
apì dexi�, kai ajro�zoume

ūγ0(p/−m)u = 0

ū (p/−m) γ0u = 0






ū
(
γ0p/+ p/γ0

)
u− 2mūγ0u = 0

2p0ūu− 2mu†u = 0→ ūu =
m

E
u†u = 2m

mia
 kai u†u = 2E. 'Omoia de�qnetai kai h deÔterh sqèsh gia ta v.'Askhsh 24 De�xte ti
 sqèsei
 plhrìthta


∑

s=1,2

u(s)(p)ū(s)(p) = p/+m,
∑

s=1,2

v(s)(p)v̄(s)(p) = p/−m

'Askhsh 25 De�xte ìti p/p/ = p2
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'Askhsh 26 De�xte ìti oi telestè


Λ+ =
p/+m

2m
, Λ− =

−p/+m

2mprob�lloun ti
 katast�sei
 jetik 
 kai arnhtik 
 enèrgeia
ant�stoiqa. Elègxte ìti, w
 proboliko� telestè
, upakoÔounstou
 kanìne
: Λ2
± = Λ± kai Λ+ + Λ− = 1.

Digrammikè
 anallo�wte
 posìthte
E�nai qr simo na broÔme ìrou
 th
 morf 
 ψ̄Γψ, ìpou Γ ginìmeno

γ pin�kwn, me kajorismènou
 kanìne
 metasqhmatismoÔ k�tw apìmetasqhmatismoÔ
 Lorentz ¸ste na fti�xoume anallo�wte
posìthte
. Or�zoume γ5 = iγ0γ1γ2γ3 kai eÔkola blèpoume ìti

γ5† = −iγ3†γ2†γ1†γ0† = −i(−γ3)(−γ2)(−γ1)γ0 = iγ0γ1γ2γ3 = γ5135



qrhsimopoi¸nta
 thn antimet�jesh twn γ pin�kwn. Ep�sh
apodeiknÔetai ìti (γ5)2 = I kai γ5γµ + γµγ5 = 0. Sthn

Dirac-Pauli anapar�stash, o γ5 gr�fetai

γ5 =




0 I

I 0





'Ole
 oi dunatè
 (anex�rthte
) digrammikè
 posìthte
 e�nai oiakìlouje
 (ìpou σµν = (i/2)(γµγν − γνγµ))
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Ar. sunist. Qwr. anastr.

ψ̄ψ Bajmwtì 1 +

ψ̄γµψ Di�nusma 4 Qwrikè
 −
ψ̄σµνψ Tanust 
 6

ψ̄γ5γµψ �Axonikì� di�nusma 4 Qwrikè
 +

ψ̄γ5ψ Yeudobajmwtì 1 −

Ja prèpei na doÔme p¸
 metasqhmat�zetai to ψ k�tw apìmetasqhmatismoÔ
 Lorentz ¸ste na paramènei anallo�wth hex�swsh Dirac. Dhlad , h ψ′(x′) na upakoÔei thn ex�swsh

(

iγµ ∂

∂x′µ
−m

)

ψ′(x′) = 0
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me x′µ = Λµ
νx

ν . To zhtoÔmeno e�nai na broÔme to S tètoio ¸ste

ψ′(x′) = Sψ(x). Upenjum�zonta
 ìti ψ = e−ipxu(p), perimènoumeto S na e�nai anex�rthto apì to x. Gnwr�zonta
 ìti

∂

∂xµ
=
∂x′ν

∂xµ

∂

∂x′ν
= Λν

µ

∂

∂x′νèqoume

(

iγµΛν
µ

∂

∂x′ν
−m

)

S−1ψ′(x′) =

(

SiγµΛν
µS

−1 ∂

∂x′ν
−m

)

ψ′(x′) = 0

'Ara, h apa�thsh e�nai

SγµΛν
µS

−1 = γν → γµΛν
µ = S−1γνS'Askhsh 27 De�xte ìti gia èna apeirostì orjì138



metasqhmatismì Lorentz, Λµ
ν = δµ

ν + ǫµν , h morf 

SL = 1− i

4
σµνǫ

µν

plhro� thn anagka�a sqèsh. De�xte ep�sh
 ìti

S−1
L = γ0S†

Lγ
0 kai γ5SL = SLγ

5Gia qwrik  antistrof , ìpou o p�naka


Λν
µ = diag(1,−1,−1,−1), h basik  apa�thsh pou ja prèpei naplhro� o S e�nai S−1

P γ0SP = γ0 kai S−1
P γkSP = −γk, k = 1, 2, 3.Autè
 oi sqèsei
 plhroÔntai me SP = γ0. Opìte, sthn

Dirac-Pauli anapar�stash, ìpou γ0 = diag(1, 1,−1,−1), oitèsserei
 sunist¸se
 tou ψ metasqhmat�zontai, gia qwrik strof , w


ψ′
1,2 = ψ1,2, ψ′

3,4 = −ψ3,4139



Dhlad , sto sÔsthma hrem�a
, oi jetik 
 kai oi arnhtik 
enèrgeia
 katast�sei
 (dhlad  to hlektrìnio kai to pozitrìnio)èqoun ant�jeth eswterik  omotim�a.T¸ra mporoÔme na elègxoume tou
 metasqhmatismoÔ
 twndigrammik¸n posot twn. A
 doÔme pr¸ta p¸
 metasqhmat�zetaito ψ̄ ston metasqhmatismì ψ′(x′) = Sψ(x)

ψ̄′ = ψ′†γ0 = (Sψ)†γ0 = ψ†S†γ0 = ψ†γ0S−1 = ψ̄S−1

Opìte, se metasqhmatismì Lorentz,
ψ̄′γµψ′ = ψ̄S−1

L γµSLψ = Λµ
ν(ψ̄γ

νψ)dhlad  metasqhmat�zetai w
 tetradi�nusma. Gia qwrik 
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antistrof 
ψ̄′γµψ′ = ψ′†γ0γµψ′ = (SPψ)†γ0γµ(SPψ) = (γ0ψ)†γ0γµ(γ0ψ) =

= ψ̄γ0γµγ0ψ =







+ψ̄γ0ψ, µ = 0

−ψ̄γµψ, µ = 1, 2, 3Gia to ψ̄ψ èqoume
ψ̄′ψ′ = ψ†S†γ0Sψ = ψ†γ0S−1Sψ = ψ̄ψgia SL kai SP .Fermiìnia me mhdenik  m�za. To netr�noSthn per�ptwsh th
 mhdenik 
 m�za
, h ex�swsh tou Dirac g�netai

Hψ = a · pψ = Eψ141



'Askhsh 25 De�xte ìti p/p/ = p2 (P)LÔsh
p/p/ = pµγµp

λγλ = γµγλp
µpλAll�zonta
 ta onìmata stou
 �tufloÔ
� de�kte
 èqoume

p/p/ = γλγµp
λpµ

Ajro�zonta
 kat� mèlh
2p/p/ = [γµ, γλ]+p

λpµ = 2gµλp
λpµ = 2p2
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'Askhsh 27 De�xte ìti gia èna apeirostì orjì metasqhmatismì

Lorentz, Λµ
ν = δµ

ν + ǫµν , h morf 

SL = 1− i

4
σµνǫ

µν

plhro� thn anagka�a sqèsh: S−1
L γσSL = γτΛσ

τ . De�xte ep�sh
 ìti

S−1
L = γ0S†

Lγ
0 kai γ5SL = SLγ

5

(P)LÔshPrèpei na apode�xoume ìti

S−1
L γσSL = γτΛσ

τ
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Xekin�me me to aristerì skèlo
. Gia apeirostì metasqhmatismì

SL = 1− i

4
σµνǫ

µν → S−1
L = 1 +

i

4
σµνǫ

µν

Opìte
S−1

L γσSL =

(

1 +
i

4
σµνǫ

µν

)

γσ

(

1− i

4
σµνǫ

µν

)

= γσ +
i

4
ǫµν (σµνγ

σ − γσσµν) +O(ǫ2)A
 sugkentrwjoÔme sthn parènjesh th
 teleuta�a
 sqèsh
.Eis�gonta
 ton orismì tou σµν = i
2
(γµγν − γνγµ), pa�rnoume

i

2
(γµγνγ

σ − γνγµγ
σ − γσγµγν + γσγνγµ) =
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i

2

(
γµγνγ

σ − γνγµγ
σ − 2gσ

µγν + 2gσ
ν γµ − γµγνγ

σ

+2gσ
ν γµ − 2gσ

µγν + γνγµγ
σ
)

=

−2i
(
gσ

µγν − gσ
ν γµ

)

Opìte, h arqik  sqèsh g�netai
S−1

L γσSL = γσ +
1

2
ǫµν
(
gσ

µγν − gσ
ν γµ

)

= γσ +
1

2
(ǫσνγν − ǫµσγµ) (ǫσµ = −ǫµσ)

= γσ +
1

2
(ǫσνγν + ǫσµγµ)

= γσ + ǫσνγν = γσ + ǫστg
ντγν = γσ + ǫστγ

τ

392



All� to dex� mèlo
 th
 arqik 
 pro
 apìdeixh sqèsh
 gr�fetai

γτΛσ
τ = γτ (δσ

τ + ǫστ ) = γσ + ǫστγ
τ

Opìte, apode�xame thn arqik  sqèsh

S−1
L γσSL = γτΛσ

τGia thn sqèsh S−1
L = γ0S†

Lγ
0, prosèxte ìti

γ0σ†
µνγ

0 = − i
2
γ0
(
γ†νγ

†
µ − γ†µγ†ν

)
γ0 = − i

2
(γνγµ − γµγν) = σµνlìgw th
 tautìthta
 γ0γ†µ = γµγ

0. Opìte, eÔkola fa�netai ìti

γ0S†
Lγ

0 = γ0

(

1− i

4
σµνǫ

µν

)†
γ0 = 1 +

i

4
σµνǫ

µν = S−1
LH teleuta�a sqèsh, γ5SL = SLγ

5 apodeiknÔetai eÔkola mia
 kai o393



γ5 antimetat�jetai me tou
 upìloipou
 γ p�nake
, opìte

γ5σµν = σµνγ5
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