
antistrof 
ψ̄′γµψ′ = ψ′†γ0γµψ′ = (SPψ)†γ0γµ(SPψ) = (γ0ψ)†γ0γµ(γ0ψ) =

= ψ̄γ0γµγ0ψ =







+ψ̄γ0ψ, µ = 0

−ψ̄γµψ, µ = 1, 2, 3Gia to ψ̄ψ èqoume
ψ̄′ψ′ = ψ†S†γ0Sψ = ψ†γ0S−1Sψ = ψ̄ψgia SL kai SP .Fermiìnia me mhdenik  m�za. To netr�noSthn per�ptwsh th mhdenik  m�za, h ex�swsh tou Dirac g�netai

Hψ = a · pψ = Eψ141



T¸ra sumfèrei na qrhsimopoi soume thn anapar�stash Weyltwn pin�kwn a

a =




−σ 0

0 σ





Opìte

a · p




χ

φ



 = E




χ

φ



→







−σ · pχ = Eχ

σ · pφ = EφGia k�je ex�swsh isqÔei E2 = p2 → E = ±p.A doÔme thn pr¸th ex�swsh −σ · pχ = Eχ. Gia E > 0 èqoume

−σ · pχ(p) = Eχ→ −σ · p
E
χ(p) = χ(p)→ σ · p̂χ(p) = −χ(p)'Ara, to χ èqei arnhtik  elikìthta. H �dia pr¸th ex�swsh, gia142



E < 0 (w sun jw mil�me gia −E kai −p), gr�fetai

−σ · (−p)χ(−p) = −Eχ→ σ · (−p̂)χ(−p) = χ(−p)Epomènw to χ(−p) èqei jetik  elikìthta.Akrib¸ ta ant�jeta sumba�noun gia thn deÔterh ex�swsh. To φgia E > 0 èqei jetik  elikìthta, en¸ gia E < 0 èqei arnhtik elikìthta.Sthn anapar�stash Weyl, o γ5 = diag(−I, I). EÔkola fa�netaiìti

PL ≡
1− γ5

2
=




1 0

0 0



 , PR ≡
1 + γ5

2
=




0 0

0 1





Oi telestè PL kai PR e�nai proboliko�: PL + PR = 1, PLPR = 0kai P 2
L = PL, P 2

R = PR. 143



An ψ e�nai èna genikì spinor, tìte to PLψ onom�zetai arister sunist¸sa kai to PRψ dexi� sunist¸sa tou ψ. P�ntotemporoÔme na gr�youme ψ = PLψ + PRψ.Blèpoume ìti
PL




χ

φ



 =




1 0

0 0








χ

φ



 =




χ

0





PR




χ

φ



 =




0 0

0 1








χ

φ



 =




0

φ





Opìte èna spinor me mhdenikè ti dÔo k�tw sunist¸se e�nai
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idiokat�stash tou PL, dhlad  e�nai aristerìstrofo

PL




χ

0



 =




1 0

0 0








χ

0



 =




χ

0





DHLADH: to  χ

0



 me E > 0, èqei arnhtik  elikìthta kaie�nai aristerìstrofo. To �dio me E < 0 e�qame dei ìti èqei jetik elikìthta kai

PL




χ(−p)

0



 =




χ(−p)

0





all� lìgw tou −p e�nai dexiìstrofo. Ta ant�jeta isqÔoun gia145



to spinor me mhdenikè ti dÔo p�nw sunist¸se.Sunoy�zoume (gia m = 0)




χ(p)

0



 aristerìstrofo me h = −1 (aristerìstrofo netr�no)




χ(−p)

0



 dexiìstrofo me h = +1 (dexiìstrofo antinetr�no)




0

φ(p)



 dexiìstrofo me h = +1 (dexiìstrofo netr�no)




0

φ(−p)



 aristerìstrofo me h = −1 (aristerìstrofo

antinetr�no) 146



To hlektromagnhtikì reÔma e�nai jµ = ψ̄eγ
µψe. Sti asjene�allhlepidr�sei to ant�stoiqo reÔma e�nai

1

2
ψ̄e

[
γµ − γµγ5

]
ψνe

= ψ̄eγ
µ 1− γ5

2
ψνeAll�, gia �mazo netr�no, h posìthta 1−γ5

2
ψνe

antistoiqe� stoaristerìstrofo netr�no (  dexiìstrofo antinetr�no). Sth jewr�atwn asjen¸n allhlepidr�sewn den emfan�zetai dexiìstrofonetr�no (  aristerìstrofo antinetr�no).Gia m 6= 0, to uL = PLu den e�nai idiokat�stash th elikìthta.
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Qrhsimopoi¸nta thn Dirac-Pauli anapar�stash ja èqoume

PLu(p) =
1− γ5

2
u(p) =

1

2




1 −1

−1 1















1

0

σ·p
E+m




1

0















=

=
1

2











(
1− σ·p

E+m

)




1

0





(
−1 + σ·p

E+m

)




1

0
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Efarmìzonta ton telest  th elikìthta èqoume




σ · p̂ 0

0 σ · p̂




1

2











(
1− σ·p

E+m

)




1

0





(
−1 + σ·p

E+m

)




1

0















=

=
1

2











(σ · p̂− p
E+m

)




1

0





(−σ · p̂ + p
E+m

)




1

0















blèpoume ìti to uL den e�nai idiokat�stash th elikìthta. An149



ìmw m = 0, kai tìte p = E, ja èqoume




σ · p̂ 0

0 σ · p̂




1

2











(1− σ · p̂)




1

0





(−1 + σ · p̂)




1

0















=

=
1

2











(σ · p̂− 1)




1

0





(−σ · p̂ + 1)




1

0















= −1

2











(1− σ · p̂)




1

0





(−1 + σ · p̂)




1

0















Parathr ste ìti gia m = 0 h dr�sh tou γ5 kai tou telest  th150



elikìthta taut�zontai
γ5u(p) =




0 1

1 0















1

0

σ · p̂




1

0















=











σ · p̂




1

0





1

0











=

=




σ · p̂ 0

0 σ · p̂















1

0

σ · p̂




1

0
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Majorana spinorsA upojèsoume ìti èna swmat�dio, pou perigr�fetai apì thn ψM ,sump�ptei me to antiswmat�diì tou. Dhlad , ψC
M = ψM . Bèbaia,èna tètoio swmat�dio ja prèpei na e�nai hlektrik� afìrtisto. AdoÔme poie sqèsei plhroÔn oi sunist¸se tou. Gnwr�zoume ìti

ψC
M = Cγ0ψ∗

M = iγ2ψ∗
M =




0 iσ2

−iσ2 0



ψ∗
M

Gr�fonta to ψM me duo sunist¸se φ kai χ èqoume
ψC

M = ψM →




0 iσ2

−iσ2 0








φ∗

χ∗



 =




φ

χ
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  me �lla lìgia
iσ2 χ

∗ = φH �llh sqèsh, −iσ2 φ
∗ = χ e�nai isodÔnamh mia kai σ∗

2 = −σ2kaj¸ kai (σ2)
2 = 1. Opìte, to ψM gr�fetai

ψM =




φ

−iσ2 φ
∗



 ,   isodÔnama ψM =




iσ2 χ

∗

χ





MporoÔme na de�xoume t¸ra ìti an to φ èqei arnhtik  elikìthta,
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dhlad , σ · p̂φ = −φ, tìte to −iσ2 φ
∗ èqei jetik  elikìthta.

σ · p̂(−iσ2 φ
∗) = −i(σ1σ2p̂1 + σ2σ2p̂2 + σ3σ2p̂3)φ

∗ =

= −i(−σ2σ1p̂1 + σ2σ2p̂2 − σ2σ3p̂3)φ
∗ =

= −i(−σ2σ
∗
1 p̂1 − σ2σ

∗
2 p̂2 − σ2σ

∗
3 p̂3)φ

∗ =

= −iσ2(−σ · p̂φ)∗ = −iσ2 φ
∗

Epomènw o ψM (Majorana spinor), mpore� na perigr�fei me thnp�nw sunist¸sa φ èna aristerìstrofo netr�no kai me thn k�twsunist¸sa −iσ2 φ
∗ èna dexiìstrofo antinetr�no.
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HLEKTRODUNAMIKH SWMATIDIWN ME

SPIN=1/2Allhlep�drash hlektron�ou me hlektromagnhtikìped�o AµTo eleÔjero hlektrìnio upakoÔei thn ex�swsh Dirac

(p/−m)ψ = 0 me ψ = u(p)e−ipx. H parous�a touhlektromagnhtikoÔ ped�ou eis�getai me thn ��el�qisthantikat�stash�� pµ → pµ + eAµ (jewr¸nta to fort�o touhlektron�ou −e). Xekin¸nta loipìn apì thn ex�swsh Dirac

i
∂

∂t
ψ = (−ia ·∇ + βm)ψ

(

i
∂

∂t
+ eA0

)

ψ = a · (−i∇ + eA)ψ + βmψ
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γ0

(

i
∂

∂t

)

ψ = γ0
(

−ia ·∇ + βm+ V̂
)

ψ

i
∂

∂t
γ0ψ + iγ ·∇ψ −mψ = γ0V̂ ψ

(p/−m)ψ = γ0V̂ ψìpou V̂ ≡ −eA0 + ea ·A kai γ0V̂ = −e(γ0A0 − γ ·A) = −eA/.Opìte (γ0V̂ = −eA/→ V̂ = −eγ0A/)
Tfi = −i

∫

ψ†
f V̂ ψi d

4x = −i
∫

ψ†
fγ

0(−e)A/ψi d
4x

= −i
∫

(−e)ψ̄fγ
µψiAµ d

4x = −i
∫

jµAµ d
4xme

jµ = −eψ̄fγ
µψi = −eū(pf )γ

µu(pi)e
−i(pi−pf )x
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Upenjum�zoume ìti gia swmat�dia me spin=0 to ant�stoiqo reÔmae�nai
jµ = −e(pf + pi)

µe−i(pi−pf )xH koruf  sthn per�ptwsh spin=1/2 e�nai t¸ra èna p�naka.

'Askhsh 28 De�xte thn parak�tw sqèsh (an�ptuxh Gordon)

ūfγ
µui =

1

2m
ūf [(pi + pf )

µ + iσµν(pf − pi)ν ] uiDhlad , en¸ to swmat�dio me spin=0 dra me to hlektromagnh-tikì ped�o me to fort�o tou (−e(pf + pi)
µ), to spin=1/2 dra kaime thn magnhtik  rop  tou (σµν(pf − pi)ν). Aut  h ènnoia fa�-157



netai kalÔtera ìtan p�me sto ìrio twn mikr¸n energei¸n ìpou

p/m << 1. A jewr soume Aµ 6= f(t). Opìte (qrhsimopoioÔmekefala�a I kai F ant� twn i f)

TFI = −i
∫

jµAµ d
4x = −i

∫

−eūFγ
µuIAµe

−i(pF−pI)x d4x

= −i
[∫

(−eūFγ
µuI)Aµe

−i(pF−pI)·x d3x

]

2πδ(EF − EI)Qrhsimopoi¸nta thn an�ptuxh Gordon, o deÔtero ìro than�ptuxh tou ūFγ
µuI d�nei ūF iσ

µνuI(pF − pI)νAµ. Gr�fontato u =




uA

uB



 ìpou uA kai uB e�nai oi meg�le kai oi mikrèsunist¸se ant�stoiqa o ìro ūF iσ
µνuI gr�fetai gia ti treipeript¸sei: 158



a) ν, µ = 1, 2, 3. ūF iσ
µνuI → (u†A u†B)Fγ

0iσij




uA

uB





I

. All�

iγ0σij = i




1 0

0 −1




i

2








0 σi

−σi 0



 ,




0 σj

−σj 0







 =

= i




1 0

0 −1




i

2




−(σiσj − σjσi) 0

0 −(σiσj − σjσi)



 =

= i




1 0

0 −1




i

2
2




−iǫijkσk 0

0 −iǫijkσk





'Ara, ja emfanistoÔn ìroi ūAFuAI kai ūBFuBI . O deÔtero ìroe�nai kat� (p/m)2 mikrìtero apì ton pr¸to. Epomènw, ja me�nei159



o ìro ūAF iσkuAI ǫijk(pF − pI)
jAib) µ = 0, ν = 1, 2, 3. To γ0σ e�nai p�naka me stoiqe�a ektìdiagwn�ou, �ra anamignÔei meg�le kai mikrè sunist¸se,epomènw ìloi oi ìroi e�nai t�xh (p/m) kai tèlog) µ = ν = 0, to σµν = 0Epomènw, mazeÔonta tou ��meg�lou�� ìrou mìno, èqoume

Tfi = −e2πδ(EF − EI)

∫

d3xe−i(pF−pI)·xūAF ǫijkσ
k(pF − pI)

jAiuAI =

= −ie2πδ(EF − EI)

∫

d3x
(
∂je−i(pF−pI)·x) ūAF ǫijkσ

kAiuAI =

= ie2πδ(EF − EI)

∫

d3xe−i(pF−pI)·xūAF ǫijkσ
k
(
∂jAi

)
uAI =

= −ie2πδ(EF − EI)

∫

d3xe−i(pF−pI)·xūAF [σ ·∇×A]uAI160



Skèdash Moeller(e−e− → e−e−)Gnwr�zoume ìti
Tfi = −i(2π)4δ(4)(pA + pB − pC − pD)M

All�

Tfi = −i
∫

j(1)
µ

(

− 1

q2

)

jµ(2)(x) d4x =

− i (−eūCγµuA)

(

− 1

q2

)

(−eūDγ
µuB) (2π)4δ(4)(pA + pB − pC − pD)
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ìpou q = pC − pA. Opìte, to anallo�wto pl�toM e�nai

−iM = (ieūCγµuA)
−igµν

q2
(ieūDγνuB)

ìpw e�qame or�sei ti ��korufè��. Bèbaia, up�rqei kai todi�gramma me diastaurwmèna ta hlektrìnia C kai D kai toepiplèon −. To sunolikì pl�to e�nai loipìn
M = −e2 (ūCγµuA) (ūDγ

µuB)

(pA − pC)2
+ e2 (ūDγµuA) (ūCγ

µuB)

(pA − pD)2

(15)Gia na p�me sthn ��mh polwmènh�� energì diatom  (dhlad  s'162



aut n pou den diakr�noume to spin prin kai met� thn skèdash), japrèpei na tetragwn�soume to anallo�wto pl�to, na p�roumemèso ìro tou spin twn eiserqomènwn kai na ajro�soume sta spintwn exerqomènwn hlektron�wn
1

(2sA + 1)(2sB + 1)

∑

spin

|M|2

A doÔme aut n thn ��pr�xh�� pr¸ta sthn per�ptwsh qamhl enèrgeia. Tìte ta eiserqìmena hlektrìnia e�nai
u(s) =

√
2m




χ(s)

0



 kai ū(s) =
√

2m
(
χ†(s) 0

)
s = 1, 2
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kai pa�rnoume
ū(s)γµu(s′) =







2m µ = 0

0 µ 6= 0






δss′

mia kai

γ0 =




1 0

0 −1



 , γi =




0 σi

−σi 0



 , χ(s) =




δ1s

δ2s





Blèpoume, loipìn, ìti gia p/m << 1 to spin den all�zei. Autìto perimèname. To hlektrikì ped�o den all�zei thn probol  tou

spin. To magnhtikì ped�o to k�nei kai autì emfan�zetai se
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meg�le taqÔthte (enèrgeie). Epomènw, h Ex.(15) d�nei

M(↑↑→↑↑) =M(↓↓→↓↓) = −e24m2

(
1

t
− 1

u

)

M(↑↓→↑↓) =M(↓↑→↓↑) = −e24m21

t

M(↑↓→↓↑) =M(↓↑→↑↓) = −e24m2 1

ukai

|M|2 =
1

2

1

2
(4m2e2)22

((
1

t
− 1

u

)2

+
1

t2
+

1

u2

)

Sto K.M. èqoume

t = (p1 − p3)
2 = 2m2 − 2pµ

1p3µ = 2m2 − 2(E2 − p2 cos θ) =

2(m2 − E2 + p2 cos θ) = −2p2(1− cos θ) = −4p2 sin2 θ/2 kai165



u = −2p2(1 + cos θ) = −4p2 cos2 θ/2, kai h energì diatom 

dσ

dΩ

∣
∣
∣
∣KM =

1

64π2

1

s

pf

pi

|M|2

=
1

64π2

1

s

1

4
16m4e42

[(
1

sin2 θ/2
− 1

cos2 θ/2

)2

+
1

sin4 θ/2
+

1

cos4 θ/2

]
1

16p4

=
1

128π2

1

s
m4

[(
e2

4π

)2

(4π)2

]

2

p4

[
1

sin4 θ/2
+

1

cos4 θ/2
− 1

sin2 θ/2 cos2 θ/2

]

=
1

4

α2

p4

m4

s

[
1

sin4 θ/2
+

1

cos4 θ/2
− 1

sin2 θ/2 cos2 θ/2

]
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ìpou α = e2/(4π). Gia p/m << 1, s ≃ 4m2 opìte m4/s = m2/4.Skèdash e−µ− → e−µ−A p�me p�sw sth skèdash e−µ− → e−µ− opìte èqoume mìno ènadi�gramma. To anallo�wto pl�to gr�fetai
M = −e2 [ū(k′)γµu(k)]

1

q2
[ū(p′)γµu(p)]
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me q = k − k′. Gr�foume
|M|2 =

e4

q4
Lµν

(e)L
(µ)
µνme

Lµν
(e) =

1

2

∑

spin e

[ū(k′)γµu(k)] [ū(k′)γνu(k)]
∗

Na upolog�soume thn deÔterh agkÔlh
[ū(k′)γµu(k)]

∗
= [ū(k′)γµu(k)]

†
= u†(k)γµ†ū†(k′) =

= u†(k)γµ†γ0†u(k′) = u†(k)γ0γµu(k′)

= ū(k)γµu(k
′)
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'Ara
Lµν

(e) =
1

2

∑

s,s′

[

ū(s′)(k′)αγ
µ
αβu

(s)(k)β

] [

ū(s)(k)δγ
ν
δǫu

(s′)(k′)ǫ

]

ìpou bèbaia uponoe�tai �jroish sta α, β, δ kai ǫ. All�

∑

s

u(s)(k)β ū
(s)(k)δ = (k/+m)βδ kai

∑

s′

u(s′)(k′)ǫ ū
(s′)(k′)α = (k/′ +m)ǫα

Opìte, gr�foume

Lµν
(e) =

1

2
(k/′ +m)ǫαγ

µ
αβ(k/+m)βδγ

ν
δǫ =

1

2
Tr [(k/′ +m)γµ(k/+m)γν ]
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