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We focus on Mixing

CKM Matrix PMNS Matrix

(Dirac vs Majorana with GVWVs at end)

‘UCKM‘Z — “ ‘UPMNS‘Z —




Experimental open questions

Octant degeneracy

Mass Ordering (Hierarchy)

CP Violation ‘ . . ‘
Complex mixing of these 4

elements causes O O
P(Va_’vﬁ)ip(va_’vﬁ) @ O

Key parameter: &.p Normal (NO) Inverted (10)

Precision also required (this talk)



| NUuFIT 5.2 (2022)

Normal Ordering (best fit)

Inverted Ordering (Ax? = 2.3)

10—3 eV?

+2.50719-028

+2.427 — +2.590

24861002

bfp 1o 30 range bfp 1o 30 range
c@ sin” 012 0.30310012 0.270 — 0.341 0.303100:% 0.270 — 0.341
T | 012/° 33.4170°75 31.31 — 35.74 33.4175:75 31.31 — 35.74
()]
'E sin? O3 0.57275518 0.406 — 0.620 0.578 5 0as 0.412 — 0.623
Z | 023/° 39.6 — 51.9 49.5199 39.9 — 52.1
S&c¢ond Octan
= | sin? 03 0.02203+0-00056 5 02029 — 0.02391 | 0.0221972:99960 (02047 — 0.0239¢
S| 01s/° 8.5470 15 8.19 — 8.89 8.5770 13 8.23 — 8.90
5
2| dcp/° 19722 108 — 404 286727 192 — 360
E Am3
ﬁ 7.41192 6.82 — 8.03 741703, 6.82 — 8.03
Am%z +0.028 +0.032
s evE | T2OMIGNSy 42428 - 42507 | —2498T000  —2.581 — —2.408
Normal Ordering (best fit) Inverted Ordering (Ax® = 6.4)
bfp 1o 30 range bfp 1o 30 range
sin? 612 0.30370015 0.270 — 0.341 0.30310 017 0.270 — 0.341
g | 012/° 33.4110-7° 31.31 — 35.74 33.4110-7° 31.31 — 35.74
o
2 | sin® Oz 0.45119-019 0.408 — 0.603 0.5697005° 0.412 — 0.613
= | 613)° 39.7 — 51.0 49.01719 39.9 — 51.5
First Octant
g | sin?613 0.022257555025  0.02052 — 0.02398 | 0.0222370900°5  0.02048 — 0.0241€
Ay
v | 013/° 8.581011 8.23 — 8.91 857101 8.23 — 8.94
N
E Scp/° 232130 144 — 350 276122 194 — 344
Am%l +0.21 +0.21
AT 7.4170-21 6.82 — 8.03 7.4170-20 6.82 — 8.03
Amge

—2.570 — —2.406

See Lisi talk

This is very
impressive, but
much more precise
measurements of
these parameters
are required to
match theoretical
predictions based
on symmetry
(or maybe exclude
the symmetry
approach)
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P.F.Harrison, D.H. Perklns and W. G Scott hep ph/0202074

Tri-Bimaximal Mlxmg

Non-commuting /; and
motivates non-abelian discrete symmetry

2
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Tri

17_
G

Sin (923 — SN 913 =0

6
e
V2
Allowed at Excluded
‘ at many sigma

T SFK 0710.0530

More precise measurements required to measure all the TBM deviations




Other Slmple Mlxmg

Non-commuting /. an
motivates non-abelian dlscrete symmetry

i S
Cl2 1

B

1ol

I

1
: Sin o = — S X
b1 = 31.7° - V2 i

=3 Allowed at Excluded

X € cosbiz = @/V3. 015~ 20.9° 3 .
o o , i I m
X Bimaximal 010 = 45° 3 Slgma at S g a
X

X Hexagonal 6, =30°

S12

=
S
/7




Non-Abelian Discrete Symmetry §
PSL(2,7) T ar7(2)

ﬁ

| 2(168)] A(96) |
1 2= psr2.5)

e N=5
The blue groups can o -4 "
emerge as levels .
N=4

N=2,3,4,5,7 of finite A “
modular group

(see Nilles talk)




TBM from S4

Family Generators
symmetry S,T,U

T preserved S,U preserved

¢ o

N p
Charged Neutrino

kLepton Sector J L Sector ,

\/g TBM excluded
G so break S, T,U

6




Charged Iepton correctlons

Family Generators

symmetry S,T,U

break T M S,U preserved
¢ ¢
-

N p
Charged Neutrino

kLepton Sector J L Sector
l ; 5o e

€12
i e e

0 0 1
Charged lepton rotation

SINEC
2512
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Huge literature e.g. Antusch and SFK, hep-ph/0508044; I.Girardi, S.T.Petcov and A.V.Titov,1410.8056, ..}

Sum rules from charged lepton corrections

Charged lepton rotation Tri-bimaximal neutrinos
C12 s§pe 12 0 %

S NE
Upmns = —35’261512

Valid also

Uri|  ofa503 — C19813C23€" | to3S83y + S13CTa/taz — 3(t2s + S13/tas)

— — —— = COSO =
[ Uro| & | — c12593 — S12513623€%| - /2

This derivation: P.Ballett, S.F.K., C.Luhn, S.Pascoli and M.A.Schmidt, 1410.7573

sin 2912813




cos O

cos O

cos O

1.0~

L

i Sin2623 Sin2923 BM i
- W 0.405 | Mo405 ]
s Mos Charged lepton corrected | mos Charged lepton corrected |
. " M 0.620 + Mo620
0.0+
05" 1 :
F.Costa and S.F.K.,
I [arXiv:2307.13895] ]
_1'0;\ L | - | | | | L | I (e 0 [l ﬁ, T ,4_—-\"‘;
1.07\*'*2**\ \ L | | \ \ — \v —t T A A A L A
- Sin“0y3 GRa 1 sin%,s GRbD
- M 0.405 | Mo.405 ]
, r I n corr ﬁ
T Charged lepton corrected | Mos Charged lepton corrected |
" I o0.620 M 0.620
0.0+
-05 7 // T i
1.0+ 1 !
e ——t———————————————————————1— i i \ \ \
1.0 = 1 i
| Sin2923
I M 0.405
0.5 i Bos + -
i Il 0.620 Sin?,, ]
0.0+ Mo40s
: i Wos
.. GRe I HEX moe0
[ Charged lepton corrected I Charged lepton corrected
- 1.0 ;\ oy [ T T N T TN T T T S N N HNY N T SO S N N I R | Ti\ I T R B B B I T I Y T T [T Y N N N N TR IR TR IR | T
027 028 029 030 031 032 033 034 028 029 030 031 032 033 034
. 2
Sin%(61) Sin“(012)

More precise
measurements
required to
exclude these
cases

and

are

ohe sigma
ranges

At 3 sigma
the entire
range is
allowed



Preservmg a column of TBM

Family Generators

symmetry S,T,U
T preserved >(preserved break U

[
¢ Alternatively

N\ h
Charged Neutrino A4 with just

_Lepton Sector _ Sector SandT

* Urnz =

preserved 2nd column




Preservmg a column of TBM

Family Generators
symmetry S, T, U

break S,U

T preserved /Sj/ preserved separately

¢l preserve SU

N p
Charged Neutrino

kLepton Sector J L Sector ,




Preservmg a column of TBM

Family Generators

symmetr S TU
4 4 break S,U

T preserved /Sj/ preserved separately

' preserve SU

N p
Charged Neutrino

\Lepton Sector J L Sector

2

3

b el e
)

preserved 1st column

=
NG




C.H.Albright and W.Rodejohann, 0812.0436; C.H.Albright, A.Dueck and W.Rodejohann, 1004.2798

Tri-maxima

P v

o

®
@
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| Mixing

Second column of TBM |
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C.H.Albright and W.Rodejohann, 0812.0436; C.H.Albright, A.Dueck and W.Rodejohann, 1004.2798

Sum rules from preserved columns

of
[Ues| = s12¢13 = \/— — i 3
: 3
|

i9)
U,2| = |c12c23 — S12513523€"

1
o ﬁ Uro| = | — 12523 — s12813C03€" | = 3
2613(Iﬂ32923(xﬁ32913

TM2 Sum Rule prediction for CP phase ——p €080 = ;
\/2 — 3573

2 2
‘Uel‘ =CoGae= 3 e Py
‘Uul‘ o ‘ RO D C12813823€i5‘ —

|U7_1' = ‘812823 oE 0125130236i5‘ e

cot 2093(1 — 5s%,)

2\/5813 \/1 = 38%3

TMI Sum Rule prediction for CP phase =—§ c0s0 = —




TM1 || cosbig = \/gcoslels TM2 | sinfy = m
SOIar angle BM1 cosﬁlgzm BM2 COS@lgzm
L L GRal cos B9 = Cg‘gs‘ef?) GRa2 cos 1o = CS?H?S
p rEd I Ctl O n S fro m GRb1 cos 19 = &ﬁ;ﬁg GRDb2 sin 019 = @f
¢ cos 1o = L+V/5 c sin 12:1+—\/5
preserved columns | o =i oo
HEX1 | cosths = golg || HEX2 | sinfhy = 7t
0.0205 0.0215 0.0225 0.0235
I I I I
0.34 - i : )
30 In Sin 912
M\M
0.32  —— _ . - — TM
RS More precise solar angle
~ 0.30 - measurement required to . — TM2
[Q\ i
f= exclude these cases
« 006 — GRat
: —— GRaz2
. Excluded at 3 sigma Larav:2307. 136851 -
| | | | | — GRbf

0.0205

0.0215 0.0225 0.0235

sin®(6;3)




cos O

CP phase predictions from preserved
columns of simple mixing patterns

1.0
0.5
0.0 -
05"

10—

T I T T T T I T T T T | T T T T I T T

More precise measurement

required to exclude these cases |
1 E TMT

& TM2

GRaz2

F.Costa and S.F.K.,

[arXiv:2307.13895] % .
RN i

one

S | SN 10 in Sin?(03)

0.45 0.50 0.55 0.60
At 3 sigma the entire

. D
sin“(623) range is allowed
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SFK 9806440, 9912492, 0204360

Sequential Dominance (SD)

Motivation: naturalness and minimality

Assume red RHN  Assume black RHN is  Assume primed RHN is
dominates seesaw subdominant Irrelevant

Heavy Majorana (Y 0 0 DiI‘aC (d a /
\MRR =0 X O m,.=|e b /)
0 0 /‘// /

Diagonal basis
: VA Y

Predicts normal hierarchy mj1 =0
mg ~ (e + f#)/Y tanfy3 ~e/f
More precise

my ~ a’/(s1,X)  tanbig ~ ﬁa/(b —€)  results depend

Predicted before on phases

Further assuming d=0 G112 < mo/m
5 13~ 2/ 3 measurement!



SFK 0506297

Constrained Sequential Dominance

Heavy Majorana (Y 0 0\ Dirac ({d a/ m1 =0
N | /) )

M, =|0 X 0 m,=|e b Amy, _ m;
Di . Am? m2
iagonal basis \() 0 '/ \f C ) 31 3

We can add further constraints to enhance predictivity ’/\

CSD
d=0 e=jf tanfyz3~e/f~1 »"‘\

a=b=—c tanfiz ~v2a/(b—c)~1/v2 ‘\‘/‘

/

Accidentally occurs due to
orthogonality of two columns

It turns out that this gives exact

012 =
tri-bimaximal mixing with 13

More general examples called CSD(n) can give approximate TBM with 8,; # 0



SFK 1304.6264; 1512.07531

Constrained Sequential Dominance

(Y 0 0 (d a/
M,=[0 X 0O m,.,=|c¢e b/)
0 O/(/ /

VA

More generally assume the two columns of the Dirac matrix are proportional to

d 0 a 1 CSD(n)

eloc |l and | b ] o n (n=real number)
f 1 C n — 2
(can be enforced by symmetry - see later)
Approximate TBM
~ ~ 0 0 PP
tan 623 e/f I 137 independently of n
tan Oy ~ \/ia/(b B C) N 1/\/§ (which cancels) but

depends on phases

The case n=1| corresponds to the exact TBM case previously

But precise results for general n depend on relative phase of columns



CSD(n) possibilities

Two possibilities: ~ Normal Flipped
d 0 a 1 @ !
€ X 1 b X n or b Xl N — 2
! 1 C n— 2 C n

The two predictions only differ in atmospheric angle and CP phase (solar
angle, reactor angle and neutrino mass unchanged) (n= real number)

Octant flipped tan (923 — COt 923 o — 0 —+ 7T

Alternatively we could use the following (only differs by unphysical phases):

q 0 a 1 a 1
el o | 1 b | n oo |b]lx|2—n
f —1 C 2—n ¢ n



CSD(n) results

d 0 a 1
Original case: e | x |1 b n
/ 1 C n— 2
0O 0 O 1 n — 2
My =me [0 1 1| +mpe” | n : n(n — 2)
0 1 1 n—2 nn—2) (n—2)7?
oY . 2m
Shows n~3 is viable! pjorkeroth, sFk 1412.6996 613 ~ (n — 1)§m2
3
Mg mp n | b2 b1z O3 |dcp| Mo mg 2 |my = 0
"l mev) (mev) (ad) | ) () () () (meV) (mev) | X 1
1 24.8 2.89 3.14 | 35.3 0 45.0 0 8.60 49.6 485 CSD(|)=TBM
2 19.7 3.060 0 34.5 T7.65 56.0 0 8.8D 418.8 95.1 CSD(Z) Antusch 1108.4278

CSD(4) SFK 1305.4846



SFK 1512.07531

F.Costa, S.F.K.,

2307.13895

Ding, SFK

CSD(~3) =Littlest Seesaw

0.20

~ 0.10r

0.051

0.00 .

.................................

SN P

1 &~ 0.10r

n
Am3,
Use 0,5 and
2
31
b
ma

Then 0,, , 6,5 and
0 are all predicted!

Precision required

0.201

.............

....................

Highly predictive - 3 inputs for 9 observables (6 “measured”)

0.201

0.051

0.00

.................................

1 015f 1

4 s 0.10F 1 2
| | I gL
| [ \ 813 / | mg?
4 L \__/ 4 .613

................................

Modular Littlest seesaw & Flipped modular Littlest seesaw
bf allowed ranges bf allowed ranges
n/m 1.240 [1.197,1.276] n/m 0.742 0.725, 0.806]

r 0.0734 | [0.0684,0.0786] r 0.0758 | [0.0683,0.0786]
sin 613 | 0.0223 | [0.0205,0.0240] | sin®63 | 0.0231 | [0.0205,0.0240]
sin®65 | 0.318 (0.317,0.319] | sin?6y | 0.318 0.317,0.319]
sin? g3 | 0.447 (0.408,0.483] | sin?f3 | 0.535 (0.517,0.595]
Scp/m | —0.575 | [-0.640, —0.522] | dcp/m | —0.452 | [—0.478, —0.354]

B/ 0.474 (0.408, 0.555] B/m | —0.441 | [—0.562, —0.409]
m3/m3 | 0.0297 | [0.0270,0.0321] | m3/m3 | 0.0283 | [0.0270,0.0321]




De Anda, SFK 2304.05958

Littlest Modular Seesaw n = 1 + \/8
| 0d model with orbifold (T?)3/(Zs x Z5)

a Im <1
| Solar RHN lives here AI Atmospheric RHN lives here
0 N C .- 11 29 _ b ‘ | -
a . A ‘
e 3 tori

1 Re 25

arged leptons live here Lattice vectors for
each torus are (1, 7;)
lei, 72:i+2, T3 — W

Re 23

which define 3 fixed moduli



I.de Medeiros Varzielas, S.F.K. and M.Levy, 2211.00654 De Anda, SFK 2304.05958

Littlest Modular Seesaw n = 1 + \/6

Field

4
=
=
N
-
-~
N
2y
o
N
-
Q
-
o
o

- ; - 3 - - - = Yuk/Mass | S5 SP S§ 2ka 2kp 2kc Yukawa Coup"ngs
C
e 11 1 0 —6| m2 || Ye(m) 11t 3 0 0 61 Zzre modular forms
. 1 1 1 0 0 4 T2 YM(Tg) 1 1 3 0 0 4 I t d t ‘th
:LC L1 1 0 0 | || tr s 002 evalluated at the
ve |11 1 0 -4 o |1 | Y 13 1 0 4 0| fixed points of the
Ne |1 1 1 -2 0 0| T} 3\/4(2) i’ 1 1 3 2 8 moduli fields (the
®5c | 1 3 3 0 0 0 |Buk] . ° -
o o gl | B TGS 1 1 1 4 0 0 lattice vectors)
- - 1
G.J.Ding, S.F.K, X.G.Liu and J.N.Lu,1910.03460 c c
G.J.Ding, S.F.K. and C.Y.Yao, 2103.16311 A [L(DBCY@NCL T LCDACYSNS] H,
T Y32 (), Yoy (7) Yy (r), Yy (7) +[LY.e® + LY, ¢ + LY, 7% H,

1 1
iv2) | (0,1 —w +-—M, NN+ -M,N;N; .

' - +
e 2 2
(L 5(CLHiva, 501+ 6@) Flipped case (2nd octant)

r | W0 [ 00 | aaoyam | (Y V0 U
0 vy, 0 a b(l—\/é)
LS| P | N D e e b (L)
w + 2 1, —% w 1, w? —¢ 1, —2w?. —2w :
e W, 3 » > Dirac
w3 |Gw—5) | GLofed) | (12w 2 cl:ehé[?nesd neutrinos
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Conclusions

Mixing sum rules are relics of simple mixing patterns
enforced by symmetry and predict cos o (not o)

Discussed minimal predictive Type la seesaw CSD(n)
“Littlest Seesaw” n = 3 predicts 0, , 6,5 and 0
n=1 + \/6 ~ 3.45 enforced by modular symmetry

Such theories motivate precision measurements



Dirac or Majorana?

VT, VR

Dirac

_\gu- mplUr, VR

VL Majorana
-'l 1 0
\@ mri, U7, Vz
C
VR Majorana

ﬂ@ll- MRﬂ%VR



—Ly D )),gf{]Vr—k_ﬁ?fVQh¢)

1 2 T
My = EU B M Y
U(l)e.L broken
Cosmic string
GWs

SFK, Marfatia, Rahat 2306.05389

Majorana vs. Dirac Seesaw

—Lp D yLZHAR + VrALovg + MAAA

VR Odd
w Zz
H o odd
1
Mp =—vuY M Vg

V2

U(I)L preserved

/- broken
Domain Walls

GWs



SFK, Marfatia, Rahat 2306.05389

orana vs. Dirac

- R + LVK' , ' LVK |
& ;o) v R i 7 (03}
| F-: "W 107} S 1
E /: ” /\’ ’;[ { E ,'I/II /\U : :: :‘ III,I /II
s 7T NHLV AN
? & ’ Al : S K&
s —— 107}/ sMBED | S22
—— < Tg : v :“,: ON
’:lﬁt 74 . .’—/'—a‘:-; — ) //"/ ) :' I’: ,./"/ 4
& JAEDGE ——r—— & jpup | < .
\\ ’flb Se-v OD \ty‘})@
’ 5
\@% ) (2) - (3)
N2 Q) 16 \
\\ \~__’Q)Q) ].O
10719 < ' : ' : 10719 : : ' : .
1079 1077 162 1073 107! 10! 10° 1079 1077 1072 1073 1071 10! 10
f [Hz] f [Hz]

Flat GW spectrum from Peaked GWV spectrum
cosmic strings from domain walls

Benchmark Point u [GeV] Viias [GeV?] Ymax (Ma < Mpy)

Majorana vs Dirac can be v

@ 5.2 x 107 7.14 x 10'° 0.37
. . . ® 7 % 107 .3 x 10%0 .
dlStlngL“Shed fI"OI'Tl Shape @ 3.2627’>><1?J” 1?338><110034 3.32411

of GW spectrum
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SFK, Marfatia, Rahat 2306.05389

ANOGrav |5-year data

Recent PTA data  pjué

EPTA
NG15

Majorana

1079 5.x10 1.x107° 5.x10°% 1.x107°7
f [Hz]




