
Fwtìnia - Di�nusma pìlwsh
Gnwr�zoume  dh ìti oi nìmoi tou Maxwell gr�fontai mesunallo�wto trìpo
�

2Aµ − ∂µ∂νAν = jµ

  akìma, or�zonta
 ton tanust  tou ped�ou F µν = ∂µAν − ∂νAµ,mporoÔme na gr�youme
∂µF

µν = jν

H diat rhsh tou reÔmeto
 jν e�nai enswmatwmènh sth morf aut : ∂νj
ν = ∂ν∂µF

µν = 0. Ta ped�a E kai B paramènounanalo�wta ston metasqhmatismì Aµ → Aµ + ∂µχ ìpou χ tuqa�asun�rthsh. Epomènw
, epilègonta
 kat�llhlh sun�rthsh χ200



mporoÔme na epitÔqoume ∂νA
ν = 0 (sunj kh Lorentz), opìte

�
2Aµ − ∂µ∂νAν = jµ → �

2Aµ = jµ

Akìma kai s' aut n thn per�ptwsh, paramènei mia epiplèoneleujer�a epilog 
 th
 χ, arke� bèbaia �
2χ = 0. Dhlad , mèneimia epiplèon eleujer�a epilog 
 tou Aµ → Aµ + ∂µΛ me �

2Λ = 0.H kumatosun�rthsh tou eleÔjerou fwton�ou ikanopoie� thn

�
2Aµ = 0 me lÔsh Aµ = ǫµ(q)e−iqx, me q2 = 0 (mγ = 0). To

ǫµ(q) e�nai to di�nusma pìlwsh
, to opo�o èqei, bèbaia, 4sunist¸se
. All�, h sqèsh ∂µA
µ = 0 ma
 upoqre¸nei qµǫµ = 0,opìte èqoume mei¸sei se trei
 ti
 anex�rthte
 sunist¸se
.Epiplèon, ìpw
 anafèrjhke parap�nw, èqoume akìma miaeleujer�a gia to Aµ → Aµ + ∂µΛ me �

2Λ = 0. An epilèxoume

Λ = iae−iqx, opìte �
2Λ = −iq2ae−iqx = 0, tìte201



Aµ → Aµ + ∂µΛ = Aµ + aqµe−iqx pou antistoiqe� sthn allag 

ǫµ → ǫ′
µ

= ǫµ + aqµ. Dhlad , ta ǫµ kai ǫ′µ e�nai isodÔnama,perigr�foun to �dio fwtìnio. Epomènw
, mporoÔme na epilèxoumekat�llhlo a ¸ste na èqoume ǫ0 = 0. Kai h sqèsh ǫµqµ = 0g�netai ǫ · q = 0 (bajm�da Coulomb). Telik�, loipìn, èqoumemìno dÔo anex�rthte
 sunist¸se
 (spin=1 me mhdenik  m�za),p.q. ǫ1 = (1, 0, 0) kai ǫ2 = (0, 1, 0), jewr¸nta
 ìti q = (0, 0, q).Ta q kai ǫµ perigr�foun pl rw
 to fwtìnio.'Askhsh 33 De�xte p¸
 metasqhmat�zontai ta dianÔsmata

ǫR = −
√

1

2
(ǫ1 + iǫ2) , ǫL = +

√

1

2
(ǫ1 − iǫ2)se mia strof  me gwn�a θ gÔrw apì ton �xona z. Ta dianÔsmataaut� onìmazontai dianÔsmata kuklik 
 pìlwsh
 kai to202



dexiìstrofo (R) èqei jetik  elikìthta en¸ to aristerìstrofo(L) èqei arnhtik  elikìthta.'Askhsh 34 De�xte ìti sthn bajm�da Coulomb,   egk�rsiabajm�da, isqÔei h sqèsh plhrìthta


∑

λ=L,R

(ǫλ)
∗
i (ǫλ)j = δij − q̂iq̂j

ìpou

ǫR = −
√

1

2
(ǫ1 + iǫ2) , ǫL = +

√

1

2
(ǫ1 − iǫ2)

ǫ1 = (1, 0, 0), ǫ2 = (0, 1, 0)DianÔsmata pìlwsh
 gia spin=1 kai M 6= 0Sto sÔsthma hrem�a
 èqoume 3 dunatè
 katast�sei
 gia spin=1.203



Gia par�deigma, mporoÔn na perigrafoÔn apì ta tr�a dianÔsmata

ǫ1 = (1, 0, 0), ǫ2 = (0, 1, 0) kai ǫ3 = (0, 0, 1), kai bèbaia isqÔei

ǫi · ǫj = δij. Pollè
 forè
 qrhsimopoioÔme ta dianÔsmata

ǫλ=1 = −
√

1/2(1, i, 0) = −
√

1/2(ǫ1 + iǫ2)

ǫλ=0 = (0, 0, 1) = ǫ3

ǫλ=−1 =
√

1/2(1,−i, 0) =
√

1/2(ǫ1 − iǫ2)me ǫ∗λ · ǫλ′ = δλλ′ . A
 fti�xoume t¸ra tetradianÔsmata. StosÔsthma hrem�a
 mpor¸ na dialèxw ǫµλ = (0, ǫλ). S' autì tosÔsthma bèbaia, h orm  e�nai pµ = (M, 0, 0, 0) kai isqÔei

pµǫ
µ = 0. H teleuta�a e�nai mia analo�wth sunj kh pou ja prèpeina isqÔei se k�je sÔsthma anfor�
. T¸ra ja prèpei na broÔmeto ant�stoiqo di�nusma pìlwsh
 ìtan p�me apì204



(M, 0, 0, 0)→ (E, 0, 0, p). H taqÔthta tou nèou sust mato
 e�nai

(0, 0,−p/E) kai to di�nusma pìlwsh
 (0, ǫλ=0) g�netai

0→ 0− (−v)√
1− v2

=
p/E

√

1− p2/E2
=

p

M

1→ 1− (−v)0√
1− v2

=
E

M'Ara, ǫµλ=0 = (0, 0, 0, 1)→ 1
M

(p, 0, 0, E) kai bèbaia isqÔei

(E, 0, 0, p) · 1
M

(p, 0, 0E) = 0. Ta dianÔsmata gia λ = ±1 denall�zoun mia
 kai to sÔsthma ma
 kine�tai ston �xona twn z.Thn sqèsh pµǫµ = 0 mporoÔme na th doÔme kai apì �llh pleur�.GenikeÔonta
 thn ex�swsh gia to fwtìnio, ja mporoÔsame na
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gr�youme
�

2Aµ − ∂µ(∂νA
ν) = 0→

[
gµν�

2 − ∂µ∂ν

]
Aν = 0kai eis�gonta
 m�za M

[
gµν

(
�

2 +M 2
)
− ∂µ∂ν

]
Aν = 0 (20)Paragwg�zonta
 w
 pro
 ∂µ

∂µ
[
gµν

(
�

2 +M 2
)
− ∂µ∂ν

]
Aν = 0

[
∂ν

(
�

2 +M 2
)
−�

2∂ν

]
Aν = 0

∂νA
ν = 0Dhlad , h sunj kh Lorentz, ∂νA

ν = 0, gia ta fwtìnia (M = 0),e�nai tautìthta gia M 6= 0. Kai bèbaia h sqèsh pµǫµ = 0 èpetai206



�mesa (Aµ = ǫµe−ip·x).'Askhsh 35 De�xte ìti h sqèsh plhrìthta
 gia ta spin=1 mem�za
∑

λ=L,R

(ǫλ)
∗
µ(ǫλ)ν = −gµν +

pµpν

M 2

(21)

O diadìth
 tou hlektron�ouApì thn mh sqetikistik  jewr�a e�qame dei
Tfi = −2πiδ(Ef − Ei) [< f |V |i > +

∑

n 6=i

< f |V |n > 1

Ei − En
< n|V |i > +...

]
207



ìpou H0|n >= En|n >. Formalistik� mporoÔme na gr�youme

Tfi = 2πδ(Ef − Ei) < f |(−iV ) + (−iV )
i

Ei −H0

(−iV ) + ...|i >

ìpou qrhsimopoi same ∑n 6=i |n >< n| = 1. H epilog  tou −iV ,ant� tou V , g�netai apì thn parous�a tou V sthn ex�swsh tou

Schroedinger, i∂Ψ/dt = VΨ, pou d�nei kai thn qronik  ex�rthsh

exp(−iV t) sthn ��eikìna allhlep�drash
�� (interaction picture).Opìte, antistoiqoÔme koruf → (−iV ) kai diadìth
→ i
Ei−H0

.An gr�youme thn ex�swsh Schrödinger

(H0 +V )Ψ = EΨ→ (H0−E)Ψ = −VΨ→ i(H0−E)Ψ = −iVΨblèpoume ìti o diadìth
 ��e�nai�� to ant�strofo tou telest  sto
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aristerì skèlo
 th
 teleuta�a
 isìthta


1

i(H0 − E)
=

i

E −H0O diadìth
 tou bajmwtoÔ swmatid�ouSto bajmwtì ped�o, h Klein-Gordon gr�fetai

(�2 +m2)φ = −V φ→ i(�2 +m2)φ = −iV φkai, me ton parap�nw kanìna, o diadìth
 tou
 bajmwtoÔ ped�oue�nai

1

i(�2 +m2)
=

−i
−p2 +m2

=
i

p2 −m2O diadìth
 tou swmatid�ou Dirac
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Gia to hlektrìnio ja èqoume an�loga

(p/−m)ψ = γ0V ψ → −i(p/−m)ψ = −iγ0V ψìpou γ0V = −eγµA
µ. Kai o diadìth
 tou hlektron�ou e�nai

1

−i(p/−m)
=

i

p/−m =
i(p/+m)

p2 −m2Jumhje�te ìti p/+m =
∑
u(s)ū(s). Autì
 e�nai èna
 genikì
kanìna
 pou ja ton doÔme xan� sto diadìth tou fwton�ou.O diadìth
 tou fwton�ouH ex�swsh pou plhre� to fwtìnio e�nai

[
gµν�

2 − ∂µ∂ν

]
Aν = jµ (22)Gnwr�zoume ep�sh
 ìti èqoume mia eleujer�a epilog 
 tou ped�o:210



Aµ → Aµ + ∂µχ. An den ��afairèsoume�� aut n thn eleujer�a denja katafèroume na broÔme ton ant�strofo tou telest .'Askhsh 36 De�xte ìti den mpore�te na or�sete ton ant�strofotou gµν�
2 − ∂µ∂νMìli
 ìmw
 epilèxoume thn bajm�da Lorentz, ∂µAµ = 0, hex�swsh g�netai gµν

�
2Aν = jµ, kai mia
 kai gµνg

νλ = δλ
µ,blèpoume �mesa ìti to ant�strofo tou −igµν�

2 e�nai

igµν

−q2
= − igµν

q2Autì
 e�nai o diadìth
 tou Feynman (  sth bajm�da Feynman).'Askhsh 37 H sunj kh Lorentz, ∂µAµ = 0 af nei akìma miaeleujer�a epilog 
 tou Aµ: Aµ → Aµ + ∂µΛ ìpou �
2Λ = 0.
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Opìte, h Ex.(22) mpore� na grafe�

[

gµν�
2 −

(

1− 1

ξ

)

∂µ∂ν

]

Aν = jµ

kai tìte o ant�strofo
 tou telest  e�nai

i

q2

[

−gµν + (1− ξ) qµqν
q2

]

Gia ξ = 1 phga�noume ston diadìth Feynman. Sthn QED odeÔtero
 ìro
 mhden�zetai stou
 upologismoÔ
 mia
 kai todunhtikì fwtìnio allhlepidr� me diathroÔmeno reÔma jµ gia toopo�o isqÔei qµjµ = 0.O diadìth
 dianusmatikoÔ, spin=1, me m�za'Opw
 e�qame anafèrei, Ex.(20), h ex�swsh pou plhro� èna212



eleÔjero dianusmatikì swmat�dio me m�za e�nai

[
gµν

(
�

2 +m2
)
− ∂µ∂ν

]
Aν = 0To ant�strofo tou telest  (epi i) e�nai

i
(

−gµν +
pµpν

M 2

)

p2 −M 2opìte autì
 e�nai kai o diadìth
 enì
 dianusmatikoÔ swmatid�oume m�za. prosèxte ìti o arijmht 
 e�nai h sqèsh plhrìthta
Ex.(27)'Askhsh 38 De�xte ìti o diadìth
 enì
 dianusmatikoÔ
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swmatid�ou me m�za e�nai
i
(

−gµν +
pµpν

M 2

)

p2 −M 2

Skèdash Compton γe− → γe−Ja upolog�soume analutik� to analo�wto pl�to
 gia thnskèdash Compton. A
 prospaj soume na doÔme k�je ìro toupl�tou
 autoÔ. Gia to eiserqìmeno fwtìnio ja up�rqei o ìro
:

ǫµe
−ikx kai gia to exerqìmeno: ǫ′∗ν e+ik′x, gia to pr¸to di�grammakai an�loga kai gia to deÔtero.
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Gia to eiserqìmeno hlektrìnio: e−ipxu(s)(p) kai to exerqìmeno:

e+ip′xū(s′)(p′). Sto endi�meso hlektrìnio ja antistoiq soume tondiadìth: i(p/+ k/+m)/((p+ k)2 −m2) gia to pr¸to di�grammakai an�loga gia to �llo. Oi dÔo korufè
 ja e�nai: ieγµ kai ieγν .'Ola ta ekjetik� ja d¸soun thn dèlta sun�rthsh gia thndiat rhsh th
 orm 
-enèrgeia
. Opìte, to anallo�wto pl�to
 giak�je di�gramma ja e�nai

−iM1 =

[

ū(s′)(p′)(ieγν)
i(p/+ k/+m)

(p+ k)2 −m2
(ieγµ)u(s)(p)

]

ǫµǫ
′∗
ν215



−iM2 =

[

ū(s′)(p′)(ieγµ)
i(p/− k/′ +m)

(p− k′)2 −m2
(ieγν)u(s)(p)

]

ǫµǫ
′∗
νPosèxte ìti, ìpw
 perimèname, to �jroismaM1 +M2 e�naianallo�wto sthn allag  (k, ǫ)→ (−k′, ǫ′∗). A
 doÔme p¸
emfan�zetai ed¸ h analloi¸thta bajm�da
. Apait¸nta
 thnsunj kh Lorentz, ∂µAµ = 0, gnwr�zoume ìti h fusik  denall�zei me ton metasqhmatismì ǫµ → ǫµ + akµ. Gr�fonta
,loipìn,M = ǫµǫ

′∗
ν T

µν ja prèpei
M = ǫµǫ

′∗
ν T

µν = (ǫµ + akµ)(ǫ′∗ν + ak′ν)T
µν

opìte èqoume ti
 sqèsei

k′νT

µν = kµT
µν = 0'Askhsh 39 De�xte ìti to pr�gmati isqÔei h sqèsh216



k′νT
µν = kµT

µν = 0 gia to �jroisma twn dÔo diagramm�twn kaiìqi gia to kajèna apì aut�.Qrhsimopoi¸nta
 ìti (p+ k)2 = s kai (p− k′)2 = u kaiagno¸nta
 thn m�za tou hlektron�ou, ta dÔo pl�th g�nontai

M1 =
1

s
ǫµǫ

′∗
ν e

2 ū(s′)(p′)γν(p/+ k/)γµu(s)(p)

M2 =
1

u
ǫµǫ

′∗
ν e

2 ū(s′)(p′)γµ(p/− k/′)γνu(s)(p)

ja prèpei t¸ra na upolog�soume to |M1 +M2|2. A
upolog�soume pr¸ta to |M1|2

|M1|2 =
1

2 · 2
1

s2
e4 Tr

[

p/γµ′

(p/+ k/)γν′

p/′γν(p/+ k/)γµ
]

ǫµǫ
′∗
ν ǫ

∗
µ′ǫ′ν′Gia ta fwtìnia èqoume: ǫµǫ∗µ′ = −gµµ′ kai ǫ′∗ν ǫ′ν′ = −gνν′ kai to217



'Askhsh 34 De�xte ìti gia �maza swmatidia me spin=1 sthnbajm�da Coulomb,   egk�rsia bajm�da, isqÔei h sqèshplhrìthta

∑

λ=L,R

(ǫλ)
∗
i (ǫλ)j = δij − q̂iq̂j

ìpou

ǫR = −
√

1

2
(ǫ1 + iǫ2) , ǫL = +

√

1

2
(ǫ1 − iǫ2)

ǫ1 = (1, 0, 0), ǫ2 = (0, 1, 0)(P)LÔsh
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Fa�netai eÔkola ìti
∑

λ=L,R

(ǫλ)
∗
i (ǫλ)j =

∑

κ=1,2

ǫκi
ǫκj

Autì
 o telest 
, pou èqei dÔo de�kte
, i, j, ja prèpei na e�naigrammikì
 sundusmì
 twn dÔo telest¸n pou mporoÔme nafti�xoume: δij kai qiqj
∑

κ=1,2

ǫκi
ǫκj

= Aδij + Bqiqj

Pollaplasi�zonta
 ep� ∑i ǫξi
, ξ = 1, 2, kai gnwr�zonta
 ìti
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ǫ · q =
∑

i ǫκi
qi = 0 kai ǫξ · ǫκ =

∑

i ǫξi
ǫκi

= δξκ èqoume

∑

i

ǫξi

[
∑

κ=1,2

ǫκi
ǫκj

]

= A
∑

i

ǫξi
δij + B

∑

i

ǫξi
qiqj

∑

κ=1,2

δξκǫκj
= Aǫξj

→ ǫξj
= Aǫξj

'Ara, A = 1. T¸ra pollaplasi�zoume, thn arqik  sqèsh, ep� δij
δij
∑

κ=1,2

ǫκi
ǫκj

= δijδji +Bδijqiqj

∑

κ=1,2

ǫκi
ǫκi

= 3 +Bq2 → 1 + 1 = 3 +Bq2

'Ara B = −1/q2, kai −qiqj/q2 = −q̂iq̂j414



Epomènw
, èqoume
∑

λ=L,R

(ǫλ)
∗
i (ǫλ)j =

∑

κ=1,2

ǫκi
ǫκj

= Aδij +Bqiqj = δij − q̂iq̂j
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'Askhsh 39 Sthn skèdash Compton, de�xte ìti pr�gmatiisqÔei h sqèsh k′νT µν = kµT
µν = 0 gia to �jroisma twn dÔodiagramm�twn kai ìqi gia to kajèna apì aut�.(P)LÔsh

kµT
µν = (ie)2iū

(s′)
p′

[

γν p/+ k/+m

(p+ k)2 −m2
k/+ k/

p/− k/′ +m

(p− k′)2 −m2
γν

]

u(s)
p =(ìpou k′ b�zoume k + p− p′ kai qrhsimopoioÔme k/k/ = k2 = 0)

− ie2ū
(s′)
p′

[

γν p/k/+mk/

(p+ k)2 −m2
+
k/p/− k/(p/− p/′) +mk/

(p− k′)2 −m2
γν

]

u(s)
p =(qrhsimopoioÔme p/k/ = 2pk − k/p/ kai k/p/′ = 2p′k − p/′k/

− ie2ū
(s′)
p′

[

γν 2pk − k/p/+mk/

(p+ k)2 −m2
+

2p′k − p/′k/+mk/

(p− k′)2 −m2
γν

]

u(s)
p =425



t¸ra qrhsimopoioÔme ìti p/up = mup kai ūp′p/
′ = mūp′)

− ie2ū
(s′)
p′

[

γν 2pk − k/m+mk/

(p+ k)2 −m2
+

2p′k −mk/+mk/

(p− k′)2 −m2
γν

]

u(s)
p =(oi paronomastè
 (p+ k)2 −m2 = 2pk kai (p− k′)2 −m2 = −2pk′)

− ie2ū
(s′)
p′

[

γν 2pk

2pk
+

2kp′

−2kp′
γν

]

u(s)
p = 0

'Omoia de�qnetai ìti kai k′νT νµ = 0.
426


