KEP®PAAAIO 1

Arovuopotin” AvadAvon

H yprion e Stavuopatixfc avdiuong Wmopel vo AnAOTOLACEL oTUavTIXd TO
oLUBOAoUS oTN MEAETN TOU NMAEXTPLOUOD ot Tou Hoayyntiopol. AAAG mépa
and aut TV aniomolnom, 1 SlavuoUaTixy avdAUGT QEPVEL GTO PWS XAl TO

puotxd vonua twv edladoemy. To xepdhato autd €xel oxomd Vo TUPOUCLACEL

Mot GUVTOUN dAAG Xt TAFEN avarTuEn twv Bacixdy otolyelny g Stavuopo-
TR AVIAUOTS XOlL VoL TPOCPEPEL UL TTPAXTLXY Y VMOoT Tou Yéuartoc, mov elvar

amopalTnT Yior T LEAETY TOU MAEXTPLOMOU Xou Tou dayvntiouol. I toug
vy Vo TeS o efvar 181 eEolxelouévol He T SLvuoUATiXy avdAUoT), TO XE-
pdhoro autd Va anoteréoel ot ypYioudn emavaAndn xodde xon Uial etoaywy
070 cuuPoloud Tou axoroudeltan oto BiBAlo.

1.1 OPIXMOI

Y werhétn e Pacuehic Puoindc cuvavtotue Leyédn Slapopwv eldmdy. Xuy-
xexpuéval, Staxpivouue ta Badumtd yeyédn xon to Stavuopatixd peyédn. T
Tic dwée uag avdyxes, apxel va opioovue to Boduwtd péyedoc we edhc:

Bafuwté ovoudleton 1o wéyedoc mou yapaxtnplleton TAfipws anod
T0 UETPO TOL.

Hopadelypoarta Paduntdy yeyeddy elva: n udla, o Ypdvoc, 0 OYXOS X.AT.
Mia amhyy enéxtoon e évvolag tou Paduntold weyédoue elvan to Bafuwtd
wedio —uta ouvdptnon e Yéone mou elvar TApwe xodoplouévr and o Yétpo
¢ o€ 6hat Tt anuela Tou Ydpou.

To Stdvuopa unopel va oplotel we e€fc:

Audvvoua ovoudZetar to uéyedoc mou yapoxtrpiletar TARpwe and
TO HETPO TOL Xol TNV XATeUVUVGY, Tou.
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Q¢ mapadetyuara Stavuopdtwy avagpépouue TN Véorn evdc onuelov we mpog
Hiat xadoplopévn apyt), TV ToUTNTA, THY emtdyuvon, ™ S0vaun x.An. To
duvvopatiks medlo, mov anoteel wia yevixeuon g évvotds Tou dtaviouatog,
opiler wia ouvdptnon e Yéong nou xodopiletal TAYpwe and To HETPO NS
xon TNy xatebduvon e oe xdide onuelo Tou yMpou.

Avutol oL oplouol unopoly va exientuvioldy xon va erextadoly. Hpdyuo-
T, oto Hapdptnua B, ue ) yprion petaoynuatiouoy, avitxadiotavior ond
neplaadtepo nepimhoxoug optopols. EmnAéov, unopolue va oplaouue o no-
Aomhoxa eYEdn, onwe yia mapddelyta Toug tavuotés. {dotdoo, ta Paduntd
xo T Stavuopatixd Leyédn elvan, xatd peydho mocootd, To Hova mou Yo
ypetaotolue we to Kepdiono 22.

1.2 AJTANYXMATIKH AATEBPA

Egéoov n diyeBpa 1oy Podumtdy elvot yvwotn atov avay vhaoty, da yenoio-
notndel yiot TRV avdntudn g Stavuouatiic diveBpac. Lo va mpoywprioouue
o’ aUTH Y avERTUEY, elval YpHotLo Vol 0ploOUUE ULal AVATAPAoTAOT) TRV Slo-
vuoudtwy pag. 'V autd 1o oxond elodyouye to xaptectavd TpLodldotato
cVoTNUA ouvTeETaYMEVLY. Oa 1o cupPorilovue ue Tic tpelg Yetafintéc =, v,
z, Ny, Omou dleuxoAlVeEL TEPLOGGTEPOD, UE TS X1, T2, T3. §0¢ TPOS AUTS T0 GUOTH-
uat ouvTETAYUEVELY, Eva Sldvuopa xodoplletal and Tig z-, Y- X 2-CUVLCTMTES
tou. Enouévac, éva BLd(VUO'p.Otl V xadoplleton and T ouviotaoes tov Vy, Vi,
V., 6mov V, = |V]cosa, V, = |V|cosan, V. = |V
vor autéc ou oynuatilet to Stdvuoua V e tov avtiotolyo dEova cuvtetayé-

cos aig, Xl OL ywvieg o gf-

vov. To Baduwtd V| = /VZ + V2 + VZ elvan 1o pérpo tou diaviopatog V
7 10 purjkog tou. Ltny nepintwomn Stavuouatindy rediny, xdle cuviotdoa etvar
Miol oUVERTNON TWY T, ¥ X 2. XT0 onuelo autd o mpénet var toviotel T 7
ELOAYWYH TOU XAPTECLAVO) CUCTAHATOC CUVTETAYUEVWY EYLVE Yia anhomolnoy
xalL xoAUTEPN Xatavonor. ‘Oiot ot oplool xat ot e@apuoyéc elvon aveldptnTeg
and v emAoyr TOU CUCTAUATOS CUVTETAYMEVGY.

To &dpotoua 8o Stavuoudtwy oplletal we o didvuoua Tou omolou ot
oUVLOTMOES elval To ddpolaud TwY AvToTOLYWY CUVIETWOOY TWY APYIXOY BLa-

yuoudtwy. Erouévec, av C elvor 1o dipoloua twv A xau B, ypdgouue:
C=A+B (1.1)
ol
Co=A,+B;, C,=4A,+B,, C.=A.+B, (1.2)

Autéc 0 oploude tou adpolouatos Stavuoudtwy elvol loodOVaLog UE TOV Y-
07O *AVOVAL TOL THPOAANAOYPAUMOU Yial TNV TpbdadeaT, Stavuoudtwy.
H agaipeon Stavuoudtwy oplleton ve ) Pordeta Tou avtidetou Staviouo-

10¢, Tou omolou oL cuviot®oes efvon ot avtidetes Tou avtioTtolyou apyXoL

1Ot Sivuopatinée nocdtntee Vo cupBorilovtol Ue éviova YeduuoTd.
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davbouatog. ‘Etol, av 1o A elvon éva didvuoua, 10 —A oplleton and tig
oyéoels:
(A)r =—-4;, (-A),=-4, (-A).,=-A. (1.3)

H npd&n e agaipeons oplleton tote Uéow tne ddpotore tou aviidetou dio-
VOOMATOC Xall YpAQETAL:

A-B-=A+(-B) (1.4)

Egéoov n npdéoleon mpayatindy dptdudy elvol TOoCETHELOTIXY Xl [UE-
tadeTih, émeton OTL M Tpdodean (xon 1 apalpeon) davuoudtey elvon xan auth
TPOCETAPLOTIXA ol UeTadetins]. e StavuoHatix| Yop@h autd eupavileton
we:

A+(B+C) =(A+B)+C

1.5
—(A+C)+B=A+B+C (1)

Me &k Adyia, ot mapevidécels dev elvan avayxales, omwe golvetar ot omd
v teheutala oyéon.

[poywpdvtag tdpa oY TEAEYN TOL TOAAATAACLACHUOU, TUPATNPOUUE OTL
10 anholoTepo YoUeEvVo elvan e Moppnic: Boaduwtéd erl didvuoua. Auth n
dradixataior dlvel évar Stdvuoua, tou omolou oL cuvioTwoes elva To YvouEVO
Tou Boduwtod ent Ty avilotolyn cuviatdoa Tou dpyixol dtaviouatos. Ay
T0 ¢ efvon Bardunmto yéyedoc xat 1o A Sidvuoua, o B = cA opiletan wc:

B, =cA;, By=cA,, B,=cA, (1.6)

Eivon qovepd 6t av o A elvan éval Siavvopatiks medio xon to ¢ elven éva fad-
pwté medio, to B elvan éva véo Stavuopatind redlo, dyt unoypewtind ataldepd
ToAATAGOLO0 Tou A.

Yy mepintwon nolaniactaciod 800 Slavuoudtwy Staxplvouue d0o me-
PLITACELS, YVWOTES ¢ dlavuouatixd xou Boduwtd ywduevo. To Poaduwtd
YIWWOUEVO —OTOU TO Gvoud Tou UroBelxvieL xat To eldog Tou yvouévou— ovo-
Héletan enlong xan eowteptkd yvipervo. O oplouds tou Boduwtod yivouévou,
1o onolo ypdpetan wg A - B, elvan:

A-B= A,B,+ A B, + A.B. (1.7)

Autéc o oploude elvar 1oodlvaog Ue tov [owe mo YVwoTd oploud, dniady:
10 Pofuwtd YVOUEVO LoOUTAL UE TO YIVOUEVO TwV UETP®Y TwY 300 apylxdy
Stavuopdtwy ent to cuvnuitovo e ywvioag Tou oyxnuatilouy ta StaviouaTa.
Av ta A xou B elvon xddeta uetald toug, tote:

A-B=0

To Boduwtd yivduevo elvon petadetuxd. To urxog tov Saviouaros A ypd-
PETA KC:

Al =VA-A
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To Savuouatind yvouevo 800 dtavuoudtmy eivar Sidvuoua, 6mwe SnAdbve
xot 1) ovouacia Tou. Evolhaxtind, ypnolonololue xot tov 6po e£wTeptkd
ywopevo. To Stavuouatind yvouevo ypdpetar wg A x B. Av 1o didvuoua C
elva to Stavuouatind ywéuevo twv A xou B, t61e C = A x B, émou:

Cp— AyB, — A,B,, C, = A,B, — A,B,

(1.8)
C. = AyB, — AyB,

Elvor onuavtind vo xotavo,ooude 6Tl TO SLayuoUaTixd YIVOUEVO EZapTdTon
and T oelpd TwY TapayévTwy Tou Yvopévou. H evalhayr tne oetlpdc etadyet
éva uelov:

BxA=-AxB

Enopévac:
AxA=0

Autée o oploude elvon Lloodbvauoc Ue tov axdroudo: To Stavuouatixnd YLVOUEVO
elvor Stdvuoual Ue UETPO TO YLVOUEVO TV UETPWY TeY 800 apyixcy StavuoudTwy
enl o nuitovo e ywviac mou oynuatilouy, n 3e xateduver tou diveton and
Tov xavéva e dedldotpogns Bidac (xoyMa)?.

To Stavuopatind yivouevo unopel va anouvnuoveudel ebxoia ue t Pordela
o opiloucac. Av i, j xou k efvon povadiata Staviouota —dniady Staviouoarta
ue povadafo Uétpo otig deudivoels z, y xa z avilotolya— Tote:

i k
AxB=| A, A, A, (1.9)
B, B, B,

Av 7 napardve opllovoa avantuydel Ue TOUS YVOOTOUS XAVOVES, TO ANOTE-
Aeopa elvan axpLBRc 0 0ploU6S oL SOCUUE YLA TO SLAVUOUATIXG YLVOUEYO.

Ot rapandve chyePpixéc tpdEelc Umopoly va cuvduaeTolY e SLdpopoug
tpémouc. Ta anotedéouata QUTOY TWY CUVBLACUMY, TIC O TOAAES PopEc,
elvar mpogavh. AAAG umdpyouv dUo onuavTxd TELTAd Yvéueva, To omola
o&iler va avagépovue. To tpumhd Baduwtd ywépevo D = A - B x C moAd
ebxoha amodetxvieton 61t diveton and v opllovoa:

Ar A, A,
D=A-BxC=|B, B, B, |=-B-AxC (1.10)
C. C, C.

To ywéuevo autd mopauével to (Blo oe evardayh Baduwtod-Stavuouatinod
YWOEVOL Xl xot o xEVE xUxAXH LeTdDETN TV TPLdY dlavuoudtwy. Xn-
HELOOTE OTL oL mopeviéaelc dev elvan avaryxales, epdoov To Savuouatind yi-
vouevo peTtal Badumtol xan Staviouatog dev opileta.

2Ac nepiotpédioupe 0 A mpog 0 B xotd ) wixpdrepn ywvia, Mia Sefibotpogn Bida
TIOU TEPLOTEEPETAL XUt oUTEV Tov TEdTo Ja Tpoyxwehoel ot wa xatedduvon xéddetn ot A
xot B. Avth n xatedhduvon xadopilet tny avtiotoiyn tou diavbouotoc A X B.
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To Mo evBLapépoy TPLTAG YIVOUEVO EIVAL TO TPLTAG SLAVUCULATLXS YIVOUEVO
D = A x B x C. Me ouvey#, epapUoY” ToU 0plool Tou SLavuaiatixos
ywvouévou, EZ.(1.8), Bploxouye:

D=Ax(BxC)=B(A-C)—C(A-B) (1.11)

Ipéner va onpuetedel 61t oL mopevdéoels 010 SlavuoUATIXG YIVOUEVO Elval avary-
xafec. Av életnay, 1o ywvépevo dev Yo ftay TAfipwe xadoplauévo.

Y10 onuelo autd Va uropoloe xdmolog var avapa el yia tn SuvatdTnTa
dralpeong Stavuoudtwy. H Siadpeon Staviouartog St Badumtd optleton BéPata
WS TO YWoUEVO Tou Savuouartos ent to aviiotpopo tou Badumtol ueyédouc.
H Suaipeon duwc Staviouatog Sia Sidvuoua opileton tévo av ta Staviouata
elvat mopddAnAa. And Ty A, wropolue va oplooude yevixée Aioels Slavu-
OMATIXGY EELCATEWY ol [’ AUTOY TOV TPOTO VAL EMLTOYOVUE XATOoLd TpdEn Tou
poldlel ue tn Saipeoy. Oewpriote v e€iowan:

c=A-X (1.12)
omov ¢ Yvwot6 Paduntd uéyedog, A yvwotd dSidvuoua xor X dyveoto Sid-
vuoud. Mua yevixr Aoor authc e eilowong elva:

cA

X —
A-A

B (1.13)

onov B elvan éva tuyalo Sidvuoua xddeto oto A, dnradh tétoto dote
A -B = 0. Autd nou retOyaue elvon va Slatpéoovue 1o ¢ Je 10 A, | xohOTtepal
Befixaue T yevixd Mopph Tou Staviouatoc X mou wavornotel tny EZ.(1.12).
Aev undpyel povadixs Abom, xon autd axpPde delyvel to Sidvuoua B. Me
Tov (o TpéTo, unopolie va Yewpricoupe ) Slavuouatx e€lowan:

C=AxX (1.14)
onouv A xou C yveotd dtaviouara xat X dyveoto didvuopa. H yevid Ao
authc e eglowone elva:

Cx A

X —
A A

+ kA (1.15)

émou k elvan tuyafo Baduwtéd uéyedoc. Enouévec, o X oty EZ.(1.15) uoid-
Cet mohb e 1 dwlpeon C St A. To Poduwtd k Selyver axpiBie ot Sev
€youue Ula wovadixd Mon e EE.(1.14). Av anaticovue 1o X va txavonotel
tautdypova tg EE.(1.12) o (1.14), téte n Ao elvan povadixs (av undpyet)
xon dfveton amd tov tumo:

(1.16)
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1.3 BAOGMIAA

Oa enextelvoude thpa T Wéeg mov avantiydnxay otV TEONYOUUEVY EVO-
™Mo 070 SlavuoudTind Aoytapd, dnhady o avagepdodue oty mopaydyion
xa TV ohoxAfpwon. H amhoVotepn oyéon elvon auth Yeta€l evog Slavuoio-
ol medlov xa v mapaydywy evos Boduwtod nedlou. Oa Ytav yphotto
TPATA VoL ELOAYAYOUUE TNV évvold Tne katevluvduerng mapaydyov W ou-
vapTNoNE TOAAGY MeTABANTAY, 1 onola elvan anhde o pudude petaBoiic tne
oLVAPTNONG O Ul cUYXEXPUUEVT, xatedduvor. H xateviuvouevn nopdywyog
mae Padunthc ouvdptnone cuuBorileton cuviidue we dyp/ds. Oa Tpénel va
yivel xotavontd Ot 1o ds TEPLYPAPEL TN OTOLYELOSN UETATOTLOT o1 dedouévn
xatebduvon, o OTt ds elvan to étpo Tou ds. Av to ds €yel ouvioThoeg d,
dy, dz, téte:

ds - As—0 As

Jpdr Opdy Opdz

T Ozds  Oyds 0z ds
INa va xotavoricoude xohltepal TRV €vvolal NG XATteuduvoueyns mopo-
yoyou, ac Yewprioovue wa Padumt cuvdptnon 80o petaBintdv. ‘Etot, n
oz, y) meprypdopel éva Poduntd medlo SVo daotdoewy. Mnopolue vo oye-
BLACOUUE TO W UVAPTNOT TV T XA ¥, OTWS xdvouue oto Ly.(1.1) yia
™ ouvdptnom ¢(z,y) = 2 + y?. H xareuduvbuevn nopdyenyos oto onuelo
(x0, yo) e€aptdon and v xatedduvor. Av emhéEoupe Ty xatedduvon nou

xadoplleton and  oxéon dy/dx = —zo/yo, Bploxouye:

_ Opda Gwd_y{ $o}dx

dip
— = — = =220 —2yo— | — =0 1.1
Ox ds Oy ds o yoy (1.17)

ds

Zo,Yo0

Av emhéZoupe my xatetuvon dy/dz = zo/yo, Bploxouye:

yg ~T% 2 2
= | 2z +2—> =%/zi+y 1.18
(200220 ) [T o5 s g

epboov ds = +/(dx)? + (dy)?. Qc o tpltn neplntwon, emhédte dy/de = a.
Torte:

dp

ds

dp

p = (220 + 200)(1 + o2) /2 (1.19)

Zo,Yo

Av qutd 10 anoTéAEcUa TO TAPAYWYHOOUME WS TPOS (¢ X0l AMOLTHOOUME
N mapdrywyos va elvor undév, Peloxoupe Ty LU Tou @ Yo Ty orold N Ta-
pdywyoc elvon péyiotn f eddyotn. H twud auth elvon o = yo/z0, 1 onolat

Hog Selyvel amhdde 6T N xatebBuvon e HEYLoTNS METHBOAS TNG cuvdpTnong
oz, y) = 2% + y? elvon N ooervind. Av 1) xatedduvon efvan oetivoed] «mpog ot
EZwy (axpld amd Ty dpy | Twv af6vev) TOTE To UEYIOTO AVUPEPETAL GTO UYL
070 pudud adinone. Av elvor oxtviny] «mpog Tal HEGAY, TO UEYLOTO AVOIPEPETAL
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To
Yo

2 To

Tyhua 1.1: H owdptnon ¢(z,y) = 22 + y* wg ouvvdptnon twv @ ka1 y o€
Tpwdidotato ypdenua

oto Uéyloto puduod Uelwone M otov ehdytoto pudud adinone. Xty xated-
Yuvon nov xadoplleton and tn oyéon dy/dx = —zo/yo, 0 pudubde ueTaBolrc
e 2 + y? elvor undév. Aut 1 xaredduvon elvon epamtouevind oTov xOxho
22 +y? = 22 +y2. Elvow gavepd 61t o’ auth ty xounln, n oz, y) = 2° +y>
dev petaBddheton. H xaredduvon undeviopol tou dy/ds dlvel tny xatedduy-
o NS XAUTOANS ¢ = otalepd mou Siépyeton amd T ouyxexpluévo arnueto.
Autéc oL xourtheg, Tou vl ™ ouvdpon w(z,y) = % + y? elvar xOxdot,
elvar a3 avdhoyes Ue Tic loolPelc XAUTUAES TWV TOTROYPAPLXDY YOPTOV.
Y10 y.(1.2) nopouotdletan i ouvdpnon p(z,y) = 22 + y* oyedaouévy ue
™ Hop®Y LoolPY.

H wWéa v oobodv pmopel va yevixeudel oe cuvopthoels Tpldv UeTa-
BTy, ondte ol empdveles p(z,y, z) = otabdepd ovoudloviar wodvraukés
emgpdreies. To avdhoyo tou Xy.(1.2) otig tpeg daotdoelg elvar o ubvog
TpaxTOS TPdTOS mEptypapric evde Badumtol nedlov oTov TplodidoTaTo Y-
po. H Poduida wac Badunthc cuvdptnone uropel va optotel tdpa we &

Bafuida wac Poduwthc ouvdptnone ¢ elvar éva Sidvuoua tou
onofou 10 UéTpo elva M UEYLOTN XATEVDUVOUEYY THPAYWYOS OTO
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Eyfua 1.2 H owvdptnon o(z,y) ue ) poper) wolpdy oe dlo Suotdoes

ouyxexptévo onuelo, n de xaredbuvon elvar auth n onola peyt-
otomotel Ty xateuduvoueY Tapdywyo aTo onuelo autd.

Eivon @avepd 6T 1 Borduida éxet Stetduvon xddetn otic tooduvopinés ent-
@avelec e ¢ oto onuelo mouv Yewpoltue. Ta cuvndéotepa cluBora mou
yenoworoobviar elvar 1 V xow grad. Me 0 yphon tne Boduidac, 1 xa-
TEVJUVOUEYN TOPAYWYOS YRAPETAL 0IG:

d

¥ _ lgrad ¢| cos 0 (1.20)

ds
omou @ elvon 1 ywvia petagd e xarediuvong Tou ds xan e xatetduvong
e PBaduidac. To anotéreoua autd @olvetal TOAD eXOAX and TN YewUeTpla
tou Xy.(1.3). Av ds elvon n Stavuopatny| uetatémon pe pétpo ds, n EZ.(1.20)
umopel va ypapel we:

dy ds

— = de - — 1.21

ds grady ds ( )
Auth 1 ellowon pog emttpénel va Ppolue Ty avaAutixy Moppn g Bodui-
doc oe omolodhnote cUotnUa cuvtetayévey Yia 10 onolo yvwpiloude
HoppH Tou ds. X100 cUotnua oploy®dwiny cuvTETaYUEVLY, Yvaplloude OTL
ds = idz + jdy + kdz. Enfone yvwpilouue 6t
_ 9 9 9

dr + ——dy +

d
ox Oy 92

dp

3t apyt o xenowonotolue to dedtepo cbufolo.
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p=wo Y=o+ Ay

Eyfua 1.3: Turjpata §Yo wodvvapukdy empaveady tns ovvdptnons o(z, y, z).
To |grad | oo onueio P efvai (oo e to pto tov Ap/ PQ, xalds to PQ — 0,
ka1 to dp/ds efvar To avtiovoryo dpto Tou Aw/PS.

Ané auth v e€lowon xon v EE.(1.21) éneton ot

d 9 d
—('Odach—(pdera—f

e By dz = (grad ¢)dr + (grad ¢),dy + (grad ¢).dz

EZiotvovtag Toug GUVTERECTES TRV SLaQoplXdY TV AVeEdoTNTOY UETH-
BAntav xou ot 800 WéAN e eklowong, nafpvoule:
gradap:ig—i Jrjg—j Jrkg—f (1.22)
otic opoydvieg cuvtetayéves. Xta dhha cuoThRUATa, N Stadixaoia tapouévet
N B Etic oganpéc ouvtetayuéves, We Ta 7, 0, ¢ dmwe oplloviar oTo
Yy.(1.4), éyouue:
o

a a
dp = == dr a_§d0+a_§d¢ (1.23)

z

i ,
ohuxde

d&ovag

'\0 7

o >

«——(b/

/

T

Syfua 1.4: Oprouds twv opaipikdy ovvtetaypévov v, 0 kat ¢
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pde it

ds = a,dr + agrdf + a,rsin 0do (1.24)

omoL a,, ag xou ag ebvon Lovadlata Staviopata aTic xateudiveels r, 0, xou ¢

avtlotoiya. Egapudloviac ty EZ.(1.21) xat eElo®vovtae T0US GUVTEAECTES

v aveEdpTntey YETUBANTAY, talpvouue T HopeY, Tou grad:
Oy 19p 1 Oy

dp—a,— S bk
gradp=a 5r+a0r 80+a¢rsin08¢

(1.25)

OTIC CQUPLXEC CUVTETAYMEVES.

1.4 ATANYXMATIKH OAOKAHPOQXH

ITop’ 6)o mov uRdpYOUY ot GANa VépaTta SlavuoUATIXNS TAPAYAYLONS, Elvon
TPOTLUOTEPO VoL LEAETHCOUUE TOpal T Stavuopatixf ohoxifpwon. [a toug
dixolc Hac oxonols, VewpolUE TELMOY EL3MY OAOXANPOUATA: TO ETXUUTOAO
OMOYATIPWUA, TO ETLPAVELAUO ONOXARPWUA XOL TO YWPELXE OAOXAHPLU, AVEAO-
you e To SLapopind Tou egaviletar. H und ohoxhipwon cuvdptnon unopel va
elvar Boduwtéd 7 Stavuopatixd nedlo. Mepixol an’ autolc toug cuvduacuoic
(Braopind-auvdptnon) divouv ohoxinpduata tou dev Tapouctdlouy evdlopé-
pov. Autd mou uag evdlagépouy 3 etvat 1o Baduwtd emixautOMO OAOXAR-
pwua Stavuopatixol rediou, 1o Boduwtd entpavelaxd ohoxifpwua SlavuoUa-
ol nedlov xat TéAOS TO Ywpnd oAoxApwua BadiuenTod xou SlavuouaTixod
nediou.

Av F elvon Sravuopatind nedlo, to entxauniMo oloxifipuua tou F ypdepe-
ol 0¢:

/b F(r) - dl (1.26)
a(C)

omou C elva 1 xoumOAY, xotd uirog e onolag ylvetar n ohoxhfipwor, a xou
b elvon to apytxd xon TeAxd anueio oty xaunOAn xau dl eivar 1 oTolyELdING
Stavuouatixd wetatdmon ndve oty xaunOin C. Egdoov 1 nooétnta F(r)-dl
efvar éva Badumtd, 1o (Blo oylel Tpopavas xat Yia o ohoxAfpwud. O oploude
TOU ETUXAUTOALOU OAOXANPOUATOS AxOAOVIEL TIGTA TOV 0PLOHO TOU 0pLaHEVOU
ohoxhnpduatog xatd Riemann. To tufue tng xoundAng Metalld Twv onueiwy
a xat b Soepileton oe va Heydho apdd updy Tunudtey Al T xdide
Tétolo Tuhud, urohoylleton N T e F oe xdmowo ecwtepind onuelo tou
Tuiuatog. Yynuartileton 1o Boaduwtd ywduevo xdde Al; ent v aviiotoyn
T tou F xon adpollovton ta anoteréopara. To emxopuniiio ohoxifpwua
opiletan we o dpto autod Tou adpolouartos, xedds o aptiuds Ty TURUdTLY
e Slauépione telvel oto dmelpo xat o UAXOC xdde TURUATOS GTO UNdév.
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Autéc o oploude ypdpetan:

b N

/ F.-dl= lim Y F,-Al
a(©) NoeotiH

Efvor onuovtind va napatnpicouue 6Tt 1) LY TOU ETUXUUTIUALOU ONOXATPOMLO-
Tog e€aptdrot cuvidng, oyt udvo and ta dpla a xa b, aAAG xon and Ty (Slar T
Hop@h Tng xoumOAne C, xoatd ufxoc tng onolog yiveton 1 ohoxhApwon: 1 Ty
xat 1 xareduvon e F(r) xodae xou 1 xate®duvon tou dl oe xdde onuelo
e C elaptdvton and v Bta v C xan Ty eQantouévn e, avtiotoya,
oTo cuyxexpyévo onuelo. To emxuaunOALO OAOUAAPOUA TéVL OE (Lo XAELOTA
XAUTOAT elvall APXETA ONUOAVTIXG DOTE VA XPNOULOTIOLOUUE LG GUUPBOMGUS,

dnAadr:
f{ F.dl (1.27)
c

To ohoxhfpepal XAt UNRX0S YLag XAELOTAS Ypauhc dev elval auvhdwe undév.
To cOvoro twv Savuouatindy TEediny, Yo To orolo T0 ETXAUTONO OAOXAH-
poua xatd Ufixoc kdle xhetathc xoumiAne etvor undév, éyet Wattepn onuacia.
I'v autdv aeptBddc 10 AOY0, TOAD GUYVE CUVAVTOOUE ETLXOLTUAMS OAOXANPM-
MOTal XaTd U0og Hloe XAEoTAS xotOANe N onofal dev mpoadiopiletar. 't
TOPAdELY UL

j{F -dl (1.28)

O ouuPorioudc autde elvon Ypriollos MOVo OTIC REPLRTMOGCELS OOV TO ONOXAY-
pwua elvar aveEdptnto and v xaurVAn C, uéoa o Udhhov eupéa dpta. Av
undipyel N mapaxpy} apBoiia, etvor mpotyudTepo va xadopiletan 1 xoumOAN.
H Baow pédodoc utohoyiouol tev emXauniiley OMoXATpwUdTLY elvon 1) Ho-
VOTOPOUETEIXA TEPLY patr} TNG XAUTUANG Xt 7} Ypfion auThS TN Teplypapric Yo
TN UETATPOTY| TOU ETUXIUTOALOU OAOXANPOUATOS GE GUPOLOMUA TELOY ATAGY [o-
VOJLAOTATRY OAOXANPWUATWY. TIE TEPLOCOTEPES REPLTTAOGCELS 1) UéDodog auth
elvar Bapeth xan ypovoBdpa. Eutuyde, mohd ondvia T yenouLonololUE Yl
TOV UTOAOYLOUS TwY ohoxAnpwudtwy. ‘Onwe Yo gavel apydtepa, elvon ou-
vidoe Suvatd va anodeffouue 6Tl o emtxauTOA0 oAoxApwua dev eZapTdTon
and T Stadpouy| Hetafl Twy oplev. X7 auth Ty nepintwon, unopel va emtAeyel
Mo oAy Stadpoun mou vo amhonotel TRV OAOXARpWoN.

Av F efvon éva Stavuouatixd nedlo, 1o emgpavelond oroxifipuua tov F
YOAPETOL WE:

/SF ‘nda (1.29)

omou S elvar 7 emipdvela Téve oTny onola TpAYLATONOLOUUE THY OAOXAYpw-
o, da eivar uia otolyelddng entpdveta tdve oty S, xat n elvat 10 Yovadiafo
xddeto oty da didvuopa. Trdpyetl W anpocdloplotia oty ETAOYY ToV N,
7 omola afpeton e T0 val Yewphooupe To n var xatevdiveTtan xdveTa X TPOC
o €€w av N S elvar xhetot em@dvela. Av i S elvon avolyt chAAd mene-
PACUEVY, ETLPAVELD, TOTE EYEl ohVOPO, XAl M Popd Tou X&deTou dlaviouatog
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—=="~ Ylvopo

Eyfua 1.5: Xyéon peralt tov kdOetov oe e emedrea Suaviouatos n kat
™S Qopds Saypaens tov ouvdpou

xadopileton oe oyéon ue v audaipeta oplopévn Detiny| popd diaypaphc ou-
100 Tou ouvbpou. ‘Onwe galveton ato Ly.(1.5), n Yerxf;, @opd tou xddetou
Staviopatos elvon N Qopd xatd Ty onola Yo mpoywprioel Uia deldatpogn
Bida av meplotpagel xatd ™ Yetin| popd e cuvoploxic xauniing. Hodiéc
(popéc, To emLpavelaxd ohoxifpwua Tou F mévew oe (o xhelot| emgdvela S

%F~nda
S

Yyoha avéroya Ue exelval mou avapépinxay yiol TO ERIXUUTUMO OAOXARPG-

ouuBorileton we:

Ho Yo urmopotboay va enavainedoly xou e8d. To emupavelond oroxiipuua
nou avagépoupe elven BéBanat Paduwtd péyedoc. Tuvhdac eaptdrar and tny
emLpdvelar ohoxApwone S xon v autéd ol meptnTdhoels mov eival aveEdptnto
elvar Wadtepar anpavtiés. O oplotds Tou ETPAVELINO) OAOXANPOUATOS Elvon
axpPAC AVAAOYOS UE AUTOV TOU ETXOMTUMOU ohoxAnpduatos. H axpiPrc
Sradixacio aghvetan we doxnon.

Av F elvon éva Stavuopamind xau ¢ éva Baduantéd nedlo, tdte ta 0o oho-
wAnpdUaTa dYXoL oL Hac evBLAPEPOLY elval:

J:/ pdv ol K:/ Fdv (1.30)
v v

Eivon gavepd 6t 1o J elvan Baduwtd xar 1o K Sidvuopa. O opioude autdv
TWV ONOXATPOUATWY avdyeTol Ypiyopd oE oloxAfpwua xatd Riemann otic
Tpelc dtaotdoets, ue v elalpeor 6t oto K umdpyetl éva ohoxifpupa yia
xdde cuviotdoa tou F. Autd ta ohoxnpdpata elvol dpxetd YveoTd GOTE
va un yeetdlovton ReEpalTépe Ty OALA.

1.5 AIIOKAIYH

"Evaic dhhog oroudafog teheatrc, o omolog ouctaotixd elven ULal Tapdywyog,
elvar 1 andxhon. H andxiion evée Siavuouatinod nediou F, mou ypdpeton e
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div F, oplleton wx¢ e€nc:

Arnéxhion dtavuouatixol rediov elvat 1o Oplo Tou XAeloTOU ETLPA-
veLool OAOXATPGMATOS Tou TEdiou avd tovdda 6yxou, xadhe o
OYX0¢ Tou TEPXAElEL 1 XAELOTH EmLpdvela Telvel oto uUndév. Ar-
Aadn:

divF = limij{F~nda
Vs

—0

H andxhion elvan cagpdxe uia Badunt ouvdptnon (Baduntd edlo) xon oplletan
070 Gplo NG EMLPAVELAS OAOXAFpwoNs. Autdc 0 oploude €xel dpxeTd TAEOVE-
thuora: efven aveZdptntoc and TV ENIAOGYH TOU GUOTAMATOS CUVTETAYHEVGY
xo (Umopel va yenouonotndel yia tov tpoadloptoud TS CLYXEXPLULEVNS LOPPHC
nou nofpVel 0 TEAEOTAC TS AMOXALOTC OE XATOLO CUYXEXPULEVO CUGTNUAL.

Y10 cVotnua opBoYOVLWY CUVTETAYUEVRY, 0 OTOLYELMINS dyxoc AzAyAz
TPOGQEPEL ULal XATIAANAY, Bdomn yia v ebpeon tne amdxhions. Av 7 wa
%x0puen oL optoydhviou mapaAnieminédou elvan oto onuelo o, Yo, 20, TOTE:

oF,
Folzo + Az, y,2) = Fe(zo,y,2) + Ax 5
T To,Y,2
oF,
T,Y0,%
oF,
Fz(l'vyv 20 + AZ) - Fz(l'v Y, ZO) + AZ 8—
z
Z,Y,%0

omou ot Opol avatepne t8Ene oe Az, Ay xot Az mapaieinovian. Egbdoov
N otolyelddne empdvelar AyAz elvon xddetn otov dfova z, n AzAx elvon
xadetn otov dfova y ot ) AzAy elvon xddetn otov dEova z, 0 0plEUOS TN
andxhiong yivetow:

. . 1
divF = &ILHO m {/ Fp(zo,y,x)dy dz

aF,
+ A$AyAza— Jr/Fy(x,yo, z)dxdz
x

OF,
+A$AyAza—y Jr/Fz(m,y, zo)dz dy (1.32)
Yy
OF,
+ AzAyAz 5 —/Fm($0,y,z)dydz
z

- /Fy($,yo,z)d$dz—/Fz($,y,zo)d$dy}

To apvnuixd TpdoNUo TOL TUPOUCLALETAL GTOUS TPELS TEAEUTAOUC 6pouC Opel-
AEToll 0TO YEYOVOS OTL M) Popd ToL TPoC T EEw xEVETOU GTNY EMPAVEL SLavi-
oMaTOC EfVal, OTLS TEPLITOOELS AUTES, XATE TN QOPA TWY APVATLXAY TIULAEOVLV.
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To dpto unopel var unoloylotel ebxora, xou N andxhon oe opdoyhvies cuvte-
Taryuéveg malpvel T Loppl:
0F, O0F, OF,

ox JrEJr 0z

divF = (1.33)

Ytic oponpixéc ouvtetayuéves, 1 dtadixaotia elvar avdhoyn. O dyxoc mou
nepheletan and Tic LetaBoréc v cuvtetayévey xatd Ar, A, A¢ yenot-
pomoteltat €36 wg OyYxoc ohoxAfpwons. Autde axplBac o atolyelddng dyxog
elvon 72 sin 0ATAOAP. Eneldh o dyxnog e€optdron and Ty iU TV LETHBAN-
RV (mpdyua To onolo Sev ouuPalvel aTic xapTectlavés cuvteTayUéves), elvat
TpOTLUOTEPO Vo Ypdpoupe to F - n Aa oe mhipn HopeHh:

F-nAa= Fr?sin0A0AP

(1.34)
+ Forsin 0AQAr + FyrArAf

Anéd v nopamdve Lopet, elvar @avepd ot udAhov to F,.r?sind, xou dyL 10
F,, mpénel va avarntuydel oe oepd Taylor. Ouolwe xat otoug diloug dpouc,
Vo Tpénet v avamtuyBoOy oL CUVTEREGTES TWV YIVOUEVKY TGV CTOLYELOBMY UE-
taBordy. Ipaypatonoudvtas autd Ta avamTOYAT, To XPNOULOTOLOUUE GTOY
UTIOAOYLOUO TOU ETLQPAVELAXOU OAOXATpOMATOS Tou eugaviletal otov oploud
¢ andxhong, ot TeAxd nofpvouue:

. . 1 6 *si
divF = &13&0 s OATAIAG {87“ (Fyre sin 0)ArA6A¢ (1.35)

+ %(Fe?‘ sin ) ArAGAP + %(F¢T)ATAOA¢}
OewpnvTag To 6pLo, 1 AVUAUTIXY, Lop@H NG ANdXALONE OE OPALPLXEC CUVTE-
ToyMéveg elva:

) 1 oF
~ (sin0Fy) + ¢

divF = 9
v rsin @ 06 rsinf O¢

E (1.36)

r

0
E(TQFT) +

Auth 1 pédodoc elpeone e avoluTiXg LOp@hHc TNe amdxMone e@opuUole-
Tal Yial OTOLOBATOTE GUOTAKA CUVTETAYMEVLY, EQOCOV ElVal YVWOTES OL LOop-
PEC TOU OTOLYELOBOUS GYHOU Ol TNS OTOLYELOBOUE EMPAVELXS 1, AVAAOYA, OL
oToLyelddel; Hetatomioels.

H guowyy onuacio tre andxhone @alvetol duéowe and €va Tapddelyud,
10 omolo SavelduaoTe and T Uy Ty peuctdy. Av 'V eivar i toy -
NTA TOV PEUCTOY, W ouVdpTNoT TN Yéomg, ol p N TUXVOTNHTA Tou, TOTE 1|
GUVONXY] TOCOTNTAL TOU PEUCTOU avd Movddou ypdvou, n onola eyxataheinet
Tov byxo Tou Tepixhelet 1) xhetoTh empdvela S, elva §g pV -nda. Av 10 peu-
016 elvon acuprieoto, To em@avelond oAoX RPN AVUPEPETAL GTY) GUVORLXY
ny" tou peuctol mou mepxhelel 1 empdvela. O mopandve Aotndy oploude
™e andxhong urodetxviel 6Tl auty| uropel var epunveudel ex véou we To 6plo
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e évtaome e TYNS avd Hovada dYxou B ¢ M TuxvOTNTA TS TNYHS EVOC
aouurieaTou peEVaTOL.

Oat avapépoupe xou Yo anodetZouue, oo onueio autd, éva TOAD onuavTix
VeMENUA, TOU AVOPEPETAL OTNHY ATOXALOT).

Oeavpnua tng andkiiong. To xhewotd empaveland ohoxhipwial
ML SLayuoUaTixc cuvdpnong Tdve otny entgdvela S elvar (oo
ME TO Ywpixd OAOXAApwUA TNE AROXALOYNE TN UVEPTNOTS Ve
otov 6yxo V mou mepixhelel 1 xheloty| empdveta S.

/ didev:j{F~nda
% s

Oewpriote OTL 0 dyxoc dauepileton o éva UeYdAho apdud and Uixpéc xuei-

dec. 'Eotw 6 n 1 xuerida éxer dyxo AV; xou meplxdeieton and v entgpdvela
S;. Elvan gavepd ot

Zj{ F~nda:j{F~nda (1.37)
T Js s

OmoU oe Xa¥éva and T OAOXATPMUAT TOV dplaTepol Uélous tne e&lowong,
10 Stdvuoua n xaTeVIOVETAHL TTPoC To eEWTEPLXS Tou avtioTolyou dyxou Tou
nepuielel .S, E@doov n e€wtepind xareduvon oe pia xuderida etvor n ecw-
Tepix| xatedduvon oty XATdAANAN Yettovinr xueiida, Ghec oL cuveloPopéc
oto aplotepd uéhoc e EE.(1.37) ahdnhoovaupolvtat, extds and autés mou
reptéyouy Tuiuata e empdvelac S. Etot anodelydnxe n EE.(1.37). To Je-
dprua TS amdxMoNe TPOXVTTEL oy APHOOUME ToV aptdid Ty xuPeAidny va
Telvel oTo dmelpo e TéTolo TPOTO WoTE 0 dYxog xdle xudeAidac va Telvel oo
undév:

£F~nda:A%/iinio . {ALVijiiF.nda}AVi (1.38)

1

Y10 dplo, 10 ddpoloua Thve ota i yivetow ohoxifpwua otov dyxo V xa o
A6yoc TV OAOXANPGUATOS T8V oTig S; Bla Twv AV yivetan 1 andxhian tou

%F~nda:/ divF dv (1.39)
s v

7o elva axpPde to Yedprua e andxAione. O YpNoULOTOLOUUE GUY VA TO

F. Enopévec:

Yedpnua autd, oty avantuin Yewpnuixay Intnudtey Tou nAexTplopod Xt
TOU LAY YNTIOUOU GAAE ol GTOV UTOAOYLOUS OAOXANpGUETLY.
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1.6 XTPOBIAIXMOX

O tpltoc evdlagépmy Blapopixds tekeotic elvat o otpofiliopods. O otpoPuit-
oube evoe Stavuouatixol tedlov F, o onolog cuufBoriletan pe curl F, optleton

we e&fc:

Yrpopriouds Sravuouatixot wedlov F elvan 1o dpto tou Aoyou
TOU XAELOTOU ETULPAVELAXOU CAOXATPOUATOC —Tdve aTNY ERLPAVELDL
S— tou e€wtepxol yvouévou tou F enl 1o mpog ta €€ wddeto
Stdvuopa 1, Tpog Tov 6yYxo V', mou mepxheleton and Ty emLpdveLd,
xaddde o Ooyxog Telvel oto undév. Anhadn:

1
curl F = lim —j{ nx Fda (1.40)
Vs

V—0

H avohoyia peta€d autod Tou oplool xat Tou avtiototyou g andxhang elvar
gd@avic. Xtn 9éon tou Badumtol yivouévou tou Stavuouartixod nediov exnt To
x&deto mpog Y emL@dvela SLdvuoua, EXOUUE E3C TO BLAVUOUATIXG YIVOUEVO.
Koatd ta dhda, ot optopol elvar (diot. "Evog Stagopetinde ahid 1oodbvauoc xon

o YeYiouos oplouds elvat o e€ng:

H cuviotdoa tou curl F xatd t Sietduvon tou povadiatou Stavi-

ouatoc a efvat 10 6pLo Tou XAELCTOL EMXAUTOALOU OAOXATPOMATOC
Tou mediou avd Lovdda emtpdvelas, xadhs 1) ETLPAVELR IOV REPL-

whelel ) xAeloT| xo O telvel oto undév. To yovadialo didvuoua
a elvar xddeto oy empdvela auth. Anhadn:

1
a-curlF = lim —j{ F .dl (1.41)
S Je

S5—0

onou 1) xapunOAn C, tou oplodetel v empdveila S, avixel oe éva
eninedo xddeto oo ddvuoua a.

Eivon e0xoho va Set xavels tnv avaroyia twv 300 oploudy Jewpdvtas ULa
eninedn xauniin C xou Tov avtiotolyo 6yxo mou mapdyeTol Gty N XAUTOAN
petanvniel xatd € oe xateuvon xddetn oto eninedod tne, 6mwe palvetol 6TO
Yy.(1.6). Av 1o a elvar xddeto 010 enlnedo e xoumiine xou Yewprioouue to
Bardueté yivouevo tou a Ue tov mpddto oplopd tou curl, n EE.(1.40) yivetou

1
a~curlF:lim—j{a~anda (1.42)
vooV Jg

Egéoov 1o a elvan mapddinho otny xddetn diedBuvon yiat OAn v meptxhel-
ouou ETLPAVELR, EXTOC And TN AenTh Awplda mou meprdelovy ot xaunvies C
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Syfua 1.6: O dykog mov napdyetar and tn petakivnon tng entredns xkapumiAng
C katd tn Sievbuvon tov Svdoparos a, to onolo elvar kdleto oo eninedo
NS KAUTUATS.

xar C, mpénel vou Anedel unddm udvo 10 ohoxhfipwiud T8ve o’ aUTh THY Ae-
pl8a. 'V auth aepiBedc v em@dvela, ndpatnpoUUe OTL a X nda efval amhde
£dl, émou dl eftvar 7 oTolyEl®ddNG HeTatdTON HATd UNxoc TN xounlAng C.
Emniéov, V = £S5, ondte 10 dplo tou ohoxhnpduatog elvo:

. 1
a~cur1F:‘¥1Ln0£—Sj{C£F~dl
xat 0 deltepoc oploude eupaviletan LoAG anhonotjoouvue 1o . H iooBuvauia
Ty dUo oploutv unopel va arodetytel enfone ywels T yprion Tou cuyxexpl-
HEVou OYxoL, dAAS ot Bdpoc e amAGTNTAC TN AnddelEng.

H uopen mou nalpvel o otpoPihiouds ata didgopa cuCTHUATA AVaPOpPdc,
urnopel va Ppedel pe avdhoyo tpdémo 6w xa otV REP{TTWOT NS AMOXAL-
onc. 210 cUotnUa oploy®VlwY CUVTETAYUEVLY O OTOLEWdNS dyxog el-
vt AzAyAz. Yt £ cuVOTOOA ToU OTROPLAGHOU CUVELGPEPOLY UOVO OL
entpdveles mou elvat xddeteg otouc d€oves y xan 2. Treviuuilovioe 6
Jxk = -k xj =1, oo un undevixéc cLVELCQPOPES TV ESPMY TOU TP~
ANheminédou oTn T oUVIGTOCN Tou oTPOPBLMaU0D divouy:

1
curl F), = lim — {[-F,(z,y,z + Az) + F,(x,y, z)|AzAy
(), = Jim L ([, )+ By 2)] )

+ [z, y + Ay, 2) — Fe(x,y, 2)]AzAz}

Avantiooovtag xatd Taylor xon Yewpdvtag T0 6plo, XATAAYOUUE GTNV €X-

ppaomn:
OF, OF,

Oy 0z

Yol ™ & ouvothod Tou atpoBthlouol. Me axpiBie avtiotolyo tpono Pel-

(curlF), = (1.44)

GXOVTOL XA OL dAAeC U0 cUWLGTHGES:

oF, OF,
0z oz’

OF, OF,

(curlF), = Ty

(curlF), =

(1.45)
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H uopeh tou otpofihiouol ot xapTectavés CUVTETAYUEVES [UTopEl EUXOAA vl
AMOUVTLOVEVTEL Ay TopaTnpRooupe OTL avtioTotyel oty avdmtuln woe 3 x 3
optlovoag, dnradr:

i j k
0 0 0
F, F, F

H ebpeon e Hoppric Tou oTpoPlMonold ota SAAA CUCTHUATY avaPopds elvat
ehoppg To Teplmhoxn xon aphveTar w¢ doxnom,.

Onewe oxpiBeg xon oty mepinwon ™S AndOXAOTS, CUVAVTSME €val TOAU
OMUAYTING O XPROUWLO FEMpnUa, TOU AVAPERETAL GTO OTPOBLALOUS, YVWoTd
w¢ Yedprua tou Stokes.

Bedpnua tov Stokes. To emxaumOAo oloxhfipuua VoS Slovu-
ouatixol nedlou xatd unxoc uag xAelothc xaunting C elvan (oo
ME TO EMQAVELINS OMOXARpwUd Tou oTpofBthool Tou nedlov Td-
vy ot onoladinote empdvela mov oplodetelton and Y XAELOTH
xaunOAn C. Anhodry:

%F~d1:/curlF~nda (1.47)
c s

omou S elvan Lo onoladRoTE EMLPAVELR TTOL EYEL GUVOPO TNV AEL-
ot xounOAn C.

H anddei&n tou Yewpruatoc autold elvar aviiotolyn He auty tou Yewpruaroc
e andxhione. H emgpdvela S Siopepileton o7 éva ueydho aptdud xuderiduwy.
H emupdvera tne @ xueridog etvar AS;, evéd n xaunOAn mou tny neptxielet efvar
n C;. Egdoov dhec ov C; mpénetl va Starypapolv xatd v (8o gopd, 1 uévn
CUVELCPOPE TIOU AMOMUEVEL GTO GUPOLOMA TWY EMLPAVELAXY OAOXANPOUATOY
ogelhetan ota ThaTa twv C;, Ta onola avhxouy otny xaurtin C. ‘Okeg o
dhhec ouvelopopéc adinhoavatpotvtat. Enouéveng:

.dl = .dl
j{CFd zi:j{ciFd

To uévo mou anouével thpd elvar val Yewpriooude 10 6plo xaddc o apriude
v xuPeriduv arnepiletal e TéTol0 TPdTO MoTE 1| emLdvela x&de xupeidac
va tefvel oo undév. To anotéheoua autic e Stadixaciog elvon:

, 1
j{CF.dlAgEOZ:A&j{CiF.dlA&/ScurlF.nda
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nov efvor axpiPc to Yedpnua tou Stokes. To Yedpnua autd, dnwe xat o
avtiotolyo tne andxhong, efval YpAoto TOC0 GTNY AVATTUEN NS MAEXTPOMG-
yynthe Yewplas 600 xat aTov UTohoYLoUd ohoxAnpuudtwy. Towe Yo npénet
VO ONUELDCOVHE OTL xat ta 800 autd Jewphuata elvar atny oucla Ueptxéc
OMOUATPOCELS.

1.7 O ATANTYXMATIKOX ATA®OPIKOX
TEAEXTHY V

Ewsdryouue tdpa éva dtapopetind cuuBoiiond yia ta tela eldn e Stavuoua-
ThC TopaY QYOS UE To omola aoyohndfixoe, dSnhadh ) Poduida, Ty and-
¥Aor, xou to otpoPiliand. Autdc o cuuPoloude ypnouwronotel o Slagopind
teheoTy| avddedta, o onolog oe xUPTECLAVES CUVTETAYHEVES opllETal we:

V:i% “'aa_y*k% (1.48)
O avadehta elvan évac dtagopinde TeEAecTrc, UE TV évvold 6Tl Spa Tdvew OE
ouvapThoels Ty (T, ¥, &), Tic onolec xan mapaywyilel. Elvan enlong xan Stavu-
OMATIXOC TEAECTAC, UE TNV €vvolal OTL UOXOUEL GTOUS VOUIOUS TNE SlavuoUd-
Tehe dhyePpact. Xpnowomowdviac Tov avddehta, ow EE.(1.22), (1.33) xou
(1.46) ypdpovror:

grad =V,
Do 0o D¢
Veo=1—+j— +k— 1.4
v 15$ +J8y+ 0z (1.49)
div = V-,
OF, OF, OF,
V.F=- 24 1Y z 1.
ox + Oy + 0z (1.50)
curl = Vx,
i j k
V xF = 0 0 9 (1.51)
| 9z Oy Oz )
F, F, F,

H ypYion tou avédeita efvon xon auth aveEdptnn and 10 cUYXEXPUIEVO GUOTI-
Mot oUVTETAYMEVRY Tou emthéyouue. ‘Orec ol BLéTNTES, TOU UTOPOLY VA ATO-
dewytoly oto xdptectavs, loyUouv ot onolodhnote diko clotnua. H uopen
TOU AVABEATA OTA UM XAPTECLAVE (XUUTUAGYpoMa) CUOTAUATE Elval avdhoyYn
ve v EZ.(1.48), dnou BéBata xpnoylonololue Tic XATHAANAES OTOLYEWDDELS
uetatonioec. Enlone, npéner va AdPBouue unddn pag étt T movaldtatar Stovi-
oMOTA 07 QUTE TOl CUCTAUATA Elvall GUVAPTAHOELS NS DEOTC, Xl EMOMEVRC XolL

410 , . ’ . , ,
e anodetxvietan oto Tlapdetnua B o avédelta unaxolel oToug VOUOUS UETATYN-
LOTIOUOU TV SLavuopdTwy.
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5

autd to (Bt Stapopilovtan®. Ta onuavtind ohoxinpwtixd Yewphuata Tou

avapépdnxay ot EE.(1.21), (1.47) xou (1.39), ypdpovrar:

b b
V90~d1:/ dp = |2 = 5 — va (1.52)

a(C) a
/VxF.nda:j{F.dl (1.53)

S C
/V.qu:j{F.nda (1.54)

\% S

Ot nopandive e€latoele Sivouv 1o OAOXATPOUA TNG TOPXYMYOU ULUE CUVEPTY-
OTC O€ Wlal TIEPLOYR 1 DA TACEWY, WS OAOXATpOMATA NG (Blag Tng ouvdptn-
orng oe Ud reployf 7 — 1 Saotdoewy, mou anoterel 10 olvopo Tou dpyLxol
n-8ldoTatov ydheov, omov 7 = 1,2,3. Enedf o teleotic avddeita una-
XOUEL GTOUS YOUOUS TN Slavuoltdtixnc dAyePBpac, elval xatodAnidtepos aTig
TEPLTTMCELS oL et@avilovtal Slavuouatinés TpdEels, Xat EROUEVLS Vo EXPEd-
Couue TN Boduida, v andxiion ot 10 oTPoBlhoUd Ue auTdY TOV TEAESTY.
Treviuuiloupe 6Tt 0 avaderta elvon ypauuikds teheotic

Viap+ b)) = aVp + bV
V (aF +0G)=aV -F+bV -G
V X (aF+bG) =aV xF+bV x G

omou a xou b elvon Baduwtéc otadepéc.

1.8 IIEPAITEPQ ANAIITYZEH

H Borduida, n andxiion xat o otpoPihioude elvan teheatéc oL omolol Unopoly va
3pdooLY ENAUVIANTTIXG GE XATAAANAOUS cuVBLaoUOUS Tedlwy. 1'a napdderyua,
MTOpOUUE VA EQUPUOCOUME TNV amdxAon mdve ot Boduida evoc Poduwtod
nedlou. Hpdrypartt, auth n cuvBuacuévn egapuoyn elvot TOAD onuavTXy hote
Eyel xou Ouxd tng dvouo: ovoudletar Aamdaociwavi) ¥, teAeotiis tov Laplace.
Qot600, dev Exel vonua o otpoBlhlonds Tne amdxMong evoc SlavuoUaTiXol
nedlov yioatl autd onuaiver egapuoyy tou otpofilouol oe Baduwtéd nedlo,
npdEn mou dev opiletar. Tuvoixd, moapouctdlovial mEVTE el EMTPERTOY
ouvduaoHOY Seltepne TdENS, xon dUo and avtolc elvan TautoTixd (ool Ue undév.
Mo’ Ohot autd, ot ot wévte ouvduaouol efvor onuavtixol otn Uerétn twy
NAEXTPOMAY YNTIXAY TEd{wY.

O npdtoc cuvBuaoude elvan o tedeotris Laplace, o omoloc oplleton we N
andxiion e Paduidas evéc Boaduwtod tedlou o cupPoriletar cuvilng we
v

V.v=V°

5310 Tlapdptnua A’ unopette vo Beelte T woppH T0U AVEBEATA OTIC XUAVBPIXES Yot TQOL-

pwée ouvtataypéves. Mia otouelddne etloaywyh divetor ard tov H.T. Young, American
Journal of Physics, tou. 40, ceh. 109 (1972).
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e opdoydwies ouvtetayuéves LayLet:

2 2 2
Vip = %+27f+27f (1.55)
Autéc o tereotic efvon mOAD onuavtixds oty nAextpooTaTinf o Yol Tov
Yprotonoticouvue enavethnuuéva oto Kegpdhato 3.
O otpofirioude e Boduidas omooudrinote Boduwtod nedlou elvon undév.
H mpétaon auth anodetxvieton ebxola YpaQovtds Tnv o 0pfoy®yiles oUVTE-
Tayéves. Av ¢ elvon 10 Boduwtd redlo, tore:

i j k
0 0 0 2 2
- = = .{ 0% 0%
Vx(Ve)=| 9z ay 02 1<8y82_828y>+.”0 (1.56)
dp Do Oy
or Oy Oz

7oL anodetxviel axplBKs TNV dpyh TpdTaon. LuuBolixd, Umopolue Vo Ypd-
(poupe:

VxV=0
H anédxiion tou otpoPiliopol onotacdiinote Stavuouatixnic cuvdetnong etvar
enfone undév. Kat aut 1 npdtaon anodetxvieton aitéons av YpnoLlLonolicou-
UE opoYMVIES CLYTETAYUEVES:

V~(VxF)i<an_%>

Oxr \ Oy 0z
1.57
n 0 (0F, OF, - (1.57)
Oy \ 0z ox n

Ou dhot 800 Buvatol teheatéc deltepne Tding oymuatilovron av Yewproouue
10 aTpoPlAloud Tou oTpoPilauol B tn Baduida Tne andxiiong evoc Slavuoio-
Tixo0 nedlou. H anddelln tne napondte oyéone (o opdoydvies cuvtetoryué-
VEC) AQRVETH WS doxnon:

V x(VxF)=V(V.F)-VF (1.58)

onov 1 Aamhaotavy Stavuouatixod nediov elvan To Stavuopatixd nedlo tou
onolou xadeuia and T opdoydviec cunathoes elvon 1 AarAdolavh Ty ov-
tloTolywy 0pBoydviwy cuNoTWohY Tov dpyixol nedlou. Lo T dhha cuoTH-
Mool cLVTETAYMEVQY, N Aaniactavy| Stavuouatixol medlov opiletar and v
EZ.(1.58).

Mrnopolue enfone va Solue Tt Spdon Twv SLAPopiXdY TEAECTMOY TEvVL CE
ywépeva 300 medlov, dtavuauatixdv A Paduwtdv. Ot €€t duvatol cuvduaauol
TWY JPopIXMY TEAETTMY XAVDS XL 1 EQUPUOYY TOUS OE YLvoueva mediwy
napouctdlovran otov Hivaxa 1.1. Ou tautdtnres autéc unopoly val anodet-
Y00V elx0Ad 01O GUOTNUA 0pYOYOVLOY CUVTETAYMEVWY, TpdyMUa To omolo
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V- Ve = Vi (1.1.1)
V. VxF=0 (1.1.2)
V x V=0 (1.1.3)
V x (VxF)=V(V-F) - VF (1.1.4)

V(ey) = (Ve)y + oV (1.1.5)

V(F-G)=(F - V)G+Fx (VxG)+ (G -V)F+Gx(VxF) (16
v.@mvz(V@.F+¢v.F (1.1.7)
V. (FxG) =(VxF) G- (VxG) F (1.1.8)
V % (¢F) = (Vo) X F + ¢V x F (1.1.9)
Vx(FXG)=(V-GQF—(V-FIG+ (G -V)F-(F-V)G  (1.1.10)

Hivaxag 1.1: Awgopikés Tavtérnres Suavvoudtoy

elvat apxetd yia va e€aopaioet Ty oyl toug oe xde cbotua. H egapuory
BLaQoptxol TEAECTY OE YIVOUEVO TELAY 1] TEPLOCOTEPLY CUVAPTACEMY, XAVDC
X0l T EQPAPUOYY| TEPLOGOTEPWY Amd dU0 SLaPoplnIV TEAETTV, UTOpEl val UTo-
hoviotel pe eravaknnrie epapuoyr twv TautoTitey Tou ivaxa 1.1, o onolog
elvar mAfpne. Ot tawtotnteg autée anouvnuovebovtan elxola We ) Pordeia
WY XAVOVKLY TN Stavuopatixfc dAveBpas xot Tne cuvious mapaydYLoNng.
H uévn dtagoponolnon rapovotdletor oty EE.(1.1.6), dnou eugaviletan 1o
F -V (avti tou V - F).

Mepixéc ouyxexpltéves auvapTAOELS EQavilovTal CUYVE OTOY NAEXTPOUG-
YYNTOMO %ol ETOUEVRC elvall YpAoLULO val SOOUE TNV EQUPHOYY| TWV SLAPOPLXMY
TeAeaTOY Tévw Ttoug. Ia n ouvdptnon F = r nafpvouye:

V.r=3

vor=? (1.59)
(G- V)r=G

Vir=0

Av n ouvdpon eZaptdton ubvo and ty andotaon r = |r| = /2?2 +y? + 22,
té1€:
() AFO: V=i (1.60)
r r): = .
LR rdr
Av 7 ouvdptnon eZaptdton and 1o Boduwtd yivéuevo A - r, 6mou A elvon éva

otadepd ddvuoua, tdte:

(A r)AF(A-r): V= Aﬁ (1.61)

Av 1o dpoua e ouvdptnorg elvar o R = r — ¢/, émov 1o 1’ Jewpelton
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/nx V(pda:j{ wdl (1.2.1)
s c

/V(pdv :j{gonda (1.2.2)
v s

/VXde:j{anda (1.2.3)
v s

/(V~G+G~V)de:j{F(G~n)da (1.2.4)
v s

Iivaxac 1.2: Bewpripata davvopatikis oAokArpwong

otadepd, ToTE:

V=Vx
8 8 (1.62)

o
V=i ik
r=1y Hgy 7552

6mov R = Xi+Yj+ Zk. Av 1o r, avtl tou r', dewpnldel atadepd, téte:
V=-_V (1.63)

6mou:
o J@y’ 0z’

Trdpyouv ddpopes BuvatdTNTES ENEXTAOTS TOL VeWPAUATOS TNG ATOXAT-

V/

orne ot Tou Yewpfuatog tou Stokes. H mio onuavtixy elvor 1o Yedpnua tou
Green, 7o onofo dtaturdveta we eEhc:

[ @ -oTtudo— § 0V - oV0) mde (160)
\% S

To dedprua autd elvar andppotd TN EPAPUOYHS TOU VEWPAUATOS TNG ATOXAL-
orne oto Stavuopatixd nedo:

F=yVyo—oVy

Eqgapuélovrac 1o dedpnua e andxiione oto Stavuouatind medio F, nafp-
VOUUE:

/ V- [§ Ve —oVi|dv = ]{(sto —¢Vy) nda (1.65)
Vv S

Xenowonrot@vtag Ty didtnta Tou Hivaxa 1.1 yia v andxiion tou yivopévou
evog Padumtol ent éva Stavuouatind nedlo, nafpvoue:

V- (V) =V - (¢VY) =9V — oV (1.66)
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Suvdudlovtae topa tic EE.(1.65) xan (1.66) xatofyouue oto Yedpnua tou
Green. Ytov livaxa 1.2 nopovotdlovron Ueptxd axdua Yewpiiuato OhNoXAY-
pwone Stavuouatixey nedlwv.

E3¢ ohoxAnpdvetal 1 utxpn avagpopd Lac ot Stavuouatixy avdiuorn. Me
oxomd N cuvtoula, ToAkéc anodelielc mpotdoeny agivovTal we TpoBAfjuaTa.
Aev xotafBAidnxe npoonddeia auotnphc neptypaprc. H mpocéyyion otnpl-
e xupleg otn yenowdtntar avantOydnxe 6,1 Yo ypelaotel xon mopohel-
@Onpray Aot Tal uTOAOLTAL

1.9 XTNOVH

Iopovotdomxay tpelc SlapopeTixol TOTOL SVUCUATIXNAS TAPAYDYLIONG UE TN
yenowonoinon tou dtavuopatixod diagopixod teAEcTH avddelta, V,
dnhady) 1 PBarduida, n andxiion xan o atpofilioude:

9 d¢

I
Veo=1—+j— +k—
L Jr‘]@y + 0z

OF, OF, OF,

V. .F= -y
ox Oy 0z
i j k
U F— o 9 0
| 9z Oy Oz
F, F, F,

O teheothc avddehta elvon ypauuixde. I8tdtntes and v emavenmtixy| e@op-
HoYY TOU % TNV EQUPUOYY TOV OE YIVOUEVO GUVOPTACOEWY AROSEIXVIOVTAL OTO
cVotnua optoyhviwy cuvTeTaYMEVLY cdAd toybouy Béfoaia ot onotodfrote
o cUotnua. Ot tddTtntee autés amouvnuovebovtal elxola Ue ) Pordeia
WY XAVOVKLY TN Stavuopatixfc dAveBpas xot Tne cuvious mapaydYLoNng.
Eilvon ypfioyo va duuduacte tny nopay@yior oplotévmy etdindy ouvaptoe-
wv. Toa onoudatdtepa ohoxANpwTIXd Fewpripota, ot onola eppavilovron
nopdywyot, elvaw:

b
Ve dl= ¢l
a(C)

/ V xF -nda = j{ F-dl Oewpnua Stokes
s c

/ V- -Fdv= j{ F -nda Oedpnua andxiaong
v s

Ot mopandve oyéoel amoTEAOUY YEVIXEUOELS TwV VeeAnddy Yewpnudiny
™e vadnuatc avdivong.
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1.10 TIPOBAHMATA

1.1 To Staviopate and T opyY) TOU CUCTALATOS CUVTETAYMEVOV WS TA O
ueta A, B, C, D, elvor:

A=i+j+k
B =2i+3j
C=3i+5j—2k
D=k—j

AelEte 6t o Apata AB xow CD efvon mopddinia xon Bpeite 1o Adyo twy
MNX®Y TOUG.
1.2 Ael€te ot o mopaxdtey Staviouora elvar xddeta wetalh touc:

A=i+4j+3k,  B=4i+2j—4k

1.3 AciZte ottt napadte Staviouata anoteAoly TiC TAELUpES EVOS oployd-
VIOU TPLY®YOU:

A=2i—-j+k, B=i-3j-5k,  C=3i—4j—4k

1.4 Tgvovtag oto Ttetpdywvo xat ta 800 Uén e efiowonc A = B - C
Xl EQUNVEVOVTAC TO AMOTEAECUA UE YEWUETPIXO TE6TO, anodelfte To «voHo
TWV GUYTIUTOVOVY.

1.5 o) Acelfte 61t oo axbhouda davdouarta Tou emnédou zy elvar yovodialo
xa oynuatilouy ywvies o xar 5 ue tov dCova x:

A =icosa+ jsinc, B =icos3+jsing

B) Xpnowonowvtae éva Baduwtd ywduevo, Bpelte tov tomo mou Blvel o
cos(a — f3).

1.6 Av A efvon otadepd Sidvuoua xan r elvan to Stdvuoua and Y dpyl| TwY
aZbvewy we 1o onuelo (z,y, z), SelEte du 1 e&lowon:

(r—A)-A=0

elvar n e€lowon mov neplypdpet éva entredo.
1.7 Av ta A xau r opilovton 6mwg oto LpdPinua 1.6, deifte 61l n e€iowan:

r—A) r=0

elvar e&lowon opalpac.

1.8 Xpnowonot@vroe 1o Boduwtd yivouevo, Beelte 1o cuvnuitovo e yaviog
nov oynuatilet n xOpla Slarydviog eves xOBou UE ol axur; Tou.

1.9 Anodellte 1o voUOo TwV MUITéVRY ¢ éva Tplywvo, YPNoULOTOLOVTIS TO
eZwTEPO YVOUEVO Blavuoudtwy ue A 4+ C = B.
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1.10 Av A, B, C elvar Staviopata and tnyv apyf tov afdvwy oc o onuela
A, B, C, Sel€te 611 1o Sdvuopa:

(AxB)+(BxC)+(CxA)

elvar xdeto oto eninedo ABC.

1.11 Arnodelte, ue dueon avuxatdotaon, 6t n EE.(1.15) elvon Abon g
EZ.(1.14) (rapatmphiote 6t n EE.(1.14) unodnidver 6t 1o C elvon xddeto
oto A).

1.12 o) Acl&te du a0 A, B xan C Bev elvan ypouuixd aveldptnta av:

A-BxC=0
B) ExéyZte av to napaxdte Staviopota elvan ypouuixd aveldptnta:
A=j+3k, B=i-2% C=iljtk

1.13 o) AclEte 6 10 Hovadialo Bdvuoua xddeto oty emupdveld
¢(r) = oralepd, diveton and tn oyéon:

n=Ve/[Vyl
B) Bpelte to xédeto didvuoua n oo ehhetoeldéc:
@ =az? + by’ + cz?
1.14 Bpefte ) Boduida tne ¢ o xulvdpixéc cuvtetayuéves, dedouévou ot
ds =dra, +rdfay;+ dzk

Enuewdote 6tL ol r xon 6 €36 opllovion Staopetind ané 6,1 ot EE.(1.23)
xar (1.24). Yuc opapinéc ouvtetayuéve, r elvor 1o UETPo Tou dtaviouatos
Véone and v apy| Twv afdvey xar 0 1 moh] ywvia., 3tic xUAvdpLxée
ouvteTAYMEVES, 7 elval 1 xddetn andotaon and Tov dZova Tou XVALYSpou xon
0 n alioudiond] yovia Yopw arnd autédy tov dEova.

1.15 XprowonotdvTag tov oplod e andxhong, Peeite v éxgppaon tou
V - F ot xulwdpinés ouvtetaryévec.

1.16 o) Bpelte v anbdxiion tou davioupartoc:

i(2” +yz) +j(y” + 22) + k(z* + zy)

B) Bpelte enlong 1o otpoPukioud tou daviouatoc.

1.17 Efvoe 1o Stdvuoua V x F ndvtote xddeto oto F yia xdde Stavuapatiny
ouvdptnon F; Awatohoyfote tny ardvinon odc.

1.18 I'ia onoteadrnote 0o Baduwtéc cuvapthoelc ¢ xat v, anodelte otu:

V(@) = oV + V20 + 2V - Vi
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1.19 Av r elvon o Stdvuoua and Ty apyr v afévey we to onuelo (z,y, z),
anodelfte Touc TOTOLC:

Vr=3 Vxr=0 (u-Vir=u

[Xnueiwon: To u elvon tuyaio Sévuoua].
1.20 Av A elvor otadepd didvuoua, deflte otu

V(Ar)=A

1.21 AnodelEte 1 tavtémree (1.1.7) xou (1.1.9) tou IMivaxa 1.1.
1.22 Av r efvar 10 Yétpo Tou dtavicouartos and Ty dpyY| Twv afévey we To
onuelo (x,y, 2), xau f(r) wa Tuyala ouvdptnon tou r, anodelZte ot

r df
Vi) = ~a V x [f(r)] =0
1.23 Arnodellte 4t
V. F(r)=". dF
rdr
1.24 Av £ = A - r, anodei&te o6Tu
_ Ay

1.25 AnodelZte tnv EZ.(1.58) otic oploydvies ouvtetayuéves, 6mov o opl-
ou6S Tou V2F o autéc Tic ouvtetayuéves éxel Sodel oto xeluevo.

1.26 AnodelEte tc Tavtétntes (1.2.2) xon (1.2.4) tou Iivaxa 1.2 [Ynddaén:
Xenowonotiote 1o Yedpnua TnS AROXALONS Xl [ 1} TEPLOCOTEPES Amd TS
tavtdtntes tou Mivonea 1.1].






