
A upolog�soume to anallo�wto pl�to th skèdashhlektron�ou-pozitron�ou w sun�rthsh twn stajer¸n s, t kai u.Apì th Ex.11 èqoume
− (pA + pC)(pB + pD) = −(2pA − pA + pC)(pB + pD) =

= −(2pA + pB − pD)(pB + pD) = −2pA(pB + pD) + p2B − p2D
= −2pA(pB + pD)kai

s−u = (pA+pB)
2− (pA−pD)2 = 2pApB +2pApd = 2pA(pB +pD)'Omoia, t− u = (pA − pC)2 − (pA − pD)2 = −2pApC + 2pApd =

2pA(−pC + pD), kai
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(pA − pB)(pC − pD) = (2pA − pA − pB)(pC − pD) =
= (2pA − pC − pD)(pC − pD) = −2pA(−pC + pd)− p2C + p2B =

= −2pA(−pC + pD)kia bèbaia t = (pD − pB)2 kai s = (pA + pB)
2 = (pC + pD)

2.Opìte h Ex.11 pa�rnei th morf 
Me+e− = e2

(
s− u
t

+
t− u
s

) (13)Giat� to pl�to parousi�zei summetr�a sthn enallag  s←→ t?

AB → CD AC̄ → B̄D

e+e− → e+e− e+e− → e+e−Dhlad , sthn per�ptws  ma, h AB → CD kai h AC̄ → B̄D e�nai78



h �dia skèdash. Oi sked�sei AB → CD kai AC̄ → B̄D èqounsusqètish s←→ t. Ant�stoiqa, h skèdash AD̄ → B̄C (dhlad 

e+e+ → e+e+) kai h C̄B → ĀD (dhlad  e−e− → e−e−) èqounsqèsh me thn arqik  s←→ u. Dhlad  to anallo�wto pl�to giathn e−e− → e−e− gr�fetai amèsw, qrhsimopoi¸nta thn Ex(13),

Me−e− = e2
(
u− s
t

+
t− s
u

) (14)

Blèpoume ìti to anallo�wto pl�to, �ra kai h energì diatom ,apeir�zontai gia t→ 0 kai u→ 0. S' autè ti peript¸sei toter�gwno th tetrorm  tou eikonikoÔ fwton�ou te�nei sto mhdènkai ousiastik� den èqoume allhlep�drash.
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O diadìth'Eqoume de�  dh ìti sta diagr�mmata Feynman h gramm  toueikonikoÔ fwton�ou antistoiqe� sto ìro 1/q2 me q h orm  toueikonikoÔ fwton�ou (q2 6= 0). An to eikonikì swmat�dio èqei m�zao diadìth gr�fetai 1/(q2 −m2). A doÔme pw mporoÔme na tokatal�boume autì.Sth mh sqetikistik  prosèggish e�qame de� ìti
Tfi = −i

∑

Vfn
1

Ei − En
Vni2πδ(Ef − Ei)80



P¸ ja p�me apì to 1/(Ei − En) sto 1/(pA + pB)
2. AjumhjoÔme ìti to di�gramma Feynman e�nai to �jroisma ìlwntwn qronik� diatetagmènwn diagramm�twn

Epomènw, to anallo�wto pl�to ja e�nai
M∼ Vfn

1

Ei − Eγ

Vni+Vfn
1

Ei − (2Ei + Eγ)
Vni = Vfn

2Eγ

E2
i − E2

γ

Vni
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To 2Eγ sqet�zetai me ton normalismì. H parap�nw mèjodo e�naih legìmenh ��palai� mèjodo diataraq¸n��. S' aut n h triorm diathre�tai se k�je koruf  all� ìqi h enèrgeia (pr�gma mhsunallo�wto). Ta swmat�dia e�nai p�nta sto ��kèlufo m�za��(mass shell), dhlad  to tetr�gwno th tetrorm  e�nai �so me totetr�gwno th m�za.T¸ra mporoÔme na gr�youme
E2

i = (pA + pB)
2 + (pA + pB)

2 kai E2
γ = m2

γ + p2
γìpou b�lame mi� m�za sto fwtìnio gia thn per�ptwsh pou toeikonikì swmat�dio èqei m�za. O ìro (pA + pB)

2 e�nai h sunolik m�za. Ep�sh pγ = pA + pB. Opìte, o paronomast  th

82



prohgoÔmenh sqèsh gr�fetai

E2
i − E2

γ = (pA + pB)
2 −m2

γ = q2 −m2
γpou sthn per�ptwsh tou �mazou fwtìniou g�netai apl� q2.Dhlad , ajro�zonta ta dÔo diagr�mmata pa�rnoume sunallo�wtoapotèlesma. MporoÔme na doÔme to �dio gegonì kai sthnskèdash fwton�ou apì hlektrìnio.

Arister� èqoume to �jroisma ìlwn twn qronik� diatetagmènwndiagramm�twn ìpou h triorm  diathre�tai se k�je koruf  kai giato endi�meso swmat�dio isqÔei p2 = m2. All� h enèrgeia den83



diathre�tai se k�je koruf . Sto dexiì di�gramma h tetrorm (orm  kai enèrgeia) diathre�tai se k�je koruf  all� p2 6= m2.
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H EXISWSH DIRAC... ta kou�rk kai ta leptìnia ìmw èqoun spin 1/2 kai denperigr�fontai apì thn apl  kumatosun�rthsh pou ikanopoie� thn

Klein-Godon. Prèpei na broÔme mia ex�swsh me lÔsei pou namporoÔn na perigr�foun to spin twn swmatid�wn kaiantiswmatid�wn.O Dirac prosp�jhse na gr�yei mia ex�swsh grammik  w pro to

∂/∂t, epomènw grammik  kai w pro ∇ (sunalloi¸thta). H piogenik  morf  e�nai

Hψ = (a ·P+ βm)ψ = 0Oi par�metroi a kai β prèpei na e�nai kat�llhloi ¸ste gia to
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eleÔjero swmat�dio na plhroÔtai h sqèsh

H2ψ =
(
P 2 +m2

)
ψBèbaia, h arqik  prosp�jeia tou Dirac  tan na apofÔgei thnarnhtik  puknìthta pijanìthta. All� autì gia ma den e�naiplèon prìblhma. Ant�jeta, èqoume to kèrdo perigraf  twnantiswmatid�wn. 'Eqoume loipìn

H2ψ = (aiPi + βm)(ajPj + βm)ψ =

=
(
(aiPi)(ajPj) + β2m2 + (aiPi)βm+ β(ajPj)m

)
ψ =

=

(

a2i p
2
i + (aiaj + ajai

︸ ︷︷ ︸
)PiPj + β2m2 + (aiPi)βm+ β(ajPj)m

)

ψ

i 6= j
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Epomènw, ja prèpei

a2i = 1 kai aiβ + βai = 0 gia i = 1, 2, 3

β2 = 1 kai aiaj + ajai = 0 gia i 6= jEpomènw, ta ai kai β den mpore� na e�nai aplo� arijmo�. Japrèpei na p�me se p�nake pou droun sthn kumatosun�rthsh ψpou g�netai pia di�nusma me sunist¸se.'Askhsh 16 De�xte ìti oi ai kai β prèpei na e�nai ermhtiano�p�nake, na èqoun �qno 0, na e�nai art�wn diast�sewn me idiotimè

±1.H el�qisth di�stash, loipìn, e�nai 4. H per�ptwsh 2 diast�sewnprèpei na aporrifje� diìti gnwr�zoume ìti up�rqoun mìno 3anex�rthtoi 2× 2 p�nake (tou Pauli) en¸ eme� qreiazìmaste 487



p�nake. Mia �po ti dunatè anaparast�sei twn ai kai β e�nai hlegìmenh anapar�stash Pauli-Dirac (ìpou σ oi p�nake tou

Pauli)
a =




0 σ

σ 0



 β =




I 0

0 −I



 ìpou

σ1 =




0 1

1 0



 , σ2 =




0 −i
i 0



 , σ3 =




1 0

0 −1





Mia �llh anapar�stash e�nai aut  tou Weyl

a =




−σ 0

0 σ



 , β =




0 I

I 0
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Me �lla lìgia, h epilog  twn ai kai β den e�nai monadik .Jum�zonta ìti èna monadia�o metasqhmatismì diathre� tiantimetajetikè idiìthte, èpetai ìti oi metasqhmatismo�

a′i = UaiU
−1, β′ = UβU−1

ìpou U èna monadia�o p�naka 4× 4, d�nei mia nèa anapar�stashtwn ai kai β. Fusik�, ìla ta metr sima megèjh e�nai anex�rthtaapì thn anapar�stash. To di�nusma ψ èqei tèsseri sunist¸sekai onom�zetai spinor tou Dirac.Sunallo�wth morf  th ex�swsh Dirac. P�nake γApì thn Hψ = (aP+ βm)ψ pa�rnoume, pollaplasi�zonta ep� β,

βi
∂

∂t
ψ =

(
−iβa ·∇+ β2m

)
ψ →

(

βi
∂

∂t
+ iβa ·∇

)

ψ = β2mψ →
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(β, βa)

(

i
∂

∂t
, i∇

)

ψ = mψ → (iγµ∂µ −m)ψ = 0ìpou or�same γµ = (β, βa) tou p�nake γ. Aut  e�nai hsunallo�wth morf  th ex�swsh Dirac. Antistoiqe� se tèsseridiaforikè exis¸sei
∑

k

(

i (γµ)jk ∂µ −mδjk
)

ψk = 0, j = 1, 2, 3, 4

Qrhsimopoi¸nta ti sqèsei twn a kai β pin�kwn, br�skoumeeÔkola ìti

γµγν + γνγµ = 2gµνI
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kai ep�sh ti sqèsei

γ0 = β →
(
γ0
)2

= 1, γ0† = β† = β = γ0

γk† = (βak)† = akβ = −γk, (γk)2 = βakβak = −1, k = 1, 2, 3 , pio genik� γµ† = γ0γµγ0.Diathr simo reÔma kai h suzug  ex�swsh DiracH ermhtian  suzug  th ex�swsh Dirac

(iγ0∂t + iγk∂k −m)ψ = 0 e�nai
−i(∂tψ†)γ0† − i(∂kψ†)γk† −mψ† = 0

−i(∂tψ†)γ0 + i(∂kψ
†)γk −mψ† = 0Pollaplasi�zonta apì dexi� me γ0 kai qrhsimopoi¸nta ìti91



γ0γk = −γkγ0
− i∂t(ψ†γ0)γ0 − i∂k(ψ†γ0)γk −mψ†γ0 = 0

i∂tψ̄γ
0 + i∂kψ̄γ

k +mψ̄ = 0→ i∂µψ̄γ
µ +mψ̄ = 0ìpou or�same ψ̄ = ψ†γ0 pou e�nai èna spinor gramm .T¸ra qrhsimopoi¸nta thn iγµ∂µψ −mψ = 0 ep� (ψ̄·)kai thn i∂µψ̄γµ +mψ̄ = 0 ep� (·ψ)kai ajro�zonta pa�rnoume

iψ̄γµ∂µψ −mψ̄ψ + i∂µψ̄γ
µψ +mψ̄ψ = 0→ ∂µ(ψ̄γ

µψ) = 0Epomènw, or�zoume to reÔma pijanìthta jµ = ψ̄γµψ kai bèbaiat¸ra

ρ = j0 = ψ̄γ0ψ = ψ†ψ =
4∑

i=1

|ψi|2 ≥ 0
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dhlad  h puknìthta pijanìthta ston Dirac e�nai jetik  (sthnex�swsh Klein-Gordon  tan an�logh th enèrgeia).Qrhsimopoi¸nta thn Pauli-Weiskopf perigraf , to jµ g�netaipuknìthta hlektrikoÔ reÔmato

jµ = −eψ̄γµψTo γµ e�nai tetradi�nusma me thn ènnoia ìti to jµ e�naitetradi�nusma.
Spinor eleÔjerou swmatid�ou

'Askhsh 17 De�xte ìti k�je sunist¸sa tou ψ upakoÔei thnex�swsh Klein-Gordon.

Y�qnoume gia lÔsei eleÔjerwn swmatid�wn (idiosunart sei th93


