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Kef�laio 1

Idiìthtec hmiagwg¸n

1.1 Poiotik  eisagwg 
'Opwc eÐnai gnwstì, ta hlektrìnia twn memonwmènwn atìmwn twn stoiqeÐwn
tou periodikoÔ pÐnaka brÐskontai se diakekrimènec kbantikèc idiokatast�seic
pou qarakthrÐzontai apì sugkekrimènec timèc thc enèrgeiac, dhlad  se ener-
geiakèc st�jmec. 'Otan den exet�zoume thn kat�stash tou memonwmènou atì-
mou, all� mac apasqoloÔn ta Ðdia �toma ìtan brÐskontai s' ènan krÔstallo,
apodeiknÔetai me diafìrouc trìpouc ìti oi energeiakèc st�jmec metatrèpontai
se (epitreptèc) energeiakèc z¸nec, dhlad  perioqèc thc enèrgeiac ìpou mpo-
roÔn na kinoÔntai oi foreÐc fortÐou. MetaxÔ twn epitrepomènwn energeiak¸n
zwn¸n paremb�llontai oi legìmenec apagoreumènec energeiakèc z¸nec, pr�g-
ma pou shmaÐnei ìti oi foreÐc fortÐou den eÐnai dunatìn na èqoun enèrgeia pou
na empÐptei se apagoreumènh energeiak  perioq . Oi idiìthtec agwgimìthtac
twn ulik¸n mporoÔn na qarakthristoÔn pl rwc, an exet�soume to polÔ tic
dÔo epitreptèc z¸nec me thn uyhlìterh enèrgeia.

Pio sugkekrimèna, �n h uyhlìterh energeiak  z¸nh eÐnai kat� èna mèroc
mìno gem�th, tìte kai èna el�qisto exwterikì hlektrikì pedÐo eÐnai dunatìn na
jèsei ta hlektrìnia se kÐnhsh, diìti up�rqoun diajèsimec st�jmec me enèrgeia
polÔ kont� se ant n pou  dh diajètoun, opìte h met�bas  touc ekeÐ eÐnai
eÔkolh. Aut� ta ulik� lègontai mètalla kai qarakthrÐzontai metaxÔ �llwn
kai apì th meg�lh hlektrik  touc agwgimìthta. Ex �llou up�rqoun ulik�
pou h uyhlìterh energeiak  touc st�jmh (pou lègetai z¸nh sjènouc) eÐnai
gem�th me hlektrìnia. Autì shmaÐnei ìti aut� ta hlektrìnia den mporoÔn na
kinhjoÔn eÔkola, giatÐ oi st�jmec me enèrgeiec parapl siec me th dik  touc
eÐnai kateilhmmènec. H mình perÐptwsh na kinhjoÔn eÐnai na apokt soun apì
k�poio exwterikì aÐtio arket� meg�lh prìsjeth enèrgeia, ¸ste na mporèsoun
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4 KEF�ALAIO 1. IDI�OTHTES HMIAGWG�WN

na metaphd soun sthn amèswc epìmenh energeiak  z¸nh pou lègetai z¸nh
agwgimìthtac kai apèqei apì th z¸nh sjènouc kat� to legìmeno energeiakì
q�sma EG pou eÐnai arket� meg�lo (thc t�xhc twn 10eV ). Aut  h metap dhsh
eÐnai exairetik� dÔskolh kai ta ulik� aut�, pou lègontai monwtèc, èqoun polÔ
meg�lh hlektrik  antÐstash. Tèloc, up�rqei mia eidik  kathgorÐa monwt¸n,
pou to energeiakì touc q�sma tuqaÐnei na eÐnai mikrì (thc t�xhc tou 1eV )
opìte k�poio posostì hlektronÐwn thc z¸nhc sjènouc mporoÔn na per�soun
(p.q. lìgw jermik c diègershc) sth z¸nh agwgimìthtac kai na d¸soun mia
asjenik  agwgimìthta. Aut� ta ulik� lègontai (endogeneÐc) hmiagwgoÐ.

Ta hlektrìnia pou kinoÔntai sth z¸nh agwgimìthtac qarakthrÐzontai apì
ènan kumatikì arijmì ~k pou sundèetai me thn enèrgeia E mèsw thc sqèshc
diaspor�c E = E(~k). H z¸nh agwgimìthtac qarakthrÐzetai apì k�poia el�-
qisth enèrgeia (h opoÐa mporeÐ na shmei¸netai gia perissìterouc apì ènan
kumatikoÔc arijmoÔc, opìte èqoume poll� isodÔnama el�qista) kai k�poia
mègisth enèrgeia. 'Estw ìti h el�qisth enèrgeia sth z¸nh agwgimìthtac eÐ-
nai EC . Tìte sunhjÐzetai na anaptÔssei kaneÐc th sqèsh diaspor�c perÐ ton
antÐ-
stoiqo kumatarijmì ~k0 kai, an to ulikì eÐnai (gia aplìthta) isìtropo, na
brÐskei thn proseggistik  sqèsh diaspor�c:

E(k) ' EC +
1

2

∂2E

∂k2

∣∣∣∣∣
k=k0

(k − k0)
2 ≡ EC +

h̄2(k − k0)
2

2m∗
n

.

Aut  h sqèsh orÐzei th legìmenh energì m�za m∗
n tou hlektronÐou, pou genik�

den isoÔtai me th m�za tou hlektronÐou pou metr�me ston eleÔjero q¸ro. H
posìthta EC , to el�qisto thc z¸nhc agwgimìthtac, eÐnai polÔ shmantik 
par�metroc.

Anaforik� me th z¸nh sjènouc isqÔoun an�loga pr�gmata, mìno pou
h shmantik  par�metroc eÐnai to mègisto EV thc z¸nhc sjènouc, to opoÐo
brÐsketai p�nta sto shmeÐo (0, 0, 0) kai h antÐstoiqh proseggistik  sqèsh
diaspor�c eÐnai h

E(k) ' EV +
1

2

∂2E

∂k2

∣∣∣∣∣
k=(0,0,0)

k2 ≡ EV − h̄2k2

2m∗
p

,

ap' ìpou orÐzetai h energìc m�za twn op¸n m∗
p. Ed¸ qrei�zetai k�poia ex gh-

sh: afoÔ prìkeitai gia mègisto, h deÔterh par�gwgoc eÐnai arnhtik , gi' autì
èqoume eisag�gei èna arnhtikì prìshmo, ¸ste h m∗

p na prokÔptei jetik . EÐ-
nai polÔ shmantikì to gegonìc ìti ta hlektrìnia ta opoÐa tuqìn ja metaboÔn
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sth z¸nh agwgimìthtac af noun pÐsw touc èna kenì, pou to lème op . K�-
poio geitonikì hlektrìnio eÐnai dunatìn na gemÐsei autì to kenì, all� tìte h
diki� tou jèsh ja meÐnei ken , dhlad  ja gÐnei op . 'Ara h op  mporeÐ ki aut 
na kineÐtai kai h kÐnhs  thc ja qarakthrÐzetai apì th m�za pou mìlic orÐsa-
me. Bèbaia, oi opèc jewroÔntai jetik� fortismènoi foreÐc, afoÔ antistoiqoÔn
sthn èlleiyh enìc arnhtik� fortismènou hlektronÐou. EÐnai profanèc ìti to
energeiakì q�sma ekfr�zetai posotik� me th sqèsh:

EG = EC − EV .

Tèloc, prèpei na anaferjeÐ ìti o kumatikìc arijmìc k den èqei nìhma na
paÐrnei ìlec tic timèc tou pragmatikoÔ �xona: to ginìmeno ka (ìpou to a ja
mporoÔse na eÐnai h plegmatik  stajer�) prèpei na brÐsketai sto di�sthma
[−π, +π]. MegalÔterec apìlutec timèc tou ginomènou ja antistoiqoÔsan se
qwrikèc metabolèc me m koc kÔmatoc tìso mikrì pou oi talant¸seic ja sunè-
bainan metaxÔ twn iìntwn kai den ja  tan fusik� aniqneÔsimec. H anisìthta

−π

a
≤ k ≤ +

π

a

orÐzei thn legìmenh (pr¸th) z¸nh Brillouin sto q¸ro twn kumatarijm¸n. Oi
perioqèc stic opoÐec kinoÔntai h eidik  antÐstash kai h agwgimìthta
gia monwtèc, hmiagwgoÔc kai agwgoÔc faÐnontai ston pÐnaka.

Idiìthtec agwgimìthtac ulik¸n
Ulik� Eidik  antÐstash ρ(Ohm · cm) Agwgimìthta σ(S/cm)
Monwtèc 1018 − 108 10−18 − 10−8

HmiagwgoÐ 108 − 10−3 10−8 − 103

AgwgoÐ 10−3 − 10−8 103 − 108

1.2 EndogeneÐc kai exwgeneÐc hmiagwgoÐ
EndogeneÐc (intrinsic) onom�zontai oi hmiagwgoÐ pou den èqoun prosmeÐxeic.
Kat' akoloujÐa den up�rqoun foreÐc fortÐou stouc 0oK. An h jermokrasÐa
auxhjeÐ, ja up�rxoun foreÐc lìgw jermik c diègershc: hlektrìnia ja apo-
kt soun arket  enèrgeia lìgw jermìthtac, ¸ste apì th z¸nh sjènouc na
anèboun sth z¸nh agwgimìthtac, af nontac tautìqrona èna kenì (op ) sth
z¸nh sjènouc. EÐnai, loipìn, fanerì, ìti h sugkèntrwsh n twn hlektronÐwn
kai h sugkèntrwsh p twn op¸n ja eÐnai Ðsec gia touc endogeneÐc hmiagwgoÔc:

ni = pi.
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O deÐkthc i (apì to intrinsic) apl� epishmaÐnei ìti anaferìmaste se endogen 
hmiagwgì.

ExwgeneÐc hmiagwgoÐ onom�zontai ìsoi perièqoun prosmeÐxeic, oi opoÐec
mporoÔn na diakrijoÔn se dÔo kathgorÐec, èqontac upìyh ìti kat' arq n ta
�toma tou hmiagwgoÔ eÐnai tetrasjen : (1) An to �tomo miac prìsmixhc tÔ-
qei na eÐnai pentasjenèc, ta tèssera apì ta pènte hlektrìnia ja sqhmatÐzoun
desmoÔc me to ulikì tou hmiagwgoÔ, en¸ to pèmpto ja sundèetai asjenik�
me to �tomo proèleus c tou, me pijanì apotèlesma na apomakrunjeÐ kai na
paÐxei to rìlo tou eleÔjerou arnhtikoÔ forèa, en¸ tautìqrona ja af sei
pÐsw tou to jetikì iìn thc prìsmixhc. Tètoiou eÐdouc �toma lègontai dìtec.
(2) An, antÐjeta, èna �tomo prìsmixhc eÐnai trisjenèc, ta trÐa hlektrìni�
tou ja sqhmatÐsoun desmoÔc me ta geitonik� �toma tou hmiagwgoÔ, all�
apaiteÐtai �llo èna hlektrìnio apì to tetrasjenèc perib�llon: leÐpei èna
hlektrìnio, to opoÐo pijanìn na sumplhrwjeÐ apì k�poio hlektrìnio tou h-
miagwgoÔ dhmiourg¸-
ntac mia op  kai tautìqrona fortÐzontac arnhtik� to �tomo prìsmixhc. Tè-
toia �toma lègontai apodèktec.

Den eÐnai upoqrewtikì oi diergasÐec pou mìlic perigr�jame na sumboÔn
se ìla ta �toma twn prosmeÐxewn. 'Estw ND h sugkèntrwsh twn sunolik�
uparqìntwn atìmwn dìth kai N+

D h sugkèntrwsh ìswn atìmwn telik� para-
qwroÔn to hlektrìniì touc kai ionÐzontai jetik�. Ta antÐstoiqa megèjh gia
ta �toma apodèktec eÐnai antÐstoiqa NA kai N−

A , en¸ n eÐnai h sugkèntrwsh
twn
arnhtik¸n forèwn (hlektronÐwn) kai p twn jetik¸n forèwn (op¸n). AfoÔ
o hmiagwgìc ja eÐnai hlektrik� oudèteroc, to sunolikì arnhtikì fortÐo pou
sugkentr¸netai (hlektrìnia kai arnhtik� iìnta) prèpei na isoÔtai me to antÐ-
stoiqo jetikì fortÐo (opèc kai jetik� iìnta):

n + N−
A = p + N+

D . (1.1)

Fusik�, ta fainìmena thc jermik c diègershc kai tou emploutismoÔ se
prosmeÐxeic eÐnai dunatìn na sunup�rqoun. Telik� o hmiagwgìc ja onomasjeÐ
endogen c an N−

A << ni, N+
D << ni. AntÐstoiqa ja onomasteÐ exwgen c an

N−
A >> ni eÐte N+

D >> ni. Gia exwgeneÐc hmiagwgoÔc: an N−
A > N+

D lègontai
hmiagwgoÐ tÔpou p en¸ an N−

A < N+
D lègontai tÔpou n.

Ja doÔme argìtera ìti, ektìc apì th sqèsh (1.1) isqÔei kai h

nnpn = nppp = n2
i , (1.2)

ìpou p.q. np sumbolÐzei th sugkèntrwsh twn arnhtik¸n forèwn n se h-
miagwgì tÔpou p kai h ènnoia twn loip¸n sumbìlwn eÐnai an�logh. Oi dÔo
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Sq ma 1.1: Sugkèntrwsh twn forèwn pleionìthtac (M) kai meionìthtac (m)
sunart sei thc diafor�c stic sugkentr¸seic twn prosmeÐxewn.

sqèseic (1.1) kai (1.8) mporoÔn na qrhsimopoihjoÔn gia ton upologismì twn
sugkentr¸sewn hlektronÐwn kai op¸n gia endogeneÐc kai exwgeneÐc hmiagw-
goÔc. Upojètoume gia aplìthta ìti ìla ta �toma dìtec   apodèktec eÐnai
ionismèna: N−

A = NA, N+
D = ND.

Oi exis¸seic nn + NA = pn + ND, nnpn = n2
i , gia hmiagwgoÔc tÔpou

n (ND > NA), dÐnoun ta apotelèsmata:

nn =
1

2

[
(ND −NA) +

√
(ND −NA)2 + 4n2

i

]
, pn =

n2
i

nn

.

Eidik¸tera, an meletoÔme saf¸c exwgen  hmiagwgì tÔpou n, dhlad  an i-
sqÔoun oi sqèseic ND >> ni, NA = 0, ta apotelèsmata aut� gr�fontai
proseggistik� me th morf :

nn ≈ ND +
n2

i

ND

≈ ND, pn =
n2

i

nn

≈ n2
i

ND

.

Gia ènan hmiagwgì pou eÐnai basik� endogen c, en¸ oi sugkentr¸seic twn
prosmeÐxewn ikanopoioÔn th sqèsh (0 < ND −NA << ni), ¸ste to ulikì na
teÐnei elafr� proc touc hmiagwgoÔc tÔpou n, oi tÔpoi gia tic sugkentr¸seic
paÐrnoun tic proseggistikèc morfèc:

nn = ni +
ND −NA

2
, pn = ni − ND −NA

2
.

To sq ma parist�nei to phlÐko nn

ni
sunart sei tou ND−NA

ni
kai sunoyÐzei aut�

pou mìlic eÐpame.
Oi exis¸seic np+NA = pp+ND, nppp = n2

i , gia hmiagwgoÔc tÔpou p (NA >
ND), dÐnoun ta apotelèsmata:

pp =
1

2

[
(NA −ND) +

√
(NA −ND)2 + 4n2

i

]
, np =

n2
i

pp

.

Eidik¸tera, an meletoÔme saf¸c exwgen  hmiagwgì tÔpou p, dhlad  an i-
sqÔoun oi sqèseic NA >> ni, ND = 0, ta apotelèsmata aut� gr�fontai
proseggistik� me th morf :

pp ≈ NA +
n2

i

NA

≈ NA, np =
n2

i

pp

≈ n2
i

NA

.
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Gia ènan hmiagwgì pou eÐnai basik� endogen c, en¸ oi sugkentr¸seic twn
prosmeÐxewn ikanopoioÔn th sqèsh (NA − ND << ni), ¸ste to ulikì na
teÐnei elafr� proc touc hmiagwgoÔc tÔpou p, oi tÔpoi gia tic sugkentr¸seic
paÐrnoun tic proseggistikèc morfèc:

np = ni − NA −ND

2
, pp = ni +

NA −ND

2
.

'Opwc eÐdame, ènac hmiagwgìc me prosmeÐxeic exakoloujeÐ na leitour-
geÐ kai wc endogen c hmiagwgìc. To ulikì lègetai exwgen c hmiagwgìc an
|NA − ND| >> ni kai endogen c an |NA − ND| << ni. H tupik  tim  tou
ni se jermokrasÐa dwmatÐou eÐnai 1010cm−3. Sumperasmatik�, mia praktik 
sunj kh gia na eÐnai exwgen c o hmiagwgìc eÐnai h |NA −ND| ≈ 1015cm−3.

1.3 Energeiakèc st�jmec se exwgeneÐc hmiagw-
goÔc

Ja exet�soume to jèma twn energeiak¸n stajm¸n gia touc exwgeneÐc hmiagw-
goÔc tÔpou n pou prokÔptoun me thn prosj kh pentasjen¸n atìmwn (p.q.As)
se hmiagwgì me tetrasjen  �toma (p.q. Si.) Ta tèssera apì ta pènte �toma
thc prìsmixhc ja sqhmatÐsoun desmoÔc me ta geitonik� �toma tou Si, all�
to pèmpto paramènei qalar� sundedemèno me to mhtrikì �tomo. Me th diatÔ-
pwsh thc pali�c Kbantik c Mhqanik c tou Bohr ja lègame ìti h aktÐna thc
troqi�c tou pèmptou hlektronÐou gÐnetai meg�lh kai perilamb�nei arket� �to-
ma puritÐou, sunep¸c to hlektrìnio mporeÐ se kal  prosèggish na perigrafeÐ
mèsw miac tropopoihmènhc dunamik c enèrgeiac

V (r) =
ke2

εrr
,

ìpou to εr eÐnai h sqetik  dihlektrik  stajer� tou Si, to k mia stajer� pou
exart�tai apì to sÔsthma mon�dwn pou qrhsimopoioÔme (p.q. sto diejnèc
sÔsthma mon�dwn SI k = 1

4πε0
) kai e eÐnai to stoiqei¸dec hlektrikì fortÐo.

Ston kenì q¸ro εr = 1, all� gia to purÐtio eÐnai εr = 11.7, pr�gma pou mei¸nei
akìma perissìtero th zeÔxh tou pèmptou hlektronÐou. UpenjumÐzoume thn
tim  thc enèrgeiac gia ta udrogonoeid  �toma:

En = −mk2e4

2h̄2n2
= − ke2

2a0n2
≡ −ER

n2
,
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ìpou me a0 ≡ h̄2

mke2 sumbolÐzetai h legìmenh aktÐna tou Bohr pou eÐnai Ðsh
me thn pio mikr  dunat  aktÐna sto �tomo tou Bohr kai eÐnai tupik  mon�da
mètrhshc apost�sewn se atomikì epÐpedo. H arijmhtik  thc tim  eÐnai 0.529
Å. H enèrgeia

ER ≡ m0k
2e4

2h̄2 =
ke2

2a0

= 13.6eV

lègetai enèrgeia Rydberg. Sthn perÐptwsh tou pèmptou hlektronÐou sto
tropopoihmèno dunamikì,   sqèsh pou dÐnei thn enèrgeia metatrèpetai sthn

ED = −m∗
nk2e4

2ε2
rh̄

2 = − 1

ε2
r

m∗
n

m0

m0k
2e4

2h̄2 = − 1

ε2
r

m∗
n

m0

ER.

Sth jèsh thc m�zac tou hlektronÐou èqoume jèsei ston tÔpo thc enèrgeiac
thn energì tou m�za m∗

n, h opoÐa den eÐnai upoqrewtik� Ðsh me th m�za tou
hlektronÐou ston eleÔjero q¸ro, thn opoÐa sumbolÐzoume sto ex c me m0.
'Ena sqìlio pou prèpei na gÐnei èqei na k�nei me th st�jmh anafor�c thc enèr-
geiac. Gia to �tomo tou udrogìnou èna sqedìn eleÔjero hlektrìnio (èstw me
meg�lo kÔrio kbantikì arijmì) èqei (toul�qiston) mhdenik  enèrgeia. 'Omwc
gia thn perÐptwsh tou hmiagwgoÔ èna hlektrìnio ja kinhjeÐ eleÔjera an ft�-
sei sth z¸nh agwgimìthtac, dhlad  an h enèrgei� tou gÐnei (toul�qiston) EC .
Epomènwc, an jèloume na akribolog soume, h enèrgeia autoÔ tou hlektronÐou
eÐnai

ED = EC − 1

ε2
r

m∗
n

m0

ER.

Gia m∗
n

m0
= 0.5, εr = 11.7, h diafor� eÐnai: EC − ED ' 50meV. Lamb�nontac

upìyh ìti to energeiakì q�sma eÐnai thc t�xhc tou eV, eÐnai fanerì ìti h
st�jmh ED brÐsketai el�qista pio k�tw apì to k�tw ìrio EC thc z¸nhc
agwgimìthtac. Autì akrib¸c to gegonìc mporeÐ na ermhneÔsei thn auxhmènh
agwgimìthta twn hmiagwg¸n tÔpou n: ta hlektrìnia me enèrgeia ED mporoÔn
na metaphd soun eÔkola (toul�qiston polÔ eukol¸tera ap' ìti ta hlektrìnia
thc z¸nhc sjènouc) sth z¸nh agwgimìthtac. An�loga epiqeir mata isqÔoun
gia hmiagwgoÔc tÔpou p.

EÐnai qr simo na exet�soume thn t�xh megèjouc thc aktÐnac thc troqi�c
tou pèmptou hlektronÐou tou dìth. Gia thn kat� prosèggish ektÐmhsh thc
aktÐnac arkeÐ h jewrÐa tou Bohr. H dÔnamh metaxÔ tou hlektronÐou kai tou
pur na sto �tomo tou udrogìnou lìgw èlxhc Coulomb leitourgeÐ wc kentro-
mìloc dÔnamh: k e2

r2 = mv2

r
→ (mvr)2 = kme2r. To aristerì mèloc eÐnai to

tetr�gwno thc stroform c, pou prèpei na isoÔtai me (nh̄)2, opìte

r =
h̄2

kme2
n2 = a0n

2.
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Sthn perÐptwsh tou hmiagwgoÔ to hlektrìnio kineÐtai se perib�llon me sqe-
tik  dihlektrik  stajer� εr kai h m�za prèpei na antikatastajeÐ me thn po-
sìthta m∗

n :

r =
εrh̄

2

km∗
ne

2
n2 = εr

m0

m∗
n

h̄2

km0e2
n2 = εr

m0

m∗
n

a0n
2.

Gia ta dedomèna pou eÐqame kai prohgoumènwc (m∗
n

m0
= 0.5, εr = 11.7), h

el�qisth aktÐna (n = 1) isoÔtai me r ' 23.4a0 = 12.4Å. H plegmatik 
stajer� (mèsh apìstash metaxÔ atìmwn puritÐou) isoÔtai me aSi ' 5.4Å,
dhlad  r

aSi
' 2.3. Autì to apotèlesma dikai¸nei ek twn ustèrwn thn arqik 

upìjesh thc qalar c sÔndeshc tou pèmptou hlektronÐou, afoÔ shmaÐnei ìti
mèsa sthn troqi� tou perilamb�nontai dÔo kai plèon �toma puritÐou.

Sunoptik�, gia hmiagwgoÔc tÔpou n isqÔoun oi sqèseic:

ED = EC − 1

ε2
r

m∗
n

m0

ER, r = εr
m0

m∗
n

a0n
2. (1.3)

Parìmoia, gia hmiagwgoÔc tÔpou p isqÔoun oi sqèseic:

EA = EV +
1

ε2
r

m∗
p

m0

ER, r = εr
m0

m∗
p

a0n
2. (1.4)

1.4 Sugkentr¸seic forèwn
Gia na upologÐsoume tic sugkentr¸seic twn forèwn qreiazìmaste dÔo stoi-
qeÐa:
(1) Th statistik  katanom  fFD(E) pou dièpei touc foreÐc, (2) Thn puknìth-
ta katast�sewn gn(E), gp(E) twn arnhtik¸n kai twn jetik¸n forèwn antÐ-
stoiqa.

Kai ta dÔo eÐdh forèwn upakoÔoun sthn statistik  Fermi-Dirac:

fFD(E) =
1

eβ(E−EF ) + 1
.

'Eqoume qrhsimopoi sei ton sumbolismì β ≡ 1
kBT

, ìpou

kB = 1.38× 10−23Jgrad−1 = 8.62× 10−2meV grad−1,

eÐnai h stajer� Boltzmann, pou metatrèpei mon�dec jermokrasÐac (touc baj-
moÔc Kelvin oK → grad) se kat�llhlec mon�dec enèrgeiac. H posìthta T



1.4. SUGKENTR�WSEIS FOR�EWN 11

Sq ma 1.2: Katanom  fFD twn Fermi kai Dirac sunart sei thc enèrgeiac.

Sq ma 1.3: Enèrgeia sunart sei thc katanom c fFD twn Fermi kai Dirac.

eÐnai h jermokrasÐa sthn apìluth klÐmaka Kelvin. H posìthta EF lègetai
enèrgeia Fermi kai exart�tai genik� apì th jermokrasÐa. 1 AxÐzei na shmei¸-
soume ìti h katanom  fFD(E) paÐrnei thn tim  1

2
gia E = EF . H katanom 

faÐnetai sto sq ma (1.2).
Sto epìmeno sq ma deÐqnoume ìqi akrib¸c to fFD(E), all� thn antÐ-

strofh sun�rthsh (to E sunart sei tou fFD(E), pr�gma pou dieukolÔnei th
sunèqeia thc suz ths c mac kai eÐnai h sunhjismènh praktik .

Prèpei na tonÐsoume ìti, gia thn statistik  pou afor� enèrgeiec megalÔ-
terec apì thn EC (to k�tw ìrio thc z¸nhc agwgimìthtac), dhlad  gia thn
perioq  pou foreÐc eÐnai ta hlektrìnia, qrhsimopoieÐtai h sun�rthsh fn(E)
pou tautÐzetai me thn fFD(E) :

fn(E) = fFD(E) =
1

eβ(E−EF ) + 1
, E ≥ EC .

Gia thn perioq  energei¸n k�tw apì thn EV (to �nw ìrio thc z¸nhc sjènou-
c), dhlad  sthn perioq  ìpou foreÐc eÐnai oi opèc, h pijanìthta kat�lhyhc
apì opèc twn antÐstoiqwn kbantik¸n katast�sewn eÐnai h mon�da meÐon thn
pijanìthta kat�lhyhc apì hlektrìnia: fp(E) = 1− fFD(E). Dhlad :

fp(E) = 1− fFD(E) =
eβ(E−EF )

eβ(E−EF ) + 1
, E ≤ EV .

Shmei¸noume ìti den èqei nìhma na asqolhjoÔme idiaÐtera me tic timèc
pou paÐrnei h pijanìthta kat�lhyhc metaxÔ twn energei¸n EV kai EC , afoÔ
ja pollaplasiasteÐ me thn puknìthta katast�sewn, pou eÐnai mhdèn s' aut n
thn perioq , epomènwc den ja paÐxei rìlo.

Sthn pleionìthta twn peript¸sewn h enèrgeia Fermi EF eÐnai k�pou sto
di�sthma metaxÔ thc EV kai thc EC , dhlad  arket� makru� kai apì tic dÔo.

1Prèpei na shmei¸soume ed¸ ìti sun jwc aut  h posìthta onom�zetai qhmikì dunamikì
kai mìno gia mhdenik  jermokrasÐa onom�zetai enèrgeia Fermi. Gia lìgouc aplìthtac sthn
orologÐa ja thn onom�zoume kataqrhstik� enèrgeia Fermi.
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Me autì to dedomèno eÐnai aplì na elègxei kaneÐc ìti isqÔoun oi akìloujec
proseggÐseic pou ja dieukolÔnoun tic pr�xeic:

Sth sqèsh fn(E) = 1
eβ(E−EF )+1

to ekjetikì eÐnai polÔ megalÔtero apì th
mon�da gia E ≥ EC >> EF (kai ìqi uperbolik� uyhl  jermokrasÐa, ¸ste
to β na mhn eÐnai uperbolik� mikrì, periorismìc pou sun jwc ikanopoieÐtai),
opìte:

fn(E) ≈ e−β(E−EF ), E ≥ EC .

Ex �llou h sqèsh fp(E) = eβ(E−EF )

eβ(E−EF )+1
= 1

1+eβ(EF−E) proseggÐzetai kal�
an paraleifjeÐ ston paronomast  h mon�da se sÔgkrish me to ekjetikì, gia
enèrgeiec E ≤ EV << EF , opìte:

fp(E) ≈ eβ(E−EF ), E ≤ EV .

JewroÔme t¸ra swmatÐdia me spin 1
2
kai m�za m pou kinoÔntai s' èna koutÐ

èxw apì to opoÐo h dunamik  enèrgeia eÐnai �pairh, en¸ mèsa se autì eÐnai
mhdèn, sunep¸c h st�jmh anafor�c thc enèrgeiac eÐnai to mhdèn: E = h̄2k2

2m
.

UpenjumÐzoume ìti h puknìthta katast�sewn sthn enèrgeia E dÐnetai apì th
sqèsh:

g(E) =
1

2π2

(
2m

h̄2

)3/2√
E.

Autì shmaÐnei ìti oi katast�seic an� mon�da ìgkou sto di�sthma enèrgeiac
apì E mèqri E + dE eÐnai g(E)dE.

JewroÔme sth sunèqeia hlektrìnia pou kinoÔntai sth z¸nh agwgimìthtac
kai h enèrgei� touc perigr�fetai apì th sqèsh diaspor�c E = E(~k), h opoÐa
mporeÐ na anaptuqjeÐ gÔrw apì èna el�qisto ~k = ~k0 6= (0, 0, 0) thc z¸nhc
agwgimìthtac kai na d¸sei thn proseggistik  sqèsh diaspor�c:

E = EC +
h̄2k2

2m∗
n

,

pou exart�tai apì thn el�qisth tim  EC thc enèrgeiac sth z¸nh agwgimìthtac
kai apì thn energì m�za twn arnhtik¸n forèwn, pou genik� den tautÐzetai me
th m�za m0 tou hlektronÐou ston eleÔjero q¸ro. Sunep¸c h puknìthta ka-
tast�sewn gia ta hlektrìnia (arnhtikoÔc foreÐc) eÐnai eÔkolo na upologisteÐ:
arkeÐ h m�za m na antikatastajeÐ me m∗

n kai h enèrgeia E me E − EC :

gn(E) = N
1

2π2

(
2m∗

n

h̄2

)3/2 √
E − EC , E ≥ EC .
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Sq ma 1.4: Puknìthtec katast�sewn

'Eqoume peril�bei ston teleutaÐo tÔpo ton arijmì N twn isodÔnamwn elaqÐ-
stwn thc z¸nhc agwgimìthtac mèsa sthn pr¸th z¸nh Brillouin, gia na kalÔ-
youme thn perÐptwsh pou aut� eÐnai perissìtera apì èna.

Sqetik� me tic opèc prèpei na parathr soume ìti to mègisto EV thc z¸nhc
sjènouc, sthn opoÐa kinoÔntai oi opèc, brÐsketai p�nta sto kèntro ~k = (0, 0, 0)
thc z¸nhc Brillouin, opìte N = 1, kai to an�ptugma thc antÐstoiqhc sqèshc
diaspor�c eÐnai to ex c:

E = EV − h̄2k2

2m∗
p

.

S' aut n thn perÐptwsh o kumatikìc arijmìc k, me b�sh ton opoÐo prokÔptei h
puknìthta katast�sewn, sqetÐzetai me thn posìthta

√
EV − E, opìte h puk-

nìthta twn katast�sewn jetikoÔ fortÐou (op¸n) eÐnai eÔlogo na upojèsoume
ìti dÐnetai apì th sqèsh:

gp(E) =
1

2π2

(
2m∗

p

h̄2

)3/2 √
EV − E, E ≤ EV .

Ta apotelèsmata gia tic puknìthtec katast�sewn faÐnontai sto sq ma (1.4).
'Eqoume pia d¸sei ìla ta stoiqeÐa pou qrei�zontai gia ton upologismì

thc sugkèntrwshc twn forèwn. H sugkèntrwsh n twn hlektronÐwn (arnhti-
k¸n forèwn) ja prokÔyei apì to ginìmeno thc sun�rthshc katanom c fn(E)
me thn puknìthta katast�sewn an� mon�da ìgkou twn forèwn me arnhtikì
fortÐo gn(E), an to oloklhr¸soume apì thn el�qisth enèrgeia EC mèqri to
�peiro. DÔo parathr seic: (1) Gia thn fn(E) ja qrhsimopoi soume thn pro-
sèggish pou br kame prohgoumènwc. (2) Austhr� mil¸ntac, h olokl rwsh
den prèpei na ekteÐnetai wc to �peiro, all� wc to an¸tato ìrio thc sugkekri-
mènhc energeiak c z¸nhc. Lìgw ìmwc, tou ekjetikoÔ, den k�noume shmantikì
l�joc an qrhsimopoi soume wc �nw ìrio to �peiro, pou eÐnai piì eÔqrhsto
apì majhmatik  �poyh. 'Ola aut� sunoyÐzontai sthn èkfrash:

n =
∫ ∞

EC

dEgn(E)fn(E) =
∫ ∞

EC

dE
N

2π2

(
2m∗

n

h̄2

)3/2 √
E − ECe−β(E−EF )

=
N

2π2

(
2m∗

n

h̄2

)3/2 ∫ ∞

EC

dE
√

E − ECe−β(E−EF ).
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An k�noume thn allag  metablht¸n (E = EC + x2, dE = 2xdx), to olo-
kl rwma ja metatrapeÐ sto

e−β(EC−EF )
∫ ∞

0
2xdxxe−βx2

= e−β(EC−EF )
∫ +∞

−∞
dxx2e−βx2

,

ìpou l�bame upìyh ìti h oloklhrwtèa sun�rthsh eÐnai �rtia. To teleutaÐo
upologÐzetai me th bo jeia tou GkaousianoÔ oloklhr¸matoc

∫ +∞
−∞ dxe−βx2

=√
π
β
, to opoÐo me parag¸gish wc proc β dÐnei:

∫ +∞
−∞ x2dxe−βx2

= 1
2

√
π
β3 . 'Ara

h sugkèntrwsh twn arnhtik¸n forèwn isoÔtai me:

n =
N

2π2

(
2m∗

n

h̄2

)3/2 1

2

√
π

β3
e−β(EC−EF ) ⇒

⇒ n = NCe−β(EC−EF ), NC ≡ N

4

(
2m∗

n

πβh̄2

)3/2

. (1.5)

H posìthta NC lègetai energìc puknìthta katast�sewn sth z¸nh
agwgimìthtac. Endeiktikèc timèc gia jermokrasÐa dwmatÐou (T = 300oK)
eÐnai 2.8× 1019cm−3 gia to Si kai 4.7× 1017cm−3 gia to GaAs.

Entel¸c parìmoioc eÐnai o upologismìc gia thn sugkèntrwsh twn jetik¸n
forèwn (op¸n). Gr�foume mìno tic anagkaÐec majhmatikèc sqèseic me lÐgec
mìno exhg seic:

p =
∫ EV

−∞
dEgp(E)fp(E) =

∫ EV

−∞
dE

1

2π2

(
2m∗

p

h̄2

)3/2 √
EV − Eeβ(E−EF )

=
1

2π2

(
2m∗

p

h̄2

)3/2 ∫ EV

−∞
dE

√
EV − Eeβ(E−EF ).

An k�noume t¸ra thn elafr� diaforetik  allag  metablht¸n (EV − E =
x2, dE = −2xdx), to olokl rwma ja metatrapeÐ sto

eβ(EV −EF )
∫ 0

+∞
(−2xdx)xe−βx2

= eβ(EV −EF )
∫ +∞

−∞
dxx2e−βx2

,

ìpou kai p�li l�bame upìyh ìti h oloklhrwtèa sun�rthsh eÐnai �rtia. Em-
fanÐzetai to Ðdio olokl rwma ìpwc prin, opìte:

p =
1

2π2

(
2m∗

p

h̄2

)3/2
1

2

√
π

β3
eβ(EV −EF ) ⇒
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⇒ p = NV eβ(EV −EF ), NV ≡ 1

4

(
2m∗

p

πβh̄2

)3/2

. (1.6)

H posìthta NV lègetai energìc puknìthta katast�sewn sth z¸nh
sjènouc. Endeiktikèc timèc gia jermokrasÐa dwmatÐou (T = 300oK) eÐnai
1.04× 1019cm−3 gia to Si kai 7.0× 1018cm−3 gia to GaAs.

Apì tic dÔo sqèseic gia tic sugkentr¸seic sumperaÐnoume ìti

np = NCNV e−β(EC−EV ).

H diafor�
EG ≡ EC − EV

pou emfanÐzetai sto ekjetikì eÐnai mia qarakthristik  par�metroc gia ton
hmiagwgì kai onom�zetai energeiakì q�sma (gap). 'Ara

np = NCNV e−βEG . (1.7)

Shmei¸noume ìti oi sqèseic (1.5,1.6,1.7) isqÔoun ex Ðsou kal� gia endogeneÐc
kai gia exwgeneÐc hmiagwgoÔc. To mìno pou metab�lletai eÐnai h enèrgeia
Fermi. Autì sunep�getai:

nppp = nnpn = nipi. (1.8)

H sqèsh aut  eÐnai exairetik� spoudaÐa kai lègetai nìmoc dr�shc maz¸n.
Sta sÔmbola pou mìlic qrhsimopoi same (p.q.to np) to n parist�nei th su-
gkèntrwsh twn antÐstoiqwn forèwn (epÐ tou prokeimènou twn arnhtik¸n), en¸
o deÐkthc p upodeiknÔei ìti anaferìmaste se hmiagwgì tÔpou p.

AxÐzei na parathr sei kaneÐc ìti, epeid  h sqèsh (1.5) isqÔei gia endogeneÐc
kai gia exwgeneÐc hmiagwgoÔc, mporeÐ na qrhsimopoihjeÐ dÔo forèc kai na
d¸sei: n = NCe−β(EC−EF ), ni = NCe−β(EC−Ei). 'Eqoume sumbolÐsei me Ei thn
enèrgeia Fermi gia endogeneÐc hmiagwgoÔc, pou lègetai endogen c enèrgeia
Fermi. SumperaÐnoume ìti:

n = nie
β(EF−Ei) → EF = Ei + kBT ln

(
n

ni

)
. (1.9)

'Eqoume ekfr�sei, dhlad , thn enèrgeia Fermi sunart sei thc endogenoÔc
enèrgeiac Fermi. Parìmoia:

p = pie
β(Ei−EF ) = nie

β(Ei−EF ) → EF = Ei − kBT ln
(

p

ni

)
. (1.10)

Qrhsimopoi same to gegonìc ìti pi = ni. O nìmoc dr�shc maz¸n np = n2
i

deÐqnei ìti ln
(

p
ni

)
= ln

(
n2

i

nin

)
= − ln

(
n
ni

)
, �ra oi dÔo ekfr�seic gia thn

enèrgeia eÐnai sumbibastèc metaxÔ touc.
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1.4.1 Ex�rthsh apì th jermokrasÐa
Antikajist¸ntac ta NC kai NV sthn (1.7) apì tic sqèseic (1.5) kai (1.6)
brÐskoume th sqèsh:

np =
(m∗

pm
∗
n)3/2

2π3β3h̄6 e−βEG =
k3

B(m∗
pm

∗
n)3/2

2π3h̄6 T 3e−βEG . (1.11)

Ta m∗
p kai m∗

n den exart¸ntai apì th jermokrasÐa. 'Omwc to energeiakì
q�sma èqei brejeÐ ìti exart�tai apì th jermokrasÐa sÔmfwna me th sqèsh:

EG(T ) = EG(0)− aT 2

T + b
, (1.12)

ìpou ta a kai b eÐnai jetikèc stajerèc (blèpe pÐnaka).

EG(0)(eV ) a× 10−4(eV/grad) b(grad)
Si 1.170 4.73 636
Ge 0.744 4.77 235
GaAs 1.519 5.41 204

Telik�:
np = AT 3e

−EG(0)

kBT
+ aT

kB(T+b) . (1.13)

Tèloc, apì ton orismì twn NC kai NV prokÔptoun oi sqèseic:

NC(T1)

NC(T2)
=

NV (T1)

NV (T2)
=

(
T1

T2

)3/2

, (1.14)

pou ekfr�zoun thn ex�rthsh aut¸n twn sugkentr¸sewn apì th jermokrasÐa.

1.4.2 Upologismìc thc enèrgeiac Fermi

Gia kajar� endogeneÐc hmiagwgoÔc h sqèsh ni = pi me th bo jeia twn (1.5)
kai (1.6) dÐnei to apotèlesma NCe−β(EC−EF ) = NV eβ(EV −EF ), opìte

EF =
EC + EV

2
− kBT

2
log

(
NC

NV

)
,
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h opoÐa, antikajist¸ntac ta NC , NV , gr�fetai:

EF =
EC + EV

2
+

3kBT

4
ln

(
m∗

p

m∗
n

)
⇒ EF − EV =

EG

2
+

3kBT

4
ln

(
m∗

p

m∗
n

)
.

(1.15)
Autì to apotèlesma, epeid  anafèretai se endogeneÐc hmiagwgoÔc, onom�ze-
tai endogen c enèrgeia Fermi kai sumbolÐzetai me Ei. ParathroÔme ìti, sthn
perÐptwsh pou oi energèc m�zec eÐnai Ðsec, h enèrgeia Fermi enìc endogenoÔc
hmiagwgoÔ eÐnai o mèsoc ìroc twn EC kai EV . An antikatast soume to apotè-
lesma (1.15) se opoiad pote apì tic (1.9,1.10) ja katal xoume sto sumpèra-
sma ìti:

ni = pi =

(
kBT

8πh̄2

)3/2

(m∗
pm

∗
n)3/4e−

βEG
2 . (1.16)

Apì aut  th sqèsh me k�poiec eÔlogec timèc gia ta megèjh pou upeisèrqontai
(EG = 1.4eV, m∗

p = m∗
n = m0, ) ìpou m0 eÐnai h m�za tou hlektronÐou ston

eleÔjero q¸ro, mporoÔme na èqoume mia ektÐmhsh thc sugkèntrwshc se tim 
dwmatÐou: eÐnai perÐpou 1010cm−3. EpishmaÐnoume epÐshc thn eÔlogh prìbleyh
ìti èna mikrì energeiakì q�sma antistoiqeÐ se meg�lh sugkèntrwsh.

Gia exwgeneÐc hmiagwgoÔc tÔpou n mia pr¸th prosèggish eÐnai na xekin sei
kaneÐc apì th sqèsh (1.5) me thn prìsjeth upìjesh tou pl rouc ionismoÔ
(nn = N+

D = ND), opìte epilÔontac prokÔptei h sqèsh:

EF = EC − kBT ln
NC

ND

. (1.17)

Parìmoia gia exwgeneÐc hmiagwgoÔc tÔpou p me afethrÐa th sqèsh (1.6) kai
me thn prìsjeth paradoq  tou pl rouc ionismoÔ (pp = N−

A = NA) prokÔptei
h sqèsh:

EF = EV + kBT ln
NV

NA

. (1.18)

'Omwc h upìjesh tou pl rouc ionismoÔ den eÐnai p�nta dikaiologhmènh,
ìpwc ja doÔme, opìte qrei�zetai k�ti pio akribèc. ApodeiknÔetai (blèpe to
par�rthma sthn teleutaÐa par�grafo autoÔ tou kefalaÐou) ìti o arijmìc
nD twn mh ionismènwn dot¸n (dhlad  o arijmìc twn hlektronÐwn pou exako-
loujoÔn na katèqoun tic energeiakèc st�jmec twn dot¸n ED kai den èqoun
per�sei sth z¸nh agwgimìthtac) dÐnetai apì th sqèsh:

nD =
ND

1 + 1
2
exp[β(ED − EF )]

,
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ìpou ND eÐnai h sugkèntrwsh twn dot¸n. Sunep¸c o arijmìc N+
D twn ioni-

smènwn dot¸n ja eÐnai:

N+
D = ND − ND

1 + 1
2
exp[β(ED − EF )]

=
ND

1 + 2 exp[−β(ED − EF )]
. (1.19)

Entel¸c parìmoia apodeiknÔetai ìti o arijmìc twn mh ionismènwn apodekt¸n
(pou isoÔtai me ton arijmì twn op¸n pou exakoloujoÔn na katèqoun tic
energeiakèc st�jmec EA twn apodekt¸n kai den èqoun metabeÐ sth z¸nh
sjènouc) dÐnetai apì thn èkfrash:

pA =
NA

1 + 1
2
exp[β(EF − EA)]

.

Telik�
N−

A = NA − pA =
NA

1 + 2 exp[−β(EF − EA)]
, (1.20)

ìpou to nìhma twn N−
A kai NA eÐnai fanerì. Oi posìthtec ED kai EA eÐnai

oi energeiakèc st�jmec twn dot¸n kai twn apodekt¸n, tic opoÐec ja exet�-
soume leptomereiakìtera sth sunèqeia, eÐnai p�ntwc gnwstèc: exart¸ntai
apì ton hmiagwgì kai to eÐdoc twn prosmeÐxewn. To telikì b ma eÐnai na
epikalestoÔme th sunj kh oudeterìthtac (1.1):

n + N−
A = p + N+

D

kai na antikatast soume ta n,N−
A , p, N+

D me ta Ðsa touc, opìte prokÔptei h
sqèsh:

NC exp[−β(EC − EF )] +
NA

1 + 2 exp[−β(EF − EA)]
=

= NV exp[−β(EF − EV )] +
ND

1 + 2 exp[−β(ED − EF )]
(1.21)

Sthn exÐswsh aut  ìla ta megèjh eÐnai gnwst�, ektìc apì thn enèrgeia Fermi
pou zht�me h opoÐa, epomènwc, mporeÐ na prosdiorisjeÐ. Bèbaia h lÔsh eÐnai
sun jwc arijmhtik . 'Ena prìblhma ja diafwtÐsei thn poreÐa lÔshc kai ta
ìria axiopistÐac thc prosèggishc pl rouc ionismoÔ.

Prìblhma KrÔstalloc puritÐou nojeÔetai me prosmeÐxeic arsenikoÔ me
puknìthta ND = 1017 (�toma arsenikoÔ)/cm3. Na upologistoÔn oi puknìth-
tec forèwn kai h st�jmh Fermi se jermokrasÐa (1)dwmatÐou (T1 = 300oK),
(2) ugroÔ az¸tou (T2 = 77oK) kai (3) ugroÔ hlÐou (T3 = 4oK). DÐnontai oi
posìthtec: δE ≡ EC − ED = 54meV,NC(T1) = 2.8 × 1019cm−3, NV (T1) =
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1.04 × 1019cm−3, NA = 0.0cm−3. EpÐshc dÐnontai oi timèc tou energeiakoÔ
q�smatoc gia tic treic jermokrasÐec: eÐnai 1123meV, 1166meV kai 1170meV
antÐstoiqa, ìpwc mporeÐ kaneÐc na diapist¸sei qrhsimopoi¸ntac thn exÐswsh
(1.12) kai ton sqetikì pÐnaka. Stajer� tou Boltzmann kB = 0.0862meV/grad.

Prìkeitai, bèbaia, gia hmiagwgì tÔpou n. O stìqoc eÐnai na upologÐsoume
thn enèrgeia Fermi. ArkeÐ na upologÐsoume th diafor� EF (T )−EV (T ). EÐnai
fanerì ìti mìno diaforèc energei¸n mporoÔn na upologistoÔn. Epilègoume
wc shmeÐo anafor�c twn energei¸n thn posìthta EV (T ). H exÐswsh (1.21)
gr�fetai:

NC(T ) exp[−β({EC(T )− EV (T )} − {EF (T )− EV (T )})] =

= NV (T ) exp[−β(EF (T )− EV (T ))]

+
ND

1 + 2 exp[−β({EC(T )− δE} − EV (T ) + EV (T )− EF (T ))]
,

opìte, lamb�nontac upìyh ìti EG(T ) ≡ EC(T ) − EV (T ) kai sumbolÐzontac
me x thn proc eÔresh posìthta EF (T )− EV (T ) paÐrnoume thn isìthta:

NC(T ) exp[−β(EG(T )− x)] = NV (T )e−βx+

+
ND

1 + 2 exp[−β(EG(T )− δE − x)]
. (1.22)

(1) Gia thn pr¸th perÐptwsh isqÔei ìti kBT1 = 25.8meV, EG(T1) = 1123meV,
opìte h (1.22) dÐnei x ≡ EF (T1) − EV (T1) ' 976.2meV. Autì mac dÐnei th
dunatìthta na upologÐsoume di�forec posìthtec:

EC(T1)− EF (T1) = (EC(T1)− EV (T1))− (EF (T1)− EV (T1)) = EG(T1)− x

= 1123meV − 976.2meV = 146.8meV,

ED(T1)−EF (T1) = EC(T1)−EF (T1)−δE = 146.8meV −54meV = 92.8meV,

ED(T1)− EV (T1) = (ED(T1)− EF (T1)) + (EF (T1)− EV (T1)) =

= (92.8 + 976.2)meV = 1069.0meV,

N+
D =

ND

1 + 2 exp[−ED(T1)−EF (T1)
kBT1

]
' 0.95×ND.

EÐnai fanerì, s' aut n thn perÐptwsh, ìti h prosèggish pl rouc ionismoÔ twn
dot¸n eÐnai axiìpisth (to N+

D eÐnai perÐpou Ðso me to ND), profan¸c lìgw
thc sqetik� uyhl c jermokrasÐac.
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An efarmìsoume to proseggistikì apotèlesma (1.17) gia thn enèrgeia
Fermi ja broÔme:

EF (T1)− EV (T1) = EC(T1)− EV (T1)− kBT1 log
NC

ND

= EG(T1)− kBT1 log
NC

ND

' 977.6meV,

pou eÐnai polÔ kont� sto 976.2meV pou br kame prohgoumènwc.
(2) Gia th deÔterh jermokrasÐa isqÔei ìti kBT2 = 6.6meV, EG(T2) =

1166meV. Prin proqwr soume prèpei na upologÐsoume ta NC(T2), ND(T2),
qrhsimopoi¸ntac tic sqèseic (1.14):

NC(T1)

NC(T2)
=

NV (T1)

NV (T2)
=

(
T1

T2

)3/2

.

O upologismìc dÐnei NC(T2) = 3.6 × 1018cm−3, NV (T2) = 1.35 × 1018cm−3,
opìte h (1.22) dÐnei x ≡ EF (T2) − EV (T2) ' 1124.6meV. Autì mac dÐnei th
dunatìthta na upologÐsoume di�forec posìthtec:

EC(T2)−EF (T2) = (EC(T2)−EV (T2))− (EF (T2)−EV (T2)) = EG(T2)−x =

= 1166meV − 1124.6meV = 41.4meV,

ED(T2)−EF (T2) = EC(T2)−EF (T2)−δE = 41.4meV −54meV = −12.6meV,

ED(T2)− EV (T2) = (ED(T2)− EF (T2)) + (EF (T2)− EV (T2)) =

= (−12.6 + 1124.6)meV = 1112.0meV,

N+
D =

ND

1 + 2 exp[−ED(T2)−EF (T2)
kBT2

]
' 0.069×ND.

EÐnai fanerì, s' aut n thn perÐptwsh, ìti den isqÔei h prosèggish pl rouc
ionismoÔ twn dot¸n (to N+

D eÐnai polÔ mikrìtero apì to ND), profan¸c lìgw
thc sqetik� qamhl c jermokrasÐac.

An efarmìsoume to proseggistikì apotèlesma (1.14) gia thn enèrgeia
Fermi ja broÔme:

EF (T2)− EV (T2) = EC(T2)− EV (T2)− kBT2 log
NC

ND

=

= EG(T2)− kBT2 log
NC

ND

' 1128.8meV,
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pou den apèqei polÔ apì to 1124.6meV pou br kame prohgoumènwc. DÔo
endiafèronta megèjh: EC −EF = 1166meV − 1128.8meV = 37.2meV, ED−
EF = 37.2meV − 54meV = −16.8meV.

(3) Sthn trÐth perÐptwsh ta pr�gmata eÐnai entel¸c parapl sia me th
deÔterh. IsqÔei ìti kBT3 = 0.34meV,EG(T3) = 1170meV. Ex �llou

NC(T1)

NC(T3)
=

NV (T1)

NV (T3)
=

(
T1

T3

)3/2

.

O upologismìc dÐnei NC(T3) = 4.3 × 1016cm−3, NV (T3) = 1.6 × 1016cm−3,
opìte h (1.22) dÐnei x ≡ EF (T3) − EV (T3) ' 1139meV. Autì mac dÐnei th
dunatìthta na upologÐsoume di�forec posìthtec:

EC(T3)−EF (T3) = (EC(T3)−EV (T3))− (EF (T3)−EV (T3)) = EG(T3)−x =

= 1170meV − 1139meV = 31meV,

ED(T3)− EF (T3) = EC(T3)− EF (T3)− δE = 31meV − 54meV = −23meV,

ED(T3)− EV (T3) = (ED(T3)− EF (T3)) + (EF (T3)− EV (T3)) =

= (−23.0 + 1139.0)meV = 1116.0meV,

N+
D =

ND

1 + 2 exp[−ED(T3)−EF (T3)
kBT3

]
' 2× 10−20 ×ND.

EÐnai fanerì ìti s' aut n thn perÐptwsh kat� meÐzona logo den isqÔei h pro-
sèggish pl rouc ionismoÔ twn dot¸n, afoÔ h jermokrasÐa eÐnai polÔ ko-
nt� sto apìluto mhdèn. An efarmìsoume to proseggistikì apotèlesma (1.14)
gia thn enèrgeia Fermi ja broÔme:

EF (T3)− EV (T3) = EC(T3)− EV (T3)− kBT3 log
NC

ND

=

= EG(T3)− kBT3 log
NC

ND

' 1164.1meV.

Blèpoume ìti to proseggistikì apotèlesma s' aut n thn perÐptwsh den eÐnai
kalì: h tim  1164.1meV plhsi�zei perissìtero proc thn EC(T3)−EV (T3) =
1170meV, par� proc thn akrib  enèrgeia Fermi EF (T3)−EV (T3) = 1139meV.
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1.5 PARARTHMA
Ja exet�soume thn elaqistopoÐhsh thc eleÔjerhc enèrgeiac F pou antistoi-
qeÐ
se nD hlektrìnia pou topojetoÔntai se ND diajèsimec katast�seic me enèr-
geia ED. 'Estw ND o arijmìc twn dot¸n kai nD o arijmìc twn hlektronÐwn se
st�jmh dot¸n. Oi dunatoÐ trìpoi topojèthshc nD hlektronÐwn se ND jèseic

eÐnai, bèbaia, o sunduasmìc twn ND pragm�twn an� nD, dhlad 
(

ND

nD

)
.

'Omwc sthn k�je mia apì autèc tic entopismènec katast�seic mporoÔn na fi-
loxenhjeÐ to polÔ èna hlektrìnio (kai ìqi, p.q. dÔo me antÐjeta spin), �ra
k�je tètoioc sunduasmìc prèpei na pollaplasiasteÐ me ton arijmì 2nD , pou
eÐnai o arijmìc twn diaforetik¸n diat�xewn twn nD spin (p.q. gia dÔo spin
ja eÐqame tic tèsssereic (22) peript¸seic + +, + -, - +, - -). 'Ara o arijmìc
twn diaforetik¸n diat�xewn eÐnai:

W = 2nD

(
ND

nD

)
= 2nD

ND!

nD!(ND − nD)!
.

Epomènwc h sqetik  entropÐa ja dÐnetai apì th sqèsh S = kB ln W kai h
eleÔjerh enèrgeia apì th sqèsh

F = E − TS = nDED − kBT ln W.

Sth sunèqeia o proseggistikìc tÔpoc tou Stirling

ln n! ' n ln n− n ⇒ ∂ ln n!

∂n
' ln n.

ja mac epitrèyei na gr�youme aploÔstera to ∂S
∂nD

= kB
∂ ln W
∂nD

:

∂S

∂nD

= kB
∂

∂nD

[nD ln 2 + ln ND!− ln nD!− ln(ND − nD)!] '

' kB[ln 2− ln nD + ln(ND − nD)] = kB ln
2(ND − nD)

nD

.

To qhmikì dunamikì (pou kataqrhstik� ja onom�zoume enèrgeia tou Fermi)
orÐzetai wc:

EF ≡ ∂F

∂nD

= ED − kB ln
2(ND − nD)

nD

,
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ìpou qrhsimopoi same ton orismì thc eleÔjerhc enèrgeiac. MporoÔme tèloc
na lÔsoume thn teleutaÐa sqèsh wc proc nD kai na katal xoume sthn:

nD =
ND

1 + 1
2
exp[β(ED − EF )]

.
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Kef�laio 2

HmiagwgoÐ se epaf 

2.1 Epafèc p− n

An fèroume se sten  epaf  ènan hmiagwgì tÔpou p me ènan hmiagwgì tÔpou
n, ekeÐno pou ja sumbeÐ eÐnai, perigrafik�, to ex c: epeid  h sugkèntrwsh twn
hlektronÐwn sthn pleur� n eÐnai meg�lh, en¸ sthn pleur� p eÐnai mikr , ja
èqoume di�qush hlektronÐwn apì to n sto p, ta opoÐa allhloexoudeter¸no-
ntai me opèc. Bèbaia, ta jetik� iìnta twn atìmwn-dot¸n mènoun sth jèsh touc
kai dhmiourgoÔn èna hlektrostatikì pedÐo E(x) pou anaqaitÐzei ta fainìmena
di�qushc. H di�qush ja stamat sei ìtan to reÔma (antÐjethc for�c proc to
reÔma di�qushc) pou ofeÐletai sto pedÐo E(x) exisorrop sei thn kÐnhsh lì-
gw di�qushc dhmiourg¸ntac èna reÔma olÐsjhshc (pou ofeÐletai sth diafor�
dunamikoÔ) antÐjethc for�c proc to reÔma di�qushc. AntÐstoiqa akrib¸c
fainìmena ofeÐlontai sth di�qush op¸n apì thn pleur� p sthn pleur� n. H
diadikasÐa èqei wc apotèlesma th dhmiourgÐa metaxÔ twn jèsewn −xp0 kai xn0

miac perioq c apogÔmnwshc   fortÐou q¸rou (pou ofeÐletai stic mh antistaj-
mizìmenec suneisforèc twn iìntwn twn prosmeÐxewn) metaxÔ twn perioq¸n n
kai p, sthn opoÐa den up�rqoun hlektrìnia   opèc.

25
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Prin thn epaf :
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Ac exet�soume ta fainìmena aut� posotik�. 'Estw ìti èqoume ènan hmiagwgì
me duì perioqèc 1 kai 2 kai gia k�je enèrgeia E h ro  hlektronÐwn F (1 → 2)
apì thn 1 sth 2 eÐnai an�logh twn kateilhmmènwn katast�sewn N1(E)f1(E)
sthn perioq  1 (ìpou f1(E) eÐnai h katanom  Fermi-Dirac me enèrgeia Fermi
Ðsh me EF1) kai twn diajèsimwn (�deiwn) katast�sewn N2(E)(1−f2(E)) sthn
perioq  2, (ìpou f2(E) eÐnai h katanom  Fermi-Dirac me enèrgeia Fermi Ðsh
me EF2) :

F (1 → 2) ≈ [N1(E)f1(E)] · [N2(E)(1− f2(E))].

H sqèsh isqÔei kai antÐstrofa me tic kat�llhlec allagèc:

F (2 → 1) ≈ [N2(E)f2(E)] · [N1(E)(1− f1(E))].

Sthn kat�stash jermodunamik c isorropÐac isqÔei h sqèsh

F (1 → 2) = F (2 → 1) ⇒
⇒ N1(E)f1(E)N2(E)−N1(E)f1(E)N2(E)f2(E) =

= N2(E)f2(E)N1(E)−N2(E)f2(E)N1(E)f1(E) ⇒
⇒ N1(E)f1(E)N2(E) = N2(E)f2(E)N1(E) ⇒ f1(E) = f2(E) ⇒

⇒ 1

1 + exp[
E−EF1

kBT
]
=

1

1 + exp[
E−EF2

kBT
]
⇒ EF1 = EF2 .

Aut  h sqèsh ekfr�zei posotik� to pìte ja stamat sei h ro  hlektronÐwn
apì to èna komm�ti sto �llo. H nèa diatÔpwsh eÐnai ìti kaj¸c oi foreÐc rèoun
apì to èna mèroc sto �llo metab�llontai oi enèrgeiec Fermi kai twn dÔo pe-
rioq¸n kai h ro  stamat�ei ìtan oi dÔo enèrgeiec Fermi p�roun thn Ðdia tim 
(EF1 = EF2 ≡ EF ). Shmei¸noume ìti to Ðdio akrib¸c sumpèrasma ja eÐqame an
jewroÔsame th ro  twn op¸n antÐ thc ro c twn hlektronÐwn. Sthn prokeimè-
nh perÐptwsh thc epaf c p−n h isìthta paÐrnei th morf  EFp0 = EFn0 ≡ EF .
'Opwc èqoume  dh exhg sei, ekeÐno pou èqei ousiastik  shmasÐa eÐnai oi dia-
forèc twn energei¸n. Autì shmaÐnei ìti, lìgw tou ìti oi enèrgeiec Fermi
exis¸nontai stic dÔo pleurèc, kai oi st�jmec EC , EV ja metatopistoÔn epÐ-
shc, ìpwc deÐqnei to sq ma. Pio formalistik�, prÐn oi hmiagwgoÐ tejoÔn se
epaf  Ðsquan oi sqèseic

EC − EFp0 ≡ εCp, EFp0 − EV ≡ εV p, EC − EFn0 ≡ εCn, EFn0 − EV ≡ εV n,

en¸ afìtou tèjhkan se epaf  oi sqèseic

ECp − EF = εCp, EF − EV p ≡ εV p, ECn − EF = εCn, EF − EV n ≡ εV n.
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Dhlad  ta εCn, εCp, εV n, εV n den all�zoun all�, en¸ prin thn epaf  ta EC , EV

 tan Ðdia kai oi enèrgeiec Fermi diaforetikèc, met� thn epaf  ta (ECn, EV n)
den eÐnai pia Ðdia me ta (ECp, EV p), antÐjeta exis¸nontai oi enèrgeiec Fermi.
MporoÔme na upologÐsoume th diafor� dunamikoÔ apait¸ntac th sunj kh
to olikì reÔma na eÐnai mhdèn sthn kat�stash jermodunamik c isorropÐac.
JewroÔme epÐ paradeÐgmati tic opèc, pou èqoun jetikì fortÐo, èstw q. To
sunolikì reÔma ja eÐnai to �jroisma tou reÔmatoc di�qushc Jp(diff) kai
tou reÔmatoc olÐsjhshc Jp(drift) pou ofeÐletai sto hlektrostatikì pedÐo.
'Omwc Jp(drift) = qµpp(x)E(x), ìpou µp h kinhtikìthta twn op¸n, p(x) h
sugkèntrwsh twn op¸n kai E(x) = −dV (x)

dx
h èntash tou hlektrikoÔ pedÐou.

Ex �llou, to reÔma di�qushc dÐdetai apì th sqèsh: Jp(diff) = −qDp
dp(x)

dx
,

ìpou Dp h stajer� di�qushc, pou sundèetai me megèjh pou qrhsimopoi same
prohgoumènwc sÔmfwna me th sqèsh tou Einstein:

µp

Dp

=
q

kBT
.

Sundu�zontac tic prohgoÔmenec sqèseic brÐskoume:

Jp(drift) + Jp(diff) = 0 ⇒ −q
(

qDp

kBT

)
p(x)

dV (x)

dx
− qDp

dp(x)

dx
= 0 ⇒

⇒ − q

kBT

dV (x)

dx
=

1

p(x)

dp(x)

dx
⇒ − q

kBT

∫ V (x)

Vp0

dV =
∫ p(x)

pp0

dp

p(x)
⇒

⇒ − q

kBT
(V (x)− Vp0) = ln

p(x)

pp0

⇒ V (x) = Vp0 +
kBT

q
ln

pp0

p(x)
.

Sthn olokl rwsh upojèsame ìti to k�tw ìrio eÐnai baji� mèsa sthn perioq 
p, opìte to dunamikì kai h sugkèntrwsh twn op¸n paÐrnoun tic timèc Vp0, pp0

pou prosidi�zoun sthn perioq  p. To �nw ìrio thc olokl rwshc mporeÐ na
eÐnai opoiod pote shmeÐo dexi� tou prohgoumènou, dhlad  eÐte sthn perioq 
fortÐou q¸rou eÐte sthn perioq  n. 'Eqoume qrhsimopoi sei ton deÐkth mhdèn
stic posìthtec Vp0, pp0 gia na upodhl¸soume ìti anaferìmaste se epaf  pn
pou den eÐnai upì (exwterik ) t�sh.

An k�noume thn epilog  to �nw ìrio na eÐnai baji� mèsa sthn perioq 
n, mporoÔme na prosdiorÐsoume ton sunolikì fragmì dunamikoÔ, pou lègetai
dunamikì epaf c:

V0 ≡ Vn0 − Vp0 =
kBT

q
ln

pp0

pn0

. (2.1)

Shmei¸noume thn polÔ shmantik  sqèsh:

qV0 = ECp − ECn = EV p − EV n. (2.2)
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MporoÔme na qrhsimopoi soume wc pr¸th prosèggish to ìti sthn pleur� p, h
sugkèntrwsh twn op¸n isoÔtai me th sugkèntrwsh NA twn apodekt¸n pp0 ≈
NA kai afoÔ pp0np0 = n2

i sumperaÐnoume ìti np0 ≈ n2
i

NA
. Gia thn pleur� n h

sugkèntrwsh nn0 twn hlektronÐwn isoÔtai me th sugkèntrwsh ND twn dot¸n,
opìte: nn0 ≈ ND, pn0 ≈ n2

i

ND
. Autèc oi proseggÐseic dÐnoun thn ektÐmhsh gia

th diafor� dunamikoÔ an antikatast soume sthn exÐswsh (2.1) ta pp0, pn0 me
ta Ðsa touc:

V0 ≡ Vn0 − Vp0 =
kBT

q
ln

(
NAND

n2
i

)
. (2.3)

MporoÔme tèloc na antistrèyoume thn exÐswsh (2.1) kai na odhghjoÔme stic
sqèseic:

pp0

pn0

=
nn0

np0

= exp
[

qV0

kBT

]
, (2.4)

ìpou qrhsimopoi same epÐ plèon ton nìmo dr�shc maz¸n, efìson exakolou-
joÔme na anaferìmaste se kat�stash jermodunamik c isorropÐac.

Prìblhma Jewr ste mia epaf  p−n me NA = 1017cm−3 (sthn pleur� p)
kai ND = 1016cm−3 (sthn pleur� n). Qrhsimopoi ste thn prosèggish pl -
rouc ionismoÔ kai upologÐste, gia T = 300oK, tic st�jmec Fermi EFp0, EFn0

prin thn epaf  se k�je pleur� wc proc thn koin  st�jmh Fermi EF , pou ja
prokÔyei af' ìtou oi dÔo pleurèc èljoun se epaf , kaj¸c kai to dunamikì
epaf c. DÐdetai h endogen c sugkèntrwsh ni = 1.5×1010cm−3. UpenjÔmish:
kB = 0.0862meV grad−1.

Sthn pleur� p isqÔei ex upojèsewc ìti: pp0 = NA = ni exp
[

EFp0−EF

kBT

]
,

lìgw thc (1.10), opìte:

EFp0 − EF = kBT ln
NA

ni

= 0.0862× 300 ln
1017

1.5× 1010
meV = 405.1meV.

Parìmoia, sthn pleur� n isqÔei ìti: nn0 = ND kai nn0 = ni exp
[

EF−EFn0

kBT

]
,

opìte:

EF − EFn0 = kBT ln
ND

ni

= 0.0862× 300 ln
1016

1.5× 1010
meV = 346.0meV.

To dunamikì epaf c ja dÐnetai apì th sqèsh: qV0 = EFp0 −EFn0 = (EFp0 −
EF )− (EF −EFn0) = (405.1 + 346.0)meV = 751.1meV. Mia sÔgkrish me to
apotèlesma tou kat' eujeÐan upologismoÔ eÐnai qr simh:

qV0 = kBT ln

(
NAND

n2
i

)
= 25.83meV ln

(
10171016

(1.5× 1010)2

)
= 752.2meV.
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Ac exet�soume piì leptomereiak� thn epaf  p − n kai eidikìtera thn
perioq  apogÔmnwshc. 'Estw ìti h perioq  apogÔmnwshc èqei diatom  A kai
pl�toc w0, en¸ upojètoume ìti oi sugkentr¸seic twn hlektronÐwn kai twn
op¸n eÐnai amelhtèec s' ìlh thn èktash thc perioq c: |p− n| << (N+

A , N−
D ).

K�noume thn epÐ plèon upìjesh tou olikoÔ ionismoÔ: N+
A ≈ NA, N−

D ≈ ND,
opìte to hlektrostatikì pedÐo ja exart�tai mìno apì tic sugkentr¸seic twn
prosmeÐxewn NA, ND. 'Opwc faÐnetai sto sq ma, h perioq  p ekteÐnetai sta
arnhtik� x kai eidik¸tera to antÐstoiqo tm ma thc perioq c apogÔmnwshc sto
di�sthma [−xp0, 0], ìpou xp0 > 0. AntÐstoiqa h perioq  n ekteÐnetai sta jetik�
x kai eidik¸tera to antÐstoiqo tm ma thc perioq c apogÔmnwshc sto di�sthma
[0, xn0]. (Fusik� w0 = xp0 + xn0). Oi puknìthtec fortÐou pou ofeÐlontai sta
iìnta eÐnai ρD = +qND kai ρA = −qNA, ìpou to eÐnai q to hlektrikì fortÐo
twn iìntwn kat' apìluth tim  (to stoiqei¸dec hlektrikì fortÐo). Oi ìgkoi twn
dÔo perioq¸n eÐnai Axn0 kai Axp0, opìte h arq  thc diat rhshc tou fortÐou
upagoreÔei th sqèsh:

qNDAxn0 + (−qNA)Axp0 = 0 → NDxn0 = NAxp0.

Lamb�nontac upìyh kai th sqèsh w0 = xp0 + xn0 brÐskoume ta qr sima
apotelèsmata:

xp0 =
NDw0

NA + ND

, xn0 =
NAw0

NA + ND

. (2.5)

Oi exis¸seic Poisson gr�fontai:

dE
dx

=

{
ρA

εrε0
= − qNA

ε
, −xp0 < x < 0

ρD

εrε0
= + qND

ε
, 0 < x < xn0

'Eqoume qrhsimopoi sei ton sumbolismì ε ≡ ε0εr, ìpou ε0 eÐnai h dihlektrik 
stajer� tou kenoÔ kai εr h sqetik  dihlektrik  stajer� tou mèsou. H lÔsh
twn exis¸sewn eÐnai tetrimènh:

E(x) =

{
E0 − qNA

ε
x, −xp0 < x < 0

E0 + qND

ε
x, 0 < x < xn0

'Eqoume  dh upojèsei ìti h lÔsh E(x) eÐnai suneq c sto x = 0 kai paÐrnei thn
tim  E0. H posìthta E0 prèpei na èqei to kat�llhlo mègejoc ¸ste to E(x)
na mhdenÐzetai gia x = −xp0 kai gia x = +xn0 :

{
E0 − qNA

ε
(−xp0) = 0

E0 + qND

ε
(+xn0) = 0

}
⇒

{
E0 = − qNAxp0

ε

E0 = − qNDxn0

ε

}
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Oi anwtèrw isìthtec eÐnai sumbibastèc, afoÔ NAxp0 = NDxn0. GnwrÐzontac
ìti h èntash tou hlektrikoÔ pedÐou dÐnetai apì tic pio p�nw sqèseic gia thn
perioq  apogÔmnwshc kai ìti eÐnai mhdèn èxw apì aut n, mporoÔme na upo-
logÐsoume to dunamikì me th bo jeia thc exÐswshc

E(x) = −dV

dx
→ V (x) = −

∫
dxE(x).

Profan¸c to dunamikì ja paÐrnei dÔo stajerèc timèc èxw apì thn perioq 
apogÔmnwshc:

V (x) =

{
Vp0, x < −xp0

Vn0, x > xn0.

Mèsa sthn perioq  apogÔmnwshc h olokl rwsh thc exÐswshc ja d¸sei:

V (x) =

{
C − E0x + qNA

2ε
x2, −xp0 < x < 0,

C − E0x− qND

2ε
x2, 0 < x < xn0.

H C eÐnai stajer� olokl rwshc pou eÐnai h Ðdia kai stic dÔo ekfr�seic,
¸ste h V (x) na eÐnai suneq c sto x = 0. H tim  thc mporeÐ na prosdiorisjeÐ
eÔkola apì tic oriakèc sunj kec, all� den èqei idiaÐterh shmasÐa. H diafor�
dunamikoÔ ekfr�zetai wc:

V0 ≡ Vn0 − Vp0 = V (x)|x=+xn0 − V (x)|x=−xp0 =

=
[
C − E0xn0 − qND

2ε
x2

n0

]
−

[
C + E0xp0 +

qNA

2ε
x2

p0

]
=

= −E0(xp0 + xn0)−
[
qNA

2ε
x2

p0 +
qND

2ε
x2

n0

]
= −E0w0 − qNAxp0

2ε
(xp0 + xn0) =

= −E0w0 − qNAxp0

2ε
w0 = −E0w0 − qNAND

2ε(NA + ND)
w2

0.

S' autì to shmeÐo ja epikalestoÔme th sqèsh E0 = − qNAxp0

ε
= − qNANDw0

ε(NA+ND)
,

opìte to dunamikì epaf c gr�fetai:

V0 =
qNANDw0

ε(NA + ND)
w0 − qNAND

2ε(NA + ND)
w2

0 ⇒ V0 =
qNAND

2ε(NA + ND)
w2

0,

to opoÐo mporeÐ na d¸sei to pl�toc w0 thc perioq c apogÔmnwshc sunart sei
tou dunamikoÔ epaf c:

w0 =

√
2εV0

q

(
1

NA

+
1

ND

)
, (2.6)
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to opoÐo, an qrhsimopoi soume th sqèsh (2.3) pou brèjhke prohgoumènwc,
dhlad  thn V0 = kBT

q
ln

(
NAND

n2
i

)
, dÐnei thn telik  sqèsh:

w0 =

√√√√2εkBT

q2

(
1

NA

+
1

ND

)
ln

(
NAND

n2
i

)
.

Oi sqèseic xp0 = NDw0

NA+ND
, xn0 = NAw0

NA+ND
dÐnoun ta apotelèsmata:

xp0 =

√√√√2εV0

q

(
ND

NA(NA + ND)

)
, xn0 =

√√√√2εV0

q

(
NA

ND(NA + ND)

)
. (2.7)

2.2 H epaf  p− n upì t�sh
MÐa suneq c exwterik  t�sh V mporeÐ na èqei dÔo dunatèc forèc: eÐte o jeti-
kìc pìloc thc phg c na sundèetai me thn pleur� p thc epaf c, opìte èqoume
thn legìmenh eujeÐa pìlwsh, eÐte to antÐjeto, opìte h pìlwsh lègetai an�-
strofh. Prin proqwr soume se leptomèreiec, ja d¸soume mia hmiposotik 
episkìphsh (me meg�lh qr sh diaÐsjhshc). JewroÔme ìti h eujeÐa pìlwsh
eÐnai mia jetik  posìthta (V = VF ), en¸ h an�strofh pìlwsh eÐnai arnh-
tik  (V = −VR), ìpou ta VF kai VR eÐnai oi apìlutec timèc twn exwterik¸n
diafor¸n dunamikoÔ. ApodeiknÔetai ìti eÐnai arket� kal  h prosèggish gia
katast�seic ìpou h apìklish apì th jermodunamik  isorropÐa eÐnai sqetik�
mikr , ìpwc ed¸, na uiojet soume touc tÔpouc thc prohgoÔmenhc paragr�fou
(pou apodeÐqjhkan me thn proôpìjesh thc jermodunamik c isorropÐac)
antikajist¸ntac apl� to V0 me thn posìthta V0 − V. EkeÐno pou sumbaÐnei
eÐnai ìti oi enèrgeiec Fermi all�zoun me thn efarmog  thc exwterik c t�shc
kai paÐrnoun diaforetik  tim  gia to k�je komm�ti tou hmiagwgoÔ. Apodeik-
nÔetai ìti

EFp − EFn = −qV,

ìpou to q eÐnai to stoiqei¸dec hlektrikì fortÐo. Dhlad , en¸ prin thn e-
farmog  thc exwterik c t�shc eÐqame mÐa koin  st�jmh Fermi EF , met� thn
efarmog  thc t�shc èqoume tic dÔo legìmenec yeudost�jmec Fermi, tic EFp

kai EFn. Autì èqei wc apotèlesma tic sqèseic:

ECp − ECn = EV p − EV n = q(V0 − V ),

pou antikajistoÔn tic exis¸seic (2.2).
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p n
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EV n
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A
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EFn

Oi sqèseic autèc, pou apotup¸nontai sto sq ma, shmaÐnoun ta akìlouja:
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(1) Kat� thn eujeÐa pìlwsh h yeudost�jmh Fermi EFn gÐnetai megalÔterh
apì thn EFp kai h diafor� metaxÔ twn orÐwn twn zwn¸n agwgimìthtac (antÐ-
stoiqa sjènouc) mei¸netai, �ra kai o fragmìc dunamikoÔ pou qwrÐzei tic dÔo
perioqèc èqei mikrìtero Ôyoc kai eÐnai eukolìtera diaperatìc.

(2) Kat� thn an�strofh pìlwsh h yeudost�jmh Fermi EFn gÐnetai mikrìte-
rh apì thn EFp kai h diafor� metaxÔ twn b�sewn twn zwn¸n agwgimìthtac
aux�netai kai o fragmìc pou qwrÐzei tic dÔo perioqèc gÐnetai polÔ dÔskolo
na uperkerasjeÐ.

Ta pio p�nw fainìmena epiteÐnontai apì tic allagèc kai sto pl�toc twn
fragm¸n, dhlad  sto pl�toc w thc perioq c apogÔmnwshc. K�noume thn
antikat�stash V0 → V0 − V sth sqetik  exÐswsh (2.6) kai brÐskoume:

w =

√
2ε(V0 − V )

q

(
1

NA

+
1

ND

)
.

Kat� sunèpeia all�zoun kai ta pl�th xn0 kai −xp0 : gÐnontai xn kai −xp :
(xn + xp = w). Oi sqetikèc ekfr�seic mporoÔn na brejoÔn eÔkola, an stic
exis¸seic (2.7) antikatast soume to V0 me to V0−V. To pl�toc, loipìn, thc
perioq c apogÔmnwshc mei¸netai kat� thn eujeÐa pìlwsh, dieukolÔnontac
akìma perissìtero th di�bash, en¸ aux�netai kat� thn an�strofh pìlwsh,
duskoleÔontac akìma perissìtero th dièleush forèwn kai mei¸nontac tuqìn
reÔmata. To anamenìmeno telikì apotèlesma eÐnai ìti ja èqoume meg�lo
reÔma kat� thn eujeÐa pìlwsh kai shmantik� mikrìtero kat� thn an�strofh
pìlwsh.

Ac exet�soume th dhmiourgÐa reum�twn k�pwc pio leptomereiak�. Kat'
arq n anazhtoÔme th sugkèntrwsh twn forèwn meionìthtac sta ìria −xp kai
xn. Sthn kat�stash jermodunamik c isorropÐac oi foreÐc stic dÔo pleurèc
thc epaf c sundèontai me tic sqèseic (2.4):

pp0 = pn0 exp
[

qV0

kBT

]
, nn0 = np0 exp

[
qV0

kBT

]
, (2.8)

ìpou
V0 =

kBT

q
ln

NAND

n2
i

to eswterikì dunamikì pou anaptÔssetai sta �kra thc z¸nhc apogÔmnwshc
miac epaf c p−n kai pou lègetai dunamikì di�qushc. (Oi di�forec posìthtec
èqoun to deÐkth mhdèn gia na eÐnai fanerì ìti ìla aut� anafèrontai sthn
kat�stash prin thn efarmog  exwterik c t�shc). Met� thn efarmog  thc
exwterik c t�shc prèpei na k�noume th gnwst  antikat�stash V0 → V0 − V
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kai na p�roume gia tic sugkentr¸seic sta ìria twn perioq¸n (dhlad  sto
x = −xp gia thn perioq  p kai sto x = xn gia thn perioq  n) tic dÔo sqèseic:

pp(−xp) = pn(xn) exp

[
q(V0 − V )

kBT

]
, nn(xn) = np(−xp) exp

[
q(V0 − V )

kBT

]
.

(2.9)
Upojètoume ìti h allagèc stic sugkentr¸seic den ja ephre�soun polÔ touc
foreÐc pleionìthtac, dhlad  pp(−xp) ' pp0 kai nn(xn) ' nn0 . 'Omwc, isqÔoun
epÐ plèon oi sqèseic (2.8),opìte:

pp(−xp) ' pn0 exp
[

qV0

kBT

]
, nn(xn) ' np0 exp

[
qV0

kBT

]
, (2.10)

kai oi sqèseic (2.9) kai (2.10) sunep�gontai tic:

pn0 exp
[

qV0

kBT

]
= pn(xn) exp

[
q(V0 − V )

kBT

]
→ pn(xn) = pn0 exp

[
qV

kBT

]
,

np0 exp
[

qV0

kBT

]
= np(−xp) exp

[
q(V0 − V )

kBT

]
→ np(−xp) = np0 exp

[
qV

kBT

]
.

Telik� sth jèsh x = xn (ìrio thc perioq c n) isqÔei h isìthta

pn(xn)− pn0 = pn0

(
exp

[
qV

kBT

]
− 1

)
, (2.11)

en¸ sth jèsh x = −xp (ìrio thc perioq c p) èqoume thn isìthta

np(−xp)− np0 = np0

(
exp

[
qV

kBT

]
− 1

)
. (2.12)

Oi dÔo exis¸seic (2.11) kai (2.12) ja paÐxoun to rìlo twn oriak¸n sun-
jhk¸n gia th lÔsh thc diaforik c exÐswshc thc di�qushc pou ja doÔme se
lÐgo.

Gia na proqwr soume prèpei na diatup¸soume k�poiec upojèseic pou gÐ-
nontai kat� th mèlèth thc epaf c p−n. AgnooÔntai oi allagèc stouc foreÐc
pleionìthtac, epeid  h posostiaÐa metabol  (lìgw tou meg�lou pl jouc twn
forèwn aut¸n) eÐnai pragmatik� amelhtèa. O rìloc twn forèwn pleionìth-
tac eÐnai m�llon pajhtikìc s' aut  th diadikasÐa: sunodeÔoun touc foreÐc
meionìthtac kat� tic metakin seic touc, ¸ste na diathreÐtai h hlektrik  ou-
deterìthta tou ulikoÔ. EkeÐno pou all�zei shmantik� kat� thn efarmog 
exwterik c t�shc eÐnai h sugkèntrwsh twn forèwn meionìthtac. Dhmiour-
geÐtai anomoiogèneia stic sugkentr¸seic aut¸n twn forèwn kai ekeÐno pou
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sumbaÐnei eÐnai apl� di�qush forèwn meionìthtac apì perioqèc me meg�lh
sugkèntrwsh se perioqèc me mikrìterh sugkèntrwsh.

Ja exet�soume t¸ra thn k�je perioq  (p   n) qwrist�. Sthn perioq 
p (x ≤ −xp) isqÔei h diaforik  exÐswsh thc di�qushc pou dièpei th sugkè-
ntrwsh twn forèwn meionìthtac 1:

Dnp

d2np

dx2
− np − np0

τnp

=
∂np

∂t
, x ≤ −xp.

Me thn upìjesh ìti exet�zoume th mìnimh kat�stash (∂np

∂t
= 0) h exÐswsh

mporeÐ na grafteÐ me th morf :

d2(np(x)− np0)

dx2
− 1

Dnpτnp

(np(x)− np0) = 0,

afoÔ to np0 den exart�tai apì to x, �ra èqei mhdenik  (deÔterh) par�gwgo
kai den all�zei thn arqik  exÐswsh. H lÔsh thc exÐswshc, me thn prìsjeth
apaÐthsh ìti den prèpei na parousi�zontai apeirismoÐ kaj¸c x → −∞, eÐnai:

np(x)− np0 = A− exp


+

x√
Dnpτnp


 , x ≤ −xp.

H oriak  sunj kh (2.12) upagoreÔei ìti sth jèsh x = −xp prèpei na isqÔei
h isìthta:

np(−xp)− np0 = A− exp


− xp√

Dnpτnp


 = np0

(
exp

[
qV

kBT

]
− 1

)
,

opìte

A− = np0 exp


+

xp√
Dnpτnp




(
exp

[
qV

kBT

]
− 1

)
,

1Stic sqèseic pou akoloujoÔn oi suntelestèc di�qushc Dn kai Dp qarakthrÐzontai me
ènan epÐ plèon deÐkth (Dnp , Dpn) wc upenjÔmish ìti melet�me th sumperifor� twn forèwn
n kai p wc forèwn meionìthtac stic perioqèc p kai n antÐstoiqa. H di�krish tou Dn se Dnp

kai Dnn kaj¸c kai tou Dp se Dpn kai Dpp eÐnai kat' akrÐbeian swst , epeid  oi suntele-
stèc di�qushc (Dn, Dp) exart¸ntai genik� apì th sugkèntrwsh twn prosmeÐxewn, h opoÐa
eÐnai diaforetik  stic dÔo perioqèc p kai n. H posotik  metabol  twn Dn kai Dp ìmwc,
gia sugkentr¸seic prosmeÐxewn apì 1014cm−3 mèqri 1016cm−3 eÐnai as manth. H di�kri-
sh aut  èqei nìhma gia uyhlìterec sugkentr¸seic prosmeÐxewn. EpÐ paradeÐgmati, sthn
perioq  apì 1016cm−3 mèqri 1018cm−3 oi suntelestèc Dp kai Dn mporeÐ na metab�llontai
kat� ènan par�gonta perÐ to 3 o kajènac.
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kai h lÔsh gr�fetai telik�:

np(x)− np0 = np0

(
exp

[
qV

kBT

]
− 1

)
exp


 (x + xp)√

Dnpτnp


 , x ≤ −xp. (2.13)

Ex �llou, sthn perioq  n (x ≥ xn) gia th mìnimh kat�stash isqÔei h
diaforik  exÐswsh:

Dpn

d2pn

dx2
− pn − pn0

τpn

= 0

pou mporeÐ na grafteÐ kai me th morf :

d2(pn(x)− pn0)

dx2
− 1

Dpnτpn

(pn(x)− pn0) = 0.

H lÔsh thc exÐswshc, me ton periorismì ìti den up�rqoun apeirismoÐ kaj¸c
x → +∞, eÐnai: pn(x)− pn0 = A+ exp

[
− x√

Dpnτpn

]
. H oriak  sunj kh (2.11)

upagoreÔei ìti sth jèsh x = xn prèpei na isqÔei h isìthta:

pn(xn)− pn0 = A+ exp


− xn√

Dpnτpn


 = pn0

(
exp

[
qV

kBT

]
− 1

)
,

opìte

A+ = pn0 exp


 xn√

Dpnτpn




(
exp

[
qV

kBT

]
− 1

)
,

kai h lÔsh gr�fetai telik�:

pn(x)− pn0 = pn0

(
exp

[
qV

kBT

]
− 1

)
exp


− (x− xn)√

Dpnτpn


 , x ≥ xn. (2.14)

To epìmeno b ma ja eÐnai o upologismìc twn puknot twn twn antÐstoiqwn
reum�twn, ta opoÐa ja sqetÐzontai me th bajmÐda (gradient) thc puknìthtac
fortÐou me b�sh th genik  sqèsh:

J = −D~∇ρ(x) = −D~∇(Qn(x)),

ìpou ρ(x) = Qn(x) eÐnai h puknìthta fortÐou, Q to fortÐo tou antÐstoiqou
forèa, n(x) h sugkèntrws  tou kai D o suntelest c di�qushc. Eidik¸tera,
gia to monodi�stato prìtupo pou exet�zoume, brÐskoume:

Jnp(x) = −Dnp

d((−q)np(x))

dx
=
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Sq ma 2.1: Oi posìthtec Jpp (x)

J
, Jpn(x)

J
,

Jnp(x)

J
, Jnn (x)

J
gia aujaÐretec timèc twn

paramètrwn.

= qnp0

√√√√Dnp

τnp

(
exp

[
qV

kBT

]
− 1

)
exp


+

(x + xp)√
Dnpτnp


 , x ≤ −xp, (2.15)

Jpn(x) = −Dpn

d((+q)pn(x)))

dx
=

= qpn0

√
Dpn

τpn

(
exp

[
qV

kBT

]
− 1

)
exp


− (x− xn)√

Dpnτpn


 , x ≥ xn, (2.16)

ìpou qrhsimopoi same tic sqèseic (2.13) kai (2.14). Oi opèc gia x ≥ xn

diaqèontai profan¸c proc ta dexi�, ìpou h sugkèntrwsh eÐnai mikrìterh kai
to reÔma eÐnai epÐshc proc ta dexi�, epeid  to fortÐo twn op¸n eÐnai jetikì.
AntÐstoiqa, gia x ≤ −xp ta hlektrìnia diaqèontai proc ta arister�, all�,
lìgw tou arnhtikoÔ fortÐou touc, to reÔma ja kateujÔnetai kai p�li proc
ta dexi�. Mia akìma shmantik  parat rhsh eÐnai ìti h arq  thc diat rhshc
tou fortÐou epib�llei to �jroisma J twn reum�twn di�qushc twn forèwn
meionìthtac kai twn forèwn pleionìthtac (pou, ìpwc eÐpame  dh, akoloujoÔn
touc foreÐc meionìthtac) na eÐnai anex�rthto tou x. Aut  h parat rhsh mac
epitrèpei na upologÐsoume ta reÔmata twn forèwn pleionìthtac:

J =

{
Jpp(x) + Jnp(x), x ≤ −xp

Jnn(x) + Jpn(x), x ≥ xn,

�ra: Jnn(x) = J − Jnp(x) gia x ≥ xn, dhlad 

Jnn(x) = J − qpn0

√
Dpn

τpn

(
exp

[
qV

kBT

]
− 1

)
exp


− (x− xn)√

Dpnτpn


 , x ≥ xn.

'Omoia: Jpp(x) = J − Jnp(x) gia x ≤ −xp, dhlad 

Jpp(x) = J − qnp0

√√√√Dnp

τnp

(
exp

[
qV

kBT

]
− 1

)
exp


− (x + xp)√

Dnpτnp


 , x ≤ −xp.

Mia epÐ plèon upìjesh eÐnai ìti sthn perioq  apogÔmnwshc ta reÔmata
den exart¸ntai apì to x, ìpwc �llwste faÐnetai sto sq ma (2.1). To sq ma
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Sq ma 2.2: Qarakthristik  thc epaf c pn

(2.1) deÐqnei, epÐshc, ìti to reÔma pou eÐnai reÔma forèwn meionìthtac sth mia
pleur� eÐnai reÔma forèwn pleionìthtac sthn �llh pleur�. Aut� ekfr�zontai
sunoptik� me tic sqèseic:

Jpp(−xp) = Jpn(xn), Jnp(−xp) = Jnn(xn).

Me b�sh autèc tic sqèseic to olikì reÔma mporeÐ na ekfrasteÐ me to �jroisma:

J = Jpp(−xp) + Jnp(−xp) = Jpn(xn) + Jnn(xn) = Jpn(xn) + Jnp(−xp).

'Ara, gia na prosdiorÐsoume to sunolikì reÔma J arkeÐ na prosjèsoume ta
reÔmata twn forèwn meionìthtac sta ìria x = −xp kai x = xn :

Jpn(xn) = qpn0

√
Dpn

τpn

(
exp

[
qV

kBT

]
− 1

)
,

Jnp(−xp) = qnp0

√√√√Dnp

τnp

(
exp

[
qV

kBT

]
− 1

)
,

J = Jpn(xn) + Jnp(−xp) = JS

(
exp

[
qV

kBT

]
− 1

)
, (2.17)

ìpou to JS = qpn0

√
Dpn

τpn
+ qnp0

√
Dnp

τnp
lègetai reÔma koresmoÔ. H exÐswsh

(2.17) lègetai exÐswsh tou Schockley kai eÐnai kentrik c shmasÐac gia th me-
lèth thc qarakthristik c thc epaf c p−n. Shmei¸noume ìti to reÔma isoÔtai
me thn puknìthta reÔmatoc J epÐ thn diatom  A thc epaf c. H qarakth- ri-
stik  eÐnai poiotik� h Ðdia m' aut  pou faÐnetai sto sq ma, pou parist�nei thn
posìthta J

JS
sunart sei tou x ≡ qV

kBT
. 'Opwc faÐnetai, en¸ gia eujeÐa pìlwsh

to reÔma aux�nei ekjetik� me thn efarmozìmenh t�sh, gia an�strofh pìlwsh
to reÔma paÐrnei mia mikr  oriak  tim  (−JSA).

'Ena �llo qarakthristikì eÐnai ìti to sunolikì reÔma sthn epaf  pros-
diorÐzetai kurÐwc apì thn ègqush forèwn apì thn pleur� me thn uyhlìterh
sugkèntrwsh prosmeÐxewn proc thn pleur� me th qamhlìterh sugkèntrwsh.
Autì faÐnetai apì th morf  thc puknìthtac tou reÔmatoc koresmoÔ

JS = qpn0

√
Dpn

τpn

+ qnp0

√√√√Dnp

τnp

.
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An, gia par�deigma, jewr soume ìti èqoume uyhl  sugkèntrwsh prosmeÐxewn
sthn pleur� p (perÐptwsh p+), kai l�boume upìyh mac tic sqèseic pn0 ' n2

i

ND

kai np0 ' n2
i

NA
, tìte

JS ' qn2
i


 1

ND

√
Dpn

τpn

+
1

NA

√√√√Dnp

τnp


 .

Sthn perÐptwsh p+ ja isqÔei ìti NA >> ND, opìte

JS ' qn2
i

[
1

ND

√
Dpn

τpn

]
= qpn0

√
Dpn

τpn

kai m�lista, prokeimènou p.q. na diplasi�sei kaneÐc to JS arkeÐ na upodiplasi�-
sei th sugkèntrwsh prosmeÐxewn ND sthn pleur� n kai ìqi na diplasi�sei
th sugkèntrwsh prosmeÐxewn NA sthn pleur� p.

2.3 Efarmogèc
Prìblhma 1 Se deÐgma puritÐou tÔpou n me endogen  sugkèntrwsh ni =
1.5 × 1010cm−3 kai me sugkèntrwsh dot¸n ND = 1016cm−3 emfuteÔoume
bìrio kai dhmiourgoÔme mia apìtomh epaf  me tetragwnik  diatom  S = 2×
10−3cm2. An h sugkèntrwsh borÐou eÐnai NA = 4× 1018cm−3 kai to sÔsthma
brÐsketai se jermokrasÐa dwmatÐou, tìte:

(1) To dunamikì kat� m koc thc epaf c ja eÐnai: V0 = kBT
q

ln NAND

n2
i

=

26mV ln 4×1018×1016

(1.5×1010)2
= 853mV.

(2) To p�qoc thc perioq c apogÔmnwshc ja eÐnai:

w0 =

√
2εV0

q

(
1

NA

+
1

ND

)
=

=

√
2× 11.8× 8.85× 10−12 × 853

1.6× 10−19
(0.25× 10−18 + 1.00× 10−16)cm =

= 0.334µm,

ìpou qrhsimopoi same th sqetik  dihlektrik  stajer� tou puritÐou (εr =
11.8). EÔkola prokÔptoun ta:

xp0 = w0
ND

NA+ND
= 8.3Å,

xn0 = w0
NA

NA+ND
= 0.333Å.
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(3) Ta fortÐa sthn epaf  ja eÐnai

Q+ = −Q− = qSxn0ND ' 1.07× 10−10C.

(4) Tèloc to mègisto pedÐo

E0 = −1

ε
qNDxn0 ' −5.1× 104 V

cm
.

Prìblhma 2 An s' ènan hmiagwgì me sqetik  dihlektrik  stajer� εr =
13 pou eÐnai emploutismènoc me prosmeÐxeic kai twn dÔo tÔpwn oi energoÐ
m�zec twn jetik¸n kai arnhtik¸n forèwn eÐnai m∗

n = 0.176m0 kai m∗
p =

1.408m0 (m0 eÐnai h m�za tou eleÔjerou hlektronÐou), na upologistoÔn oi
energeiakèc st�jmec pou eis�gontai sto energeiakì q�sma tou ulikoÔ.

'Opwc eÐnai gnwstì,

EC − ED =
m∗

n

m0

1

ε2
r

(
m0q

4

32π2ε0h̄
2

)
.

H teleutaÐa parènjesh antiproswpeÔei thn enèrgeia Rydberg ER ≡ m0q4

32π2ε0h̄2 =

13.6eV, opìte EC − ED = m∗
n

m0

1
ε2r

ER = 0.176 1
(13)2

13.6eV = 14.1meV kai parì-
moia EA − EV =

m∗
p

m0

1
ε2r

εR = 1.408 1
(13)2

13.6eV = 113.1meV.
Prìblhma 3 Jewr ste ènan hmiagwgì me energeiakì q�sma EG = 1.1eV

kai NC = NV . An o hmiagwgìc autìc èqei prosmeÐxeic tÔpou dìth me sugkè-
ntrwsh ND = 1015cm−3, st�jmh dot¸n ED = EC − δE, δE = 0.2eV kai
enèrgeia Fermi EF = EC −∆E, ∆E = 0.25eV, na upologisteÐ h endoge-
n c sugkèntrwsh ni kaj¸c kai oi sugkentr¸seic hlektronÐwn kai op¸n stouc
300K.

H pijanìthta kat�lhyhc thc ED eÐnai h katanom  Fermi -Dirac f(ED) =
1

1+ 1
2

exp[
ED−EF

kBT
]

= 1
1+ 1

2
exp[ 50meV

26meV
]
' 0.2262. Ex �llou h pijanìthta diègershc

apì thn ED isoÔtai me thn pijanìthta 1 − f(ED) mh kat�lhyhc thc ED :
n = (1 − f(ED))ND = 7.738 × 1014cm−3. All� n = NC exp[−EC−EF

kBT
] ⇒

NC = n exp[EC−EF

kBT
] = 7.738 × 1014cm−3 exp[250meV

26meV
] = 1.16 × 1019cm−3, kai

apì thn paradoq  thc �skhshc: NV = NC = 1.16× 1019cm−3. 'Ara

ni =
√

NCNV exp
[
− EG

2kBT

]
= 1.16× 1019cm−3 exp

[
− 1100meV

2× 26meV

]
=

= 7.54× 109cm−3.
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Enallaktik�

p = NV exp
[
−EF − EV

kBT

]
= NC exp

[
−EF − EV

kBT

]
=

= NC exp
[
−EC −∆E − EV

kBT

]
= NC exp

[
−EG −∆E

kBT

]
= 7.35× 104cm−3,

opìte ni =
√

np = 7.54 × 109cm−3. Tèloc parathroÔme ìti o ionismìc twn
dot¸n eÐnai: N+

D

ND
= 1− f(ED) ' 0.7738.

Prìblhma 4 Jewr ste epaf  p−n me sugkentr¸seic prosmeÐxewn NA =
1018cm−3 sthn pleur� tÔpou p kai ND = 5 × 1015cm−3 sthn pleur� tÔpou
n. DÐdetai h endogen c sugkèntrwsh ni = 1.05 × 1010cm−3 kai h sqetik 
dihlektrik  stajer� εr = 11.8. (1) UpologÐste ta epÐpeda Fermi stic dÔo
perioqèc (2) UpologÐste to dunamikì epaf c (3) An h epaf  èqei kuklik 
diatom  me aktÐna r = 5µm, upologÐste ta xn0, xp0, Q+ kai to hlektrikì
pedÐo E0 thc epaf c gia T = 300K.

(1) Upojètoume ìti èqoume olikì ionismì, dhlad  n ' ND, p ' NA. Tì-
te apì thn n = ni exp[EFn−Ei

kBT
] prokÔptei ìti: EFn − Ei = kBT ln

(
ND

ni

)
'

330meV. Ex�llou apì thn p = ni exp[
Ei−EFp

kBT
] prokÔptei ìti: Ei − EFp =

kBT ln
(

NA

ni

)
' 468meV.

(2) qV0 = kBT ln
(

NAND

n2
i

)
= 798meV. ParathroÔme ìti isoÔtai me to

�jroisma twn EFn − Ei kai Ei − EFp, ìpwc ja èprepe.
(3) Sunolikì pl�toc thc perioq c apogÔmnwshc w0 =

[
2εV0

q

(
1

NA
+ 1

ND

)]1/2
.

UpenjumÐzoume ìti ε = εrε0, ε0 = 8.85× 10−12 Cb2

Nm2 , opìte w0 = 0.457µm. Me
b�sh autì to apotèlesma brÐskoume xn0 = NA

NA+ND
w0 ' 0.455µm, xp0 =

ND

NA+ND
w0 ' 0.0023µm kai Q+ = q(πr2)xn0ND = 2.85 × 10−4Cb, E0 =

− q
ε
xn0ND = q

ε
xp0NA = −3.48× 104 V

cm
.


