
H ex�swsh Klein-GordonQrhsimopoi¸nta th sqetikistik  ex�swsh E2 = p2 +m2 kai tiantikatast�sei E → i~ ∂
∂t

kai p → −i~∇, odhgoÔmeja sthn(~ = 1)
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φ+ ∇2φ = m2φpou apotele� thn ex�swsh Klein-Gordon.Jèloume na gr�youme thn ex�swsh sunèqeia kai naanagnwr�soume thn puknìthta pijanìthta kai thn puknìthtareÔmato pijanìthta. Pollaplasi�zoume thn ex�swsh

Klein-Gordon ep� −iφ∗ kai thn suzug  th ep� iφ kai12
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opìte anagnwr�zoume
ρ = i
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φ∗ ∂

∂t
φ− φ

∂

∂t
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) kai j = −i (φ∗
∇φ− φ∇φ∗)

An p�roume gia φ th lÔsh th ex�swsh Klein-Gordon pouantistoiqe� se eleÔjero swmat�dio φ = Nei(p·x−Et) = Ne−ixµpµ,tìte

ρ = i(−2iE)|N |2 = 2E|N |2 kai j = −i(2ip)|N |2 = 2p|N |213



H Klein-Gordon mpore� na grafe� me tetradianÔsmata
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∂t
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φ = m2φ→ −
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∂t2
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φ = m2φ

−∂µ∂µφ = m2φ→
(

�
2 +m2

)

φ = 0kai

jµ ≡ (ρ, j) = 2(E,p)|N |2 = 2pµ|N |2Prosèxte ìti h ρ den e�nai anallo�wth se metasqhmatismoÔ

Lorentz, afoÔ e�nai an�logh me thn enèrgeia, all� to ρ d3x e�naianallo�wto.Ti idiotimè enèrgeia th Klein-Gordon ti pa�rnoumeantikajist¸nta th lÔsh φ = Ne−ixµpµ sthn ex�swsh kaipa�rnoume

E = ±
√

p2 +m214



Me arnhtikè enèrgeie mporoÔme na èqoume metapt¸sei se ìlokai qamhl¸tere enèrgeie kai epiplèon h pijanìthta ρ mpore� nag�nei arnhtik . Den mporoÔme apl� na agno soume ti arnhtikèenèrgeie giat� prèpei na èqoume p�ntote to pl re sÔnolo twnkatast�sewn.Istorik  anadrom ��Ex ghsh�� tou Dirac gia ti arnhtikè enèrgeie th ex�sws tou.��Ex ghsh�� twn Pauli kai Weisskopf gia ti arnhtikè enèrgeieth Klein-Gordon. Metètreyan to jµ se puknìthta reÔmatohlektrikoÔ fort�ou jµ = −ie
(

φ∗ ∂
∂t
φ− φ ∂

∂t
φ∗

).
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H perigraf  twn lÔsewn me E < 0 apì tou

Feynman-StückelbergH basik  idèa e�nai ìti h kat�stash me ARNHTIKH ENERGEIAperigr�fei swmat�dio pou ��diad�detai�� p�sw sto qrìno,  ANTISWMATIDIO pou diad�detai kanonik� me ton qrìno.A xeq�soume th ��duskol�a�� tou spin kai a jewr soume ìti h

KG perigr�fei hlektrìnia me fort�o −e. Opìte, totetradu�nusma tou hlektromagnhtikoÔ reÔmato g�netai

jµ(e−) = −2e|N |2(E,p)Gia to antiswmat�dio, me fort�o +e ja gr�fame
jµ(e+) = +2e|N |2(E,p) = −2e|N |2(−E,−p)Autì perigr�fei swmat�dio fort�ou −e me enèrgeia −E kai orm 16



−p. Dhlad 
Prosèxte ìti

e−iEt = e−i(−E)(−t)Gi' autì akrib¸ mporoÔme na perigr�foume arnhtik  enèrgeiaswmat�dia pou phga�noun ��p�sw�� sto qrìno w jetik  enèrgeiaantiswmat�dia pou phga�noun ��mprost��� ston qrìno.
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Dipl  skèdash hlektron�ou apì ped�o. Sto deÔtero di�gramma,metaxÔ twn t1 kai t2, h kat�stash perigr�fei 3 swmat�dia!!MporoÔme na perigr�youme ta p�nta me thn kumatosun�rthshtou e−. Den qreiazìmaste thn kumatosun�rthsh tou e+.
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Mh sqetikistik  jewr�a diataraq¸nA jewr soume ìti gnwr�zoume ti lÔsei th ex�swsh

Schrödinger gia to eleÔjero swmat�dio. H qamiltonian  H0 e�naianex�rthth apì to qrìno.
H0φn = Enφn me ∫

V

φ∗
mφnd

3x = δmn

(normalismì=1 swmat�dio/ìgko, ρ = |φ|2 → N = V −1/2)Zht�me na lÔsoume thn
(H0 + V (x, t))ψ = i

∂ψ

∂t

(1)Oi lÔsei φn apoteloÔn pl re sÔnolo, opìte mporoÔme na
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analÔsoume thn ψ
ψ =

∑

n

an(t)φn(x)e−iEnt

B�zonta aut n thn èkfrash sthn ex.1 pa�rnoume

(H0 + V (x, t))
∑

n

an(t)φn(x)e−iEnt = i
∂

∂t

∑

n

an(t)φn(x)e−iEnt →

∑

n

an(t)Enφn(x)e−iEnt + V (x, t)
∑

n

an(t)φn(x)e−iEnt =

i
∑

n

dan

dt
φn(x)e−iEnt + i

∑

n

an(t)(−iEn)φn(x)e−iEnt

Apalo�fonta ton pr¸to kai teleuta�o ìro sthn parap�nw
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isìthta katal goume sthn sqèsh

V (x, t)
∑

n

an(t)φn(x)e−iEnt = i
∑

n

dan

dt
φn(x)e−iEnt

Pollaplasi�zonta me φ∗
f kai oloklhr¸nonta

i
∑

n

dan

dt

∫

d3xφ∗
f (x)φn(x)e−iEnt =

∑

n

∫

d3xV (x, t)an(t)φ∗
f(x)φn(x)e−iEnt →

daf

dt
= −i

∑

n

an(t)

∫

d3xφ∗
f (x)V (x, t)φn(x)e−i(En−Ef )t (2)

A upojèsoume t¸ra ìti to V dra se mia orismènh kat�stash φith eleÔjerh qamiltonian  thn qronik  stigm  t = −T/2,21



dhlad 
gia t = −

T

2
, φn = φi →

an = 1, n = i

an = 0, n 6= ikai tìte

daf

dt
= −i

∫

d3xφ∗
f (x)V (x, t)φi(x)e−i(Ei−Ef )t (3)

Jewr¸nta ìti to V e�nai asjenè kai arg� metabalìmeno, hmetabol  k�je an e�nai mikr  kai epomènw k�je an me n 6= i japaramènei kont� sto mhdèn. Me autì to sullogismì h ex.3 isqÔeigia k�je qronik  stigm  (kai ìqi mìno gia t = −T/2).
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Oloklhr¸nonta thn ex.3 pa�rnoume

af = −i

∫ t

−T/2

dt′
∫

d3xφ∗
fV φie

−i(Ei−Ef )t′ → (4)

Tfi ≡ af (T/2) = −i

∫ T/2

−T/2

dt

∫

d3x
(

φfe
−iEf t

)∗
V

(

φie
−iEit

)

→

Tfi = −i

∫

d4xφ∗
f (x, t)V (x, t)φi(x, t)Gia na isqÔei h prosèggish ja prèpei af (t) << 1. MporoÔme naapodìsoume sto |Tfi|

2 thn ènnoia th pijanìthta ìti toswmat�dio apì thn arqik  kat�stash i phga�nei sthn telik  f ?
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A upojèsoume ìti V (x, t) = V (x). Tìte

Tfi = − i

∫ T/2

−T/2

dt

∫

d3xφ∗
fe

iEf tV (x)φie
−iEit =

= − i

[
∫

d3xφ∗
fV φi

]
∫ T/2

−T/2

dt e−i(Ei−Ef )t =

= − iVfi 2π δ(Ef − Ei)ìpou or�same Vfi to olokl rwma mèsa sthn agkÔlh th deÔterhseir� en¸ h sun�rthsh δ de�qnei thn diat rhsh th enèrgeia.All� gia Ef = Ei, h arq  th abebaiìthta ma lèei ìtiqreiazìmaste �peiro qrìno gia na metaboÔme apì th miakat�stash sthn �llh. Gi' autì kalÔtera or�zoume thn posìthta

W = lim
T→∞

|Tfi|
2

T
= lim

T→∞

1

T
|Vfi|

2 4π2 [δ(Ef − Ei)]
2
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pou apotele� thn pijanìthta met�ptwsh an� mon�dou qrìnou(transition probability per unit time). O tetragwnismì thsun�rthsh δ d�nei
(2π)2 [δ(Ef − Ei)]

2 =

∫ T/2

−T/2

dtei(Ef−Ei)tδ(Ef − Ei)2π

= T 2π δ(Ef − Ei)opìte pa�rnoume
W = |Vfi|

2 2π δ(Ef − Ei)Aut  h teleuta�a ex�swsh èqei ènnoia an oloklhrwje� se ènasÔnolo telik¸n katast�sewn. Sun jw xekin�me apì miakajorismènh kat�stash kai katal goume se èna sÔnolo telik¸nkatast�sewn me puknìthta ρ(Ef ) (dhlad  ρ(Ef )dEf e�nai o25



arijmì katast�sewn me enèrgeia metaxÔ twn Ef kai Ef + dEf ).Opìte or�zoume w rujmì met�ptwsh (transition rate)

Wfi =

∫

dEf ρ(Ef )W = 2π

∫

dEf ρ(Ef )|Vfi|
2δ(Ef − Ei) =

= 2π|Vfi|
2ρ(Ei)MporoÔme na p�me m�a t�xh prosèggish parak�tw b�zonta thnlÔsh gia to af , ex.4, sthn diaforik  ex�swsh tou af , ex.2

daf

dt
= ...+ (−i)

∑

n 6=i

[

(−i)

∫ t

−T/2

dt′ Vnie
−i(Ei−En)t′

]

Vfne
−i(En−Ef )t

ìpou ... e�nai o ìro pr¸th t�xh kai h èkfrash mèsa sti
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agkÔle e�nai o suntelest  an. Opìte, èqoume

Tfi = ...+(−i)2
∑

n 6=i

VfnVni

∫ T/2

−T/2

dt e−i(En−Ef )t

∫ t

−T/2

dt′ e−i(Ei−En)t′

Gia na èqei nìhma h deÔterh olokl rwsh eis�goume mia apeirost posìthta ǫ > 0 kai sto tèlo bèbaia ǫ→ 0

∫ t

−∞

dt′ e−i(Ei−En+iǫ)t′ = i
e−i(Ei−En+iǫ)t

(Ei − En + iǫ)kai to Tfi gr�fetai

Tfi = ...+ (−2πi)
∑

n 6=i

VfnVni

Ei − En + iǫ
δ(Ef − Ei)
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'Askhsh 4 De�xte ìti o rujmì met�bash i→f gia thnprosèggish 2h t�xh d�netai apì th sqèsh Wfi = 2π |Vfi|
2 ρ(Ei),ìpou to Vfi antikaj�statai apì th sqèsh

Vfi +
∑

n 6=i

Vfn
1

Ei − En − iǫ
Vni + ...

Poi� e�nai h sqèsh gia thn epìmenh diìrjwsh (3h t�xh se V ).Dhlad  gia k�je shme�o allhlep�drash èqoume ènan par�gonta

Vij kai gia k�je endi�mesh di�dosh èqoume èna diadìth

∼ 1/(Ei − Ej). Aut  h endi�mesh kat�stash e�nai ��eikonik ��(virtual) me thn ènnoia ìti Ei 6= Ej (den diathre�tai h enèrgeia)all� bèbaia Ef = Ei pou fa�netai apì thn parous�a th

δ(Ef − Ei). 'Ola ta parap�nw prèpei na genikeutoÔn giasqetikistik� swmat�dia kai antiswmat�dia.28



Kanìne gia pl�th skèdash sthn eikìna

Feynman-StückelbergPrèpei loipìn na eis�goume antiswmat�dia pou phga�noun p�swsto qrìno. Bèbaia èw t¸ra den èqoume doulèyei se��sunallo�wto perib�llon�� (to dunamikì V (x)  tan statikì).P¸ ja perigr�youme kroÔsei swmatid�wn?A k�noume merik� projÔstera sq mata. A eis�goume tofwtìnio w to swm�tio th hlektromagnhtik  aktinobol�a kaia doÔme thn ep�drash tou dunamikoÔ w skèdash tou swmatid�oume to fwtìnio. Tìte qreiazìmaste mia qronik  ex�rthsh gia tofwtìnio: e−iωt. To qronikì olokl rwma sto Tfi g�netai

1

2π

∫

dt
(

e−iEf t
)∗
e−iωt e−iEit = δ(Ef − ω − Ei)
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ap' ìpou fa�netai ìti Ef = Ei + ω. Gia antiswmat�dio ja èqoume

1

2π

∫

dt
(

e−i(−Ei)t
)∗
e−iωt e−i(−Ef )t = δ(Ef − ω − Ei)

opìte kai p�li èqoume Ef = Ei + ω. Dhlad  o kanìna e�nai

∫

d4xφ∗ektì V φentììpou φ e�nai gia swmat�dia kai ìqi gia antiswmat�dia.
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'Askhsh 5 De�xte ìti o kanìna ∫

φ∗
outgoingV φingoing d

4x plhro�th diat rhsh enèrgeia sthn per�ptwsh th dhmiourg�a zeÔgou

e+e−   sthn ant�stoiqh exaölwsh. Na g�nei to �dio kai gia thndiat rhsh th orm . O ìro tou fwton�ou e�nai e−i(ωt−px).
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