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UV completion for a theory of pions

E | UV completion? ’W

simplifying assumption:
I = weakly-coupled theories (tree-level)

Also aiming strongly-coupled gauge theories (QCD)
in the large=Nc limit:

quarks, gluons _> mesons (qq states), glueballs
SU(Nc) N, >

- g~1/\/Nc

+ other
mesons channels




Positivity bounds

T —

N. Arkani-Hamed, T.-C. Huang, and Y.-T. Huang, arXiv: 2012. 15849

C. de Rham, S. Melville, A. J. Tolley, and S.-Y. Zhou, arXiv: 1702.06134

B. Bellazzini, J. Elias Miro”, R. Rattazzi, M. Riembau, and F. Riva, arXiv: 2011.00037
A.Sinha and A. Zahed, arXiv: 2012.04877

AlJ.Tolley, Z.-Y. Wang, and S.-Y. Zhou, arXiv: 2011.02400

S. Caron-Huot and V. Van Duong, arXiv: 2011.02957

S. Caron-Huot, D. Mazac, L. Rastelli, and D. Simmons-Duffin, arXiv: 2102.08951

and much more. ..

¢ Generalizations of the optical theorem

forward limit:

Peskin & Schroeder



Positivity bounds

..

N. Arkani-Hamed, T.-C. Huang, and Y.-T. Huang, arXiv: 2012. 15849

C. de Rham, S. Melville, A. J. Tolley, and S.-Y. Zhou, arXiv: 1702.06134

B. Bellazzini, J. Elias Miro”, R. Rattazzi, M. Riembau, and F. Riva, arXiv: 2011.00037
A .Sinha and A. Zahed, arXiv: 2012.04877

AlJ.Tolley, Z.-Y. Wang, and S.-Y. Zhou, arXiv: 2011.02400

S. Caron-Huot and V. Van Duong, arXiv: 2011.02957

S. Caron-Huot, D. Mazac, L. Rastelli, and D. Simmons-Duffin, arXiv: 2102.08951

and much more. ..

¢ Generalizations of the optical theorem:

forward limit (tree-level):




Positivity bounds
ON (tree-level mediated) amplitudes

Analytical structure of amplitudes:

M(s,t)

>

M
°

complex s-plane

u fixed

°
A

—o0—0—0—>

.. simple poles due to states in the s-channel:

a: :a
Z.
b b



Positivity bounds
ON (tree-level mediated) amplitudes

Analytical structure of amplitudes:

A
M (87 t) complex s-plane
M
o —0—0—0—0—© —o0—0—0—0—0—>
5
u fixed
“‘.‘ CL
s =-t-u-4m? . .
A " simple poles due to states in the t-channel:

.

wst®

e
ws®
s
wut®
* an?®
. ant®
.........
------------



Positivity bounds
ON (tree-level mediated) amplitudes

This simple structure allows to get dispersion relations:

M(s,t)

s=plane 4
P gk+1

—o—0—0—0—0—¢— 00— 00— 00— 00— 00— 0>

u fixed

k=1,2,3, ...



Positivity bounds
ON (tree-level mediated) amplitudes

This simple structure allows to get dispersion relations:

M(s,t)

.
SUPTTLLLELLLE LT P
. "y
[%e gy
. L]
R Yo,
A o* T
- o e,
o Yo,
* G
* '..
o .,
Q e
Q Ta,
o "tsapuunnt®
Q
g
A
A

—o—0—0—0—0—¢— 00— 00— 00— 00— 00— 0>

u fixed

k=1,2,3, ...



Positivity bounds
ON (tree-level mediated) amplitudes

This simple structure allows to get dispersion relations:

For large enough k, we have:

M(s,t)
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Positivity bounds
ON (tree-level mediated) amplitudes

This simple structure allows to get dispersion relations:

Cauchy at work: $
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u fixed

residue at the origin + sum of residues at the mass poles =0

(low-energy EFT parameters related to masses and couplings of mesons)



pion-pion scattering

J. Albert and L. Rastelli, arXiv: 2203.11950

Lets assume an SU(2) (isospin) global symmetry
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N ’
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. 7% € 3 massless
Goldstones from

7t > ¢ SU(2)®SU(2)— SU(2)
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(that cannot have poles in the t-channel)

MI=2(s, u) 4 complex s-plane
gk+1
u fixed—0 partial-wave expansion
v
M=% (s, u) \ g7T 2u
Res - g 1+ —
skt m:

: 0 Wilson coefficients
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Legendre pol. and derivatives (all positive!)
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Implications of Positivity bounds

Lets assume at |s|— 00 & either t or u fixed:
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Infinite set of Sum Rules:

Z |g7,;;g ‘]’L(JZ T 1)(Jz — 2)(JZ + 3) =
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Infinite set of Sum Rules:

R

No constraints for J; =0 states

W possible UV completion:
Theory of Scalars (Higgs mechanism)
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spin=-1 must be in the spectrum with the largest coupling

. Vector Meson Dominance (VMD),

assumed in the past to explain QCD experimental data
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Infinite set of Sum Rules:
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Infinite set of Sum Rules:

Z |g7,;;:62 Ji(Ji +1)(J; —2)(J; +3) =0

> ‘gmﬁ) Ji(J; — 1)(J; + 1)(J; +2)(J7 + J; —15) =0

Z |g7:;2 Ji(Ji —2)(J; — D(J; + D)(J; +2)(J; +3)(J7 4+ J; — 28) =0

non-scalar UV completions require all spin states
with couplings to pions decreasing with J
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Constraints on Wilson coefficients
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L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

i M2 i N2 A —
O(SZ): g20 = 4(2Ly + 3Ly + L3)—5 ,  Goq = 16Ly—

F2 mass of the 1st meson

F

“Polyhedronal”
bounds

J2.0

EFTs are
“EFT-hedron’’




g2.0

1.0

0.8
0.6

0.0=

Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

----------------------------
L]
"
L]
L]
L]
-
L]
-
.
-

mass of the 1st meson

. M? N M? <
O(SZ): g2.0 = 4(2L1 -+ 3L2 —+ Lg)ﬁ go1 — 16L2ﬁ
9
| Scalar
c
9
)
9
Q.
£
o
U
>
-
W
o0
20
.
0.0‘ o ‘0.5‘ o ‘1.0‘ o ‘1.5‘ o ‘2.0‘ o ‘2.5‘ o ‘5.0‘ o

g2.1



Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

~ M2 - M2 R
O(Sz): 92,0 = 4(2L1 T 3L2 T Lg)F—E ’ 92,1 = 16L2F—7? mass of. the 1st meson

1.0®
| Scalar

obtained numerically

J2.0

921



Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

2 M2 M2 e —
goo = 4(2L 3L La)— Jgo1 = 16Ly—
O(S ): 92,0 ( L 2+ 3) FE ’ 92,1 2F7? mass of the 1st meson
1.0®
| Scalar J > 0 su—model .
spin-1 model
4
0.8 .:
00
’0
L .0
0.6 1 R
J2.0
0.4+
‘IIIIIIIII---“
] Vector
0.2+
()‘()H““““““\““\“‘\““\“‘
0.0 0.5 1.0 1.5 2.0 2.5 3.0

g2.1



Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

~ M2 - M2 T —
O(s2): o= 4CLi43Lt L)y Goa = 1607 mass of the Is¢ meson
1.0/@
| Scalar J > 0 su—model .
spin-1 model
0.8 3
[ it is a kink of the boundary
0.6 a4 Rt
g2.0 Amazingly, related to the fact that
0.4
! (o2 22 ol
‘IIIIIIIII-
I Vector 117 212 312 o (n+ P
0.2 Det | 2" 312 412 o mE22 =0
" \ \n2 (e DE (22 o (20)2 )
0.0 0.5 1.0 1.5 2

g2.1



Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

2 M2 M2 e —
q — 4 _— a p— T
O(S ): 92,0 (2L1 T 3L2 T Lg) FE ’ 92,1 16L2 Fﬁ mass of the 1st meson
.00 ""“"""'%.
| Scalar J > 0 su—model e

the other kink:

m?(s + u) + \su

ME (s, 1) =

(s — m?)(u — m?)

—
> 1 | J=1,2,3,... states
of equal mass

J2.0

g2.1



Constraints on Wilson coefficients

2
L= %Tr (8,UT0"U) + Ly Tx* (0, UTO*U) + LoTr (0,UT0,U) Tx (8#UT0"U) + L3 Tx (9, UTO*US, U6 U)

M? M? «— \
Goo = 4(2L 3L Ly)— Jo1 = 16Lo—— .
O(Sz): 92,0 ( 1+ oLe + 3) F? Y21 2 F? mass of the 1st meson
1.0@ .
| Scalar J > 0 su—model
0.8
0.6
32,0 =
0.4 .
f Lovelace-Shapiro:
Vector s ) T J— B—
0.2 . .
| (1) (1)
| | | | 2 2m>2 2 2m?2
2.046 2.05 2.054 2.058 M(LS)(S u) = p ¢ :
. ()
0.0 0.5 1.0 1.5 2.0 2.5 .

92,1 md =m2@n+1), n=0,12,..



stronger bounds if we assume that,
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stronger bounds if we assume that,
as in QCD, J>| mesons are heavier

+ the spin-1 meson, the p,
has a non-zero coupling to mm
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Explaining the success of holography

AdS/QCD:
5D model for QCD mesons (spin=0,1):

. Erlich+Katz+Son+Stephanov 05
SU(Q)L X SU(Q)R mOdeI' Da Rold+Pomarol 05

M
L5 = 7"’% [~ Ly~ LMY — Ryn RMY 1Dy ®)? + 3]0)?]

Experiment AdSs Deviation
mp 775 824 +6%
May 1230 1347 +10%
M 782 824 +5%
F, 153 169 +11%

F,/F, 0.88 0.94 +7%
Fr 87 88 +1%
Gprm 6.0 5.4 —10%

Lo 6.9-10"3 6.2-103 —10%

L1o —5.2-1073 —6.2-1073 —12%
['(w— ) 0.75 0.81 +8%
['(w — 37) 7.5 6.7 —11%
I'(p — ) 0.068 0.077 +13%
I'w— mpp)  8.2-1074 7.3-1074 —10%

['(w — mee) 6.5-1073 7.3-1073 +12%




Explaining the success of holography

AdS/QCD:
5D model for QCD mesons (spin=0,1):
. Erlich+Katz+Son+Stephanov 05
SU(2)L X SU(Q)R mOdeL Da Rold+Pomarol 05
M5 MN MN 2 2
Lg = 7TT [—LMNL — Ryn~nR + |DM(I)‘ + 3‘(13‘ }
Experiment AdSs Deviation
m, 775 824 +6%
May 1230 1347 +10%
M 782 824 +5%
F, 153 169 111% Success can be understood
Fo/Fp 0.88 0.94 +7% from positivity bounds
Fr 87 88 +1% .
G 6.0 5 4 _10% that restrict J>1 mesons
Lg 6.9-1073  6.2.103 —10% to contribute little
L1o —5.2-1073 —6.2-1073 —12%
P(w — 77) 0.75 0.81 8% to low-energy observables
I'w — 37) 7.5 6.7 —11%
I'(p — ) 0.068 0.077 +13%
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Similar structure for higher-order Wilson coeff.

O(s3):
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U(1)a axial anomaly
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Introducing the N’ (Goldstone of an anomalous symmetry):
Ui2)eU(2) = U(2)
C_» su@)esuR)eU()eU(l)
* WZW term: 5-goldstone int.

* Adding external gauge-bosons: X K = 127]-:;0}73
=YY - Y
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1 3 .
but also " two qL,qr
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a) It cannot be mediated by scalars

&= axial anomaly discards theories
with only scalar resonances

W %%
b) Bounded by LH.:JI
K 1
= bound on the anomaly: \/P/FQ < ﬁ
/ 7T

NN bion polarizabilities




Conclusions

| — T

e Positivity bounds from Crossing + Analyticity + Unitarity
shows the “EFT=-hedron” structure of the Chiral Lagrangian
at large-Nc

= Allows to get information on possible UV
e completions for a theory of Goldstones!

QCD
‘ e scalars (Higgs mechanism)

Two possibilities { e Higher-spin (states with all | needed)

e Higher-spin (J>1) states are strongly constrained, giving a possible
explanation for VMD & the success of holographic QCD

e AXxial anomaly can distinguish between the two possibilities

K 1 what theory
° < - =
Bounded from above: BIFE = 2 saturates it?

w potential interest to constrain DM scenarios (e.g. SIMPs)
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Lets assume at s— o and either t or u fixed:

M= (s, u)
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C The su-models

Let us consider the most general theory of a degenerate spectrum that contributes to the four-
pion amplitude M(s,u) [7, 8]. This means that all states have equal mass m, and therefore
the denominator of this amplitude is fixed to be M(s,u) o< 1/((s —m?)(u —m?)). If we further
demand that Eq. (6a) and Eq. (6b) are satisfied for ky;, = 1, we are led to

arm* + aym?(s + u) + azsu

(s — m?)(u —m?) ’

M(s,u) = (91)

where a; are constants. The Adler’s zero condition fixes a; = 0. Then, aside from a global
multiplicative factor, the amplitude has only one free parameter. We can write it as

m?(s + u) + Asu
(s —m?)(u —m?)

M (s,u) = , (92)

where the possible values of A are determined by unitarity. Indeed, imposing the positivity of
the residues of Eq. (92), we obtain

2In2 —1

—2 <A< : 93
— 7 1—1In2 (93)
In the limiting case A = —2, the residues of all J > 0 states are zero, and we are left with the
scalar amplitude Eq. (22). In the other limit,
2In2 —1
A= ~1.26, (94)

1 —In2
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D The Lovelace-Shapiro amplitude

The Lovelace-Shapiro (LS) amplitude for the scattering of four pions is defined as [26, 27|

['(1—a(s)I'(1 —au))

ME(s,u) = T(1—a(s) — a(uw))

(105)

where a(s) = ap + s is referred as the Regge trajectory. We will fix the values of o and o/
by requiring that Eq. (106) satisfies the Adler zero condition, M) (s u) — 0 for s,u — 0,
and that the first pole of Eq. (106) occurs for s = m?. These two conditions lead to o = 1/2
and o’ = 1/(2m7) [66] and then we can write

M(LS)(S’U) _ : (% 27;1/23() I; ()% _ ﬁ) . (106)
2m2

By looking at the poles of Eq. (106), one can see that the LS amplitude corresponds to a theory
of higher-spin states with masses

my =m>(2n+1), n=0,1,2,.... (107)

For a given n, there are at most n+ 1 states with spin J = 0,1, ...,n+1. Furthermore, Eq. (106)
satisfies the condition Eq. (6a) and Eq. (6b) with k.;, = 1.



E The Coon amplitude

The Lovelace-Shapiro amplitude presented in Appendix D can be generalized to a larger class
of amplitudes depending on an additional parameter g. This is the so-called Coon amplitude,
which was first proposed in [28]'!:

Myto.0) = oo T2y T

n=0
where 0 =1+ (¢ —1)(ap +a's) and 7 =1+ (¢ — 1)(ap + &'u). As explained in Appendix D,
we take g = 1/2 and o’ = 1/(2m?). The parameter ¢ takes values between 0 and 1, and in
the limit ¢ — 1 we recover the LS amplitude Eq. (106). There is some freedom in the choice of
the prefactor C, as long as it satisfies lim,_,; C(o, 7,q) = 1.
The Coon amplitude has an infinite number of simple poles at

(118)

o1+ q—2¢"H
P 1—C] ’

Sy =M n=20,1,2,.... (119)
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Higgs as a Pseudo-Goldtone boson:
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a 23% to the Wilson coeff.
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