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The Standard SU(2), x U(1)y Model
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The Weinberg - Salam model SU(2), x U(1)y
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The Standard SU(2); x U(1) Model

In SU(2). x U(1)y, the scalar field is:

+ ~
(b: (i(])’ ¢Zi7—2¢*7 ¢+:¢1+i¢27 ¢0:¢3+i¢4

Lscaiar has greater symmetry SO(4) x Uy, SO(4) =~ SU(2) x SU(2)

Without the kinetic term of scalar bosons, using the notation v A, =A, the
L2t turns into:
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The Standard SU(2); x U(1) Model

1 .
(& W, + gl W) + (e Wi + 58'J7"By) + (i = 2,3)
= %(J:Wﬂ‘ +J, W) + oneutralint. + (i=2,3), (Homework)

where
S5 =Jh 4+ idh = iyeer + Tived,

({71,72,73} S {rrm), Ti:%(ﬁin))

We already know the form of the scalar field's vev:

o5 =V

Substituting ¢ = (¢) + ¢ in L{,, (L7a"'s last term), we obtain:

1 v? a a ,U2
-2 (—g27vv# W + gg’'v*B W — g 7BMB”)

’1)2

= S (W) + WY + (W) +g”(B,) —288' WiB")  (Homework)
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e The blue term is a mass term for the physical fields W = (W} ¥ iW?)/v2

(Wi, W2 are the original gauge fields):

g2U2

4

My =
e The red term becomes:
2 2 / 3p
v 3 g g\ (W
? (WH B#) (7gg/ gl2 ) ( B[,L )
After diagonalization (e.g. by rotating by an angle 0w, where tan 6y, = g’/g) we obtain
the physical fields , which are the mass eigenstates:

Z, = cosOwW, —sinfwB, — (physical Z°)
A, = sinOwW, +cosOwB, — (physical photon)
with masses:
2 v, 2
I\/IZ:Z(g +g°) ma =0
Miy
= = - =
p M2 cos? O

[Symmetry Broken: SU(2), x U(1)y — U(l)e/,,,]
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The Standard SU(2); x U(1) Model

The combinations

o =), o
(¢ ) \/E((bo ¢ )7 ¢ )
of the initial Higgs have been "eaten” by the W*, Z° and became their longitudinal

polarization states, thus giving them mass.

Counting the degrees of freedom we conclude that the theory also contains a physical
Higgs field: .
@ +6"

V2

= H=

For the perturbed system around the vacuum, the scalar field (in the unitary gauge) is:

= % (v +0H(x)>

Finally, if we substitute the ¢ in the potential term V/(¢) of the total £ we find the mass
of the physical Higgs field:

V(p) = mp =2u” =207
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The Standard SU(2); x U(1) Model
@ Charged Currents:

The weak isospin currents of SU(2) are:

h= Y AY'Fh, a=123

SU(2) doublets

and W¥ are connected with the charged combinations Ji = (J* + iJ?*) with the

interaction:
LS = %(W:J” + W)
S ﬁeff = T(JU“ ), Gr/V2 =g /8M2,
2
v = (V2GF) ? ~ 250GeV v= 2%
@ Neutral Currents:
1
L = ghw* 4 5g/J: B, =
Lonp = el A" + ﬁjﬁZ” (In the physical basis) (Homework)
w
where e = gsinfy, J) =J) —sin® 0w "
2
g 0 /0 g 0 (0 .2
Ee —_— = " ~0.2
— fF = 3 cos? QwM%J“J 2M2 J J — sin Oy 0.23
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The Standard SU(2); x U(1) Model

Fermion Masses from the Yukawa Terms

The Yukawa terms in the Lagrangian density that refer to the leptons (writing explicitly
only the first generation, the rest lie in the ...) is:

et — 4 £ {( V. @ )L( f: )eR+éR( o= @° )< ve ) ]+
L

e

After the Spontaneous Symmetry Breaking (SSB):

o= \f<v+Hx>>

Substituting this ¢ into L5 we obtain:

rept fg(ll) _ _ fg(ll) _ _
[’Yuk =...+ WU (eLeR + eReL) + W (eLeR + eReL) H+...

The first term is a mass term: m. = Q(u)v/ﬂ. Therefore, Lf,ff,’f becomes:
m
,Cf,i‘;t: .+ meee+ —SEeH + ...
v

The second term is the coupling of the electron to the scalar Higgs field.
Note that the interaction of the Higgs to leptons is proportional to the mass of the

lepton involved, i.e. the Higgs couples more strongly to the heaviest lepton 7.
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The quark masses are generated in the same way. The only new point is related to the
generation of the u, ¢ and t masses. In this case we should either introduce a new doublet
6, which transforms as (2, —1) under the SU(2) x U(1), or form a Higgs doublet from ¢

o »° 1 v+ H(x
¢ =ind :(_427) Ssj 5( O( ))
which transforms as ¢ : (2, —1) under SU(2) x U(1) (transforms in the same way as ¢,
but has opposite hyper-charge).
70

cip= et (5 @), (G Juram(e o) () ]

After the SSB, it becomes:

(11) (11)
[:’;ZZI =...+ Lﬁv [DLuR + L_JRUL] =+ uiﬁ [l_ILUR + L_JRUL] H+4+ ... = m,ou-+ %DUH+

The d, s and b quarks acquire their masses exactly as charged leptons do:

Ly = ... £ [( o od), ( ?f )dR+8R( o~ 4°) ( y )J+...

— mgdd + %ardHJr
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Fermion Masses and Generation Mixing

Here we shall analyze further the Yukawa terms. We consider the coupling of the neutral

Higgs
1 -
7(¢0+¢0) =H+wv

to the fermion masses:

H - _
v (PLH,DPR + N HyNg + h.C.) € Lvuk

Then we diagonalize with appropriate unitary transformations U and V:

P. = Up pi, Pr = Vp pr, Np = Uy ni, Ng = Vi ngr

at the basis of the mass eigenstates p and n.

H+wv
v

— [ﬁL(U;HPVP)pR+I_7L(U;:/HNVN)I1R—|—/1.C.:|

Now the diagonalized mass matrices are:

mp = U;LHPVP, my = U,]:,HNVN
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The Standard SU(2); x U(1) Model

@ It is obvious that the coupling of the physical Higgs to the fermions, Hp n/v are
diagonalized together with the quark masses:

H 'm
gaa = Up y Z’N Ve,n = V4 Grym; = & ;/

@ The Neutral Currents that were flavour-diagonal at the basis of the interactions
remain so at the physical basis (p, n), too:

PivuPL = PBLUby.UppL = PLyupL
NL'Y,u NL = TIL U,J{/’yu UNnL = ﬁL'yunL
because Up n are unitary in flavour-space.

@ However, the Charged Currents: W Piy" N = Wi By (U Un)ne

Therefore the coupling is given by the generalized Cabibbo mixing matrix:
U= ULUy

For Ng generations, U contains N parameters (2N%2 — NZ because of Uty = 1)
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But 2N — 1 are the relative phases between the fields of the quark flavours. So we have:
Ng — (2Ng — 1) = (Ng — 1)?
real observable parameters.

u

@ For Ng =1 — (Ng —1)*> = 0: only <d

) connection without mixing

_ N2 1. . . cosO.  sinf.
@ For Ng =2 — (Ng — 1) = 1: Cabibbo mixing (—sin@c cos@c)

@ For Ng =3 — (Ng — 1)? = 4: 3 orthogonal and 1 complex phase
(n(n—1)/2 angles in n x n orthogonal matrix)

Kobayashi - Maskawa —

c1 —S5133 —S153
U= |sic ace—sse® cass + sce® |,
s1S  C1Sc3 + C253e’6 C15283 — CQC3e"s

where ¢;(si) = cos 0;(sin 6;)
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The Standard SU(2); x U(1) Model

If neutrinos are massless we can make unitary rotations on neutrino fields in order to
make the couplings with Wf diagonal.

More explicitly:
Ly = £ gD 4 £NDQROFUD + FD QN DY + h.c.

After the SSB:

H(x)

V2
+L [Q(U)Z(Li)gg) + fu("j)ézi) Ug) + fD(ij)Qng)] + h.c.

— [&(W(Lf)[g) + £ Qi yo) +féﬁ)Q£f>Dg)]

S

Therefore, the matrices of fermion masses at the basis of currents are:

M,(qij) — _Lf(’f)

VLR A=1(,U,D
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The Standard SU(2); x U(1) Model

An arbitrary complex matrix can take diagonal form with real, non-negative diagonal
elements, i.e. there exist non-singular matrices A, B such that:

AMB™! =D,

where A, B unitary, M arbitrary, D diagonal and MM, MM hermitian matrices with
real, non-negative eigenvalues.

That means there exist non-singular matrices A, B such that:
AMMIA™Y = D?
BM'MB™' = D’

The solutions are: M = A"'DB, M' =B 'DA

Even more explicitly:

_ _ dor UoR
Lauake = (dor  Sor  bor) Mp | sor | + (Gor @ Tor) Mu | cor | + h.c.
bor tor
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The Standard SU(2); x U(1) Model

We diagonalize by making the transformations:

do do o uo
L—1 L1
So — UN S0 s [)) — Up Co
bo/ bo/ | ), t)
do do U to
R—1 R—1
So — VN So s [)) — Vp () s
bo/ 5 bo/ 5 t) 5 t) 5

where Ug, Vi, U, VE are such, so:

1 Md
L= R
UN MD VN = ms

1 Mu
L— R
Up MU Vp = mc
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The Standard SU(2); x U(1) Model

Now at the new, physical basis we have:

masses

quarks —
mqg dr
= (d s b)) ms s |+ (0 @
mp br

Z mqyqLqr = Z mqqq
q q

mc

ur
CR
tr

The transformation of the fermion fields from the basis of the currents to the physical
basis leaves the e/m and neutral currents unchanged, but the charged current becomes:

d
J=(m ¢ T),"U|s
b L
where U= U5"'Vh < 3x3
with the properties:
Ulu=1  |detUP =1
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