PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” Telikă exètash sto mĹjhma: “HLEKTROMAGNHTISMOS I” Septèmbrhc 2006

DiĹrkeia: 3 ÿrec GrĹyte kai ta tèssera (bajmologikĹ isodÔnama) jèmata.

Jèma 1o Jewrăste sfairikă epifĹneia aktÐnac R pou fèrei omoiìmorfa katanemhmèno fortÐo Q. H epifĹneia aută peribĹlletai apì dihlektrikì reustì me stajerĹ ϵ, pou epÐ plèon eÐnai fortismèno me puknìthta ρ(⃗r) = −μΦ(⃗r), μ > 0. Na upologisteÐ to dunamikì Φ(⃗r) pantoÔ, upojètontac ìti Φ → 0 gia r → ∞. (Na upologisteÐ kai tuqìn pollaplasiastikă stajerĹ gia to dunamikì). UpodeÐxeic: Xekinăste apì thn exÐswsh tou Poisson. H antikatĹstash Φ =^ψ_r ja bohjăsei sth lÔsh thc diaforikăc exÐswshc.

LÔsh: AfoÔ to prìblhma èqei sfairikă summetrÐa, h exÐswsh tou Poisson ja grĹfetai: 1 r^2

(r^2Φ^′)^′ = − ρ ϵ = + μΦ ϵ ìpou oi tìnoi dhlÿnoun paragwgÐseic wc proc r. Me thn antikatĹstash thc upìdeixhc ja èqoume (r^2Φ^′)^′ = rψ^{′′} kai h exÐswsh gÐnetai 1 r^2 rψ^{′′} = μ ϵ ψ r → ψ^{′′} − μ ϵ ψ = 0 → Φ = A exp[− √_μ ϵ r] r + B exp[+ √_μ ϵ r] r . ’Omwc Φ → 0 gia r → ∞, Ĺra B = 0, Φ = A^{exp[−κr]}_r , ìpou κ ≡ √_μ ϵ kai E = − dΦ dr = A exp[−κr] r^2 (κr + 1). To fortÐo ja dÐnetai apì th sqèsh Q = ϵ ∫ daE = ϵ4πR^2A exp[−κR] R^2

(κR + 1) → A = Q exp[κR] 4πϵ(κR + 1) .

Jèma 2o Jewrăste Ĺpeiro agÿgimo geiwmèno epÐpedo xy, èna fortÐo q_1 = q sth jèsh (0, 0, z_1 = L) kai èna deÔtero fortÐo q_2 sth jèsh (0, 0, z_2 = 4L).

(a) Na upologÐsete to fortÐo q_2, sunartăsei tou q, ÿste h epagìmenh epifaneiakă puknìthta fortÐou σ(ρ), ìpou ρ ≡ √ x^2 + y^2, na mhdenÐzetai sth jèsh x = y = 0.

(b) Na upologÐsete th dÔnamh pou askeÐtai sto fortÐo q_1. LÔsh: (a) H mèjodoc twn eidÿlwn dÐnei, gia to dunamikì: Φ(x, y, z) = kq_1 [ρ^2 + (z − L)^2]^{1/2} − kq_1 [ρ^2 + (z + L)^2]^{1/2} +

+ kq_2 [ρ^2 + (z − 4L)^2]^{1/2} − kq_2 [ρ^2 + (z + 4L)^2]^{1/2} . H epagìmenh puknìthta fortÐou ja eÐnai ϵ_0E|_{z=0} =^1_{4πk} ( −^{∂Φ}_{∂z} | | |_{z=0} ) : σ(ρ) = − 1 4πk ( − kq_1(z − L) [ρ^2 + (z − L)^2]^{3/2} + kq_1(z + L) [ρ^2 + (z + L)^2]^{3/2} −

− kq_2(z − 4L) [ρ^2 + (z − 4L)^2]^{3/2} + kq_2(z + 4L) [ρ^2 + (z + 4L)^2]^{3/2} . )| | | |_{z=0} = = − 1 4π ( 2q_1L [ρ^2 + L^2]^{3/2} + 8q_2L [ρ^2 + 16L^2]^{3/2} ) . H apaÐthsh na mhdenÐzetai h σ(ρ) gia ρ = 0 dÐnei^{2q1L}_{L3} +^{8q2L}_{(4L)3} = 0, dhladă q_2 = −16q_1 = −16q.

(b) H dÔnamh sto q_1 isoÔtai me th sunistamènh twn triÿn dunĹmewn apì ta fortÐa q_2, −q_1, −q_2 : F = kq_1(−q_1) (2L)^2 + kq_1(q_2) (3L)^2 + kq_1(−q_2) (5L)^2 = − kq^2 4L^2 − 4 kq^2 9L^2 + 4 kq^2 25L^2 = − 481 900 kq^2 L^2 .

Jèma 3o Jewrăste hlektrikì dÐpolo me dipolikă ropă ⃗p, pou brÐsketai sth jèsh (x, y, z), pĹnw apì geiwmèno agÿgimo epÐpedo, pou sumpÐptei me to epÐpedo xy. (a) Poia eÐnai h dunamikă enèrgeia tou sustămatoc; (b) ExetĹste katĹ pìso to dÐpolo èlketai ă apwjeÐtai apì to agÿgimo epÐpedo, an epibĹlloume o prosanatolismìc tou na paramènei analloÐwtoc. (g) ExetĹste thn eustĹjeia tou dipìlou kĹtw apì strofèc, enÿ den metakineÐtai kajìlou katĹ ton z. LÔsh: (a) Apì th sqèsh^{⃗p·⃗r}_{r3} +^{⃗pI ·⃗rI}_{r3I} = 0, ìpou ⃗r kai ⃗r_I ta dianÔsmata jèshc apì to dÐpolo kai to eÐdwlì tou proc shmeÐo paratărhshc pĹnw sto geiwmèno epÐpedo kai tic anaparastĹseic ⃗r = (x, y, z), ⃗r_I = (x, y, −z), ⃗p = (p_x, p_y, p_z), ⃗p_I = (p_{Ix}, p_{Iy}, p_{Iz}) katalăgoume, an lĹboume up’ ìyh ìti r_I = r, sto sumpèrasma ìti p_{Ix} = −p_x, p_{Iy} = −p_y, p_{Iz} = p_z. Dhladă, to eikonikì dÐpolo èqei ropă ⃗p_I = (−p_x, −p_y, p_z). H dunamikă enèrgeia ja eÐnai: U = −2⃗p· ⃗E_I , ìpou to ⃗E_I =^{3(n̂·⃗p}I^{)n̂−⃗p}I_{|⃗x−⃗xI |3} , n̂ ≡^{⃗x−⃗x}I_{|⃗x−⃗xI |} = ẑ, eÐnai to pedÐo pou dhmiourgeÐtai mìno apì to eikonikì dÐpolo. O parĹgontac 2 proèrqetai apì to gegonìc ìti prèpei na lĹboume up’ ìyh kai to eikonikì dÐpolo. Antikajistÿntac ⃗x − ⃗x_I = 2zẑ brÐskoume: U = −^{p2x+p2y+2p2z}_{4z3} = −^{p2+p2z}_{4z3} .

(b) ParathroÔme ìti h dunamikă enèrgeia auxĹnei auxanomènou tou z (upì thn proüpìjesh ìti ta p kai p_z eÐnai stajerĹ). ’Ara to dÐpolo èlketai apì to agÿgimo epÐpedo.

(g) ’Estw ìti to dÐpolo sqhmatÐzei gwnÐa θ me ton Ĺxona twn z. Tìte p_z = p cos θ U = −^{p2(1+cos2 θ)}_{4z3} . An to z mènei stajerì, h grafikă parĹstash tou U sunartăsei tou θ parousiĹzei èna elĹqisto gia θ = 0 kai θ = π, enÿ èqei topikì mègisto gia θ =^π_2 . SumperaÐnoume ìti to dÐpolo teÐnei na prosanatolisteÐ kĹjeta sto epÐpedo (me opoiondăpote apì touc dÔo prosanatolismoÔc), ìpou h isorropÐa tou eÐnai eustajăc. H timă θ =^π_2 qarakthrÐzei mia jèsh astajoÔc isorropÐac.

Jèma 4o EpÐpedh plĹka pĹqouc 2d katĹ ton Ĺxona z ekteÐnetai mèqri to Ĺpeiro stic kateujÔnseic x kai y kai diarrèetai apì reÔma me stajeră puknìthta ⃗J sthn kateÔjunsh x.

(a) BreÐte to magnhtikì pedÐo ⃗B kai stic treic perioqèc tou qÿrou. (b) BreÐte to dianusmatikì dunamikì ⃗A kai stic treic perioqèc tou qÿrou. LÔsh: (a) Me efarmogă tou nìmou tou Ampère brÐskoume eÔkola ìti to magnhtikì pedÐo dÐnetai apì tic ekfrĹseic: ⃗B = +B_0ŷ, z ≤ −d, −B_0^z_dŷ, −d ≤ z ≤ +d, −B_0ŷ, z ≥ +d, ìpou B_0 = μ_0Jd.

(b) GrĹfontac analutikĹ tic sunistÿsec thc sqèshc ⃗∇× ⃗A = ⃗B, qrhsimopoiÿntac tic parapĹnw ekfrĹseic kai upojètontac ìti A_y = A_z = 0 brÐskoume to apotèlesma: ⃗A = +B_0zx̂, z ≤ −d, −B_0^{z2}_{2d}x̂, −d ≤ z ≤ +d, −B_0zx̂, z ≥ +d. IsqÔei h sqèsh ∂_zA_x = B_y(z).