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Gr�yte kai ta tèssera (bajmologik� isodÔnama) jèmata.

Jèma 1o Jewr ste sfairik  epif�neia aktÐnac R pou fèrei omoiìmor-
fa katanemhmèno fortÐo Q. H epif�neia aut  perib�lletai apì dihlektrikì
reustì me stajer� ε, pou epÐ plèon eÐnai fortismèno me puknìthta ρ(~r) =
−µΦ(~r), µ > 0. Na upologisteÐ to dunamikì Φ(~r) pantoÔ, upojètontac ìti
Φ → 0 gia r → ∞. (Na upologisteÐ kai tuqìn pollaplasiastik  stajer�
gia to dunamikì). UpodeÐxeic: Xekin ste apì thn exÐswsh tou Poisson. H
antikat�stash Φ = ψ

r
ja bohj sei sth lÔsh thc diaforik c exÐswshc.

LÔsh: AfoÔ to prìblhma èqei sfairik  summetrÐa, h exÐswsh tou Poisson
ja gr�fetai:
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ìpou oi tìnoi dhl¸noun paragwgÐseic wc proc r. Me thn antikat�stash thc
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'Omwc Φ → 0 gia r →∞, �ra B = 0, Φ = A exp[−κr]
r

, ìpou κ ≡
√

µ
ε
kai

E = −dΦ

dr
= A

exp[−κr]

r2
(κr + 1).

To fortÐo ja dÐnetai apì th sqèsh
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∫
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Jèma 2o Jewr ste �peiro ag¸gimo geiwmèno epÐpedo xy, èna fortÐo q1 =
q sth jèsh (0, 0, z1 = L) kai èna deÔtero fortÐo q2 sth jèsh (0, 0, z2 = 4L).



(a) Na upologÐsete to fortÐo q2, sunart sei tou q, ¸ste h epagìmenh
epifaneiak  puknìthta fortÐou σ(ρ), ìpou ρ ≡ √

x2 + y2, na mhdenÐzetai sth
jèsh x = y = 0.

(b) Na upologÐsete th dÔnamh pou askeÐtai sto fortÐo q1.
LÔsh: (a) H mèjodoc twn eid¸lwn dÐnei, gia to dunamikì:
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H apaÐthsh na mhdenÐzetai h σ(ρ) gia ρ = 0 dÐnei 2q1L
L3 + 8q2L

(4L)3
= 0, dhlad 

q2 = −16q1 = −16q.
(b) H dÔnamh sto q1 isoÔtai me th sunistamènh twn tri¸n dun�mewn apì

ta fortÐa q2,−q1,−q2 :
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Jèma 3o Jewr ste hlektrikì dÐpolo me dipolik  rop  ~p, pou brÐsketai
sth jèsh (x, y, z), p�nw apì geiwmèno ag¸gimo epÐpedo, pou sumpÐptei me to
epÐpedo xy. (a) Poia eÐnai h dunamik  enèrgeia tou sust matoc; (b) Exet�ste
kat� pìso to dÐpolo èlketai   apwjeÐtai apì to ag¸gimo epÐpedo, an epib�l-
loume o prosanatolismìc tou na paramènei analloÐwtoc. (g) Exet�ste thn
eust�jeia tou dipìlou k�tw apì strofèc, en¸ den metakineÐtai kajìlou kat�
ton z.

LÔsh: (a) Apì th sqèsh ~p·~r
r3 + ~pI ·~rI

r3
I

= 0, ìpou ~r kai ~rI ta dianÔsmata
jèshc apì to dÐpolo kai to eÐdwlì tou proc shmeÐo parat rhshc p�nw sto
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geiwmèno epÐpedo kai tic anaparast�seic ~r = (x, y, z), ~rI = (x, y,−z), ~p =
(px, py, pz), ~pI = (pIx, pIy, pIz) katal goume, an l�boume up' ìyh ìti rI = r,
sto sumpèrasma ìti pIx = −px, pIy = −py, pIz = pz. Dhlad , to eikonikì
dÐpolo èqei rop  ~pI = (−px,−py, pz). H dunamik  enèrgeia ja eÐnai: U = −2~p·
~EI , ìpou to ~EI = 3(n̂·~pI)n̂−~pI

|~x−~xI |3 , n̂ ≡ ~x−~xI

|~x−~xI | = ẑ, eÐnai to pedÐo pou dhmiourgeÐtai
mìno apì to eikonikì dÐpolo. O par�gontac 2 proèrqetai apì to gegonìc ìti
prèpei na l�boume up' ìyh kai to eikonikì dÐpolo. Antikajist¸ntac ~x− ~xI =

2zẑ brÐskoume: U = −p2
x+p2

y+2p2
z

4z3 = −p2+p2
z

4z3 .
(b) ParathroÔme ìti h dunamik  enèrgeia aux�nei auxanomènou tou z (upì

thn proüpìjesh ìti ta p kai pz eÐnai stajer�). 'Ara to dÐpolo èlketai apì to
ag¸gimo epÐpedo.

(g) 'Estw ìti to dÐpolo sqhmatÐzei gwnÐa θ me ton �xona twn z. Tìte
pz = p cos θ U = −p2(1+cos2 θ)

4z3 . An to z mènei stajerì, h grafik  par�sta-
sh tou U sunart sei tou θ parousi�zei èna el�qisto gia θ = 0 kai θ = π,
en¸ èqei topikì mègisto gia θ = π

2
. SumperaÐnoume ìti to dÐpolo teÐnei na

prosanatolisteÐ k�jeta sto epÐpedo (me opoiond pote apì touc dÔo prosana-
tolismoÔc), ìpou h isorropÐa tou eÐnai eustaj c. H tim  θ = π

2
qarakthrÐzei

mia jèsh astajoÔc isorropÐac.

Jèma 4o EpÐpedh pl�ka p�qouc 2d kat� ton �xona z ekteÐnetai mèqri
to �peiro stic kateujÔnseic x kai y kai diarrèetai apì reÔma me stajer 
puknìthta ~J sthn kateÔjunsh x.

(a) BreÐte to magnhtikì pedÐo ~B kai stic treic perioqèc tou q¸rou.
(b) BreÐte to dianusmatikì dunamikì ~A kai stic treic perioqèc tou q¸rou.
LÔsh: (a) Me efarmog  tou nìmou tou Ampère brÐskoume eÔkola ìti to

magnhtikì pedÐo dÐnetai apì tic ekfr�seic:

~B =





+B0ŷ, z ≤ −d,
−B0

z
d
ŷ, −d ≤ z ≤ +d,

−B0ŷ, z ≥ +d,

ìpou B0 = µ0Jd.
(b) Gr�fontac analutik� tic sunist¸sec thc sqèshc ~∇× ~A = ~B, qrhsimo-

poi¸ntac tic parap�nw ekfr�seic kai upojètontac ìti Ay = Az = 0 brÐskoume
to apotèlesma:

~A =





+B0zx̂, z ≤ −d,

−B0
z2

2d
x̂, −d ≤ z ≤ +d,

−B0zx̂, z ≥ +d.

IsqÔei h sqèsh ∂zAx = By(z).
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