
HLEKTRODUNAMIKH SWMATIDIWN QWRISSPINDen up�rqoun stoiqei¸dh swmat�dia me spin mhdèn. Bèbaiaup�rqoun adrìnia me spin mhdèn all� den e�nai stoiqei¸dh all�sumplègmata apì kou�rk.Gia na apofÔgoume ti duskol�e tou spin ja jewr soume��hlektrìnia�� me spin=0, gia na qrhsimopo soume thn jewr�adiataraq¸n me sunallo�wto trìpo.'Ena ��hlektrìnio�� se hlektromagnhtikì ped�o Aµ'Opw e�dame h Klein-Gordon gia eleÔjero swmat�dio gr�fetai sesunallo�wth morf 

(
∂µ∂µ +m2

)
φ = 045



H parous�a tou hlektromagnhtikoÔ ped�ou Aµ = (A0,A) odhge�sthn antikat�stash
pµ → pµ − (−e)Aµ

kai sthn kbantomhqanik 
i∂µ → i∂µ + eAµ

ìpou jewr same to fort�o tou ��hlektron�ou�� �so me −e. Tìte h

KG gr�fetai

(
∂µ∂µ +m2

)
φ = −V φìpou

V = −ie (∂µAµ + Aµ∂µ)− e2A2 (9)To prìshmo tou V epilègetai se sumfwn�a me to sqetikì46



prìshmo th kinhtik  kai dunamik  enèrgeia sthn ex�swsh tou

Schrödinger.To dunamikì qarakthr�zetai apì thn posìthta e pou sqet�zetaime thn stajer� lept  uf  α
α =

e2

4π
≃ 1

137Akrib¸, h mikr  aut  tim  ma epitrèpei na anaptÔxoume todunamikì se dun�mei tou α kai na efarmìsoume jewr�adiataraq¸n. H qamhlìterh t�xh (se dun�mei tou α)suneisfor� se èna pl�to skèdash ja apotele� mia kal prosèggish.Akrib¸, douleÔonta sthn qamhlìterh t�xh, parale�poume toìro an�logo tou e2 sthn ex.9. To pl�to skèdash Tfi apì φi47



se φf apì to dunamikì Aµ e�nai

Tfi = −i
∫

d4xφ∗
f (x)V (x)φi(x) =

= −i
∫

d4xφ∗
f (x)(−ie) (Aµ∂µ + ∂µA

µ)φi(x)Qrhsimopoi¸nta, gia ton deÔtero ìro, olokl rwsh kat� mèrh(kai di¸qnonta to epifaneiakì olkl rwma mia kai to dunamikìphga�nei sto mhdèn ìtan |x| → ∞ kai t→ ±∞)
∫

d4xφ∗
f (x)∂µ (A

µφi(x)) = −
∫

d4x
(
∂µφ

∗
f (x)

)
Aµφi(x)
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to Tfi g�netai
Tfi = −i

∫

d4x (−ie)
(
φ∗
fA

µ∂µφi − (∂µφ
∗
f )A

µφi

)
=

= −i
∫

d4x (−ie)
(
φ∗
f∂µφi − φi∂µφ

∗
f

)
Aµ = −i

∫

d4x j(fi)µ Aµ

ìpou j(fi)µ = −ie
(
φ∗
f∂µφi − φi∂µφ

∗
f

) e�nai to hlektromagnhtikìreÔma gia thn met�bash apì i→ f . An φi = Nie
−ipix kai

φf = Nfe
−ipfx, tìte

j(fi)µ = −eNiNf (pi + pf )µe
i(pf−pi)x

Skèdash ��hlektron�ou�� kai ��mion�ou��Me ta parap�nw mporoÔme na upolog�soume thn skèdash��hlektron�ou�� apì �llo swmat�dio, gia par�deigma ��miìnio�� (gia49



na apofÔgoume ìmoia swmat�dia). To sqetikì di�gramma

Feynman ma kajodhge� gia to p¸ ja gr�youme th skèdash. Toìlo ��prìblhma�� e�nai na broÔme to dunamikì Aµ pou antistoiqe�sto reÔma tou ��mion�ou��.

'Askhsh 7 De�xte ìti oi exis¸sei tou Maxwell gr�fontai sesunallo�wth morf  ∂µF µν = jν ìpou F µν = ∂µAν − ∂νAµ.Qrhsimopoi¸nta thn eleujer�a epilog  th bajm�da mporoÔme50



ep�sh na gr�youme ìti �2Aµ = jµ.

Apì thn ex�swsh tou Maxwell èqoume �2Aµ = jµ ìpou, akrib¸ant�stoiqa me to reÔma tou ��hlektron�ou��, gr�foume

jµ(2) = −eNBND(pD + pB)µe
i(pD−pB)x

All�, �2eiqx = −q2eiqx. 'Ara, h lÔsh th �
2Aµ = jµ e�nai

Aµ = − 1

q2
jµ(2) me q = pD − pBEpomènw, qrhsimopoi¸nta autì to Aµ pa�rnoume up' ìyh ma to
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reÔma tou ��mion�ou��
Tfi = −i

∫

d4x jµ(1)
(

− 1

q2

)

j(2)µ =

= −i
∫

d4x (−e)2NANBNCND(pD + pB)
µ

(

− 1

q2

)

(pA + pC)µ×

ei(pD−pB)xei(pC−pA)x =

= −iNANBNCND(2π)
4δ(4)(pD + pC − pA − pB)×

(i)

[

(ie)(pA + pC)
µ

(

−igµν
q2

)

(ie)(pB + pD)
ν

]

H èkfrash mèsa sthn agkÔlh th teleuta�a sqèsh
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sumbol�zetai sun jw me −iM
−iM = (ie)(pA + pC)

µ

(

−igµν
q2

)

(ie)(pB + pD)
ν

ToM onom�zetai anallo�wto pl�to (invariant amplitude) thsugkekrimènh skèdash. H sun�rthsh dèlta ekfr�zei thndiat rhsh enèrgeia kai orm . EÔkola mpore� na elegqje� ìti jae�qame to �dio apotèlesma an e�qame to ��miìnio�� sto ped�o Aµ tou��hlektron�ou��.Prospaj¸nta na katat�xoume tou di�forou ìrou sthndiataraktik  an�ptuxh, an�loga me ta diagr�mmata sthn mhsqetikistik  per�ptwsh, k�noume kai ed¸ an�loga diagr�mmata.Sto prohgoÔmeno di�gramma, pou to xanade�qnoume, h mesa�akumatoeid  gramm  anaparist� ton diadìth tou fwton�ou kai53



antistoiqe� ston ìro −i gµν
q2

(oi ekjète Lorentz afe�lontai stoìti to fwtìnio èqei spin=1). To q kajor�zetai apì thn diat rhshth orm  - enèrgeia sti dÔo korufè q = pC − pA = pD − pB.'Ara q2 6= 0: to fwtìnio e�nai ��ektì tou floioÔ m�za�� (off mass

shell).
Se k�je koruf  antistoiqoÔme ton ìro ie(pA + pC)

µ kai54



ie(pB + pD)
ν pou perièqei th stajer� sÔzeuxh touhlektromagnhtismoÔ e. Oi de�kte µ kai ν ja zeugarwjoÔn metou ant�stoiqou tou diadìth tou fwton�ou. Oi di�foroipar�gonte i apl� mpa�noun gia na mporèsoume na genikeÔsouneeÔkola autoÔ tou kanìne gia an¸terh t�xh diagr�mmata.'Etsi fti�qnoume tou kanìne Feynman pou ma bohjoÔn naupolog�zoume gr gora ti suneisforè twn ant�stoiqwndiagramm�twn.
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H energì diatom  kai to anallo�wto pl�toGia na suneq�soume ja prèpei na prosdior�soume ton normalismìth kumatosun�rthsh φ = Ne−ipx. Upenjum�zoume ìti hpuknìthta pijanìthta e�nai ρ = 2E|N |2. Akrib¸, to ìti h ρe�nai an�logh th enèrgeia E, e�nai autì pou qrei�zetai gia naparame�nei h pijanìthta sqetikistik� anallo�wth: o ìgko d3xsustèlletai kat� Lorentz kai h enèrgeia E apokajist� aut  thnmetabol  sto ginìmeno d3x ρ. Epomènw, e�nai protimìtero nanormal�soume, ant� tou ��èna swmat�dio se V ��, se ��2E swmat�diase ìgko V ��

∫

V

d3x ρ = 2E ant� tou ∫

d3x ρ = 1

opìte èqoume ìti N = 1/
√
V . 56



Tr�a b mata gia ton upologismì th energoÔ diatom :1. O ��rujmì met�ptwsh an� mon�dou ìgkou��, gia thnallhlep�drash A+B → C +D, e�nai

Wfi =
|Tfi|2
V Tìpou T e�nai h qronik  di�rkeia th allhlep�drash kai, bèbaia,

Tfi = −iNANBNCND(2π)
4δ(4)(pA + pB − pC − pD)MO tetragwnismì th δ, se tèsseri diast�sei, ja d¸sei

(
δ(4)(pA + pB − pC − pD)

)2
=
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δ(4)(pA + pB − pC − pD)
1

(2π)4

∫

d4x e−i(pC+pD−pA−pB) =

1

(2π)4
(V T )δ(4)(pA + pB − pC − pD)Epomènw,

Wfi = (2π)4δ(4)(pA + pB − pC − pD)|M|2
[(

1√
V

)4
]2

2. Gia na sugkr�noume peir�mata prèpei na ��apomon¸soume�� thnex�rthsh apì thn ro  twn eiserqomènwn swmatid�wn kai apì thnpuknìthta twn swmatid�wn tou stìqou.
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a) Ro  prospiptìntwn swmatid�wnarijm. swmat.
S∆t

=

(pukn.)·(ìgko)

S∆t
=

2EA/V · vA ∆tS

S∆t
=

2EA

V
vA

Σχήμα 1:b) Puknìthta swmatid�wn stìqou 2EB/V

3. Ja prèpei na oloklhr¸soume se ìle ti epitreptèkatast�sei twn telik¸n swmatid�wn. Upojètoume thn��sÔgkroush�� enì swmatid�ou tou stìqou me èna swmat�dio thdèsmh se ìgko V = L3 (−L/2 ≤ x, y, z ≤)L/2. Epib�loume

59



periodikè sunoriakè sunj ke sti kumatosunart sei

Ψ(x− L/2, y, z) = Ψ(x+ L/2, y, z)

Ψ(x, y − L/2, z) = Ψ(x, y + L/2, z)

Ψ(x, y, z − L/2) = Ψ(x, y, z + L/2)kai sto tèlo L→∞. All� Ψ = e−kx, kai epomènw

kx(x+ L/2) = kx(x− L/2) + 2πnx me nx akèraio. 'Ara

kx = (2π/L)nx kai an�loga ky = (2π/L)ny kai kz = (2π/L)nz.Aut  e�nai akrib¸ h kb�ntwsh th orm .Epomènw, o arijmì twn dunat¸n akera�wn ∆nx sthn perioq 

kx, kx + dkx e�nai ∆nx = (L/2π)dkx kai ìmoia gia ti �llesunist¸se. Gia ti pijanè katast�sei sthn perioq  k, k+ dk
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e�nai
∆nx∆ny∆nz =

(
L

2π

)3

dkxdkydkz =
V

(2π)3
d3kGia to dikì ma normalismì (2E swmat�dia ston ìgko V ), jaèqoume V

2E(2π)3
d3k. An or�soume loipìn w

energì diatom  σ =

∫
Wfi(arqik  ro ) (arijm. tel. katast�swn)mporoÔme na gr�youme (jewr¸nta to swmat�dio B ak�nhto)

dσ =
(2π)4δ(4)(pA + pB − pC − pD)|M|2 1

V 4

2EAva
V

2EB

V

V d3pC
(2π)32EC

V d3pD
(2π)32ED

=

=
1

F
|M|2dQ (10)
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ìpou
F = va2EA2EB,

dQ = (2π)4δ(4)(pA + pB − pC − pD)
d3pC

(2π)32EC

d3pD
(2π)32EDO ìro d3p/2E e�nai anallo�wto kat� Lorentz, all� mporoÔmena de�xoume ìti kai to F e�nai ep�sh. Na shmei¸soume ìti giagenik  kroÔsh (to B na mhn e�nai ak�nhto) ja prèpei na k�noumethn antikat�stash vA → |vA − vB|.A doÔme xan� ti ma lèei h basik  sqèsh: to ginìmeno

δ(4)(pA + pB − pC − pD)|M|2
d3pC

(2π)32EC

d3pD
(2π)32EDma d�nei ton arijmì twn skedazomènwn swmatid�wn an� mon�daqrìnou kai ìgkou. Gia na k�noume thn energì diatom 62



anex�rthth apì to sugkekrimèno pe�rama, diairoÔme me thn ro twn arqik¸n swmatid�wn (pou gia ak�nhto swmat�dio e�nai hpuknìtht� tou). Sqhmatik�arijm.skedaz.swmat.
(ìgko)(∆t) = (pukn.swmat.stìqou)(pukn.swmat.·vA)σ

nS = (nt)(nAvA)σ diastatik� 1/(L3T ) = (1/L3)(1/L3 · L/T )σìpou, sthn teleuta�a sqèsh, h pr¸th parènjesh antistoiqe� stonstìqo kai h deÔterh sth dèsmh. P�ntote to nS ja e�nai an�logotou (nt)(nAvA). Sto σ krÔbetai ìlh h Fusik .Diastatik�, to σ e�nai embadìn(L2). Gi' autì kai toprosomoi�zoume w thn ��energì epif�neia�� th dèsmh poublèpei o stìqo, dhlad  h epif�neia allhlep�drash twn A kai B.
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'Askhsh 8 De�xte ìti h èkfrash F = |vA − vB|2EA2EB e�nai,gia pA kai pB suggramik� kai me ant�jeth for�, �sh me

4 (|pA|EB + |pB|EA) kai sth sunèqeia ìti e�nai �sh me

4
[

(pµApBµ)
2 −m2

Am
2
B

]1/2, opìte kai sqetikistik� anallo�wth.

'Askhsh 9 De�xte ìti sto sÔsthma K.M. th A+B → C +Doi ìroi F kai dQ ston tÔpo th energoÔ diatom , ex.10, g�nontai

dQ =
1

4π2

pf
4
√
s
dΩ, kai F = 4pi

√
s

ìpou dΩ e�nai h stere� gwn�a gÔrw apì to pC , s = (EA + EB)
2,

|pA| = |pB| ≡ pi kai |pC | = |pD| ≡ pf .Qrhsimopoi¸nta thn 'Askhsh 9, h energì diatom  sto K.M.64



gr�fetai
dσ

dΩ

∣
∣
∣
∣K.M. = |M|2 1

64π2

pf
pis

'Askhsh 10 De�xte ìti gia uyhlè enèrgeie, h energì diatom gia thn skèdash ��hlektron�ou��-��mion�ou�� d�netai apì th sqèsh

dσ

dΩ

∣
∣
∣
∣K.M. = α2

4s

(
3 + cos θ

1− cos θ

)2

O rujmì di�spash w sun�rthsh tou |M|Gia diasp�sei th morf  A→ 1 + 2 + 3 + ...+ n akoloujoÔme
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