
Jewr mata �qn¸n kai p�nake
 γH basik  sqèsh e�nai h γµγν + γνγµ = 2gµν . Basik� jewr matae�nai ta akìlouja
• TrI = 4

• Tr[γµ] = 0

• Tr[perittì
 arijmì
 pin�kwn g] = 0

• Tr[γµγν ] = 4gµν opìte Tr[a/b/] = 4a · b

• gia n �rtio
 akèraio

Tr[a/1a/2...a/n] = (a1 · a2)Tr[a/3...a/n]− (a1 · a3)Tr[a/2a/4...a/n] + ...

+ (a1 · an)Tr[a/2a/3...a/n−1]
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opìte
Tr[a/1a/2a/3a/4] = 4[(a1·a2)(a3·a4)−(a1·a3)(a2·a4)+(a1·a4)(a2·a3)]

• Tr[γ5] = 0

• Tr[γ5a/b/] = 0

• Tr[γ5a/b/c/d/] = 4iǫµνρσaµbνcρdσ'Askhsh 29 De�xte ta parap�nw jewr mata twn iqn¸nSkèdash e−µ− → e−µ− kai e+e− → µ+µ−Xanagur�zoume sthn skèdash e−µ− → e−µ− E�qame ft�sei stoshme�o na gr�youme to tetr�gwno tou anallo�wtou pl�tou


|M|2 =
e4

q4
Lµν

(e)L
(µ)
µν
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ìpou
Lµν

(e) =
1

2
Tr [(k/′ +m)γµ(k/+m)γν ]kai ìmoia kai gia to

L(µ)µν =
1

2
Tr [(p/′ +m)γµ(p/+m)γν ]Apì ti
 idiìthte
 twn iqn¸n twn pin�kwn pa�rnoume

Lµν
(e) =

1

2
Tr [(k/′ +m)γµ(k/+m)γν ]

=
1

2
Tr
[
k/′γµk/γν +m2γµγν

]

=
1

2
4
[
kµ′kν + kν′kµ − gµν(kk′ −m2)

]

kai

L(µ)µν = 2
[
p′µpν + p′νpµ − gµν(pp

′ −m2)
]
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Opìte
|M|2 =

e4

q4
Lµν

(e)L(µ)µν =

=
8e4

q4
[(k′ · p′)(k · p) + (k′ · p)(k · p′)

−m2p′ · p−M 2k′ · k + 2m2M 2
]

Gia thn per�ptwsh pou E >> m,M pa�rnoume
|M|2 =

e4

(k − k′)4
[(k′ · p′)(k · p) + (k′ · p)(k · p′)]
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Upenjum�zonta
 ìti
s = (k + p)2 ≃ 2k · p = 2k′ · p′

t = (k − k′)2 ≃ −2k · k′ = −2p · p′

u = (k − p′)2 ≃ −2k · p′ = −2k′ · pèqoume telik�
|M|2 = 2e4 s

2 + u2

t2
, gia thn e−µ− → e−µ−

Gia to e−e+ → µ−µ+, apl� qreiazìmaste thn antikat�stash

s↔ t

|M|2 = 2e4 t
2 + u2

s2
, gia thn e−e+ → µ−µ+
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Gnwr�zonta
 ìti
dσ

dΩ

∣
∣
∣
∣KM =

1

64π2s

pf

pi

|M|2

pa�rnoume, gia thn e−e+ → µ−µ+

dσ

dΩ

∣
∣
∣
∣KM =

1

64π2s
2e4 t

2 + u2

s2
=

1

64π2s
2e4 1

2
(1 + cos2 θ) =

=
α2

4s
(1 + cos2 θ), ìpou α =

e2

4πGia na broÔme thn sunolik  energì diatom  ja prèpei naoloklhr¸soume

∫

dΩ(1 + cos2 θ) =

∫ 2π

0

dφ

∫ π

0

sin θ(1 + cos2 θ)dθ = 2π
8

3
=

16

3
π
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Opìte pa�rnoume
σ(e−e+ → µ−µ+) =

4πα2

3sDiat rhsh th
 elikìthta
 se meg�le
 enèrgeie
'Eqoume  dh dei ìti gia E >> m isqÔei
PLu =

1

2
(1− γ5)u ≡ uL me arnhtik  elikìthta λ = −1/2

PRu =
1

2
(1 + γ5)u ≡ uR me jetik  elikìthta λ = +1/2A
 to doÔme autì kalÔtera phga�nonta
 sthn gnwst  morf  twn
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lÔsewn tou Dirac gia jetikè
 enèrgeie


u(1,2) =




χ(s)

σ·p
E+m

χ(s)



 χ(1) =




1

0



 kai χ(2) =




0

1





Gnwr�zoume ìti aut  h epilog  tou χ(s) antistoiqe� sthn orm 

(0, 0, p) kai ìti to u(1) èqei jetik  elikìthta (λ = +1/2), en¸ to

u(2) èqei arnhtik  elikìthta (λ = −1/2).




σ · p̂ 0

0 σ · p̂








χ(s)

σ·p
E+m

χ(s)



 =




σ3χ

(s)

p
E+m

χ(s)



 = ±




χ(s)

σ3p
E+m

χ(s)





mia
 kai σ3χ
(1) = χ(1) kai σ3χ

(2) = −χ(2) 'Omoia, to
u(3)(−p) = v(2)(p) èqei jetik  elikìthta (λ = +1/2), en¸ to

u(4)(−p) = v(1)(p) èqei arnhtik  elikìthta (λ = −1/2).177



Gia uyhlè
 enèrgeie
, E +m ∼ E kai σ·p
E+m

∼ σ·p
E

= σ3p
E

= σ3.Kai ta u(1,2) g�nontai
u(1) =














1

0





σ3




1

0















, kai u(2) =














0

1





σ3




0

1















Omoia, oi arnhtik 
 enèrgeia
 lÔsei

u(3,4)(p) =




− σ·p

|E|+m
χ(s)

χ(s)



   u(3,4)(−p) =





σ·p
|E|+m

χ(s)

χ(s)




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gr�fontai
u(3)(−p) =











σ3




1

0








1

0















, kai u(4)(−p) =











σ3




0

1








0

1















E�qame, ep�sh
, dei ìti gia uyhlè
 enèrgeie
 o telest 
 th
elikìthta
 Σ · p̂ kai o telest 
 th
 qeiralikìthta
 γ5 èqoun thn
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�dia dr�sh: γ5 ∼ Σ · p̂, dhlad  γ5 = diag(σ3, σ3). Opìte

PL =
1

2
(1 + γ5) =

1

2




1 + σ3 0

0 1 + σ3





PR =
1

2
(1− γ5) =

1

2




1− σ3 0

0 1− σ3





H dr�sh tou 1
2
(1± σ3) sta χ(s) e�nai

1

2
(1 + σ3)




1

0



 =




1

0



 ,
1

2
(1− σ3)




1

0



 = 0
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1

2
(1 + σ3)




0

1



 = 0,
1

2
(1− σ3)




0

1



 =




0

1





Opìte

PRu
(1) =

1

2
(1+γ5)u(1) =

1

2




1 + σ3 0

0 1 + σ3


















1

0





σ3




1

0















=
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=










1

0

1

0










=














1

0





σ3




1

0















= u(1)

en¸ PRu
(2) = 0. 'Ara, to PR prob�llei to u(1), poÔ èqei jetik elikìthta (λ = +1/2). 'Omoia, o PL prob�llei to u(2) poÔ èqeiarnhtik  elikìthta (λ = −1/2). An efarmìsoume tou
 PLRstou
 u(3,4)(−p), ja doÔme ìti PRu

(3)(−p) = u(3)(−p),

PLu
(3)(−p) = 0, PLu

(4)(−p) = u(4)(−p) kai PRu
(4)(−p) = 0.Epomènw
, to u(3)(−p) e�nai R kai to u(4)(−p) e�nai L. All�,aut� antistoiqoÔn se ��èlleiyh�� hlektron�ou me −p, �ra toant�stoiqo pozitrìnio èqei ant�jeth qeiralikìthta: to182



v(2)(p) = u(3)(−p) e�nai L kai to v(1)(p) = u(4)(−p) e�nai R.Sunoy�zoume:
Se meg�le
 enèrgeie
to u(1)(p) èqei λ = +1/2 kai e�nai R,to u(2)(p) èqei λ = −1/2 kai e�nai L,to v(2)(p), èqei λ = +1/2 kai e�nai L,to v(1)(p), èqei λ = −1/2 kai e�nai R,

To reÔma ūγµu gr�fetai
ūγµu = ū(PL + PR)γµ(PL + PR)u = ūPRγ

µPLu+ ūPLγ
µPRu =

= u†γ0PLγ
µuR + u†γ0PRγ

µuL = u†PRγ
0γµuR + u†PLγ

0γµuL =183



= (PRu)
†γ0γµuR + (PLu)

†γ0γµuL = uRγ
µuR + uLγ

µuLdiìti PLPR = PRPL = 0, γ52

= 1, γµγ5 = −γ5γµ. Epomènw
,parathroÔme ìti h hlektrodunamik , gia meg�le
 enèrgeie
,

E >> m, diathre� thn elikìthta. To �dio isqÔei kai gia thnper�ptwsh pou èqoume yeudodi�nusma (γµγ5) ant� di�nusma (γµ)sthn allhlep�drash.

Sthn exaölwsh kai thn d�dumh gènesh, to hlektrìnio kai topozitrìnio èqoun ant�jeth qeiralikìthta (kai epomènw
, se

184



meg�le
 enèrgeie
 ant�jeth elikìthta).

u(3,4)(−p)PRγ
µPLu

(1,2) =

u(3,4)(−p)†γ0PRγ
µu

(2)
L =

(
PLu

(3,4)(−p)
)†
γ0γµu

(2)
L =

(

u
(4)
L (−p)

)†
γ0γµu

(2)
L =

(

v
(1)
R (p)

)†
γ0γµu

(2)
L = v

(1)
R (p)γµu

(2)
Lkai ìmoia

u(3,4)(−p)PLγ
µPRu

(1,2) = v
(2)
L (p)γµu

(1)
RAnt�stoiqa isqÔei kai gia thn d�dumh gènesh.
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'Askhsh 30 De�xte ìti sthn di�spash µ− → e−νµν̄e to e e�nai

L. Sthn µ+ → e+ν̄µνe, poia e�nai h qeiralikìthta tou e?MporoÔme mìno me thn diat rhsh th
 stroform 
 naupolog�soume to anallo�wto pl�to
 gia thn e+e− → µ+µ−.'Opw
 e�dame, to hlektrìnio kai to pozitrìnio (sthn arqik kat�stash) ìpw
 kai to miìnio kai to antimiìnio (sth telik kat�stash) ja prèpei na èqoun ant�jeth elikìthta. Epomènw
,sto Kèntro M�za
, j� eqoume ti
 tèsserei
 parak�twpeript¸sei
, ìpou me paqi� bèlh de�qnoume to spin kaishmei¸netai kai h ant�stoiqh elikìthta.
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