
hlektron�ou me arnhtik  enèrgeia isoduname� me parous�apozitron�ou me k�tw spin me jetik  enèrgeia.'Askhsh 20 De�xte ìti pr�gmati h ex�swsh Dirac perigr�feieswterik  stroform  1/2. Dhlad , de�xte ìti h qamiltonian  denmatat�jetai me th stroform  L all� me ton telest  L+ 1
2
ΣSth mh sqetikistik  prosèggish h ��k�tw�� sunist¸sa tou4-spinor e�nai kat� v(/c) mikrìterh apì thn ���nw�� sunist¸sa:

m+ E ∼ 2m→ (σ · p)/(2m) ∼ v.'Askhsh 21 De�xte ìti sth mh sqetikistik  prosèggish hex�swsh tou Dirac katal gei sthn ex�swsh tou Pauli parous�ahlektromagnhtikoÔ ped�ou Aµ = (V,A)

(E + eV −m)ψA =

[
(p+ eA)2

2m
+

e

2m
σ ·B

]

ψA
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Apì ton ìro e
2m

σ ·B blèpoume ìti up�rqei mia eswterik stroform  tou hlektron�ou.A
 jumhjoÔme ìti magnhtik  rop  m, se magnhtikì ped�o B èqeienèrgeia −m ·B. Fort�o q, m�za
 M èqei mia magnhtik  rop 

m = 1
2

q
M
L ìpou L h stroform . 'Ara, o ìro


−
( −e
2M

σ

)

·B =
( e

2M
2S
)

·B = 2
( e

2M
S
)

·B

(ìpou S = 1
2
σ) antistoiqe� se mia idiostroform  touhlektron�ou. H ant�stoiqh magnhtik  rop  e�nai

m = e
2M

2S = 2 e
2M

S. Dhlad  o suntelest 
 mpost� apì to Se�nai dipl�sio
 apì autìn th
 stroform 
 L (−1
2

q
m
L ·B). Hdikaiolìghsh tou suntelest  2 jewre�tai apì tou
 ��jri�mbou
��th
 ex�swsh
 tou Dirac. 121



Antiswmat�dia'Opw
 èqoume  dh pei oi dÔo lÔsei
 e−ipxu(1,2)(p) antistoiqoÔnsto eleÔjero hlektrìnio me E,p. To anti-hlektrìnio japerigrafe� apì ti
 �lle
 dÔo lÔsei
. Mènoume p�ntote sthnperigraf : antihlektrìnio me E kai p perigr�fetai apì��hlektronik  lÔsh�� me −E kai −p
e−i(−p)xu(3,4)(−p) ≡ eipxv(2,1)(p)me p0 ≡ E > 0. To v e�nai o spinor tou pozitron�ou. A
 doÔmepoia ex�swsh plhro� to v

(p/−m)u(p) = 0→ (−p/−m)u(−p) = 0→ (p/+m)v(p) = 0Sta diagr�mmata Feynman suneq�zoume thn �dia taktik :eiserqìmeno (exerqìmeno) pozitrìnio antikaj�statai apì122



exerqìmeno (eiserqìmeno) hlektrìnio. Prosoq  jèlei helikìthta. 'Otan p→ −p kai σ → −σ, h elikìthta 1
2
σ · p̂ denall�zei.Hlektrìnio se hlektromagnhtikì ped�o plhro� thn ex�swsh

[γµ(i∂µ + eAµ)−m]ψ = 0. P¸
 ja gr�youme thn ant�stoiqhex�swsh gia to pozitrìnio. Ja prèpei na katal xoume se miaparìmoia me allag  tou pros mou tou fort�ou. Apì thnparap�nw ex�swsh èqoume (pollaplasi�zonta
 apì arister� me

C ′ kai eis�gonta
 ton ìro C ′−1C ′ met� to γ)
[γµ∗(−i∂µ + eAµ)−m]ψ∗ = 0→
[−γµ∗(i∂µ − eAµ)−m]ψ∗ = 0→
[
C ′(−γµ∗)C ′−1(i∂µ − eAµ)−m

]
C ′ψ∗ = 0123



Ja prèpei loipìn na breje� èna
 p�naka
 C ′ tètoio
 ¸ste

−C ′γµ∗C ′−1 = γµ. Sunhj�zoume na gr�foume C ′ = Cγ0. 'Ara japrèpei −Cγ0γµ∗ = γµCγ0. An loipìn or�soume

ψC ≡ C ′ψ∗ = Cγ0ψ∗ = C(ψ̄)T , to ψC upakoÔei thn ex�swsh

[(iγµ∂µ − eAµ)−m]ψC = 0'Askhsh 22 De�xte ìti me thn sugkekrimènh morf  twnpin�kwn g, h morf  Cγ0 = iγ2 plhro� thn sunj kh

−Cγ0γµ∗ = γµCγ0.

'Askhsh 23 De�xte ìti isqÔoun oi sqèsei
 C−1γµC = (−γµ)T ,

C = −C−1 = −C† = −CT , ψ̄C = −ψTC−1.
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A
 doÔme th ��dr�sh�� tou iγ2 p�nw se èna sugkekrimèno spinor:

ψ
(1)
C = iγ2

[
e−ipxu(1)(p)

]∗
= eipx




0 iσ2

−iσ2 0















1

0

σ∗·p
E+m




1

0















=

= eipx











iσ2
σ∗·p
E+m




1

0





−iσ2




1

0














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All�
σ2σ

∗ =







σ2σ
∗
1,3 = σ2σ1,3 = −σ1,3σ2

σ2σ
∗
2 = −σ2σ2






= −σσ2

'Ara

ψ
(1)
C = eipx











− σ∗·p
E+m

iσ2




1

0





−iσ2




1

0















=
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= eipx











− σ∗·p
E+m




0 1

−1 0








1

0





−




0 1

−1 0








1

0















=

= −eipx











σ·p
E+m




0

−1








0

−1















= eipx











−σ·(−p)
E+m




0

1








0

1















=

= eipxu(4)(−p) = eipxv(1)(p)
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Xanagr�foume, sumperasmatik�,

ψ
(1)
C = iγ2

[
e−ipxu(1)(p)

]∗
= eipxu(4)(−p) = eipxv(1)(p)To hlektrikì reÔma e�nai jµ = −eψ̄γµψ gia to hlektrìnio.Opìte, to reÔma gia to ψC ja e�nai jµC = −eψ̄Cγ

µψC . Autìgr�fetai (ψ̄C = −ψTC−1)
jµC = −eψ̄Cγ

µψC = +eψTC−1γµψC =

= +eψT (C−1γµ)Cγ0ψ∗ = −eψTγµTC−1Cγ0ψ∗ =

= −eψTγµTγ0ψ∗ = −eψTγµTγ0Tψ∗ =

= +e
(
ψ†γ0γµψ

)T
= +eψ̄γµψH allag  pros mou sthn proteleuta�a isìthta e�nai shmantik .Epib�lletai apì thn sqèsh statistik 
-spin. Sthn kbantik 128



jewr�a ped�ou parousi�zetai lìgw th
 antimetajetikìthta
 twnfermionik¸n telest¸n ψ. Sthn jewr�a ped�ou o telest 
 th
suzug�a
 fort�ou metatrèpei èna hlektrìnio jetik 
 enèrgeia
 seèna pozitrìnio jetik 
 enèrgeia
. To apotèlesma e�nai ìti japrèpei na eis�goume me to qèri èna arnhtikì prìshmo se k�jedi�gramma Feynman pou perièqei èna arnhtik 
 enèrgeia
hlektrìnio sthn telik  kat�stash. O telest 
 Cγ0kataskeu�zei kumatosunart sei
 pozitron�ou. An o ant�stoiqo
telest 
 tou hlektromagnhtikoÔ ped�ou metatrèpei Aµ → −Aµtìte h ex�swsh Dirac paramènei anallo�wth
129



[γµ (i∂µ + eAµ)−m]ψ = 0 → [γµ (i∂µ − eAµ)−m]ψC = 0hlektrìnio jetik 
 pozitrìnio jetik 
enèrgeia
 enèrgeia


spin �nw spin �nw

T¸ra blèpoume thn anallo�wthta fort�ou gia ti
hlektromagnhtikè
 dun�mei

jCµ (A

µ)C = (−jµ)(−Aµ) = jµA
µ

Normalismì
 twn spinors kai sqèsei
 plhrìthta
Ja normal�soume ìpw
 kai me ta mpozìnia: 2E swmat�dia an�mon�da ìgkou. Apì to reÔma pijanìthta
 jµ = ψ̄γµψ pa�rnoume130



thn puknìthta pijanìthta
 ρ = ψ̄γ0ψ = ψ†γ0γ0ψ = ψ†ψ. Opìte

∫

mon�da ìgkou ρ dV =

∫

ψ†ψ dv = u†u = 2E

gia ti
 lÔsei
 me jetikè
 enèrgeie
. To u d�netai apì th sqèsh

u = N




χ(s)

σ·p
E+m

χ(s)





ìpou χ(s) =




1

0



    0

1



. Bèbaia, autì antistoiqe� me orm ston �xona twn z, all� gnwr�zoume ìti me mia kat�llhlh strof mporoÔme na p�me se opoiad pote dieÔjunsh energ¸nta
 p�nwsto u me ton telest  exp(iσ · n̂θ/2). Ta dÔo χ e�nai131



normalismèna (sthn mon�da) kai orjog¸nia. Epomènw
, gia s = 1  2,
u†u = N 2

(

χ(s)†, χ(s)† σ · p
E +m

)



χ(s)

σ·p
E+m

χ(s)



 =

= N 2

(

1 +
p2

(E +m)2

)

= N 2 2E

E +mEpomènw
, N =
√
E +m. EÔkola fa�netai ìti to �dio ja isqÔeikai gia tou
 spinors v me arnhtik  enèrgeia.To u upakoÔei thn ex�swsh Dirac:

(iγµ∂µ −m)ψ = 0→ (γµpµ −m)u = 0→ (p/−m)u = 0Poia e�nai h ant�stoiqh ex�swsh gia to ū? Pa�rnoume th suzhg 132



th
 prohgoÔmenh
 sqèsh
 kai pollaplasi�zoume me γ0 apì dexi�

u†
(
pµγ

µ† −m
)
= 0→ u†

(
pµγ

µ†γ0 −mγ0
)
= 0→

u†
(
pµγ

0γµ −mγ0
)
= 0→ ū (p/−m) = 0mia
 kai gnwr�zoume ìti γ0γ†µγ0 = γµ. 'Omoia, apì thn ex�swshpou plhro� to v: (p/+m)v = 0 pa�rnoume v̄(p/+m) = 0.T¸ra, mporoÔme na de�xoume ti
 sqèsei


ū(s)u(s) = 2m kai v̄(s)v(s) = −2m, s = 1, 2A
 de�xoume thn pr¸th sqèsh. Pollaplasi�zoume thn
(p/−m)u = 0 me ūγ0 apì arister� kai thn ū (p/−m) = 0 me γ0u
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apì dexi�, kai ajro�zoume

ūγ0(p/−m)u = 0

ū (p/−m) γ0u = 0






ū
(
γ0p/+ p/γ0

)
u− 2mūγ0u = 0

2p0ūu− 2mu†u = 0→ ūu =
m

E
u†u = 2m

mia
 kai u†u = 2E. 'Omoia de�qnetai kai h deÔterh sqèsh gia ta v.'Askhsh 24 De�xte ti
 sqèsei
 plhrìthta


∑

s=1,2

u(s)(p)ū(s)(p) = p/+m,
∑

s=1,2

v(s)(p)v̄(s)(p) = p/−m

'Askhsh 25 De�xte ìti p/p/ = p2
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'Askhsh 20 De�xte ìti pr�gmati h ex�swsh Dirac perigr�feieswterik  stroform  1/2. Dhlad , de�xte ìti h qamiltonian  denmetat�jetai me th stroform  L all� me ton telest  L+ 1
2
Σ (P)LÔshNa broÔme thn posìthta [H,L], ìpou H = a · p+ βm, L = r× pkai gnwr�zoume ìti [ri, pj ] = iδij. Opìte

[H,L] = [a · p,L] + [βm,L] = [a · p, r× p] =

= ai[pi, rjpk]ǫ
mjk = ai[pi, rj ]pkǫ

mjk =

= −iaipkǫmjkδij = −iaipkǫmik = −ia× p'Ara, h stroform  den diathre�tai. A
 upolog�soume t¸ra to

[H,Σ].

[H,Σ] = [a · p,Σ] + [mβ,Σ] = [ai,Σj ]pi + [β,Σ]m =375



=








0 σi

σi 0



 ,




σj 0

0 σj







 pi =




0 2iǫijkσk

2iǫijkσk 0



 pi =

2iǫijk




0 σk

σk 0



 pi = 2i(a× p)

Epomènw
, [H,L+ 1
2
Σ] = 0, dhlad , h sunolik  diathr simhstroform  e�nai L+ 1
2
Σ.
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'Askhsh 21 De�xte ìti sth mh sqetikistik  prosèggish hex�swsh tou Dirac katal gei sthn ex�swsh tou Pauli parous�ahlektromagnhtikoÔ ped�ou Aµ = (V,A) (P)LÔshH el�qisth antikat�stash pµ → pµ + eAµ shma�nei E → E + eVkai p→ p+ eA. Opìte ja èqoume apì thn ex�swsh tou Dirac

E




ψA

ψB



 = (a · p+ βm)




ψA

ψB



→

(E + eV )




ψA

ψB



 = (a · (p+ eA) + βm)




ψA

ψB



→
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(E + eV )




ψA

ψB



 =








0 σ · (p+ eA)

σ(p+ eA) 0





+




m 0

0 −m












ψA

ψB





H pr¸th ex�swsh d�nei (E + eV )ψA = σ · (p+ eA)ψB +mψA.All�, ψB = σ·(p+eA)
2m

ψA. 'Ara pa�rnoume
(E + eV −m)ψA = σ · (p+ eA) σ · (p+ eA)

1

2m
ψaQrhsimopoi¸nta
 thn tautìthta (σ · a)(σ · b) = ab+ iσ · a× b.
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Epomènw
,
σ · (p+ eA) σ · (p+ eA) = (p+ eA)2 + iσ · (p+ eA)× (p+ eA)

= (p+ eA)2 + eiσ · (p×A) + eiσ · (A× p)

= (p+ eA)2 + eiσ · (−i)∇×A = (p+ eA)2 + eσ ·BGia na katal�boume p¸
 p game apì thn deÔterh sthn tr�thgramm  th
 prohgoÔmenh
 sqèsh
 a
 doÔme p¸
 h x-sunist¸sadra se èna ψ
[(p×A)x + (A× p)]x ψ = −i [∇×A+A×∇]x ψ =

= −i [∂yAz − ∂zAy + Ay∂z −Az∂y]ψ

= −i [(∂yAz)ψ + Az∂yψ − (∂zAy)ψ − Ay∂zψ + Ay∂zψ − Az∂yψ]

= −i [∂yAz − ∂zAy]ψ = −i(∇×A)xψ379



Opìte h ex�swsh Dirac g�netai

(E + eV −m)ψA =

[
(p+ eA)2

2m
+

e

2m
σ ·B

]

ψApou e�nai akrib¸
 h ex�swsh tou Pauli.
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