the finite case).
Thus, below the GUT scale we have the MSSM with the

first two generations unrestricted, while the third is given by
the finiteness conditions.

4.3. Finite SU(N)3 Unification

One can consider the construction of FUTs that have a prod-
uct gauge group. Let us consider an N = 1 theory with a
SU(N)1 × SU(N)2 ×⋯ × SU(N)k and nf copies (number of fam-
ilies) of the supermultiplets (N,N∗, 1,… , 1) + (1, N, N∗,… , 1) +
⋯ + (N∗, 1, 1,… , N). Then, the one-loop "-function coefficient of
the RGE of each SU(N) gauge coupling is

b =
(
−11
3

+ 2
3

)
N + nf

(2
3
+ 1
3

)(1
2

)
2N = −3N + nf N . (91)

The necessary condition for finiteness is b = 0, which occurs only
for the choice nf = 3. Thus, it is natural to consider three families
of quarks and leptons.
From a phenomenological point of view, the choice is the

SU(3)C × SU(3)L × SU(3)R model, which is discussed in detail in
Ref. [112]. The discussion of the general well-known example can
be found in [113–116]. The quarks and the leptons of the model
transform as follows:

q =
⎛
⎜
⎜⎝

d u h
d u h
d u h

⎞
⎟
⎟⎠
∼ (3, 3∗, 1), qc =

⎛
⎜
⎜⎝

dc dc dc

uc uc uc

hc hc hc

⎞
⎟
⎟⎠
∼ (3∗, 1, 3),

(92)

! =
⎛
⎜
⎜⎝

N Ec #
E Nc e
#c ec S

⎞
⎟
⎟⎠
∼ (1, 3, 3∗), (93)

where h are down-type quarks that acquiremasses close toMGUT .
We have to impose a cyclic Z3 symmetry in order to have equal
gauge couplings at the GUT scale, i.e.

q → !→ qc → q, (94)

where q and qc are given in Equation (92) and ! in Equation (93).
Then the vanishing of the one-loop gauge "-function, which is
the first finiteness condition (66), is satisfied. This leads us to
the second condition, namely the vanishing of the anomalous di-
mensions of all superfields Equation (67). Let us write down the
superpotential first. For one family we have just two trilinear in-
variants that can be used in the superpotential as follows:

f Tr(!qcq) + 1
6
f ′ $ijk$abc(!ia!jb!kc + qciaq

c
jbq

c
kc + qiaqjbqkc), (95)

where f and f ′ are the Yukawa couplings associated to each invari-
ant. The quark and leptons obtain masses when the scalar parts
of the superfields (Ñ, Ñc) obtain vacuum expectation values
(vevs),

md = f ⟨Ñ⟩, mu = f ⟨Ñc⟩, me = f ′⟨Ñ⟩, m# = f ′⟨Ñc⟩. (96)

For three families, the most general superpotential has 11 f
couplings and 10 f ′ couplings. Since anomalous dimensions of
each superfield vanish, 9 conditions are imposed on these cou-
plings:

∑
j,k

fijk(fljk)
∗ + 2

3

∑
j,k

f ′ijk(f
′
ljk)

∗ = 16
9
g2&il , (97)

where

fijk = fjki = fkij, (98)

f ′ijk = f ′jki = f ′kij = f ′ikj = f ′kji = f ′jik. (99)

Quarks and leptons receivemasses when the scalar part of the su-
perfields Ñ1,2,3 and Ñc

1,2,3 obtain vevs:

(d)ij =
∑
k

fkij⟨Ñk⟩, (u)ij =
∑
k

fkij⟨Ñc
k⟩, (100)

(e)ij =
∑
k

f ′kij⟨Ñk⟩, (#)ij =
∑
k

f ′kij⟨Ñc
k⟩. (101)

When the FUT breaks at MGUT, we are left with the MSSM 4,
where both Higgs doublets couple maximally to the third gener-
ation. These doublets are the linear combinations Ñc = ∑

i aiÑ
c
i

and Ñ = ∑
i biÑi. For the choice of the particular combinations

we can use the appropriate masses in the superpotential,[109 ]

since they are not constrained by the finiteness conditions. The
FUT breaking leaves remnants in the form of the boundary con-
ditions on the gauge andYukawa couplings, i.e. Equation (97), the

4 [117,118 ] and refs therein discuss in detail the spontaneous breaking of
SU(3)3.

Fortschr. Phys. 2020, 68, 2000028 © 2020WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim2000028 (11 of 23)

SU(3)3 singled out as the only
possible phenomenological model
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2-loop SU(3)3 out of several possibilities

SU(3)3 2-loop finite trinification model, parametric solution of reduction
equations

f 2 = r
( 16

9

)
g2
, f ′2 = (1− r)

( 8

3

)
g2
,

r parameterizes different solutions to boundary conditions, f , f ′ Yukawa for quarks and leptons respectively

Finiteness implies 3 generations

Good top
and bottom masses, depend on a parameter

Large tanβ

Heavy SUSY spectrum

Possibility of having neutrino masses

Consistent with seesaw mechanism

At high energies vector-like down type quarks

Also needs extra symmetries
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Results for SU(3)3

Requiring that top and bottom
lie within experimental bounds
gives a lower bound on M

Not trivial to find r that fits both
top and bottom quark masses

Incorporate sum rule, follow
procedure⇒ Higgs mass

Too much CDM, if 100% is neutralino, other mechanisms can be
incorporated.

Neutrinos can naturally be incorporated (along with a lot of exotics)

Very heavy spectrum, but heavy Higgs sector testable at FCC-hh
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Reduced MSSM not finite, but reduced

Can we have successful reduction of couplings in a SM-like theory?
YES, with SUSY
We assume a covering GUT, reduced top-bottom system
Yτ not reduced, its reduction gives imaginary values

Y 2
t

4π
= G2

t
g2

3
4π

+ c2

(
g2

3
4π

)2

;
Y 2

b
4π

= G2
b

g2
3

4π
+ p2

(
g2

3
4π

)2

where

G2
t =

1

3
+

71

525
ρ1 +

3

7
ρ2 +

1

35
ρτ , G2

b =
1

3
+

29

525
ρ1 +

3

7
ρ2 −

6

35
ρτ

ρ1,2 =
g2

1,2

g2
3

=
α1,2

α3
, ρτ =

g2
τ

g2
3

=

Y 2
τ

4π
α3

ρ1,2, ρτ corrections from the non-reduced part, assumed smaller as energy increases
c2 and p2 can also be found (long expressions not shown)
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Higgs mass and s-spectrum

RMSSM has lightest s-spectrum!

Possible
to have reduction of couplings
in MSSM, third family of quarks
Up to now
only attempted in SM or in GUTs
Reduced system further
constrained by phenomenology:
Large tanβ
SUSY spectrum MLSP ≥ 1 TeV
DM abundance OK (below limit),
possible to add a SUSY axion?
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Prospects for FCC

Model top/bottom Higgs SUSY heavy Higgs CDM
masses mass spectra spectra

∼ FUT SU(5) OK/OK OK & 2.0 TeV & 5.5 TeV too much
3 FUT SU(3)3 OK/OK OK & 1.5 TeV & 6.4 TeV feasible
∼ RMin SU(5) OK/bot 4σ OK & 1.2 TeV ∼ 2.5 TeV too much
7 RMSSM OK/OK OK ∼ 1.0 TeV ∼ 1.3 TeV OK

RMSSM already excluded by LHC searches
The rest testable only at FCC-hh at 2 σ, only part at 5 σ
Exception: SU(3)3 heavy Higgs sector testable at FCC-hh
In SU(5) models you can have neutrino masses and gravitino as
DM ⇒ 6R
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So, now what?
Perspectives for the models
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SU(5) with three generations

Can we include 3 generations?

First obvious step: include all
generations

Not easy, 2 ways:
Rotate to MSSM
Keep all Higgses

First very simple approach:
get diagonal solution for quark
masses, no SUSY breaking

Rotation of Higgs sector⇒
impacts proton decay and
doublet-triplet splitting

Now include off-diagonal
terms⇒
again need discrete
symmetries, but possible to
get interesting “textures”

where the term Wm represents the bilinear terms of the superpotential, while the rest of the terms
are trilinear.

Application of the system of equations (37) yields the following unification relations between
gauge and Yukawa couplings:

|g111|2 = |g222|2 = |g333|2 =
8

5
g2, |ḡ111|2 = |ḡ222|2 = |ḡ333|2 =

6

5
g2,

|g234|2 = 0, |ḡ234|2 = |ḡ324|2 = 0, |f11|2 = |f22|2 = |f33|2 = 0, |f44|2 = g2,

|p|2 =
15

7
g2 . (81)

To achieve the above, the superpotential (80) follows a Z7⇥Z3⇥Z2 symmetry, with the following
charges for its superfields:

Zn  ̄1  ̄2  ̄3 X1 X2 X3 H1 H2 H3 H4 H̄1 H̄2 H̄3 H̄4 ⌃
Z7 4 1 2 1 2 4 5 3 6 0 �5 �3 �6 0 0
Z3 0 0 0 1 2 0 1 2 0 0 �1 �2 0 0 0
Z2 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0

Table 1: Cyclic discrete symmetries of the FUTA model.

This model was studied using 6 parameters associated with the Higgs sector rotation matrices.
The results were compared with 7 known data, which were mu (MZ), mc (MZ), mt (MZ), md (MZ),
ms (MZ), mb (MZ) and m⌧ (MZ). The masses and the obtained tan� for the minimum of �2

r are:

mu (MZ) mc (MZ) mt(MZ) md (MZ) ms (MZ) mb (MZ) m⌧ (MZ) tan� �2
rmin

0.0012GeV 0.626GeV 171.8GeV 0.00278GeV 0.0595GeV 2.86GeV 1.74623GeV 57.4 0.152

Finally, to avoid an early proton decay, the determinant of the mass matrix associated with the
Higgs triplets M̂ (3) must satisfy the relation (49). The fourth root of this determinant is:

(det[M̂ (3)])
1
4 = 1.125! . (82)

It can be seen that this result agrees with heavy triplets of the order of the GUT scale in all
Higgses belonging to the fundamental and antifundamental representations.

6 Description and characteristics of the proposed SU(5) FUT
models based on cyclic symmetries

In the following, the characteristics of the proposed models based on SU(5) FUT are shown. Some
of these properties are derived from the general FUT results discussed in the previous two sections.
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Split SUSY in FUT SU(3)3

We can implement a split SUSY scenario in finite SU(3)3 12

Figure 3. Breaking of the trinification group diagram. The quantity msoft refers to the supersymmetry breaking given by the split-
supersymmetry mechanism.

IV. PRELIMINAR RESULTS

Within the research development, certain tools were required to perform the running of couplings from the unification model
to Standard Model scales. Among these, calculations of the one-loop and two-loop expressions of the renormalization group
equations for each additional intermediate scale in the model were essential. For the case of a supersymmetric model with
symmetry under the gauge group SU(3)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)L+R, the evolution equations for gauge couplings and
Yukawa couplings were exactly computed in the case of having only one family of quarks and leptons. Similarly, it is possible
to evaluate the one-loop and two-loop beta functions for the soft-breaking parameters in the Low Energy Trinification (LET)
model for an arbitrary number of families.

Similarly, it was necessary to implement these evolution equations into the code for subsequent analysis and verify their
consistency when linking them to different breaking scales through the previously described matching conditions. For the initial
parameter running and with a total of 8000 scans, the following figures (4) were obtained for the polar mass of the top and
bottom quarks as functions of the parameter r, considering that LR symmetry breaks at the grand unification scale. Random
values of r were taken in different regions (0.25 < r < 0.95 and 0.45 < r < 0.55). From these, it can be observed that there are
values of the parameter from the two-loop finite solution that match the masses of individual top and bottom quarks, but at the
same time, there is a tendency to find them simultaneously for smaller regions of r within their range of uncertainty. However, it
must be considered that these parameter runnings were performed assuming a heavy supersymmetric spectrum, with the unified
gaugino mass scale of around ⇠ 1000, T eV . This is important due to the results shown in Figure 5, where it can be seen that
the region generated by the parameter r aligns more closely with the values of the polar masses of the heavy quarks7 within the
uncertainty range. Therefore, it is expected to find a region in which both mass values coincide in subsequent runnings with the
tendency of having light gauginos. This, along with the theoretical motivations from the previous sections, serves as a guide to
consider the division of the supersymmetric spectrum and to have the gauginos light by at least two orders of magnitude in TeVs
compared to squarks and sleptons [62].

7 These polar mass values were used for searching for a compatible region; however, once theoretical uncertainties are included, the most recent measured
values will be used.

Similar to coset space dimensional reduction (see Patellis talk) but not
identical...
We have to implement the sum rule
More than one candidate to dark matter

Work in progress MM, L.E. Reyes, G. Patellis, G. Zoupanos + ...
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Reduction of couplings in 2HDM

First attempt at 2HDM by Denner⇒ too low top and Higgs masses, not
known then.
You can reduce top, Higgs, bottom with αs ⇒ other couplings zero

Denner, NPB 347 (1990)

Re-did Denner analysis, in type I, II, X and flipped 2HDM, similar (not
identical) results:

Z

Gt

�1

�2

�3

�4

�5

Z

mt 
mH 
mh

mH±

mA

This could provide a limit or some guide to multi-Higgs models...
Miguel Angel May M.Sc. Thesis (2023)

Ongoing effort: 2HDM with corrections from first two generations
MM, May Pech, Patellis, Zoupanos + Branco, Rebelo + ...

Myriam Mondragón (IF-UNAM) FUTs Corfu 2023 34 / 42



GYU from reduction of couplings at work

All-loop  
SU(5) FUT

2-loop 
SU(3)3 FUT

Reduced  
MSSM

top and bottom masses OK

Higgs mass OK 
large tan beta


consistent with B physics 
heavy SUSY spectrum

heavy SUSY spectrum 
different for each model

dark matter candidate

3 generations 

neutrino masses

First predictions 
now constraints

Reduced  
min SU(5)
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Conclusions

Reduction of couplings: powerful
principle implies Gauge Yukawa
Unification
⇒ predictive models
Possible SSB terms ⇒ satisfy a
sum rule among soft scalars
Finiteness ⇒ reduces greatly the
number of free parameters

completely finite theories
SU(5)
2-loop finite theories SU(3)3

Reduced MSSM

Successful prediction for top
quark and Higgs boson mass

Large tanβ

Satisfy BPO constraints (not
trivial)

Heavy SUSY spectrum

Most of the spectra too heavy to
be tested at FCC:

RMSSM excluded
SU(3)3 heavy Higgs sector
could be tested
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Outlook

Some open questions and future work in reduction of couplings

Are there more finite and reduced models? Yes...

Do all fermions acquire masses the same way? ??

Is it possible to include the three generations in a reduced or finite
model? Yes...

How to incorporate flavour? possible, aided
by symmetries

How to include neutrino masses? Yes... 6R for (SU5),
natural for SU(3)3

Is it indispensible to have SUSY for successful reduced theories?
So far it looks like that, but non-SUSY multi-Higgs might be possible

How to make better use
symmetries⇔ reduction of couplings? ?
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Results for FUT SU(5): CDM, Higgs and s-spectra

M1 M2 M3 |µ| b Au Ad Ae tan� m2
Q1,2

FUTSU5-1 2124 3815 8804 4825 8542 7282 7710 2961 49.9 81122

FUTSU5-2 2501 4473 10198 5508 10482 8493 9023 3536 50.1 93872

FUTSU5-3 3000 5340 11996 6673 23612 10086 10562 4243 49.9 110302

m2
Q3

m2
L1,2

m2
L3

m2
u1,2

m2
u3

m2
d1,2

m2
d3

m2
e1,2

m2
e3

FUTSU5-1 66342 38692 31202 76842 50532 76352 41772 30842 22412

FUTSU5-2 76692 45212 37472 88872 68652 88262 68932 36022 25512

FUTSU5-3 91162 53552 37452 104192 81702 103622 77082 43292 34032

Table 4: Finite N = 1 SU(5) predictions that are used as input to SPheno. Mass parameters are in GeV and
rounded to 1 GeV.

Minimal SU(5) model can also be applied here. It should be noted that the bilinear R-parity violating
terms proposed in the previous section preserve finiteness, as well.

The expected production cross sections for various final states are listed in Table 6. At 14 TeV
HL-LHC none of the Finite N = 1 SU(5) scenarios listed in Table 4 has a SUSY production cross
section above 0.01 fb, and thus will (likely) remain unobservable. All superpartners are too heavy
to be produced in pairs. Also the heavy Higgs bosons are far outside the reach of the HL-LHC [118].

MH MA MH± Mg̃ M�̃0
1

M�̃0
2

M�̃0
3

M�̃0
4

M
�̃±
1

M
�̃±
2

FUTSU5-1 5.688 5.688 5.688 8.966 2.103 3.917 4.829 4.832 3.917 4.833

FUTSU5-2 7.039 7.039 7.086 10.380 2.476 4.592 5.515 5.518 4.592 5.519

FUTSU5-3 16.382 16.382 16.401 12.210 2.972 5.484 6.688 6.691 5.484 6.691

Mẽ1,2 M⌫̃1,2 M⌧̃ M⌫̃⌧ Md̃1,2
Mũ1,2 Mb̃1

Mb̃2
Mt̃1

Mt̃2

FUTSU5-1 3.102 3.907 2.205 3.137 7.839 7.888 6.102 6.817 6.099 6.821

FUTSU5-2 3.623 4.566 2.517 3.768 9.059 9.119 7.113 7.877 7.032 7.881

FUTSU5-3 4.334 5.418 3.426 3.834 10.635 10.699 8.000 9.387 8.401 9.390

Table 5: Masses for each benchmark of the Finite N = 1 SU(5) (in TeV).

At the FCC-hh the discovery prospects for the heavy Higgs-boson spectrum is significantly better.
With tan� ⇠ 50 the first two benchmark points, FUTSU5-1 and FUTSU5-2, are well within the
reach of the FCC-hh. The third point, FUTSU5-3, however, with MA ⇠ 16 TeV will be far outside
the reach of the FCC-hh. Prospects for detecting production of squark pairs and squark-gluino pairs
are also very dim since their production cross section is also at the level of a few fb. This is as a result
of a heavy spectrum in this class of models (see [122] with the same Figures as discussed in Sec. 5).
Concerning the stops, the lighter one might be accessible in FUTSU5-1. For the squarks of the
first two generations the prospects of testing the model are somewhat better. All three benchmark
models could possibly be excluded at the 2� level, but no discovery at the 5� can be expected. The
same holds for the gluino. Charginos and neutralinos will remain unobservable due to the heavy
LSP. As in the previous section, since only the lower part of the possible mass spectrum has been
considered (with LSP masses higher by up to ⇠ 1 TeV), we have to conclude that again large parts
of the possible mass spectra will not be observable at the FCC-hh.

14

scenarios FUTSU5-1 FUTSU5-2 FUTSU5-3 scenarios FUTSU5-1 FUTSU5-2 FUTSU5-3p
s 100 TeV 100 TeV 100 TeV

p
s 100 TeV 100 TeV 100 TeV

�̃0
2�̃

0
3 0.01 0.01 ⌫̃i⌫̃

⇤
j 0.02 0.01 0.01

�̃0
3�̃

0
4 0.03 0.01 ũi�̃

�
1 , d̃i�̃

+
1 + h.c. 0.15 0.06 0.02

�̃0
2�̃

+
1 0.17 0.08 0.03 q̃i�̃

0
1, q̃

⇤
i �̃

0
1 0.08 0.03 0.01

�̃0
3�̃

+
2 0.05 0.03 0.01 q̃i�̃

0
2, q̃

⇤
i �̃

0
2 0.08 0.03 0.01

�̃0
4�̃

+
2 0.05 0.03 0.01 ⌫̃iẽ

⇤
j , ⌫̃⇤

i ẽj 0.09 0.04 0.01
g̃g̃ 0.20 0.05 0.01 Hbb̄ 2.76 0.85
g̃�̃0

1 0.03 0.01 Abb̄ 2.73 0.84
g̃�̃0

2 0.03 0.01 H+bt̄ + h.c. 1.32 0.42
g̃�̃+

1 0.07 0.03 0.01 H+W� 0.38 0.12
q̃iq̃j , q̃iq̃

⇤
j 3.70 1.51 0.53 HZ 0.09 0.03

�̃+
1 �̃

�
1 0.10 0.05 0.02 AZ 0.09 0.03

�̃+
2 �̃

�
2 0.03 0.02 0.01

ẽiẽ
⇤
j 0.23 0.13 0.05

q̃ig̃, q̃⇤i g̃ 2.26 0.75 0.20

Table 6: Expected production cross sections (in fb) for SUSY particles in the FUTSU5 scenarios.

7 The Finite SU(N)3 Model

We proceed now to a FUT based on a product gauge group. Consider an N = 1 SUSY the-
ory with SU(N)1 ⇥ SU(N)2 ⇥ · · · ⇥ SU(N)k having nf families transforming as (N, N⇤, 1, . . . , 1) +
(1, N, N⇤, . . . , 1)+ · · ·+(N⇤, 1, 1, . . . , N). Then, the first order coe�cient of the �-function, for each
SU(N) group is:

b =

✓
�11

3
+

2

3

◆
N + nf

✓
2

3
+

1

3

◆✓
1

2

◆
2N = �3N + nfN . (39)

Demanding the vanishing of the gauge one-loop �-function, i.e. b = 0, we are led to the choice
nf = 3. Phenomenological reasons lead to the choice of the SU(3)C ⇥ SU(3)L ⇥ SU(3)R model,
discussed in Ref. [139], while a detailed discussion of the general well known example can be found
in [140–143]. The leptons and quarks transform as:

q =

0
@

d u D
d u D
d u D

1
A ⇠ (3, 3⇤, 1), qc =

0
@

dc dc dc

uc uc uc

Dc Dc Dc

1
A ⇠ (3⇤, 1, 3), � =

0
@

N Ec ⌫
E N c e
⌫c ec S

1
A ⇠ (1, 3, 3⇤)

(40)
where D are down-type quarks acquiring masses close to MGUT. A cyclic Z3 symmetry is imposed
on the multiplets to achieve equal gauge couplings at the GUT scale and in that case the vanishing
of the first-order �-function is satisfied. Continuing to the vanishing of the anomalous dimension of
all the fields (see Eq. (20)), we note that there are two trilinear invariant terms in the superpotential,
namely:

f Tr(�qcq) +
1

6
f 0 ✏ijk✏abc(�ia�jb�kc + qc

iaqc
jbq

c
kc + qiaqjbqkc), (41)

with f and f 0 the corresponding Yukawa couplings. The superfields (Ñ , Ñ c) obtain vev’s and provide
masses to leptons and quarks

md = fhÑi, mu = fhÑ ci, me = f 0hÑi, m⌫ = f 0hÑ ci. (42)
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Results for SU(3)3: CDM, Higgs and s-spectra

M1 M2 M3 |µ| b Au Ad Ae tan� m2
Q1,2

FSU33-1 1522 2758 6369 6138 10022 4520 4413 1645 46.2 55742

FSU33-2 2070 3722 8330 7129 10832 5841 5734 2357 45.5 72552

FSU33-3 2500 4484 10016 6790 9722 7205 7110 2674 49.7 8709

m2
Q3

m2
L1,2

m2
L3

m2
u1,2

m2
u3

m2
d1,2

m2
d3

m2
e1,2

m2
e3

FSU33-1 47052 23822 37542 52342 55482 51972 70432 15582 30952

FSU33-2 72552 31362 41312 67492 72252 67452 85232 22382 33422

FSU33-3 90742 38312 54832 81522 72072 25582 86002 25072 40002

Table 7: Finite N = 1 SU(3)3 predictions that are used as input to SPheno. Mass parameters are in GeV and
rounded to 1 GeV.

satisfied, rendering the model very successful. The prediction of the SUSY spectrum results in
relatively heavy particles, in full agreement with the current experimental searches.

Again, we choose three benchmarks, each featuring the LSP above 1500 GeV, 2000 GeV and
2400 GeV respectively (but the LSP can go as high as ⇠ 4100 GeV, again with too small cross
sections). The input and output of SPheno 4.0.4 [97, 98] can be found in Table 7 and Table 8
respectively (with the notation as in Sect. 5).

MH MA MH± Mg̃ M�̃0
1

M�̃0
2

M�̃0
3

M�̃0
4

M
�̃±
1

M
�̃±
2

FSU33-1 7.029 7.029 7.028 6.526 1.506 2.840 6.108 6.109 2.839 6.109

FSU33-2 6.484 6.484 6.431 8.561 2.041 3.817 7.092 7.093 3.817 7.093

FSU33-3 6.539 6.539 6.590 10.159 2.473 4.598 6.780 6.781 4.598 6.781

Mẽ1,2 M⌫̃1,2 M⌧̃ M⌫̃⌧ Md̃1,2
Mũ1,2 Mb̃1

Mb̃2
Mt̃1

Mt̃2

FSU33-1 2.416 2.415 1.578 2.414 5.375 5.411 4.913 5.375 4.912 5.411

FSU33-2 3.188 3.187 2.269 3.186 7.026 7.029 6.006 7.026 6.005 7.029

FSU33-3 3.883 3.882 2.540 3.882 8.334 8.397 7.227 8.334 7.214 7.409

Table 8: Masses for each benchmark of the Finite N = 1 SU(3)3 (in TeV).

It should be noted that in this model the scale of the heavy Higgs bosons does not vary
monotonously with M�̃0

1
, as in the previously considered models. This can be understood as follows.

The Higgs bosons masses are determined by a combination of the sum rule at the unification scale,
and the requirement of successful electroweak symmetry breaking at the low scale. Like in the finite
scenario of the previous section, there are no direct relations between the soft scalar masses and the
unified gaugino mass, but they are related through the corresponding sum rule and thus vary cor-
relatedly, a fact that makes the dependence on the boundary values more restrictive. Furthermore
(and even more importantly), the fact that we took into account the two thresholds at ⇠ 1013 GeV
and ⇠ 1014 GeV (as mentioned above), allows the new particles, mainly the Higgsinos of the two
other families (that were considered decoupled at the unification scale in previous analyses) and
the down-like exotic quarks (in a lower degree), to a↵ect the running of the (soft) RGEs in a non-
negligible way. Thus, since at low energies the heavy Higgs masses depend mainly on the values of
m2

Hu
, m2

Hd
, |µ| and tan�, they are substantially less connected to M�̃0

1
than in the other models,

leading to a di↵erent exclusion potential, as will be discussed in the following.

17

Scenarios of Finite SU(3)3 are beyond the reach of the HL-LHC. Not only superpartners are
too heavy, but also heavy Higgs bosons with a mass scale of ⇠ 7 TeV cannot be detected at the
HL-LHC. At 100 TeV collider (see Table 9), on the other hand, all three benchmark points are well
within the reach of the H/A ! ⌧+⌧� as well as the H± ! ⌧⌫⌧ , tb searches [143, 144], despite the
slightly smaller values of tan� ⇠ 45. This is particularly because of the di↵erent dependence of the
heavy Higgs-boson mass scale on M�̃0

1
, as discussed above. However, we have checked that MA can

go up to to ⇠ 11 TeV, and thus the heaviest part of the possible spectrum would escape the heavy
Higgs-boson searches at the FCC-hh.

Interesting are also the prospects for production of squark pairs and squark-gluino, which can
reach ⇠ 20 fb for the FSU33-1 case, going down to a few fb for FSU33-2 and FSU33-3 scenarios.
The lightest squarks decay almost exclusively to the third generation quark and chargino/neutralino,
while gluino enjoys many possible decay channels to quark-squark pairs each one with branching
fraction of the order of a percent, with the biggest one ⇠ 20% to tt̃1 + h.c..

We briefly discuss the SUSY discovery potential at the FCC-hh, referring agian to [145] with the
same Figures as discussed in Sec. 5. Stops in FSU33-1 and FSU33-2 can be tested at the FCC-hh,
while the masses turn out to be too heavy in FSU33-3. The situation is better for scalar quarks,
where all three scenarios can be tested, but will not allow for a 5� discovery. Even more favorable
are the prospects for gluino. Possibly all three scenarios can be tested at the 5� level. As in the
previous scenario, the charginos and neutralinos will not be accessible, due to the too heavy LSP.
Keeping in mind that only the lower part of possible mass spectrum is represented by the three
benchmarks (with the LSP up to ⇠ 1.5 TeV heavier), we conclude that as before large parts of the
parameter space will not be testable at the FCC-hh. The only partial exception here is the Higgs-
boson sector, where only the the part with the highest possible Higgs-boson mass spectra would
escape the FCC-hh searches.

scenarios FSU33-1 FSU33-2 FSU33-3 scenarios FSU33-1 FSU33-2 FSU33-3p
s 100 TeV 100 TeV 100 TeV

p
s 100 TeV 100 TeV 100 TeV

�̃0
1�̃

0
1 0.04 0.01 0.01 q̃ig̃, q̃⇤i g̃ 22.12 3.71 1.05

�̃0
2�̃

0
2 0.04 0.01 ⌫̃i⌫̃

⇤
j 0.10 0.03 0.01

�̃0
2�̃

+
1 0.58 0.16 0.07 ũi�̃

�
1 , d̃i�̃

+
1 + h.c. 1.22 0.25 0.08

�̃0
3�̃

+
2 0.02 0.01 0.01 q̃i�̃

0
1, q̃

⇤
i �̃

0
1 0.55 0.13 0.05

�̃0
4�̃

+
2 0.02 0.01 0.01 q̃i�̃

0
2, q̃

⇤
i �̃

0
2 0.60 0.13 0.04

g̃g̃ 2.61 0.30 0.07 ⌫̃iẽ
⇤
j , ⌫̃⇤

i ẽj 0.36 0.12 0.04
g̃�̃0

1 0.20 0.05 0.02 Hbb̄ 0.71 1.23 1.19
g̃�̃0

2 0.20 0.04 0.01 Abb̄ 0.72 1.23 1.18
g̃�̃+

1 0.42 0.09 0.03 H+bt̄ + h.c. 0.37 0.75 0.58
q̃iq̃j , q̃iq̃

⇤
j 25.09 6.09 2.25 H+W� 0.10 0.25 0.19

�̃+
1 �̃

�
1 0.37 0.10 0.04 HZ 0.02 0.04 0.04

ẽiẽ
⇤
j 0.39 0.12 0.06 AZ 0.02 0.04 0.04

Table 9: Expected production cross sections (in fb) for SUSY particles in the FSU33 scenarios.

18

Myriam Mondragón (IF-UNAM) FUTs Corfu 2023 39 / 42



Results for RMSSM: CDM, Higgs and s-spectra

MH MA MH± Mg̃ M�̃0
1

M�̃0
2

M�̃0
3

M�̃0
4

M
�̃±
1

M
�̃±
2

RMSSM-1 1.393 1.393 1.387 7.253 1.075 3.662 4.889 4.891 1.075 4.890

RMSSM-2 1.417 1.417 1.414 7.394 1.098 3.741 4.975 4.976 1.098 4.976

RMSSM-3 1.491 1.491 1.492 7.459 1.109 3.776 5.003 5.004 1.108 5.004

Mẽ1,2 M⌫̃1,2 M⌧̃ M⌫̃⌧ Md̃1,2
Mũ1,2 Mb̃1

Mb̃2
Mt̃1

Mt̃2

RMSSM-1 2.124 2.123 2.078 2.079 6.189 6.202 5.307 5.715 5.509 5.731

RMSSM-2 2.297 2.139 2.140 2.139 6.314 6.324 5.414 5.828 5.602 5.842

RMSSM-3 2.280 2.123 2.125 2.123 6.376 6.382 5.465 5.881 5.635 5.894

Table 11: Masses for each benchmark of the Reduced MSSM (in TeV).

renormalizable theories and the theoretical methods which have been developed to confront the
problem. Then we turned to the question of testing experimentally the idea of reduction of couplings.
Four specific models, namely the Reduced Minimal N = 1 SU(5), the all-loop Finite N = 1 SU(5),
the two-loop Finite N = 1 SU(3)3 and the Reduced MSSM, have been considered for which new
results have been obtained using the updated Higgs-boson mass calculation of FeynHiggs. In each
case benchmark points in the low-mass regions have been chosen for which the SPheno code has
been used to calculate the spectrum of SUSY particles and their decay modes. Finally the MadGraph
event generator was used to compute the production cross sections of relevant final states at the 14
TeV (HL-)LHC and 100 TeV FCC-hh colliders.

The first three (unified) models were found to be in comfortable agreement with LHC measure-
ments and searches, with the exception of the bottom quark mass in the Reduced Minimal SU(5), for
which agreement with measurements can be achieved only at the 4� level. In addition it was found
that all models predict relatively heavy spectra, which evade largely the detection in the HL-LHC.
We found one noticeable exception. The reduced MSSM features a relatively light heavy Higgs-boson
mass spectrum. Together with the relatively high value of tan� this spectrum is excluded already
by current searches at ATLAS and CMS for in the pp ! H/A ! ⌧+⌧� mode. We also analyzed
the accessibility of the SUSY and heavy Higgs spectrum at the FCC-hh with

p
s = 100 TeV. We

found that the lower parts of the parameter space will be testable at the 2� level, with only an even
smaller part discoverable at the 5� level. However, the heavier parts of the possible SUSY spectra
will remain elusive even at the FCC-hh. One exception here is the heavy Higgs-boson sector of the
two-loop finite N = 1 SU(3)3 model, which exhibits a spectrum where only the highest possible
mass values could escape the searches at the FCC-hh.
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Since MA . 1.5 TeV and large tanβ, RMSSM is excluded by searches
H/A→ ττ at ATLAS.
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Reduction of dimensionless parameters

Any RGI relation among couplings g1, ...,gA of a renormalizable theory can
be written as

Φ(g1, · · · ,gA) = const.,

which has to satisfy the partial differential equation

µ
dΦ

dµ
= ~∇Φ · ~β =

A∑

a=1

βa
∂Φ

∂ga
= 0 ,

where βa is the β-function of ga .

Equivalent to solving a set of ordinary differential equations→ reduction
equations:

βg
dga

dg
= βa , a = 1, · · · ,A ,

where g and βg are the primary coupling and its β-function, respectively, the counting on a does not include g.

Zimmermann 1985; Oehme and Zimmermann 1985; Oehme 1986
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Solutions of RE’s

The Φa’s can impose a maximum of (A− 1) independent
RGI “constraints” in the A-dimensional space of parameters,
which could be expressed in terms of a single coupling g.
However, the general solutions of RE’s contain as many
integration constants as the number of equations.
Solution: power series solutions to the RE’s, which preserve
perturbative renormalizability

ga =
∑

n

ρ
(n)
a g2n+1 ,

Reduced theory: only one independent coupling and its β function
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