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Outline

e Einstein Quantum Gravity,

perturbative theory and non-renormalizability .

Complete Quantum Gravity,

perturbative theory and renormalizability,

unitarity /no poltergeists,

spectral dimension flow,

regular multi-horizon black holes solutions.




‘ Einstein Gravity \

e Second order differential equations,
e (General covariance,

o VT, =0,

e GRAVITY = CURVATURE .

—

l A Unique Gravity Dynamics |

G,W —+ Aguy — 871G N Tlﬂ/°




l Perturbative Quantum Gravity l

1

Ly = — V—g
EH 167TGN gR( )7

/_gg/,bl/ — gO/,LV _I_ I{/l_l,,l,lll/7
k%2 = 167Gy.

L~0hoh+rkhOhOh+r>h?0hOh+r>h>OROh+---+K"hR"OhOh....

| Quantization of the fluctuation h*” |

Tree level amplitudes :




‘ Perturbative Quantum Gravity \

Loops diagrams :

S —————————

' Superficial degree of divergence of a Feynman diagram |

D=Ld+2V -21I,

L : number of loops,

V' : number of vertices,

I : number of internal lines in the graph.

Topological relation between V, [ and L, L=1+1 -V,

D=2+ (d—2)L. Ford=4 — D=2+2L.

€

Regularization S =— /ddgj\/g [K}_Q R+ g Z V" R™ :|’

J/

~"

n+2m=2+(d—2)L




Peturbative Peturbative

Quantum Gravity Quantum Electrodynamics
—

V=3 R(9) Lip =~ F2(A) + Lin($) + e ju () A",

1
167G N

Ay — AD +4,,
~—~
=0

L ~ 0hdh+ > k"h"0hoh

‘ Quantization of h,, \ ‘ Quantization of A, \

_ v 1
= _\/—_9["5 R+ a1 R*+ as R, RY Loep = —ZF2(A/) + L (Y") + € ju (") A™ .

3 v
+as R+ oy Ry, RYPR]+ ...




| Complete Quantum Gravity

e Low energy limit — Einstein’s gravity,
Mp — +00.
e Regular classical solutions. Ex. Black holes (r ~ 0) :

d 2
ds? ~ —(1 — r%)dt* 4 . L 1240@ o> 0.
_7’104

e Unitary quantum theory (ghosts free),

f(p)

G(p) x —]2? , f(p) does not have poles.
p

e Renormalizability and/or Super-renormalizability,

1
G(p) — —, n>4 in the UV,

n Y
e Decreasing of the “spacetime dimension” at small distances :
ds < 2.




' Complete Quantum Gravity l

S=— / d'z\/g| @Ry, R* — BR? + k2R|




‘ Complete Quantum Gravity \

A. T. Tomboulis 1997, L. M. 2011.

K2

L=—/—g [ Sk s (RWR“” - %R2) + By R?

+ (RW ho (—C0x) R* — éR ho () R> — Rho(—0y) R}

1 _
— 5 (=00 Fy + O My C

L = % :

F™ = 0,h"" : gauge fixing function,
w(—0p) : weight functional,

Mg = F,Dg",

Fiy = 070, . Oh" = DAYE™ = 9" + 0" ¢" — 0" 0,6,




‘ Action purely quadratic in the gravitational field h*” l

S = / d*k b (—k)K 3 (k) b (k)

UV po

S2) = / d*k h’“’(—k)( — B = Bar2k? + K2k ho (K2 /A K2 P2 (k) + € Y w(k?/A%)PY) (k)

Uvpo Uvpo

+{3k2[B/2 — 3B0kk? + 3k2k2ho (k2 /A%)] + 26 1w (k2 /A2)}PLO-w) (k)

Uvpo

+k? [8/2 = 36or*k? + 3Kk ho (k* /AY){ B, (k) + VB[P (k) + P, Sw)(k)]})h’”’(k)

uv po uv po uv po

1 1
— i(e,u’pe’/o' —|— Quaeyp) - geuyepo—,

) (Oppwro + Opowyp + upwpo + Ouowpp)

1

= g‘guvepa ; Pp(:,gp;u)(k) = WuvWpo,




‘ Graviton Propagator \
Gauge: £ =0.

i1 ( 2P (k) 4P (k) )

(2m)% k2 + e a

D, po(k) =
uvpo (F) B — Bok2k2 + k2k2ho (K2 /A2) B — 689k2k2 + K2k2ho(k2/A2)

Assume h;(—[y) to be a polynomial

.
o

Factorization theorem for polynomial :

k2(1 + pn(k?))

1 i
= % + Z ¢ — at least one of the ¢; <0 — GHOST.

k2 — M?

|
"

h;(—=x) CAN NOT be polynomial.




‘ Properties of the transcendental entire functions h; \

Deft. :

ho(2) := B — Bak?A2 + K*A?2 ho(2),

(
0(2) := B — 68k A%z + 6K°A°2 ho(2),

1. h;(2) is real and positive on the real axis, it has no zeroes on the whole complex plane |z| < +oo.
This requirement implies that there are no gauge-invariant poles other than the transverse massless
physical graviton pole.
2. |h;(2)] has the same asymptotic behavior along the real axis at + oo.
3.There exists © > 0 such that

im |hi(z)] = |27, v =2

|z| =+o0
for the argument of z in the cones :
C={z] —O<argz<+0, T—0O <argz<nm+ 0} for 0 <O < 7/2.




‘ Renormalizability l

Propagator and Interaction in the UltraViolet :

1

A2

— —
N

k2’7—|—4

L™ ~ h"Oyh hy(-0y) O,h — h”Dnh<

Y
|:| m
o+ h am) b

Superficial degree of divergence in 4d :

D=4AL— 2y +4)I + 2y +4)V = 4—2v(L —1).
CI=V4L-1

if v > 3 only 1-loop divergences exist and the theory is super-renormalizable.




Renormalized Lagrangian

Z 1
—\/—g{ﬁ R+ X2y — B2Z2(R,, R — §R2) + BoZo R?

K2

+ (RW ho (—C0n) RH — %R ho (—OIp) R) — Rhg (~0,) R} |

e All the coupling must be understood as renormalized at an energy scale ug ,
“+00

o hi(z) = Z a,z" and the coefficients a, are not renormalized.
r=0




ho(—0p) & ho(—0p) functions

Imposing the conditions (1)-(3) we have :
ho(z) — o+ asz
B K2A2z ’
ho(2) — a + apz
B 6k2A22 ’

i(z) = ozeH(Z),

H (z) entire function that exhibits logarithmic

asymptotic behavior in the conical region C.

—

The theory is renormalized at some scale pg :
Propagator :
(2m)% a (k2 + ie)

Duvm(k) -




‘ An explicit realization \

H(z) = % hE +T (0, 22'7+2)] + log(z”“) :

Re(2%712) >0,

400

Z(_l)n_l p’7+1(z)2n .

2nn!

n=1

500000

0

Iy (2)*

FIG. 1: Plot of |h(z)|? for z real and o = a2 = 1 (solid line).
In the first plot z € [—10, 10] and in the second one z € [—2, 2].
The dashed line represents the asymptotic limit for large real
positive and negative values of z. The asymptotic behavior is
|h(2)|* ~ 1.8 2°.
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graviton




‘ Spectral Dimension \

Diffusion of a probe particle on a d-dimensional manifold :

Ko(@,2'3T) = (o | exp(T A ).
(probability to diffuse from x’ to x in a time T),

OrK,(x,2";T) = AZﬁKg(x,x’; T).

Average return probability :

_2dln P,(T)
dlnT

P,(T)y=V~1 /ddaz V(@) Ky(x,2;T) =V Tr exp(T Azﬁ) — dg =

Propagator . _ .  Heat-kernel

400 —+ o0
G(z,x") :/ dT K (z,2";T) /d4keik($_$ )/ dT K, (k;T) .
0 0




‘ Spectral Dimension Flux \

1 1
OCkQ}_l(k.Q/AQ) UV L-2v+4 —

D(k) Ky(k;T) oc e ¥ POE/ADT

—

Py(T) /d4k e~k R /AT  — In the UV dg = % :
Y




An Analytically Solvable Example
P. Nicolini, L.M.

(s=s")?
_ K2 /A2 e 4(T+1/A2)

A (T + 1/A2)]°

K(x,2";T) =

—




‘ Multi-horizons Black Holes ,

h=H(—=0(x)A)T% = mh™ Y (=0(x)r) 6(Z)

+ oo
“H(K2JA?) ikd . 2m —H(p*/r?A%)
€ - (27_‘_)2 T3 0 € p Sln(p) dp?

R=cmAY 22y +2)(2y+3)r2 7,

A27—|—2 7,,2'y—|—1. R,uypaRw/pa —

Forr~0, F(r)~1—cm
- — AP mE AT (4t 443 4592 4 Ay +2) 71

—

( v > 3 — No Singularity. )

—
—

21




Exact Solution

24

/f/”




| An Analytical Solution

Gu +O(R2,) + O(V,V,R,,) = 87Gnh™ (—O/A%) T, .

h(—0/A2) = M 0/A%),

GW—87TGN L—O/AT s
w( L(—O/A%) T, ):0.

il_l(—D/A2) _ eEl/A2 ’

2m(r) dr? v(3/2; A% r? /4)
2 _ _ [1_ 2 702 _ )
ds” = (1 . ) + T 2”:;(74) + r=dQ)” | m(r) =M I(3/2) :

Non-commutative black hole, P. Nicolini and E. Spallucci.




Conclusions \

A perturbative super-renormalizable quantum gravity theory,
no poltergeists,

spectral dimension flow from ds < 1 in UV to dg¢ = 4 in the IR,

quasi-polinomial non-locality (string theory, ADS/CFT, LQG),

regular multi-horizon black holes solutions.




