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Di�rkeia: 3 ¸rec. Gr�yte kai ta tèssera (bajmologik� isodÔnama) jè-
mata.

Jèma 1o Jewr ste dÔo omìkentrec sfaÐrec me aktÐnec R1 kai R2 (R2 >
R1). H sfaÐra eÐnai ag¸gimec kai geiwmènec, en¸ metaxÔ touc, sth jèsh
~R0 (R1 < R0 < R2) topojeteÐtai fortÐo q. Na apodeiqjeÐ ìti to fortÐo
pou ep�getai sthn eswterik  sfaÐra isoÔtai me Q = −qR1

R0

R2−R0

R2−R1
.

UpodeÐxeic: To dunamikì mporeÐ na grafteÐ: Φ = kq

|~r−~R0|+
∑ (

anrn + bn

rn+1

)
.

EpÐshc, o �xonac twn z kalì eÐnai na pern�ei apì th jèsh tou fortÐou q.
LÔsh: Kat� thn upìdeixh,

Φ =
kq

|~r − ~R0|
+

∑ (
anrn +

bn

rn+1

)
.

ParathroÔme ìti, gia r < R0, to dunamikì tou fortÐou q gr�fetai diadoqik�:

kq
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=

kq

R0

1√
1 +

(
r
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)2 − 2
(
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∞∑

0
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Pn(cos θ), r < R0.

Entel¸c antÐstoiqa, an r > R0,

kq

|~r − ~R0|
= kq

∞∑

0

Rn
0

rn+1
Pn(cos θ), r > R0.

Taktopoi¸ntac touc di�forouc ìrouc, to sunolikì dunamikì dÐnetai apì tic
duì diaforetikèc parast�seic:

Φ = Φ< =
∞∑

0
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]
, r < R0
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[
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0
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]
, r > R0.



T¸ra ja epib�lloume tic oriakèc sunj kec: Φ|R1 = Φ<|R1 = 0, kai Φ|R2 =

Φ>|R2 = 0. H pr¸th sunep�getai ìti
(
an + kq

Rn+1
0

)
Rn

1 + bn

Rn+1
1

= 0 kai h deÔ-

terh ìti: anRn
2 +

bn+kqRn
0

Rn+1
2

= 0. Apì autèc tic sqèseic mporoÔme na prosdio-
rÐsoume touc suntelestèc an kai bn, �ra to dunamikì. H puknìthta fortÐou
ja brejeÐ apì th sqèsh σ = 1

4πk
E|R1 = − 1

4πk
∂Φ
∂r

∣∣∣
R1

= − 1
4πk

∂Φ<

∂r

∣∣∣
R1

, kai
to fortÐo sthn eswterik  sfaÐra ja eÐnai to epifaneiakì olokl rwma aut c
thc posìthtac. Lamb�nontac up' ìyh ìti

∫ 1
−1 d cos θPn(cos θ) = 2δn0, eÐnai

eÔkolo na doÔme ìti mìno oi ìroi me n = 0 ja suneisfèroun sto fortÐo,
dhlad  arkeÐ na upologÐsoume ta a0 kai b0. Oi parap�nw sqèseic mac dÐnoun:
a0 = − kq

R0

R0−R1

R2−R1
, b0 = −kqR1

R0
−R1a0 = −kqR1
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. Telik�:
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Jèma 2o Jewr ste ènan monwt  hmisfairikoÔ sq matoc pou èqei aktÐna
R, kai eÐnai fortismènoc me puknìthta ρ(r) = ρ0

r
R
. H epÐpedh pleur� tou

monwt  brÐsketai sto epÐpedo xy kai ekteÐnetai ston hmiq¸ro me jetikì z. (a)
Na breÐte thn polupolik  an�ptuxh tou dunamikoÔ gia apost�seic r > R. (b)
Na breÐte thn antÐstoiqh polupolik  an�ptuxh tou dunamikoÔ gia hmisfairikì
monwt  pou ekteÐnetai ston hmiq¸ro me arnhtikì z.

LÔsh: To dunamikì dÐnetai apì th sqèsh:

Φ(~x) =
1

ε0

∑

l,m

1

2l + 1
Qlm

Ylm

rl+1
, Qlm ≡

∫
d3r′ρ(~r′)r′lY ∗

lm.

(a) H oloklhrwtèa par�stash den èqei ex�rthsh apì to φ, opìte h olo-
kl rwsh aut  ja dÐnei mh mhdenikì apotèlesma mìno gia m = 0. Shmei¸noume
ìti Yl0 =

√
2l+1
4π

Pl(cos θ). H olokl rwsh wc proc θ ja ekteÐnetai apì θ = 0
mèqri θ = π

2
kai prèpei na upologisteÐ to

∫ π
2

θ=0
d(− cos θ)Pl(cos θ) = −

∫ 0

x=1
dxPl(x) =

1

2l + 1

∫ 1

0
dx[P ′

l+1(x)−P ′
l−1(x)] =

=
1

2l + 1
[(Pl+1(1)−Pl+1(0))−(Pl−1(1)−Pl−1(0))] =

1

2l + 1
[Pl−1(0))−Pl+1(0)].

Gia thn eidik  perÐptwsh l = 0 to olokl rwma ja eÐnai mon�da. Gia �rtia l
to olokl rwma ja mhdenÐzetai. Mènoun ta peritt� l = 2k + 1. H genn tria
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sun�rthsh dÐnei:

P2k(x) =
(−1)k(2k − 1)!!

(2k)!!
, P2k+2(x) = −(−1)k(2k + 1)!!

(2k + 2)!!
.

Mènei to aktinikì olokl rwma, pou isoÔtai me
∫ R
0 dr′r′2ρ0

r′
R
r′l = ρ0R

l+3.
(b) 'Enac aplìc trìpoc gia na upologÐsoume th deÔterh polupolik  a-

n�ptuxh prokÔptei apì thn parat rhsh ìti to sÔsthma twn dÔo monwt¸n,
dhlad  to �jroisma twn polupolik¸n anaptugm�twn, ja eÐnai mÐa sfaÐra me
ènan mìno ìro sthn polupolik  an�ptuxh:

1

4πε0

Q

r
=

1

ε0

∑

l,m

1

2l + 1
(Q+

lm + Q−
lm)

Ylm

rl+1
,

ìpou ta Q+
lm eÐnai gnwst�: eÐnai oi posìthtec pou sumbolÐsame me Qlm sto

pr¸to mèroc thc �skhshc kai Q−
lm eÐnai ta zhtoÔmena. Ex �llou to Q eÐnai

to olikì fortÐo sfaÐrac aktÐnac R me puknìthta fortÐou ρ(r) = ρ0
r
R

: Q =∫ R
0 (4πr2dr)ρ0

r
R

= πρ0R
3. Apì th sqèsh twn anaptugm�twn sumperaÐnoume

ìti: Q−
00 = Q

4πε0
− Q+

00 (gia l = m = 0) kai Q−
lm = −Q+

lm gia ìlec tic �llec
timèc twn l kai m.

Jèma 3o Leptìc kulindrikìc floiìc me m koc L kai aktÐna R << L fèrei
epifaneiak  puknìthta fortÐou σ. O floiìc peristrèfetai perÐ ton �xon� tou
me gwniak  taqÔthta ω = at. Na upologÐsete:

(a) To magnhtikì pedÐo mèsa ston floiì.
(b) To hlektrikì pedÐo mèsa ston floiì.
(g) Thn hlektrik  kai magnhtik  enèrgeia mèsa sto floiì.
Agno ste: (a) pijanèc paramorf¸seic twn pedÐwn kont� stic dÔo b�seic

tou floioÔ (b) pijanì reÔma metatìpishc.
LÔsh: (a) H puknìthta reÔmatoc eÐnai: ~K = σωRφ̂ ⇒ ~J = ~Kδ(ρ −

R) = σωRδ(ρ − R)φ̂. (Pr�gmati, fortÐo δQ = σ(2πR)δz sumplhr¸nei ènan
pl rh kÔklo mia for� k�je perÐodo T = 2π

ω
, par�gontac reÔma δI = δQ

T
=

σ(2πR)
2π
ω

δz, opìte K ≡ δI
δz

= σωR). An agno soume to reÔma metatìpishc,

h exÐswsh ~∇ × ~B = µ0
~J ja mac d¸sei −∂Bz

∂ρ
= µ0σωRδ(ρ − R), opìte:

~B(ρ) = −µ0σωRẑ = −µ0σaRtẑ, ρ < R. To Ðdio apotèlesma mporeÐ kaneÐc na
breÐ efarmìzontac tic oriakèc sunj kec gia to magnhtikì pedÐo sthn epif�neia
tou floioÔ.

(b) Apì thn
∫
C(S)

~E · ~dl = − d
dt

∫
S

~B · n̂da, gia kÔklo aktÐnac ρ k�jeto ston
�xona twn z me kèntro p�nw ston �xona paÐrnoume: ~E = µ0σaRρ

2
φ̂.
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(g) UE = ε0
2

∫
d3xE2 = ε0L

2

∫ R
0

(
µ0σaRρ

2

)2
2πρdρ =

πε0µ2
0σ2a2R6L

16
, UB =

1
2µ0

∫
d3xB2 = 1

2µ0
(πR2L) (µ0σωR)2 = πµ0σ2a2R4Lt2

2
.

Jèma 4o (a) Gr�yte th sun�rthsh Green gia geiwmèno mh peperasmè-
no ag¸gimo epÐpedo pou brÐsketai sto epÐpedo xy. (b) Me th bo jeia th-
c sun�rthshc Green tou prohgoÔmenou erwt matoc prosdiorÐste to duna-
mikì sth jèsh (0, 0, z) pou ofeÐletai se r�bdo me puknìthta fortÐou ρ(~r′) =
λΘ(L− |x′|)δ(y′)δ(z′− z0). (R�bdoc qwrÐc p�qoc kai me grammik  puknìthta
fortÐou λ pou brÐsketai sto epÐpedo xz, eÐnai par�llhlh ston �xona twn x,
pern�ei apì to shmeÐo z0 kai ekteÐnetai apì to −L mèqri to +L.) Upìdeixh:∫

dx 1√
x2+a2 = log(x +

√
x2 + a2).

LÔsh: (a) H sun�rthsh Green gia oriakèc sunj kec Dirichlet ìpwc oi
parap�nw eÐnai:

GD(~x, ~x′) =
1

|~x− ~x′| −
1

|~x− ~x′I |
.

(b) Gia oriakèc sunj kec Dirichlet xèroume ìti

Φ(~x) = k
∫

V
d3x′ρ(~x′)GD(~x, ~x′)− 1

4π

∫

S(V )
da′Φ(~x′)

∂GD

∂n′
.

Gia to prìblhm� mac brÐskoume:

Φ(0, 0, z) = k
∫

z′≥0
dx′dy′dz′[λΘ(L−|x′|)δ(y′)δ(z′−z0)]

[
1

|~x− ~x′| −
1

|~x− ~x′I |

]
=

= kλ
∫

z′≥0
dx′dy′dz′[λΘ(L−|x′|)δ(y′)δ(z′−z0)]


 1√

(0− x′)2 + (0− y′)2 + (z − z′)2
−

− 1√
(0− x′)2 + (0− y′)2 + (z + z′)2


 =

= kλ
∫ L

x′=−L
dx′


 1√

x′2 + (z − z0)2
− 1√

x′2 + (z + z0)2


 =

= kλ ln
L +

√
L2 + (z − z0)2

−L +
√

L2 + (z − z0)2
− kλ ln

L +
√

L2 + (z + z0)2

−L +
√

L2 + (z + z0)2
=

= kλ ln
(
√

L2 + (z − z0)2 + L)(
√

L2 + (z + z0)2 − L)

(
√

L2 + (z − z0)2 − L)(
√

L2 + (z + z0)2 + L)
.
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