
dhlad  h puknìthta pijanìthta ston Dirac e�nai jetik  (sthnex�swsh Klein-Gordon  tan an�logh th enèrgeia).Qrhsimopoi¸nta thn Pauli-Weiskopf perigraf , to jµ g�netaipuknìthta hlektrikoÔ reÔmato

jµ = −eψ̄γµψTo γµ e�nai tetradi�nusma me thn ènnoia ìti to jµ e�naitetradi�nusma.
Spinor eleÔjerou swmatid�ou

'Askhsh 17 De�xte ìti k�je sunist¸sa tou ψ upakoÔei thnex�swsh Klein-Gordon.

Y�qnoume gia lÔsei eleÔjerwn swmatid�wn (idiosunart sei th93



orm ) th morf 
ψ = u(p)e−ipµxµme u(p) èna spinor me 4 sunist¸se. Qrhsimopoi¸nta thnmorf  aut  sthn ex�swsh Dirac (to u(p) den exart�tai apì to

xµ).

iγµ∂µψ −mψ = 0→ iγµu(p)(−ipµ)e−ipµxµ −mu(p)e−ipµxµ = 0

(γµpµ −m)u(p) = 0→ (p/−m)u(p) = 0qrhsimopoi¸nta ton sumbolismì γµuµ = u/, me uµ tetradi�nusma.Mia kai y�qnoume gia idiosunart sei th enèrgeia p�me sthnarqik  ex�swsh

Hu = (a · p+ βm)u = Eu94



Br�skoume pr¸ta ti lÔsei gia p = 0. Opìte

Hu = mβu =




mI 0

0 −mI



u

me idiotimè E = m,m,−m,−m kai idiodianÔsmata










1

0

0

0










,










0

1

0

0










,










0

0

1

0










,










0

0

0

1










Oi dÔo pr¸te lÔsei, me E > 0, perigr�foun hlektrìnio en¸ oi
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dÔo �lle, me E < 0 to pozitrìnio. Gia p 6= 0 èqoume

Hu =




m σ · p

σ · p −m








uA

uB



 = E




uA

uB





ìpou qwr�same to u se 2 spinor me 2 sunist¸se to kajèna.Opìte

muA + σ · puB = EuA

σ · puA −muB = EuB






→

σ · puB = (E −m)uA

σ · puA = (E +m)uBGia E > 0 epilègoume th morf  tou uA, gia par�deigma

uA = χ(1) =




1

0



   χ(2) =




0

1
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(  grammikì sunduasmì tou) kai to uB to pa�rnoume apì thndeÔterh ex�swsh
uB =

σ · p
E +m

χ(s), s = 1, 2Epomènw, gia E > 0, èqoume (me N stajer� normalismoÔ)

u(s) = N




χ(s)

σ·p
E+m

χ(s)



 , s = 1, 2

Ant�stoiqa, gia E < 0, epilègoume uB = χ(s) kai tìte pa�rnontato uA apì thn pr¸th ex�swsh
u(s+2) = N





−σ·p
|E|+m

χ(s)

χ(s)



 , s = 1, 2
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'Askhsh 18 De�xte ìti oi 4 lÔsei th ex�swsh Dirac e�naiorjog¸nie
u(r)†u(s) = 0, r 6= sA apode�xoume mia polÔ qr simh sqèsh: (σ · p)2 = p2I

(σ·p)2 =
∑

i,j

(σipi)(σjpj) =
∑

i

σ2
i p

2
i+

∑

i,j(i 6=j)

(σiσj+σjσi)pipj = p2

mia kai to tetr�gwno σ2
i = 1 gia k�je p�naka kai ep�sh

σiσj + σjσi = 0 gia i 6= j.H sqèsh mpore� na apodeiqje� ep�sh me �mesh antikt�stash thmorf  twn pin�kwn tou Pauli.
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A la Aitchison and Hey LÔsei th ex�swsh DiracApì thn arqik  morf  th Dirac

i
∂ψ

∂t
= (−ia ·∇+ βm)ψ

kai gr�fonta ψ = ω e−ipµxµ ìpou ω =




φ

χ



 èqoume

E




φ

χ



 = (−ia · (i)p+ βm)




φ

χ





=








0 σ

σ 0



 · p+




m 0

0 −m












φ

χ
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=




m σ · p

σ · p −m








φ

χ





Opìte, pa�rnoume
Eφ = mφ+ σ · pχ
Eχ = −mχ+ σ · pφH deÔterh ex�swsh d�nei χ = σ·p

E+m
φ.

Epomènw, ω =




φ

σ·p
E+m

φ



 qwr� normalismì. Qrhsimopoi¸nta
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thn morf  tou χ sthn pr¸th ex�swsh pa�rnoume

Eφ = mφ+ σ · p σ · p
E +m

φ

E = m+
p2

E +m
→ (E −m)(E +m) = p2

E2 = p2 +m2 → E = ±
√

p2 +m2Poia e�nai h fusik  shmas�a tou ω me ti dÔo sunist¸se? Sthsqèsh pou d�nei to ω, to φ e�nai auja�reto. Mpore� na p�rei ti

timè  1

0



 kai  0

1



 pou e�nai grammik� anex�rthta

idiodianÔsmata tou telest  Sz =
1
2
σz =

1
2




1 0

0 −1



 me
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idiotimè ±1
2

. Bèbaia, h pio genik  morf  tou φ e�nai




a

b



 = a




1

0



+ b




0

1



 me a, b migadiko� arijmo�. 'Eqoumeloipìn dÔo grammik� anex�rthte lÔsei, ìpw akrib¸ ènasÔsthma me j = 1/2 (2j + 1 katast�sei).Sto sÔsthma hrem�a (p=0), h ermhne�a e�nai �mesh. To

σ·p
E+m

= 0, �ra kai χ = 0, kai oi dÔo lÔsei g�nontai










1

0

0

0










e−imt,










0

1

0

0










e−imt
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Kai oi dÔo lÔsei èqoun �dia enèrgeia. 'Ara up�rqei k�poiotelest  pou metat�jetai me ton ant�stoiqo th enèrgeia (thnqamiltonian ) kai xeqwr�zei ti dÔo katast�sei. Autì e�nai o

Σz =




σz 0

0 σz



 , ìpou σz =




1 0

0 −1





pou bèbaia metat�jetai me thn qamiltonian  pou sthn per�ptws ma (p = 0) e�nai apl� βm (e�nai kai oi dÔo diag¸nioi). Oi dÔokatast�sei èqoun idiotimè ±1.

GenikeÔonta Σ =




σ 0

0 σ



 me thn idiìthta [1
2
Σx,

1
2
Σy

]
= i1

2
Σz

kai (1
2
Σ
)2

= 3
4
I. Autè akrib¸ e�nai oi idiìthte enìkbantomhqanikoÔ telest  stroform  me j = 1/2. Epomènw, o103



1
2
Σ mpore� na ermhneuje� w o spin 1/2 kat�llhlo telest  giato sÔsthma hrem�a. Akrib¸, gia to sÔsthma hrem�a h ex�swsh

Dirac perigr�fei èna swmat�dio me spin 1/2.Perimènoume na mhn all�zei to spin an p�me se sÔsthma me

p 6= 0. All� tìte, o telest  1
2
Σ den e�nai pia kat�llhlo giat�den metat�jetai me ton ant�stoiqo th enèrgeia, pou t¸ra e�nai

a · p+ βm. Bèbaia suneq�zoume na èqoume 2 anex�rthtekatast�sei. Opìte ja prèpei na up�rqei telest  poumetat�jetai me thn qamiltonian . H epilog  den e�nai monadik all� mia qr simh e�nai o telest  th elikìthta




σ·p
|p| 0

0 σ·p
|p|



 =




σ · p̂ 0

0 σ · p̂



 = Σ · p̂
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pou pr�gmati metat�jetai me thn a · p+ βm.'Askhsh 19 De�xte ìti o Σ · p̂ metat�jetai me thn qamiltonian 

H = a · p+ βm, [H,Σ · p̂] = 0.

Oi idiotimè tou Σ · p̂ e�nai ±1 (dÔo forè). O σ · p̂ èqei idiotimè

±1 kai an UTAU = Adiag tìte kai



UT 0

0 UT








A 0

0 A








U 0

0 U



 =




Adiag 0

0 Adiag





Epomènw, y�qnoume na broÔme thn morf  tou φ tètoia ¸ste




σ · p̂ 0

0 σ · p̂








φ

σ·p
E+m

φ



 = ±




φ

σ·p
E+m

φ
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  σ · p̂φ = ±φ. A onom�soume σ · p̂φ+ = φ+ kai σ · p̂φ− = −φ−.A broÔme ta φ+ kai φ−. ParathroÔme ìti to (1 + σ · û)φ e�naiidiosun�rthsh tou σ · û, me idiotim  +1 gia auja�reto φ
σ · û(1 + σ · û)φ = (σ · û+ 1)φ'Omoia, to (1− σ · û)φ e�nai idiosun�rthsh tou σ · û, me idiotim 

−1. Epomènw, to tuqa�o p̂ = (sin θ cosϕ, sin θ sinϕ, cos θ) kai an

epilèxoume to auja�reto φ =




1

0



 èqoume
φ+ = (1 + σ · p̂)




1

0



 =
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1 + cos θ sin θ cosϕ− i sin θ sinϕ

sin θ cosϕ+ i sin θ sinϕ 1− cos θ








1

0



→

φ+ =




1 + cos θ

sin θ cosϕ+ i sin θ sinϕ





Bèbaia qrei�zetai na normal�soume to φ+. EÔkola upolog�zetaiìti h stajer� nomalismoÔ e�nai N = 1
2

1
cos θ/2

. Epomènw, tonormalismèno φ+ gr�fetai
φ+ =

1

2 cos θ
2




2 cos2 θ

2

2 sin θ
2
cos θ

2
(cosϕ+ i sinϕ)



→
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φ+ =




cos θ

2

sin θ
2
(cosϕ+ i sinϕ)





Gia to φ− boleÔei na epilèxoume gia auja�reto φ =




0

1



 kaièqoume entel¸ an�loga
φ− = (1− σ · p̂)




0

1



 =
108



=




1− cos θ − sin θ cosϕ+ i sin θ sinϕ

sin θ cosϕ− i sin θ sinϕ 1 + cos θ








0

1





φ− =




− sin θ cosϕ+ i sin θ sinϕ

1 + cos θ





O normalismì e�nai o �dio kai katal goume

φ− =




sin θ

2
(− cosϕ+ i sinϕ)

cos θ
2





EÔkola fa�netai ìti φ†
+φ− = 0. Ta φ+ kai φ− e�nai normalismènakai orjog¸nia. Ep�sh gia p = (0, 0, p)   p̂ = (0, 0, 1), opìte
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èqoume θ = 0 ta φ+ kai φ− g�nontai

φ+ =




1

0



 , φ− =




0

1





Metasqhmatismì tou spinor se qwrikè strofèA jewr soume mia apl  strof  gÔrw apì ton �xona x, me gwn�a

θ






x′

y′

z′







=







1 0 0

0 cos θ sin θ

0 − sin θ cos θ













x

y

z







A upojèsoume ep�sh ìti xekin�me me èna sÔsthmasuntetagmènwn ìpou h orm  e�nai p = (0, 0, p). Tìte ta φ± e�nai110



ta φ+ =




1

0



 kai φ− =




0

1



. H orm  metasqhmat�zetai wdi�nusma sthn strof 






p′x

p′y

p′z







=







1 0 0

0 cos θ sin θ

0 − sin θ cos θ













0

0

p







dhlad , p′x = px = 0, p′y = p sin θ kai p′z = p cos θ. Sto nèosÔsthma, ta φ± ja prèpei na upakoÔoun ant�stoiqe sqèsei

σ · p̂′φ′
+ = φ′

+, σ · p̂′φ′
− = −φ′

−
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dhlad , gia to φ′
+

σ · p̂′φ′
+ =




cos θ −i sin θ
i sin θ − cos θ



φ′
+ = φ′

+

Gr�fonta to φ′
+ =




a

b



 èqoume ìti
a cos θ − b sin θ = a→ b = ia

sin θ/2

cos θ/2

'Ara,  a

b



 = a




1

i sin θ/2
cos θ/2



. Normal�zonta pa�rnoume
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φ′
+ =




cos θ/2

i sin θ/2



. Autì mpore� na xanagrafte� w

φ′
+ =




cos θ/2

i sin θ/2



 =




cos θ/2 i sin θ/2

i sin θ/2 cos θ/2



φ+

ìpou to φ+ =




1

0



. Akrib¸ an�loga èqoume gia to φ−

φ′
− =




i sin θ/2

cos θ/2



 =




cos θ/2 i sin θ/2

i sin θ/2 cos θ/2



φ−
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ìpou to φ− =




0

1



. Parathr ste ìti ta φ+ kai φ− paramènounorjog¸nia. Dhlad  èqoume kai ed¸ mia ��strof ��, mìno pougwn�a e�nai θ/2. Gia na to genikeÔsoume, parathroÔme ìti

eiσxθ/2 = 1 + iσxθ/2 +
1

2!
(iσxθ/2)

2 +
1

3!
(iσxθ/2)

3 + · · ·

= 1 + iσxθ/2−
1

2
(θ/2)2 − 1

3!
iσx(θ/2)

3 + · · ·

= cos θ/2 + iσx sin θ/2 =




cos θ/2 i sin θ/2

i sin θ/2 cos θ/2





h pio genik�, an h strof  θ e�nai gÔrw apì ton �xona pou
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or�zetai apì to monadia�o di�nusma n̂

φ′ = eiσ·n̂θ/2φO p�naka eiσ·n̂θ/2φ ≡ U e�nai monadia�o (U †U = UU † = 1),opìte to ��m ko�� φ†φ diathre�tai. Autì o kanìma, par' ìlopou xekin same me eidik� φ pou e�nai idiokatast�sei thelikìthta, e�nai genikì gia k�je spinor.O spinor tou Dirac, me 4 sunist¸se, gr�fetai t¸ra, gia tisugkekrimène idiokatast�sei φ+ kai φ−

ω+ =




φ+

σ·p
E+m

φ+



 =




φ+

|p|
E+m

φ+



 , ω− =




φ−

− |p|
E+m

φ−





Dhlad  to p�nw kai to k�tw tm ma metasqhmat�zontai me ton �dio115



trìpo (to |p|
E+m

e�nai bajmwtì). 'Ara genikeÔoume tonmetasqhmatismì gia ton spinor tou Dirac

ω′ = eiΣ·n̂θ/2ω

ìpou Σ =




σ 0

0 σ



 kai isqÔei gia k�je tetra-spinor. 'Etsi hpijanìthta

ρ′ = ψ†′ψ′ = ω†′ω′ = ω†e−iΣ·n̂θ/2eiΣ·n̂θ/2ω = ω†ω

Oi arnhtikè lÔsei th ex�swsh DiracE�qame xekin sei apì thn ex�swsh tou Dirac me th morf 
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E




φ

χ



 =




m σ · p

σ · p −m








φ

χ



→







Eφ = mφ+ σ · pχ
Eχ = −mχ+ σ · pφ

Gia E > 0 gnwr�zoume  dh ton spinor ω =




φs

σ·p
E+m

φs



, s = 1, 2.

Gia na normal�soume ω†ω = 2E. Opìte (ta φs e�nai normalismèna)

N 2

(

1 +
(σ · p)2
(E +m)2

)

= 2E → N 2 (E +m)2 + p2

(E +m)2
= 2E

N =
√
E +m

kai tìte u(p, s) = √E +m




φs

σ·p
E+m

φs



, s = 1, 2 kai
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ψ = e−ip·xu(p, s).Gia ti arnhtikè lÔsei, sto sÔsthma hrem�a p = 0, j� èqoume

E = −m opìte
−m




φ

χ



 =




m 0

0 −m








φ

χ





opìte φ = 0 kai èqome dÔo anex�rthte lÔsei

ω(E < 0) =




o

χs



.Gia p 6= 0 ja èqoume Eφ = mφ+ σ · pχ→ φ = σ·p
E−m

χ, opìte

ω(E < 0) =





σ·p
E−m

χs

χs



 =




− σ·p

|E|+m
χs

χs



 , s = 1, 2
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Jum�zoume ta antiswmat�dia pou phga�noun ant�jeta sto qrìno(p→ −p), opìte or�zoume

ω(E < 0,−p, s) =





σ·p
|E|+m

χs

χs





Qrhsimopoi¸nta ton �dio normalismì N =
√
E +m èqoume

v(p, s) =
√

|E|+m





σ·p
|E|+m

χs

χs



 , s = 1, 2

kai ψ = v(p, s)e−i(−p)·x = v(p, s)eip·x me p = (E,p). H epilog 

e�nai χ1 =




0

1



 kai χ2 =




1

0



 giat� h apous�a enì �nw spin

119



hlektron�ou me arnhtik  enèrgeia isoduname� me parous�apozitron�ou me k�tw spin me jetik  enèrgeia.'Askhsh 20 De�xte ìti pr�gmati h ex�swsh Dirac perigr�feieswterik  stroform  1/2. Dhlad , de�xte ìti h qamiltonian  denmatat�jetai me th stroform  L all� me ton telest  L+ 1
2
ΣSth mh sqetikistik  prosèggish h ��k�tw�� sunist¸sa tou4-spinor e�nai kat� v(/c) mikrìterh apì thn ���nw�� sunist¸sa:

m+ E ∼ 2m→ (σ · p)/(2m) ∼ v.'Askhsh 21 De�xte ìti sth mh sqetikistik  prosèggish hex�swsh tou Dirac katal gei sthn ex�swsh tou Pauli parous�ahlektromagnhtikoÔ ped�ou Aµ = (V,A)

(E + eV −m)ψA =

[
(p+ eA)2

2m
+

e

2m
σ ·B

]

ψA
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