
'Askhsh 30 De�xte ìti sthn di�spash µ− → e−νµν̄e to e e�nai

L. Sthn µ+ → e+ν̄µνe, poia e�nai h qeiralikìthta tou e?MporoÔme mìno me thn diat rhsh th
 stroform 
 naupolog�soume to anallo�wto pl�to
 gia thn e+e− → µ+µ−.'Opw
 e�dame, to hlektrìnio kai to pozitrìnio (sthn arqik kat�stash) ìpw
 kai to miìnio kai to antimiìnio (sth telik kat�stash) ja prèpei na èqoun ant�jeth elikìthta. Epomènw
,sto Kèntro M�za
, j� eqoume ti
 tèsserei
 parak�twpeript¸sei
, ìpou me paqi� bèlh de�qnoume to spin kaishmei¸netai kai h ant�stoiqh elikìthta.
186



Sq ma 6:187



Apì mia arqik  kat�stash me stroform  Jz = ±1, to sÔsthmaphga�nei se Jz′ = ±1, mèsw mia
 endi�mesh
 kat�stash
, tofwtìnio, me stroform  1. Epomènw
 to apotèlesma ja prèpei nae�nai an�logo tou p�naka strof 


< jλ′|exp(−iθJy)|jλ > (16)ìpou y e�nai o �xona
 k�jeto
 sto ep�pedo allhlep�drash
 kai λkai λ′ e�nai h sunolik  elikìthta stou
 �xone
 z kai z′. Hanapar�stash tou p�naka Jy e�nai (j = 1)
Jy =

1√
2







0 −i 0

i 0 −i
0 i 0






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kai eÔkola upolog�zetai ìti

J2
y =

1

2







1 0 −1

0 2 0

−1 0 1






, J3

y = Jy, J4
y = J2

y

opìte

e−iθJy = 1 + J2
y

(

−θ
2

2!
+
θ4

4!
− ...

)

− iJy

(

θ − θ3

3!
+ ...

)

=

= 1− J2
y + J2

y

(

1− θ2

2!
+
θ4

4!
− ...

)

− iJy

(

θ − θ3

3!
+ ...

)

=

= 1− J2
y + J2

y cos θ − iJy sin θ
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Kai h (16) antistoiqe� sth sqèsh

(
a∗1 a

∗
0 a

∗
−1

)





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1
2

+ 1
2
cos θ − 1√

2
sin θ 1

2
− 1

2
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1√
2
sin θ cos θ − 1√

2
sin θ

1
2
− 1

2
cos θ 1√

2
sin θ 1

2
+ 1

2
cos θ













a1

a0

a−1







(17)ìpou oi de�kte
 antistoiqoÔn sthn sunolik  elikìthta. Em�
 ma
endiafèroun oi peript¸sei
 apì ±1 se ±1. Blèpoume ìti

ìro
 (−1→ −1) = (1→ 1) antistoiqe� 1 + cos θ

2ìro
 (−1→ 1) = (1→ −1) antistoiqe� 1− cos θ

2Gia meg�le
 enèrgeie
 ìmw
 1+cos θ
2

= −u/s kai 1−cos θ
2

= −t/s.190



Opìte
|M|2 ∝ u2

s2
+
t2

s2
=
u2 + t2

s2To apotèlesma e�nai loipìn apl  apìrroia diat rhsh
 th
stroform 
. Blèpoume akìma, gia par�deigma, ìti h skèdash

e−Re
+
L → µ−

Lµ
+
R, pou antistoiqe� sth p�nw dexi� per�ptwsh touSq.(6), gia θ = 0 e�nai 0. Den èqoume emprìsjia (forward)skèdash s' aut n thn per�ptwsh.

'Askhsh 31 De�xte, me thn parap�nw mèjodo, ìti giaswmat�dia me spin=0, to anallo�wto pl�to
 th
 skèdash


e+e− → µ+µ− e�nai an�logo tou (t− u)/s = cos θ
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e+e− → e+e−, µ+µ−: Per�lhyh

Diadikas�a |M|2/2e4

e−e− → e−e− s2+u2

t2
+ 2s2

tu
+ s2+t2

u2

e−e+ → e−e+ s2+u2

t2
+ 2u2

ts
+ u2+t2

s2

e−µ− → e−µ− s2+u2

t2

e−e+ → µ−µ+ u2+t2

s2
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e−µ− → e−µ+ sto ergast rio - Kinhmatik H parak�tw an�lush ja fane� polÔ qr simh sthn katanìhsh th
skèdash
 hlektron�ou apì prwtìnio. Epistrèfoume ston pl rhtÔpo th
 skèdash
 e−(k)µ−(p)→ e−(k′)µ−(p′), ìpou ameloÔmemìno thn m�za tou hlektron�ou
|M|2 =

8e4

q4

[
(k′ · p′)(k · p) + (k′ · p)(k · p′)−M 2k′ · k

]

=
8e4

q4

[

−1

2
q2(k · p− k′ · p) + 2(k′ · p)(k · p) +

1

2
M 2q2

]

ìpou q = k − k′ = p′ − p kai qrhsimopoi same ìti
p′ = k − k′ + p, k2 = k′

2 ≃ 0, q2 = (k − k′)2 ≃ −2k · k′Sto sÔsthma ergasthr�ou p = (M, 0) gia to miìnio, opìte193



pa�rnoume
|M|2 =

8e4

q4

[

−1

2
q2M(E − E ′) + 2EE ′M 2 +

1

2
M 2q2

]

=
8e4

q4
2M 2EE ′

[

− q2

2M 2

M(E − E ′)

2EE ′ + 1 +
1

4

q2

EE ′

]

=

=
8e4

q4
2M 2EE ′

[

cos2 θ

2
− q2

2M 2
sin2 θ

2

]

(18)ìpou kai p�li qrhsimopoi same ìti
q2 ≃ −2kk′ = 2EE ′(1− cos θ) = −4EE ′ sin2 θ

2

q = −p+ p′ → q + p = p′ → q2 + 2p · q +M 2 = M 2 →
→ q2 = −2p · q = −2M(E − E ′)194



me E kai E ′ h enèrgeia tou eiserqìmenou kai exerqìmenouhlektron�ou.Or�zoume thn qr simh posìthta ν = E − E ′ = − q2

2M
= pq

M

.Phga�noume t¸ra sthn energì diatom 

dσ =

(
1

(2E)(2M)

1

1

) |M|2
4π2

d3k′

2E ′
d3p′

2p′0
δ(4)(p+ k − p′ − k′)

ìpou o ìro
 (2E) antistoiqe� sthn ro  twn hlektron�wn, o (2M)sthn ��ro �� twn mion�wn kai h mon�da sthn sqetik  taqÔthta touhlektron�wn w
 pro
 to miìnio (per�pou c)
dσ =

1

2

1

4ME

|M|2
4π2

k2′dk′dΩ

E ′
d3p′

2p′0
δ(4)(p+ k − p′ − k′)
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All�, k2′ ≃ E ′2 opìte k2′dk′

E′ ≃ E ′dE ′

dσ =
1

2

1

4ME

|M|2
4π2

E ′dE ′ d
3p′

2p′0
δ(4)(p− p′ + q)dΩ (19)T¸ra ja apode�xoume ìti

∫
d3p′

2p′0
δ(4)(p− p′ + q) =

∫

d3p′dp′0δ
(4)(p− p′ + q)θ(p′0)δ(p

′2 −M 2)

=
1

2M
δ

(

ν +
q2

2M

)

=
1

2MA
δ

(

E ′ − E

A

)

ìpou A = 1 + 2E
M

sin2 θ
2

.Kat' arq�
 mporoÔme na gr�youme
δ(p′

2 −M 2) = δ(p′
2

0 −M 2 − p′2). Kai epomènw

∫
dp′0δ(p

′2
0 −M 2 − p′2) = 1

2p′0

, me p′0 = ±
√

p′2 +M 2, ìpou196



qrhsimopoi same thn gnwst  idiìthta th
 sun�rthsh
 δ
∫

dxf(x)δ(g(x)) =
f(x0)
∣
∣
∣

dg
dx

∣
∣
x=x0

∣
∣
∣H sun�rthsh θ e�nai �sh me th mon�da ìtan to ìrisma th
 e�naijetikì kai mhdèn se ant�jeth per�ptwsh. Opìte h θ(p′0) epilègeimìno th jetik  r�za. 'Etsi de�xame thn pr¸th isìthta th
 pro
apìdeixh sqèsh
. Gia thn deÔterh isìthta èqoume

∫

d4p′δ(4)(p+ q − p′)θ(p′0)δ(p′
2 −M 2) = δ

(
(p+ q)2 −M 2

)
=

= δ(q2 + 2pq) = δ(q2 + 2νM) =
1

2M
δ

(

ν +
q2

2M

)

=
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=
1

2M
δ

(

E − E ′ − 4EE ′

2M
sin2 θ

2

)

=
1

2M
δ

(

E − E ′
(

1 +
2E

M
sin2 θ

2

))

=
1

2M

1

A
δ

(

E ′ − E

A

)

Xanagur�zoume sth sqèsh (19) kai qrhsimopoi¸nta
 toanalo�wto pl�to
, (18), èqoume
dσ

dE ′dΩ
=

(2αE ′)2

q4

[

cos2 θ

2
− q2

2M 2
sin2 θ

2

]

δ

(

ν +
q2

2M

)

=

=
(2αE ′)2

q4

[

cos2 θ

2
− q2

2M 2
sin2 θ

2

]
1

A
δ(E ′ − E/A)

kai oloklhr¸nonta
 w
 pro
 E ′ ja p�roume (q2 = (k − k′)2 =

−2kk′ = 2EE ′(1− cos θ) = −4EE ′ sin2 θ
2

kai
A = 1 + 2E sin2(θ/2)/M = 1 + q2/(−2E ′M) =198



1 + (−2M(E − E ′))/(−2E ′M) = 1 + E/E ′ − 1 = E/E ′)

dσ

dΩ

∣
∣
∣
∣
lab

=
α2

4E2 sin4 θ
2

1

A

[

cos2 θ

2
− q2

2M 2
sin2 θ

2

]

=

=
α2

4E2 sin4 θ
2

E ′

E

[

cos2 θ

2
− q2

2M 2
sin2 θ

2

]

H Ôparxh tou deÔterou ìrou sti
 agkÔle
 (sin2 θ
2

) e�naiqarakthristikì tou stìqou (miìnio) me spin=1/2.

'Askhsh 32 De�xte, ìti h energì
 diaforik  diatom  giaskèdash hlektron�ou apì stìqo me spin=0 d�netai apì ton tÔpo

dσ

dΩ

∣
∣
∣
∣
lab

=
α2

4E2 sin4 θ
2

E ′

E
cos2 θ

2
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