Perieqìmena

1 Qwrismìc metablhtÿn 5 1.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.1.1 Grammikìthta kai arqă thc Upèrjeshc . . . . . . . . . . . . . . . . . . . . 5 1.1.2 DiĹdosh jermìthtac se rĹbdo . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.2 AnakefalaÐwsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3 JermokrasÐa rĹbdou me monwmèna Ĺkra . . . . . . . . . . . . . . . . . . . . . . . 11 1.4 DiĹdosh jermìthtac se kuklikì daktÔlio . . . . . . . . . . . . . . . . . . . . . . 12 1.5 JermokrasÐa se orjogÿnia plĹka . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.6 Kuklikìc dÐskoc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.7 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2 AnĹlush FOURIER 19 2.1 Seirèc FOURIER . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.1.1 Parathrăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.1.2 ParĹdeigma apì th Statistikă Fusikă . . . . . . . . . . . . . . . . . . . . 24 2.1.3 ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.2 Oloklărwma FOURIER . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.2.1 Parathrăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.3 Jeÿrhma tou FOURIER . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 2.4 Hmitonikìc kai sunhmitonikìc metasqhmatismìc FOURIER . . . . . . . . . . . . . 31 2.5 Qrăsh twn metasqhmatismÿn FOURIER . . . . . . . . . . . . . . . . . . . . . . . 33 2.6 H sunèlixh kai to jeÿrhma thc sunèlixhc . . . . . . . . . . . . . . . . . . . . . . 37 2.7 Jeÿrhma tou PARSEVAL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.8 AnĹlush FOURIER se perissìterec diastĹseic . . . . . . . . . . . . . . . . . . . 39 2.8.1 ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.9 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.9.1 Exanagkasmènh armonikă talĹntwsh . . . . . . . . . . . . . . . . . . . . . 42 2.9.2 Migadikă anaparĹstash . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 2.9.3 FÐltra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 2.9.4 PerÐjlash FRAUNHOFER . . . . . . . . . . . . . . . . . . . . . . . . . . 50 2.9.5 Sumbolă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 2.9.6 Mìrio udrogìnou . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 2.10 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3 Metasqhmatismìc LAPLACE 63 3.1 Orismìc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 3.1.1 ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 3.2 Idiìthtec tou metasqhmatismoÔ LAPLACE . . . . . . . . . . . . . . . . . . . . . 64 3.3 Sunèlixh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3.4 Sqèsh twn metasqhmatismÿn FOURIER kai LAPLACE . . . . . . . . . . . . . . 67 3.5 AntÐstrofoc metasqhmatismìc LAPLACE . . . . . . . . . . . . . . . . . . . . . . 69 3.6 Metasqhmatismìc LAPLACE periodikăc sunĹrthshc . . . . . . . . . . . . . . . . 70 3.7 Diaforikèc exisÿseic me stajeroÔc suntelestèc . . . . . . . . . . . . . . . . . . . 71 3.7.1 Armonikìc talantwtăc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 3.7.2 MetabatikĹ fainìmena se kuklÿmata . . . . . . . . . . . . . . . . . . . . . 73 3.7.3 BasikĹ kuklÿmata fÐltrwn . . . . . . . . . . . . . . . . . . . . . . . . . . 75 3.7.4 Sustămata diaforikÿn exisÿsewn: Metasqhmatistăc . . . . . . . . . . . . 79 3.7.5 Grammèc metaforĹc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.7.6 MetabatikĹ fainìmena stic grammèc metaforĹc . . . . . . . . . . . . . . . 85 3.8 Problămata sunoriakÿn timÿn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 3.8.1 DiĹdosh jermìthtac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 3.8.2 JermokrasÐa kulÐndrou . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 3.9 Diaforikèc exisÿseic me metablhtoÔc suntelestèc . . . . . . . . . . . . . . . . . 92 3.10 Sunduasmìc FOURIER kai LAPLACE . . . . . . . . . . . . . . . . . . . . . . . . 93 3.11 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4 Qwrismìc metablhtÿn: sunèqeia 97 4.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 4.2 Sfairikèc suntetagmènec: [∇^2 + U(r)]Ψ = 0 . . . . . . . . . . . . . . . . . . . . . 97 4.2.1 Eidikèc periptÿseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 4.3 Kulindrikèc suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 4.3.1 ExÐswsh HELMHOLTZ: [∇^2 + k^2]Ψ = 0. . . . . . . . . . . . . . . . . . . 103 4.3.2 Tropopoihmènh exÐswsh HELMHOLTZ: [∇^2 − k^2]Ψ = 0 . . . . . . . . . . 104 4.3.3 ExÐswsh LAPLACE: ∇^2Ψ = 0 . . . . . . . . . . . . . . . . . . . . . . . . 105 4.4 Askăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Problămata STURM-LIOUVILLE 109 5.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 5.2 Mèjodoc qwrismoÔ metablhtÿn tou FOURIER . . . . . . . . . . . . . . . . . . . 113 5.2.1 Exairèseic-GenikeÔseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 5.2.2 OrjokanonikopoÐhsh twn GRAM kai SCHMIDT . . . . . . . . . . . . . . 115 5.3 Proseggistikèc mèjodoi gia megĹlec idiotimèc . . . . . . . . . . . . . . . . . . . . 116 5.4 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

6 Poluÿnuma LEGENDRE 121 6.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 6.2 Gennătria sunĹrthsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 6.3 SeirĹ LEGENDRE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 6.4 DeÔterh lÔsh thc exÐswshc tou LEGENDRE . . . . . . . . . . . . . . . . . . . . 124

6.5 Agÿgimh sfaÐra se omogenèc hlektrostatikì pedÐo . . . . . . . . . . . . . . . . . 124 6.6 Sunarthmèna “poluÿnuma” LEGENDRE . . . . . . . . . . . . . . . . . . . . . . . 126 6.7 Sfairikèc armonikèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 6.8 Prosjetikì jeÿrhma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 6.9 Polupolikă anĹptuxh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 6.10 ArmonikĹ poluÿnuma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 6.11 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

7 Sunartăseic BESSEL 135 7.1 Eisagwgă: Kuklikă membrĹnh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135 7.2 ExÐswsh BESSEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 7.3 Sunartăseic NEUMANN . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 7.4 Gennătria sunĹrthsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 7.5 Oloklhrwtikă anaparĹstash . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 7.6 Orjogwniìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 7.7 SeirĹ BESSEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 7.8 Timèc gia polÔ mikrĹ ă polÔ megĹla orÐsmata . . . . . . . . . . . . . . . . . . . . 144 7.9 Sunartăseic HANKEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 7.10 Kuklikă membrĹnh, sunèqeia kai tèloc . . . . . . . . . . . . . . . . . . . . . . . . 146 7.11 Dunamikì se kenì kÔlindro . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 7.12 Omoaxonikìc kumatodhgìc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 7.13 KÔlindroc me tic bĹseic tou se mhdenikă jermokrasÐa . . . . . . . . . . . . . . . . 149 7.14 Tropopoihmènec sunartăseic BESSEL . . . . . . . . . . . . . . . . . . . . . . . . 149 7.15 Sfairikèc sunartăseic BESSEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 7.15.1 AnĹptuxh se seirĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 7.15.2 Asumptwtikèc morfèc gia polÔ mikrĹ kai polÔ megĹla orÐsmata . . . . . 151 7.15.3 Anadromikèc sqèseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 7.15.4 Tropopoihmènec sfairikèc sunartăseic BESSEL . . . . . . . . . . . . . . 152 7.16 Exisÿseic pou anĹgontai sthn exÐswsh BESSEL . . . . . . . . . . . . . . . . . . . 152 7.17 Sqèsh LEGENDRE me BESSEL . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 7.18 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

8 PoluwnumikĹ problămata STURM-LIOUVILLE 159 8.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 8.1.1 An h α(x) eÐnai stajerĹ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 8.1.2 An h α(x) eÐnai grammikă . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 8.1.3 An h α(x) eÐnai deutèrou bajmoÔ . . . . . . . . . . . . . . . . . . . . . . . 161 8.1.4 Parathrăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 8.1.5 Exisÿseic kai idiotimèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 8.2 TÔpoc tou RODRIGUES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 8.3 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 8.3.1 Kbantikìc armonikìc talantwtăc . . . . . . . . . . . . . . . . . . . . . . . 165 8.3.2 Atomo tou udrogìnou . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 8.4 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

9 Mh omogenă problămata 169 9.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 9.2 ExÐswsh diĹqushc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 9.3 Kumatikă ExÐswsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172 9.4 Qordă me exanagkasmènh kÐnhsh . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 9.5 Askăseic proc lÔsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

10 PARARTHMATA 177

Aþ DianusmatikoÐ telestèc 179 Aþ.1 Orjogÿniec suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 Aþ.2 Sfairikèc suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 Aþ.3 Kulindrikèc suntetagmènec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

Bþ SunĹrthsh dèlta 181 Bþ.1 SunĹrthsh dèlta se kampulìgrammec suntetagmènec . . . . . . . . . . . . . . . . 183

Gþ Sunartăseic Băta kai GĹmma 187 Gþ.1 SunĹrthsh GĹmma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 Gþ.2 SunĹrthsh Băta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

Dþ PÐnakac metasqhmatismÿn LAPLACE 189 Dþ.1 MetasqhmatismoÐ LAPLACE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

Eþ Eidikèc sunartăseic 191 Eþ.1 Poluÿnuma HERMITE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 Eþ.2 ArqikĹ kai sunarthmèna poluÿnuma LAGUERRE . . . . . . . . . . . . . . . . . . 191 Eþ.3 ArqikĹ kai sunarthmèna “poluÿnuma” LEGENDRE . . . . . . . . . . . . . . . . 192 Eþ.4 Sfairikèc armonikèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 Eþ.5 Udrogonoeidèc Ĺtomo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

˚þ Exisÿseic HlektromagnhtismoÔ 195 ˚þ.1 Exisÿseic tou MAXWELL sto kenì . . . . . . . . . . . . . . . . . . . . . . . . . 195 ˚þ.2 Exisÿseic tou MAXWELL sthn Ôlh . . . . . . . . . . . . . . . . . . . . . . . . . 195 ˚þ.3 Sunjăkec se diaqwristikèc epifĹneiec. . . . . . . . . . . . . . . . . . . . . . . . . 196

KefĹlaio 1

Qwrismìc metablhtÿn

1.1 Eisagwgă

S’ autì to kefĹlaio ja eisagĹgoume mia apì tic pio shmantikèc mejìdouc epÐlushc grammikÿn Merikÿn Diaforikÿn Exisÿsewn (MDE), to qwrismì metablhtÿn. H mèjodoc sthrÐzetai sth basikă idiìthta thc upèrjeshc, gi’ autì prÿta ja kĹnoume èna sqìlio gia thn idiìthta aută.

1.1.1 Grammikìthta kai arqă thc Upèrjeshc

Ta fusikĹ fainìmena dièpontai genikĹ apì MDE, oi opoÐec sunodeÔontai apì tic oriakèc kai arqikèc sunjăkec pou prosdiorÐzoun to prìblhma kai kajistoÔn th lÔsh tou monosămanth. Sunepÿc ta problămata pou ja antimetwpÐsoume apoteloÔntai apì dÔo sunistÿsec, Ĺrrhkta sundedemènec metaxÔ touc: th diaforikă exÐswsh pou ta dièpei kai tic oriakèc kai arqikèc sunjăkec pou ta prosdiorÐzoun. Gia na orÐsei, loipìn, kaneÐc th grammikìthta (allĹ kai opoiadăpote Ĺllh idiìthta) enìc problămatoc, prèpei na elègxei th grammikìthta kai twn dÔo stoiqeÐwn tou problămatoc.

1. Oi exisÿseic emfanÐzontai sunăjwc upì th morfă: L̂ψ = f, ìpou to L̂ eÐnai mia parĹstash pou perilambĹnei sunartăseic kai telestèc paragÿgishc wc proc tic diĹforec anexĹrthtec metablhtèc, ψ eÐnai h Ĺgnwsth sunĹrthsh kai f eÐnai kĹpoia gnwstă sunĹrthsh twn anexĹrthtwn metablhtÿn pou den exartĹtai apì thn ψ kai pou anafèretai sunăjwc wc “deÔtero mèloc”. An f = 0, h exÐswsh lègetai omogenăc. H parĹstash L̂ lègetai diaforikìc telestăc. PolÔ shmantikă kathgorÐa diaforikÿn telestÿn eÐnai oi grammikoÐ diaforikoÐ telestèc, me touc opoÐouc ja asqolhjoÔme leptomereiakĹ. Enac diaforikìc telestăc L̂ lègetai grammikìc an, gia opoiesdăpote (migadikèc) stajerèc c_1, c_2 kai opoiesdăpote sunartăseic ψ_1, ψ_2 twn anexĹrthtwn metablhtÿn isqÔei h isìthta:

L̂(c_1ψ_1 + c_2ψ_2) = c_1L̂ψ_1 + c_2L̂ψ_2. (1.1)

Dhladă h grammikìthta eÐnai sqedìn sunÿnumh me thn arqă thc upèrjeshc. Oi MDE pou grĹfontai sunartăsei grammikÿn diaforikÿn telestÿn lègontai grammikèc merikèc diaforikèc exisÿseic.

ParĹdeigma H exÐswsh diĹdoshc thc jermìthtac (pou ja eÐnai h prÿth pou ja exetĹsoume) eÐnai h exăc: ∂^2Θ(x, t) ∂x^2 = κ ∂Θ(x, t) ∂t , pou mporeÐ na grafteÐ kai me th morfă:

∂^2Θ(x, t) ∂x^2 − κ ∂Θ(x, t) ∂t = [ ∂^2 ∂x^2 − κ ∂ ∂t ] Θ(x, t) = 0. (1.2)

Apì pleurĹc Fusikăc, h Ĺgnwsth zhtoÔmenh sunĹrthsh ψ ≡ Θ(x, t) paristĹnei th jermokrasÐa miac monodiĹstathc rĹbdou (pou exartĹtai apì th jèsh kai to qrìno), enÿ κ eÐnai mia stajerĹ pou exartĹtai apì tic idiìthtec tou ulikoÔ thc rĹbdou, ìpwc h jermoqwrhtikìthta kai h jermikă agwgimìthta. H exÐswsh (1.2) eÐnai omogenăc, afoÔ den èqei deÔtero mèloc kai eÐnai epÐ plèon grammikă: mporeÐ kaneÐc polÔ eÔkola na elègxei ìti ikanopoieÐtai h sunjăkh thc grammikìthtac (1.1).

Oi grammikoÐ telestèc èqoun thn Ĺgnwsth sunĹrthsh kai tic paragÿgouc thc sthn prÿth dÔnamh. An eÐte h ψ eÐte oi parĹgwgoÐ thc brÐskontai se anÿterec dunĹmeic eÐte eÐnai orÐsmata sunartăsewn ìpwc to hmÐtono (pou perilambĹnei anÿterec dunĹmeic sto anĹptugmĹ tou katĹ Taylor) h sunjăkh den isqÔei kai h exÐswsh den eÐnai grammikă. EpÐ paradeÐgmati, oi exisÿseic^{∂2Θ(x,t)}_{∂x2} − κ(^{∂Θ(x,t)}_{∂t} )^2 = 0, Θ_x = ν sin(bΘ) den eÐnai grammikèc.

2. Opwc exhgăsame, oi oriakèc kai arqikèc sunjăkec eÐnai anapìspasto kommĹti enìc fusikoÔ problămatoc. Epomènwc, gia na qarakthristeÐ èna prìblhma wc grammikì, prèpei na èqoume exasfalÐsei ìti kai oi sunjăkec autèc eÐnai grammikèc. Ja perioristoÔme stic omogeneÐc oriakèc sunjăkec, dhladă ekeÐnec pou, an eÐnai sebastèc apì tic sunartăseic ψ_1, ψ_2, eÐnai sebastèc kai apì thn c_1ψ_1 + c_2ψ_2. Gia parĹdeigma, h sunjăkh^{∂2ψ}_{∂x2} | | x=0 = μ_1ψ|_{x=0} eÐnai

grammikă, enÿ h^{∂2 ψ}_{∂x2} | | x=0 = μ_2(ψ|_{x=0})^2 den eÐnai.

Shmeiÿnoume ìti oi arqikèc sunjăkec sunăjwc den eÐnai omogeneÐc. Ena tupikì parĹdeigma arqikăc sunjăkhc eÐnai na dÐnetai h arqikă metatìpish miac qordăc: ψ(x, t)|_{t=0} = f(x), pou profanÿc den eÐnai omogenăc.

O lìgoc gia ton opoÐo epimènoume sth grammikìthta eÐnai h arqă thc upèrjeshc (1.1), h opoÐa lèei ìti: an oi ψ_1, ψ_2 ikanopoioÔn mia grammikă MDE kai tic omogeneÐc oriakèc sunjăkec, tìte kai h sunĹrthsh c_1ψ_1 +c_2ψ_2 ja tic ikanopoieÐ epÐshc. Aută h arqă mac epitrèpei na “sunjèsoume” th lÔsh enìc problămatoc apì aploÔsterec lÔseic tou Ðdiou problămatoc.

1.1.2 DiĹdosh jermìthtac se rĹbdo me ta Ĺkra se mhdenikă jermokrasÐa

Ja lÔsoume to prìblhma thc exèlixhc thc jermokrasÐac miac rĹbdou, h opoÐa xekinĹei th qronikă stigmă t = 0 me dedomènh jermokrasÐa

Θ(x, t = 0) = f(x) (1.3)

kai dièpetai apì thn exÐswsh ∂^2Θ(x, t) ∂x^2 = κ ∂Θ(x, t) ∂t , (1.4) pou èqoume ădh anafèrei. S’ autì to prÿto parĹdeigma ja perioristoÔme se ìso to dunatìn pio aplèc oriakèc sunjăkec, dhladă tic omogeneÐc:

Θ(x = 0, t) = 0, Θ(x = L, t) = 0. (1.5)

Autèc oi sunjăkec shmaÐnoun ìti sto aristerì Ĺkro thc rĹbdou x = 0 kai sto dexiì thc Ĺkro x = L h jermokrasÐa diathreÐtai mhdenikă se opoiadăpote qronikă stigmă.

To prÿto băma eÐnai na broÔme sunartăseic pou na ikanopoioÔn thn exÐswsh (1.4) kai tic omogeneÐc oriakèc sunjăkec (1.5). AgnooÔme proc to parìn thn mh omogenă arqikă sunjăkh (1.3). Ja prospajăsoume na broÔme lÔseic thc morfăc:

Θ(x, t) = X(x)T (t), (1.6)

dhladă lÔseic pou ja eÐnai ginìmeno miac sunĹrthshc X(x) pou exartĹtai mìno apì th metablhtă x kai miac sunĹrthshc T (t) pou exartĹtai mìno apì th metablhtă t. AntikajistoÔme sthn exÐswsh (1.4) th dokimastikă morfă (1.6): X^{′′}(x)T (t) = κX(x)T^′(t) → X^{′′}(x) X(x) = κ T^′(t) T (t) . (1.7)

ParathroÔme ìti to aristerì mèloc thc exÐswshc eÐnai sunĹrthsh mìno tou x, enÿ to dexiì mèloc mìno tou t. O mìnoc trìpoc, loipìn, gia na isqÔei h isìthta eÐnai kai ta dÔo mèlh na eÐnai Ðsa me mia stajerĹ, anexĹrthth kai apì tic dÔo anexĹrthtec metablhtèc x kai t. Epomènwc èqoume tic dÔo exisÿseic: X^{′′}(x) X(x) = −λ, κ T^′(t) T (t) = −λ. (1.8)

(To meÐon eisăqjh gia lìgouc eukolÐac sth sunèqeia kai den èqei kĹpoia idiaÐterh barÔthta). Oi oriakèc sunjăkec (gia th sunĹrthsh Θ(x, t)) metatrèpontai stic sunjăkec X(0) = 0, X(L) = 0, pou anafèrontai mìno sth sunĹrthsh X(x). To megĹlo pleonèkthma autăc thc mejìdou eÐnai ìti metatrèpei tic MDE se diaforikèc exisÿseic miac metablhtăc (me tic antÐstoiqec tropopoiăseic kai stic oriakèc sunjăkec).

H lÔsh thc qronikăc exÐswshc κ T^′(t) T (t) = −λ → T^′(t) = − λ κ T (t) (1.9)

eÐnai:

T (t) = c_t exp [ − λ κ t ] . (1.10)

Perimènoume ìti to λ prèpei na eÐnai jetikì (ă mhdèn), alliÿc to fusikì prìblhma thc apokatĹstashc thc jermikăc isorropÐac ja èqei mia (apì fusikăc pleurĹc) mh apodektă sumperiforĹ sto ìrio t → ∞.

H timă tou λ pĹntwc ja prosdioristeÐ apì th lÔsh thc qwrikăc exÐswshc. To qwrikì kommĹti (exÐswsh kai oriakèc sunjăkec) eÐnai èna sqetikĹ aplì deÐgma enìc problămatoc sunoriakÿn timÿn:

X^{′′}(x) + λX(x) = 0, X(0) = 0, X(L) = 0. (1.11)

Oi lÔseic tou problămatoc ja dÿsoun arijmoÔc λ (pou ja onomĹzontai idiotimèc tou problămatoc) kai sunartăseic X(x) (tic idiosunartăseic tou problămatoc, pou ja exartÿntai apì ta λ). Oi lÔseic, genikĹ, eÐnai ta ekjetikĹ e^{μx}. Antikajistÿntac sthn exÐswsh mia tètoia dokimastikă lÔsh brÐskoume th qarakthristikă exÐswsh μ^2e^{μx} + λe^{μx} = 0, h opoÐa dÐnei th sqèsh μ^2 = −λ. Oi timèc tou λ qarakthrÐzoun th sumperiforĹ twn lÔsewn.

1. An λ > 0 ta μ = ±i √ λ eÐnai fantastikoÐ arijmoÐ, epomènwc èqoume fantastikĹ ekjetikĹ wc lÔseic, ta opoÐa mporoÔn na graftoÔn kai me th morfă: X(x) = c_1 cos √ λx+c_2 sin √ λx. H oriakă sunjăkh X(0) = 0 dÐnei c_1 = 0, enÿ h deÔterh sunjăkh X(L) = 0, jewrÿntac wc dedomèno to c_1 = 0, dÐnei: sin √ λL = 0 → λ = (^{nπ}_L )^2, n = 1, 2, 3, . . . kai X(x) = c_2 sin^{nπx}_L .

2. An h λ = 0 eÐnai idiotimă, èqoume diplă rÐza kai h lÔsh thc exÐswshc eÐnai X(x) = c_1 + c_2x.

EÐnai tetrimèno na deÐ kaneÐc ìti oi oriakèc sunjăkec epibĹlloun c_1 = c_2 = 0 → X(x) = 0, opìte sumperaÐnoume ìti h timă λ = 0 den eÐnai idiotimă gia to sugkekrimèno prìblhma. EpÐ paradeÐgmati, den ja mporoÔsame na ikanopoiăsoume thn (1.3).

3. Oi arnhtikèc timèc tou λ dÐnoun (me antikatĹstash sthn exÐswsh) thn exÐswsh μ^2 = −λ > 0, opìte prokÔptoun dÔo timèc gia to μ me antÐjeto prìshmo, oi ± √ −λ me thn antÐstoiqh lÔsh X(x) = c_1e^{√−λx} + c_2e^{−√−λx}. EÐnai eÔkolo na deÐ kaneÐc ìti h epibolă twn oriakÿn sunjhkÿn dÐnei pĹli c_1 = c_2 = 0 → X(x) = 0, Ĺra den upĹrqoun arnhtikèc idiotimèc gi’ autì to prìblhma. EÐnai paratărhsh genikìterou endiafèrontoc ìti, an prèpei kaneÐc na breÐ mia sunĹrthsh pou na mhdenÐzetai se dÔo diaforetikĹ shmeÐa (ìpwc edÿ, sta shmeÐa 0 kai L) prèpei na dialègei tic trigwnometrikèc lÔseic kai ìqi tic ekjetikèc (an h epilogă eÐnai metaxÔ autÿn twn dÔo morfÿn lÔshc).

SunoyÐzontac, h lÔsh tou problămatoc (1.11) eÐnai

λ_n = ( nπ L )_2

, X_n(x) = c_x sin nπx L , ìpou èqoume eisagĹgei ki ènan deÐkth n gia na deÐxoume ìti tìso h idiotimă ìso kai h antÐstoiqh idiosunĹrthsh exartÿntai apì autìn ton akèraio arijmì. An pollaplasiĹsoume thn X_n(x) me thn antÐstoiqh qwrikă sunĹrthsh T_n(t) = c_t exp[−^{λn}_κ t] kai sumbolÐsoume th stajerĹ c_xc_t me B_n, h sunĹrthsh

B_n sin nπx L exp [ − λ_n κ t ] = B_n sin nπx L exp [ − n^2π^2 κL^2 t ] (1.12)

eÐnai lÔsh thc exÐswshc (1.4) kai ikanopoieÐ kai tic dÔo omogeneÐc oriakèc sunjăkec (1.5). EkeÐnh pou den ikanopoieÐtai apì autèc tic lÔseic eÐnai h arqikă sunjăkh (1.3).

Lìgw thc arqăc thc upèrjeshc, afoÔ oi lÔseic gia ta diĹfora n eÐnai lÔseic tou problămatoc, to Ðdio ja isqÔei kai gia to ĹjroismĹ touc: Θ(x, t) = ∞∑ n=1 B_n sin nπx L exp [ − n^2π^2 κL^2 t ] . (1.13)

Aută h exÐswsh upobĹllei thn idèa ìti endeqomènwc na mporeÐ na brejeÐ lÔsh pou na ikanopoieÐ kai thn (1.3), an katorjÿsoume th qronikă stigmă t = 0 na rujmÐsoume touc mèqri tÿra aujaÐretouc suntelestèc B_n, ètsi ÿste na isqÔei:

Θ(x, t = 0) ≡ f(x) = ∞∑ n=1 B_n sin nπx L . (1.14)

Autì ìmwc eÐnai apìluta efiktì kai exasfalÐzetai apì th jewrÐa twn seirÿn Fourier. Apì th jewrÐa, loipìn, twn metasqhmatismÿn Fourier mporoÔme na prosdiorÐsoume touc suntelestèc B_n kai na èqoume thn plărh lÔsh.

EÔresh twn suntelestÿn thc seirĹc

Par’ ìl’ autĹ, to kalÔtero eÐnai na mhn epikaleÐtai kaneÐc touc ètoimouc tÔpouc, allĹ na brÐskei (ă toulĹqiston na mporeÐ na brei) touc suntelestèc xekinÿntac apì thn arqă. GenikĹ milÿntac, h eÔresh twn suntelestÿn B_n thc exÐswshc (1.14) eÐnai eidikă perÐptwsh Ĺllou problămatoc: prìkeitai gia thn eÔresh twn suntelestÿn a_n thc anĹptuxhc ⃗v = ∑ n a_n⃗x_n (1.15)

enìc dianÔsmatoc ⃗v wc proc mÐa orjogÿnia bĹsh ⃗x_n. EpÐthdec den èqoume prosdiorÐsei me akrÐbeia ta ìria thc Ĺjroishc pĹnw sta n. Sunăjwc h bĹsh èqei Ĺpeira (arijmăsima) stoiqeÐa, opìte sthn pragmatikìthta to Ĺjroisma èqei Ĺpeirouc ìrouc, eÐnai dhladă mia seirĹ. Gia na breÐ kaneÐc touc suntelestèc sqhmatÐzei to eswterikì ginìmeno kai twn dÔo melÿn thc exÐswshc (1.15) me èna sugkekrimèno diĹnusma bĹshc, èstw to ⃗x_N : (⃗x_N , ⃗v) = ∑ n a_n(⃗x_N , ⃗x_n). (1.16)

H bĹsh ⃗x_n ex Ĺllou, eÐnai orjogÿnia, dhladă mèsa sto Ĺjroisma mìno o ìroc me n = N ja eÐnai diaforetikìc apì to mhdèn kai ja suneisfèrei. Epomènwc h exÐswsh (1.16) ja aplopoihjeÐ sthn:

(⃗x_N , ⃗v) = a_N (⃗x_N , ⃗x_N ) → a_N = (⃗x_N , ⃗v) (⃗x_N , ⃗x_N ) . (1.17)

Opwc blèpoume, èqoume katorjÿsei na apomonÿsoume ton (tuqaÐo) suntelestă me aută th diadikasÐa tou eswterikoÔ ginomènou. To mìno pou qreiastăkame ătan h orjogwniìthta twn dianusmĹtwn bĹshc (den upojèsame ìti eÐnai upoqrewtikĹ kanonikopoihmèna, dhladă o paronomastăc (⃗x_N , ⃗x_N ) sto klĹsma thc (1.17) pou dÐnei ton suntelestă den eÐnai upoqrewtikĹ monĹda). H diadikasÐa aută mporeÐ na akoloujhjeÐ gia opoiondăpote dianusmatikì qÿro me eswterikì ginìmeno, ìpwc gia parĹdeigma o qÿroc twn suneqÿn sunartăsewn pou mhdenÐzontai sta shmeÐa 0 kai L, pou emfanÐzetai sto sugkekrimèno prìblhma me th qordă. Mia tètoia sunĹrthsh f(x) (pou antistoiqeÐ sto diĹnusma ⃗v) apodeiknÔetai ìti mporeÐ na anaptuqjeÐ sth bĹsh twn sunartăsewn sin^{nπx}_L , n = 1, 2, 3, . . . . (pou antistoiqoÔn sta ⃗x_n) sÔmfwna me thn anĹptuxh: f(x) = ∞∑ n=1 B_n sin nπx L . (1.18)

To mìno stoiqeÐo pou den èqoume akìma orÐsei eÐnai to eswterikì ginìmeno twn dianusmĹtwn bĹshc. SÔmfwna me pĹgia taktikă, to eswterikì ginìmeno sunartăsewn orÐzetai wc èna orismèno oloklărwma thc morfăc: (g_1, g_2) ≡ ∫_b a dxw(x)[g_1 (x)]^∗g_2(x). (1.19)

O asterÐskoc sumbolÐzei to migadikì suzugèc miac dedomènhc parĹstashc. To w(x) eÐnai mia mh arnhtikă sunĹrthsh pou onomĹzetai sunĹrthsh bĹrouc, pou ìmwc sthn prokeimènh perÐptwsh den ja mac apasqolăsei, afoÔ sthn perÐptwsă mac apodeiknÔetai ìti prèpei na eÐnai Ðsh me 1. Ta ìria a kai b exartÿntai kĹje forĹ apì to pedÐo orismoÔ tou sugkekrimènou problămatoc. Gia to prìblhma pou exetĹzoume, profanÿc a = 0 kai b = L. Dhladă to eswterikì ginìmeno orÐzetai wc exăc: (sin n_1πx L , sin n_2πx L ) ≡ ∫_L 0 dx sin n_1πx L sin n_2πx L .

Apì autì to shmeÐo mporeÐ kaneÐc na akoloujăsei th diadikasÐa tou eswterikoÔ ginomènou kai na grĹyei thn exÐswsh pou antistoiqeÐ sthn (1.17), dhladă thn:

B_N = ∫_L 0 dx sin^{Nπx}_L f(x) ∫_L 0 dx(sin^{Nπx}_L )^2

Diapistÿnoume ìti akoloujÿntac aută th mèjodo brÐskoume touc suntelestèc qwrÐc na qrhsimopoioÔme ètoimouc tÔpouc, arkeÐ na elègxoume ìti h bĹsh pou dialèxame eÐnai orjogÿnia. ApodeiknÔetai me stoiqeiÿdeic mejìdouc ìti: ∫_L 0 dx sin n_1πx L sin n_2πx L = L 2 δ_{n1 n2} , ìpou to legìmeno dèlta tou Kronecker orÐzetai wc exăc:

δ_{n1n2} = { 1, n_1 = n_2 0, n_1 ≠ n_2

Oi suntelestèc grĹfontai telikĹ me th morfă:

B_N = 2 L ∫_L 0 dx sin Nπx L f(x), pou mporeÐ kaneÐc na bebaiwjeÐ ìti tautÐzetai me thn èkfrash pou dÐnei o metasqhmatismìc Fourier.

SunoyÐzontac, h lÔsh tou problămatoc thc exèlixhc thc jermokrasÐac me to qrìno gia mia rĹddo me arqikă jermokrasÐa f(x) kai ta Ĺkra thc se mhdenikă jermokrasÐa dÐnetai apì th sqèsh: Θ(x, t) = ∞∑ n=1 B_n sin nπx L exp [ − n^2π^2 κL^2 t ] , B_n = 2 L ∫_L 0 dx sin nπx L f(x). (1.20)

Otan o qrìnoc teÐnei sto Ĺpeiro, profanÿc h jermokrasÐa teÐnei sto mhdèn. H lÔsh mĹc prosfèrei kai mia ektÐmhsh gia to pÿc to sÔsthma ja plhsiĹzei autăn thn telikă mhdenikă jermokrasÐa. ParathroÔme ìti gia “megĹlouc” (allĹ ìqi uperbolikĹ megĹlouc) qrìnouc (dhladă t >>^{π2}_{κL2} ) mìno h sunistÿsa me n = 1 ja suneisfèrei, epomènwc opoiadăpote kai an eÐnai h arqikă katanomă jermokrasÐac, h katanomă metĹ apì arketì qronikì diĹsthma ja èqei th morfă: B_1 sin^{πx}_L exp[−^{π2}_{κL2} t]. Epomènwc, ìso pernĹei o qrìnoc, se prÿth fĹsh apodunamÿnontai oi suneisforèc twn anÿterwn trìpwn (megĹlwn n) me sunèpeia na suneisfèroun mìno oi prÿtec sunistÿsec, kĹpoia stigmă mìno h prÿth eÐnai shmantikă kai sto tèloc qĹnetai kai aută.

1.2 AnakefalaÐwsh

Gia na lÔsoume loipìn mia exÐswsh me qwrismì metablhtÿn akoloujoÔme ta bămata pou kĹname sto parĹdeigma pou mìlic lÔsame:

1. Se prÿth fĹsh agnooÔme thn arqikă sunjăkh (th sqèsh (1.3) sto parĹdeigmĹ mac).

2. QwrÐzoume tic metablhtèc kai prosdiorÐzoume th stajerĹ me thn opoÐa ja eÐnai Ðsec oi diĹforec sunartăseic. Gia ton prosdiorismì tou prosămou thc stajerĹc kaÐrio rìlo ja paÐxoun oi (omogeneÐc) oriakèc sunjăkec. Sunăjwc, gia na ikanopoihjoÔn omogeneÐc oriakèc sunjăkec, to prìshmo prèpei na eÐnai ekeÐno pou ja dÐnei periodikèc lÔseic (p.q. hmÐtona

1.3. JERMOKRAS§IA R§ABDOU ME MONWM§ENA §AKRA 11

kai sunhmÐtona). Mèsw autăc thc diadikasÐac prosdiorÐzoume tic idiotimèc kai tic idiosunartăseic tou problămatoc (ìpwc epÐ paradeÐgmati sthn exÐswsh (1.12) ). ApodeiknÔetai ìti (ektìc thc perÐptwshc tou ekfulismoÔ, pou de mac apasqoleÐ akìmh) oi idiosunartăseic pou antistoiqoÔn se diaforetikèc idiotimèc eÐnai orjogÿniec metaxÔ touc wc proc to ekĹstote eswterikì ginìmeno.

3. SqhmatÐzoume thn upèrjesh ìlwn autÿn twn lÔsewn pou ikanopoioÔn thn exÐswsh kai tic omogeneÐc oriakèc sunjăkec (p.q. exÐswsh (1.13) ).

4. ProspajoÔme tÿra na ikanopoiăsoume thn arqikă sunjăkh, opìte prokÔptei mia seirĹ me prosdioristèouc suntelestèc. BrÐskoume autoÔc touc suntelestèc qrhsimopoiÿntac thn orjogwniìthta twn idiosunartăsewn (p.q. exÐswsh (1.20) ).

1.3 JermokrasÐa rĹbdou me monwmèna Ĺkra

To prìblhma eÐnai parìmoio me to prÿto pou epexergastăkame. H diaforĹ eÐnai ìti, enÿ prin ta Ĺkra thc rĹbdou brÐskontan se sugkekrimènh jermokrasÐa, tÿra jewroÔntai monwmèna. Dhladă oi omogeneÐc oriakèc sunjăkec den eÐnai pia oi Θ(x = 0, t) = 0, Θ(x = L, t) = 0, allĹ oi ∂Θ(x, t) ∂x | | | |_{x=0} = 0, ∂Θ(x, t) ∂x | | | |_{x=L} = 0.

KatĹ t’ Ĺlla, h exÐswsh eÐnai h^{∂2 Θ(x,t)}_{∂x2} = κ^{∂Θ(x,t)}_{∂t} kai h arqikă sunjăkh h Θ(x, t = 0) = f(x), ìpwc kai prohgoumènwc. Ta bămata qwrismoÔ metablhtÿn kai h qronikă exĹrthsh eÐnai h Ðdia. EkeÐno pou diafèrei eÐnai to antÐstoiqo qwrikì prìblhma idiotimÿn. EÐnai to exăc:

X^{′′}(x) = −λX(x), X^′(x)|_{x=0} = 0, X^′(x)|_{x=L} = 0.

Me thn empeirÐa tou prohgoÔmenou paradeÐgmatoc mporoÔme na katalĹboume ìti to λ den mporeÐ na eÐnai arnhtikì, giatÐ autì ja èdine wc lÔseic ekjetikĹ, pou de ja mporoÔsan na ikanopoiăsoun tic omogeneÐc oriakèc sunjăkec. H idiaiterìthta autoÔ tou paradeÐgmatoc eÐnai ìti to λ mporeÐ na pĹrei kai thn timă 0. PrĹgmati, tìte h antÐstoiqh lÔsh thc exÐswshc eÐnai h X(x) = c_1 + c_2x → X^′(x) = c_2. H X^′(x) prèpei na mhdenÐzetai kai sta dÔo Ĺkra, opìte c_2 = 0 → X(x) = c_1. H qronikă exĹrthsh T_n(t) = c_t exp[−^λ_κ t] eÐnai epÐshc tetrimmènh, afoÔ λ = 0. Ara aută h perÐptwsh aplĹ prosjètei mia stajerĹ sth seirĹ, pou ja th sumbolÐsoume sth sunèqeia me A_0. H perÐptwsh λ > 0 dÐnei tic antÐstoiqec lÔseic:

X(x) = c_1 cos √ λx + c_2 sin √ λx → X^′(x) = − √ λc_1 sin √ λx + √ λc_2 cos √ λx. Efarmìzontac tic omogeneÐc oriakèc sunjăkec brÐskoume:

c_2 = 0, λ_n = ( nπ L )_2 , X_n = c_1 cos nπx L , ìpou èqoume prosjèsei ton deÐkth n, gia na deÐxoume rhtĹ thn exĹrthsh apì autìn ton akèraio. TelikĹ h seirĹ pou prokÔptei apì thn upèrjesh eÐnai h:

Θ(x, t) = A_0 + ∞∑ n=1 cos nπx L exp [ − (nπ L )_2 t κ ] . (1.21)

To mìno pou mènei eÐnai na prosdioristoÔn oi suntelestèc A_n, n = 0, 1, 2, . . . , me trìpo pou na ikanopoieÐtai h arqikă sunjăkh:

f(x) ≡ Θ(x, t = 0) = A_0 + ∞∑ n=1 A_n cos nπx L . (1.22)

Qrhsimopoiÿntac thn tautìthta ∫_L 0 dx cos^{n1πx}_L cos^{n2 πx}_L =^L_2 δ_{n1 n2} (exaÐresh: ∫_L 0 cos^{2 0πx}_L = L) brÐskoume touc suntelestèc:

A_0 = 1 L ∫_L 0 dxf(x), A_n = 2 L ∫_L 0 dxf(x) cos nπx L . (1.23)

ParathroÔme ìti, ìtan o qrìnoc eÐnai polÔ megĹloc, mìno to A_0 epizeÐ, giatÐ eÐnai o mìnoc ìroc thc seirĹc pou den èqei (kajìlou) qronikă exĹrthsh. MĹlista, h lÔsh mĹc deÐqnei ìti h telikă jermokrasÐa ja eÐnai Ðsh me A_0, pou eÐnai h “mèsh timă” thc arqikăc jermokrasÐac f(x). To gegonìc autì sqetÐzetai me th diatărhsh thc enèrgeiac.

1.4 DiĹdosh jermìthtac se kuklikì daktÔlio

To kainoÔrgio qarakthristikì edÿ eÐnai ìti oi oriakèc sunjăkec eÐnai miktèc. Sta prohgoÔmena paradeÐgmata oi omogeneÐc oriakèc sunjăkec aforoÔsan tic timèc thc sunĹrthshc ă thc paragÿgou thc se èna mìno oriakì shmeÐo th forĹ. Sthn prÿth efarmogă, epÐ paradeÐgmati, eÐqame th sunjăkh Θ(x = 0, t) = 0 giĹ to aristerì Ĺkro thc rĹbdou kai thn Θ(x = L, t) = 0 gia to dexiì. Dhladă oi oriakèc sunjăkec den sunèdean to aristerì Ĺkro me to dexiì. Sth deÔterh eÐqame mia parìmoiou tÔpou sunjăkh, allĹ me tic paragÿgouc.

Ta prĹgmata allĹzoun sto parĹdeigma tou kuklikoÔ daktulÐou. Upojètoume ìti kĹmptoume thn eujÔgrammh rĹbdo (măkouc L) ÿste na sqhmatÐsoume perifèreia kÔklou. Efìson den upĹrqei kĹpoio shmeÐo me idiaÐterh shmasÐa sthn perifèreia, oi oriakèc sunjăkec pou ja epibĹloume ja eÐnai ìti h jermokrasÐa kai h roă jermìthtac prèpei tautÐzontai sta shmeÐa x = 0 kai x = L, ta opoÐa anaparistoÔn èna kai to autì shmeÐo ston daktÔlio. Dhladă:

Θ(x = 0, t) = Θ(x = L, t), ∂Θ(x, t) ∂x | | | |_{x=0} = ∂Θ(x, t) ∂x | | | |_{x=L} . (1.24)

Epomènwc oi oriakèc sunjăkec sundèoun s’ autăn thn perÐptwsh thn timă enìc megèjouc sto x = 0 me thn antÐstoiqh timă sto x = L. Oi sqèseic thc morfăc (1.24) lègontai periodikèc oriakèc sunjăkec, giatÐ exisÿnoun thn timă twn sunartăsewn se opoiodăpote shmeÐo me thn timă pou brÐsketai se kĹpoia stajeră apìstash apì autì ki ètsi epibĹlloun mia periodikìthta sth lÔsh.

Dhladă to prìblhma pou prèpei na lujeÐ eÐnai to exăc:

∂^2Θ(x, t) ∂x^2 = κ ∂Θ(x, t) ∂t ,

Θ(x = 0, t) = Θ(x = L, t), ∂Θ(x, t) ∂x | | |_{x=0} = ∂Θ(x, t) ∂x | | |_{x=L} , (1.25)

Θ(x, t = 0) = f(x) (1.26)

1.5. JERMOKRAS§IA SE ORJOG§WNIA PL§AKA 13

ProqwroÔme sto qwrismì metablhtÿn katĹ ta gnwstĹ (epilègoume to prìshmo thc idiotimăc pou dÐnei periodikèc lÔseic) kai katalăgoume sth genikă lÔsh:

Θ(x, t) = A_0 + ∞∑ n=1 A_n cos 2nπx L exp [ − ( 2nπ L )_2 t κ ] (1.27)

+ ∞∑ n=1 B_n sin 2nπx L exp [ − ( 2nπ L )_2 t κ ] (1.28)

Me th boăjeia twn sqèsewn ∫_L 0 dx sin 2n_1πx L sin 2n_2πx L = ∫_L 0 dx cos 2n_1πx L cos 2n_2πx L = L 2 δ_{n1n2} , ∫_L 0 dx sin 2n_1πx L cos 2n_2πx L = 0 kai thn eidikă perÐptwsh ìpou n_1 = n_2 = 0 : ∫_L 0 dx(cos(0^{2πx}_L ))^2 = L, prosdiorÐzoume touc suntelestèc:

A_0 = 1 L ∫_L 0 dxf(x), A_n = 2 L ∫_L 0 dxf(x) cos 2nπx L ,

B_n = 2 L ∫_L 0 dxf(x) sin 2nπx L . ParathroÔme ìti sth seirĹ èqoume tÿra kai hmitonikoÔc kai sunhmitonikoÔc ìrouc, pou mĹlista antistoiqoÔn sthn Ðdia idiotimă. To fainìmeno katĹ to opoÐo dÔo ă perissìterec idiosunartăseic antistoiqoÔn sthn Ðdia idiotimă lègetai ekfulismìc. Sthn perÐptwsh pou exetĹzoume o ekfulismìc ofeÐletai stic periodikèc oriakèc sunjăkec pou epibĹlame. ParathroÔme ìti h lÔsh eÐnai periodikă me perÐodo L, ìpwc ja perÐmene kaneÐc gia thn perÐptwsh kuklikoÔ daktulÐou.

1.5 StĹsimh katĹstash jermokrasÐac se orjogÿnia plĹka

H epìmenh efarmogă eÐnai tì prìblhma miac plĹkac pou h jermokrasÐa thc èqei stajeropoihjeÐ wc proc to qrìno kai pou dÐnontai oi jermokrasÐec twn tessĹrwn pleurÿn thc. AfoÔ h qronikă parĹgwgoc eÐnai mhdèn, h exÐswsh pou ikanopoieÐ h jermokrasÐa metapÐptei apì thn morfă:

∂^2Θ ∂x^2 + ∂^2Θ ∂y^2 = κ ∂Θ ∂t sthn ∂^2Θ ∂x^2 + ∂^2Θ ∂y^2 = 0. (1.29)

To prìblhma sumplhrÿnetai apì tic tèssereic oriakèc sunjăkec:

Θ(x, y = 0) = X_0(x), Θ(x, y = b) = X_b(x),

Θ(x = 0, y) = Y_0(y), Θ(x = a, y) = Y_a(y), (1.30) ìpou oi X_0, X_b, Y_0, Y_a eÐnai gnwstèc sunartăseic. H duskolÐa ègkeitai sto ìti autèc oi oriakèc sunjăkec den eÐnai omogeneÐc. H mejodologÐa pou qrhsimopoiăsame wc tÿra proüpojètei omogeneÐc oriakèc sunjăkec. Mia aplă idèa gia thn antimetÿpish tou problămatoc eÐnai na to analÔsoume se tèssera epÐ mèrouc (aploÔstera) problămata kai na sunjèsoume metĹ th lÔsh apì tic aploÔsterec lÔseic.

Sugkekrimèna, jewroÔme ta problămata A, B, C, D, twn opoÐwn oi Ĺgnwstec sunartăseic Θ_A, Θ_B , Θ_C , Θ_D dièpontai apì thn Ðdia exÐswsh, thn (1.29), allĹ oi oriakèc sunjăkec èqoun wc exăc:

Θ_A(x, y = 0) = X_0(x), Θ_A(x, y = b) = 0, Θ_A(x = 0, y) = 0, Θ_A(x = a, y) = 0, Θ_B(x, y = 0) = 0, Θ_B(x, y = b) = X_b(x), Θ_B (x = 0, y) = 0, Θ_B(x = a, y) = 0, Θ_C (x, y = 0) = 0, Θ_C (x, y = b) = 0, Θ_C (x = 0, y) = Y_0(y), Θ_C (x = a, y) = 0, Θ_D(x, y = 0) = 0, Θ_D(x, y = b) = 0, Θ_D(x = 0, y) = 0, Θ_D(x = a, y) = Y_a(y).

EÐnai aplì na deÐ kaneÐc ìti to Ĺjroisma Θ_A + Θ_B + Θ_C + Θ_D ikanopoieÐ kai thn exÐswsh (1.29) kai tic oriakèc sunjăkec (1.30), Ĺra eÐnai h lÔsh tou arqikoÔ problămatoc.

H lÔsh twn epÐ mèrouc problhmĹtwn eÐnai paremferăc kai ja parousiĹsoume mìno th lÔsh tou upoproblămatoc A. QwrÐzoume tic metablhtèc: Θ_A(x, y) = X(x)Y (y) → X^{′′} X + Y^{′′} Y = 0 → X^{′′} X = − Y^{′′} Y = −λ. ParathroÔme ìti wc proc thn kateÔjunsh x oi oriakèc sunjăkec eÐnai omogeneÐc. H idiotimă λ prèpei epomènwc na eÐnai jetikă gia na dÐnei periodikèc lÔseic wc proc x : X(x) = A cos √ λx + B sin √ λx. Efarmìzontac tic omogeneÐc oriakèc sunjăkec prokÔptei ìti: X_n(x) = B_n sin^{nπx}_a , λ_n = (^{nπ}_a )^2. Xèrontac thn idiotimă xèroume kai th lÔsh wc proc y : C_n exp[^{nπy}_a ] + D_n exp[−^{nπy}_a ]. H lÔsh prèpei na mhdenÐzetai sto y = b, epomènwc: C_n exp[^{nπb}_a ] + D_n exp[−^{nπb}_a ] = 0 → D_n = −C_n exp[^{2nπb}_a ]. Dhladă h lÔsh grĹfetai: C_n { exp [ nπy a ] − ( exp [ 2nπb a ] exp [ − nπy a ])} , pou eÐnai pollaplĹsio thc parĹstashc sinh[^{nπ(b−y)}_a ]. H genikă lÔsh eÐnai h upèrjesh: ∑ n E_n sin nπx a sinh[ nπ(b − y) a ]. Mènei na ikanopoiăsoume th mình mh omogenă sunjăkh:

Θ_A(x, y = 0) = X_0(x) = ∑ n E_n sin nπx a sinh [ nπb a ] , n = 1, 2, 3, . . . Qrhsimopoiÿntac thn orjogwniìthta twn hmitìnwn brÐskoume ìti:

E_n sinh nπb a = 2 a ∫_a 0 dxX_0(x) sin nπx a → → E_n = 2 a sinh^{nπb}_a ∫_a 0 dxX_0(x) sin nπx a , n = 1, 2, 3, . . . kai to upoprìblhma èqei lujeÐ. Parìmoia lÔnontai kai ta upìloipa upoproblămata kai epomènwc katalăgoume sth lÔsh tou arqikoÔ problămatoc.

1.6. KUKLIK§OS D§ISKOS 15

1.6 Kuklikìc dÐskoc

Estw jermikĹ agÿgimoc kuklikìc dÐskoc me aktÐna r. H jermikă isorropÐa èqei apokatastajeÐ kai h jermokrasÐa sthn perifèreia eÐnai dedomènh kai perigrĹfetai apì th sunĹrthsh g(ϕ). ZhteÐtai h jermokrasÐa gia ρ ≤ r kai 0 ≤ ϕ < 2π.

FusikĹ h exÐswsh diĹdoshc thc jermìthtac se jermikă isorropÐa ja anaqjeÐ sth (didiĹstath) exÐswsh tou Laplace, pou se polikèc suntetagmènec grĹfetai^1_ρ^∂_{∂ρ} (ρ^{∂Θ}_{∂ρ} ) +^1_{ρ2}^{∂2Θ}_{∂ϕ2} = 0. Oi oriakèc sunjăkec eÐnai: Θ(ρ = r, ϕ) = g(ϕ) ex upojèsewc kai Θ(ρ, ϕ = 2π) = Θ(ρ, ϕ = 0),^{∂Θ}_{∂ϕ} | | |_{ϕ=2π} = ∂Θ ∂ϕ | | |_{ϕ=0} , lìgw tou ìti kanèna shmeÐo thc perifèreiac den èqei kĹpoia idiĹzousa jèsh (blèpe to prohgoÔmeno parĹdeigma me ton daktÔlio). O qwrismìc metablhtÿn dÐnei: Θ(ρ, ϕ) = R(ρ)F (ϕ) → ρ R (ρR^′)^′ = −^{F ′′}_F = λ (shmeiÿnoume ìti oi tìnoi shmaÐnoun paragÿgish wc proc to antÐstoiqo ìrisma). To prìblhma idiotimÿn apì to opoÐo ja xekinăsoume eÐnai to:

F^{′′} + λF = 0, F (ϕ = 2π) = F (ϕ = 0), F^′|_{ϕ=2π} = F^′|_{ϕ=0}.

H lÔsh tou eÐnai aplă kai dÐnei tic idiotimèc λ_n = n^2 kai tic (ekfulismènec) idiosunartăseic sin nϕ kai cos nϕ. (Shmeiÿnoume ìti gia th lÔsh pou antistoiqeÐ sth mhdenikă idiotimă isqÔei ìti: F^{′′} = 0 → F = c_0 + c_1ϕ. H lÔsh me c_1 ≠ 0 den eÐnai periodikă kai den èqei jèsh edÿ, ìmwc se Ĺlla problămata, ìpwc p.q. an prosdiorÐzetai h sunĹrthsh gia ϕ = α kai ϕ = β antÐ na eÐnai periodikă, aută h lÔsh mporeÐ na paÐxei rìlo.) GnwrÐzontac thn idiotimă epistrèfoume sthn aktinikă exÐswsh: ρ^2R^{′′} + ρR^′ − n^2R = 0. H lÔsh thc exÐswshc eÐnai aplă: R_n = A_nρ^n + B_nρ^{−n} gia n ≠ 0 kai R_0 = A_0 + B_0 ln ρ gia n = 0. Dhladă h genikă lÔsh eÐnai:

Θ(ρ, ϕ) = A_0 + B_0 ln ρ + ∞∑ n=1 (A_nρ^n + B_nρ^{−n})(C_n cos nϕ + D_n sin nϕ).

Shmeiÿnoume ìti den qĹnoume se genikìthta periorÐzontac thn Ĺjroish se jetikoÔc mìno akeraÐouc (giatÐ;). ParathroÔme ìti upĹrqoun ìroi (o logĹrijmoc kai oi arnhtikèc dunĹmeic tou ρ) pou apeirÐzontai gia ρ = 0, Ĺra den eÐnai fusikĹ paradektoÐ. Dhladă prèpei na apaităsoume gia touc antÐstoiqouc suntelestèc tic sqèseic: B_0 = 0, B_n = 0. Tÿra epibĹlloume thn mh omogenă sunjăkh:

g(ϕ) = A_0 + ∞∑ n=1 (A_nC_nr^n cos nϕ + A_nD_nr^n sin nϕ).

MporoÔme tÿra na broÔme touc suntelestèc ekmetalleuìmenoi thn orjogwniìthta:

A_0 = 1 2π ∫_{2π} 0 dϕg(ϕ),

A_nC_n = 1 πr^n ∫_{2π} 0 dϕg(ϕ) cos nϕ,

A_nD_n = 1 πr^n ∫_{2π} 0 dϕg(ϕ) sin nϕ. To prìblhma èqei lujeÐ plărwc. Den qreiĹzetai (oÔte eÐnai dunatìn) na prosdioristoÔn qwristĹ ta A_n, C_n, D_n, afoÔ emfanÐzontai mìno stouc sunduasmoÔc A_nC_n kai A_nD_n.

1.7 Askăseic proc lÔsh

1. Na efarmosjeÐ h mèjodoc qwrismoÔ metablhtÿn stic akìloujec exisÿseic kai na graftoÔn oi sunhjismènec diaforikèc exisÿseic pou prokÔptoun se kĹje perÐptwsh.

∂^2V ∂x^2 + ∂^2V ∂y^2 = 0,

∂^2ψ ∂x^2 − 1 c^2

∂^2ψ ∂t^2 = 0,

∂^2ψ ∂x^2 − A ∂ψ ∂x = κ ∂ψ ∂t , 1 ρ ∂ ∂ρ ( ρ ∂Θ ∂ρ ) = κ ∂Θ ∂t . 2. Na lujeÐ to prìblhma sunoriakÿn timÿn:

∂^2Θ ∂x^2 = κ ∂Θ ∂t , Θ(0, t) = 0, Θ(L, t) = 0,

me thn arqikă sunjăkh: Θ(x, 0) = 7 sin 2πx L . 3. Na lujeÐ to prìblhma sunoriakÿn timÿn:

∂^2Θ ∂x^2 = κ ∂Θ ∂t , ∂Θ ∂x | | | |_{x=0} = 0, ∂Θ ∂x | | | |_{x=L} = 0,

me thn arqikă sunjăkh: Θ(x, 0) = f(x). 4. Na lujeÐ to prìblhma sunoriakÿn timÿn:

∂^2Θ ∂x^2 = κ ∂Θ ∂t , ∂Θ ∂x | | | |_{x=0} = 0, Θ(L, t) = 0,

me thn arqikă sunjăkh: Θ(x, 0) = f(x). 5. Na lujeÐ h (didiĹstath) exÐswsh tou Laplace sto eswterikì tou orjogwnÐou parallhlogrĹmmou me pleurèc a kai b, me tic exăc oriakèc sunjăkec:

V (0, y) = 0, V (a, y) = 0, V (x, 0) = b ∂V ∂y | | | |_{y=0} , V (x, b) = f(x). 6. Na lujeÐ h (didiĹstath) exÐswsh tou Laplace sto eswterikì tou orjogwnÐou parallhlogrĹmmou me pleurèc a kai b, me tic exăc oriakèc sunjăkec: ∂V ∂x | | |_{x=0} = 0, ∂V ∂x | | |_{x=a} = V^a(y), ∂V ∂y | | |_{x=0} = 0, ∂V ∂y | | |_{x=b} = V^b(x). UpĹrqei pĹntote lÔsh;

1.7. ASK§HSEIS PROS L§USH 17

7. Na lujeÐ h (didiĹstath) exÐswsh tou Laplace gia to exwterikì enìc kulÐndrou me aktÐna R kai grammikă puknìthta fortÐou μ kai me thn oriakă sunjăkh V (ρ = R, ϕ, z) = f(ϕ).

8. Na lujeÐ h (didiĹstath) exÐswsh tou Laplace gia to eswterikì enìc kulÐndrou me aktÐna R me thn oriakă sunjăkh V (ρ = R, ϕ, z) = f(ϕ). Na apodeiqjeÐ ìti to apotèlesma mporeÐ na grafteÐ me th morfă: V (ρ, ϕ, z) = 1 π ∫_π 0 dϕ^′f(ϕ^′) { 1 2 + ∞∑ n=1 ( ρ R )_n cos[n(ϕ − ϕ^′)] } . Na upologisteÐ to Ĺjroisma thc seirĹc.

18 KEF§ALAIO 1. QWRISM§OS METABLHT§WN

KefĹlaio 2

AnĹlush Fourier

2.1 Seirèc Fourier

EÐnai gnwstì ìti mia periodikă sunĹrthsh y(x) me perÐodo 2L : y(x + 2L) = y(x) mporeÐ na anaparastajeÐ (upì mĹllon qalarèc proüpojèseic) apì th seirĹ: y(x) = a_0 2 + ∞∑ n=1 a_n cos nπx L + ∞∑ n=1 b_n sin nπx L . (2.1)

Aută h èkfrash eÐnai h seirĹ Fourier. Oi suntelestèc Fourier a_n kai b_n mporoÔn na upologistoÔn eÔkola me bĹsh ta stoiqeiÿdh oloklhrÿmata ∫_{+L} −L dx sin n_1πx L sin n_2πx L =

= ∫_{+L} −L dx cos n_1πx L cos n_2πx L = Lδ_{n1n2} , n_1, n_2 = 1, 2, 3, . . . (2.2) ∫_{+L} −L dx sin n_1πx L cos n_2πx L = 0.

Exairèseic: ∫_{+L} −L dx cos^2 0πx L = 2L, ∫_{+L} −L dx sin^2 0πx L = 0.

PollaplasiĹzontac ta dÔo mèlh thc (2.1) epÐ paradeÐgmati me sin^{Nπx}_L kai oloklhrÿnontac apì −L mèqri +L, paÐrnoume th sqèsh: ∫_{+L} −L dx sin Nπx L y(x) = a_0 2 ∫_{+L} −L dx sin Nπx L

+ ∞∑ n=1 a_n ∫_{+L} −L dx sin Nπx L cos nπx L

+ ∞∑ n=1 b_n ∫_{+L} −L dx sin Nπx L sin nπx L

LambĹnontac upìyh ta oloklhrÿmata pou anafèrame h pio pĹnw sqèsh dÐnei: ∫_{+L} −L dx sin Nπx L y(x) = ∞∑ n=1 b_nLδ_{Nn} = b_N L, opìte eÐnai eÔkolo na broÔme ton suntelestă b_N . Oi telikoÐ tÔpoi grĹfontai:

a_n = 1 L ∫_{+L} −L dx cos nπx L y(x), n = 0, 1, 2, 3, . . . (2.3)

b_n = 1 L ∫_{+L} −L dx sin nπx L y(x), n = 1, 2, 3, . . . (2.4) Mia enallaktikă morfă thc seirĹc eÐnai dunatìn na paraqjeÐ qrhsimopoiÿntac tic sqèseic cos nπx L = 1 2 [ exp(i nπx L ) + exp(−i nπx L ) ] ,

sin nπx L = 1 2i [ exp(i nπx L ) − exp(−i nπx L ) ] . Antikajistÿntac sth seirĹ Fourier tic trigwnometrikèc sunartăseic bĹsei twn anwtèrw sqèsewn kai anadiatĹssontac th seirĹ brÐskoume thn exăc morfă: y(x) = a_0 2 + ∞∑ n=1 a_n 1 2 [ exp ( i nπx L ) + exp ( −i nπx L )]

+ ∞∑ n=1 b_n 1 2i [ exp ( i nπx L ) − exp ( −i nπx L )] =

= a_0 2 + ∞∑ n=1 [ a_n 2 + b_n 2i ] exp ( i nπx L ) + ∞∑ n=1 [ a_n 2 − b_n 2i ] exp ( −i nπx L ) . Qrhsimopoiÿntac touc sumbolismoÔc

c_0 ≡ a_0 2 , c_n ≡ a_n 2 + b_n 2i , c_{−n} = a_n 2 − b_n 2i h nèa morfă thc seirĹc grĹfetai:

y(x) = c_0 + ∞∑ n=1 c_n exp ( i nπx L ) + ∞∑ n=1 c_{−n} exp ( −i nπx L ) , ă, akìma pio sunoptikĹ:

y(x) = +∞∑ n=−∞ c_n exp ( i nπx L ) , n = −∞, . . . , +∞. (2.5)

Qrhsimopoiÿntac touc orismoÔc twn c_n kai tic ekfrĹseic gia ta a_n kai b_n pou anafèrame pio pĹnw, mporoÔme na prosdiorÐsoume ta c_n :

c_n = 1 2L ∫_{+L} −L dxy(x) exp ( −i nπx L ) , n = −∞, . . . , +∞. (2.6)

Mia qrăsimh idiìthta, pou lègetai jeÿrhma tou Parseval gia seirèc Fourier, prokÔptei eÔkola apì thn teleutaÐa diatÔpwsh thc seirĹc. IsqÔei ìti: ∫_{+L} −L dxy^∗(x)y(x) = ∑ m,n c^∗_mc_n ∫_{+L} −L dx exp ( −i mπx L ) exp ( i nπx L ) . To oloklărwma apodeiknÔetai stoiqeiwdÿc ìti isoÔtai me 2Lδ_{mn}, opìte ∫_{+L} −L dxy^∗(x)y(x) = ∑ m,n c^∗_mc_n2Lδ_{mn} = 2L +∞∑ n=−∞ c^∗_nc_n →

→ 1 L ∫_{+L} −L dxy^∗(x)y(x) = 2 +∞∑ n=−∞ c^∗_nc_n. An jumhjoÔme thn èkfrash twn c_n sunartăsei twn a_n kai b_n, h prohgoÔmenh sqèsh grĹfetai kai me th morfă: 1 L ∫_{+L} −L dxy^∗(x)y(x) = a^2_0 2 + ∞∑ n=1 (a^2_n + b^2_n). (2.7)

Autèc oi isìthtec èqoun fusikă ermhneÐa. MporeÐ kaneÐc na jewrăsei ìti h y(x) paristĹnei thn apomĹkrunsh miac qordăc apì th jèsh isorropÐac thc. Tìte to^1_L ∫_{+L} −L dxy^∗(x)y(x) paristĹnei th dunamikă enèrgeia thc qordăc, enÿ to Ĺjroisma eÐnai h èkfrash tou Ðdiou fusikoÔ megèjouc sunartăsei twn platÿn twn epÐ mèrouc kanonikÿn trìpwn talĹntwshc.

Estw tÿra èna hlektrikì kÔklwma pou diarrèetai apì èna reÔma I(t) me perÐodo 2L = T → L = T 2 . H exÐswsh (2.1) grĹfetai: I(t) = a_0 2 + ∞∑ n=1 a_n cos 2nπt T + ∞∑ n=1 b_n sin 2nπt T . (2.8)

H energìc timă tou reÔmatoc orÐzetai me th sqèsh:

I_{ϵν} ≡ √ 1 T ∫_T 0 dt[I(t)]^2. Ex Ĺllou h isìthta (2.7) paÐrnei th morfă: 2 T ∫_+ T_2

−^T_2

dt[I(t)]^2 = a^2_0 2 + ∞∑ n=1 (a^2_n + b^2_n) → 1 T ∫_T 0 dt[I(t)]^2 = a^2_0 4 + 1 2 ∞∑ n=1 (a^2_n + b^2_n) (2.9)

Dhladă h energìc èntash tou reÔmatoc ekfrĹzetai sunartăsei twn suntelestÿn Fourier.

Mia polÔ endiafèrousa eidikă perÐptwsh thc seirĹc Fourier èqoume ìtan L = π, opìte h perÐodoc thc sunĹrthshc eÐnai 2π. Tìte oi prohgoÔmenec sqèseic thc seirĹc Fourier aplopoioÔntai stic: y(x) = a_0 2 + ∞∑ n=1 a_n cos nx + ∞∑ n=1 b_n sin nx.

a_n = 1 π ∫_{+π} −π dxy(x) cos nx, n = 0, 1, 2, 3, . . .

b_n = 1 π ∫_{+π} −π dxy(x) sin nx, n = 1, 2, 3, . . .

y(x) = +∞∑ n=−∞ c_n exp(inx), n = −∞, . . . , +∞,

c_n = 1 2π ∫_{+π} −π dxy(x) exp(−inx), n = −∞, . . . , +∞. 2.1.1 Parathrăseic

1. An h sunĹrthsh y(x) eÐnai suneqăc pantoÔ, h seirĹ sugklÐnei shmeÐo proc shmeÐo sthn timă thc sunĹrthshc.

2. H seirĹ mporeÐ na upĹrqei kai ìtan h seirĹ parousiĹzei mÐa ă perissìterec asunèqeiec, ìtan dhladă se ènan peperasmèno arijmì shmeÐwn den eÐnai suneqăc. Sta shmeÐa asunèqeiac, ìpou y(x_{0+}) ≠ y(x_{0−}), h seirĹ ja sugklÐnei sthn timă^1_2 [y(x_{0+}) + y(x_{0−})].

3. Fainìmeno Gibbs: Sthn prĹxh potè de qrhsimopoioÔme olìklhrh th seirĹ Fourier, allĹ stamatĹme thn Ĺjroish se kĹpoion ìro. KontĹ se asunèqeiec autì to peperasmèno Ĺjroisma mporeÐ na dÐnei timèc polÔ diaforetikèc apì thn arqikă sunĹrthsh. H timă thc diaforĹc den meiÿnetai me to na pĹroume perissìterouc ìrouc thc seirĹc. H beltÐwsh pou epèrqetai sunÐstatai sto ìti to diĹsthma tou x gÔrw apì thn asunèqeia ìpou parathroÔntai oi diaforèc gÐnetai ìlo kai mikrìterou eÔrouc kai entopÐzetai eggÔtera sthn asunèqeia.

4. H trigwnometrikă morfă (2.1) thc seirĹc Fourier mporeÐ na grafteÐ kai me th morfă: y(x) = a_0 2 + ∞∑ n=1 d_n sin ( nπx L + ϕ_n ) , ìpou a_n = d_n sin ϕ_n, b_n = d_n cos ϕ_n. Mia endiafèrousa efarmogă autăc thc èkfrashc eÐnai h eÔresh thc mèshc timăc thc isqÔoc s’ èna hlektrikì kÔklwma ìpou to reÔma kai h tĹsh dÐnontai apì tic sqèseic:

I(t) = I_0 + ∞∑ n=1 I_n sin ( 2nπt T + ϕ_n ) ,

V (t) = V_0 + ∞∑ n=1 V_n sin ( 2nπt T + χ_n ) . H mèsh timă thc isqÔoc eÐnai: P = 1 T ∫_T 0 dtV (t)I(t) = 1 T ∫_T 0 dt [ I_0 + ∞∑ n=1 I_n sin ( 2nπt T + ϕ_n )]

[ V_0 + ∞∑ n=1 V_n sin ( 2nπt T + χ_n )]

To oloklărwma eÐnai to Ĺjroisma (Ĺpeirwn) aplÿn oloklhrwmĹtwn kai to apotèlesma eÐnai:

P = V_0I_0 + 1 2 ∞∑ n=1 V_nI_n cos ψ_n, ìpou ψ_n ≡ ϕ_n − χ_n. Sthn perÐptwsh tou suneqoÔc reÔmatoc, mìno ta V_0 kai I_0 den mhdenÐzontai kai h sqèsh gÐnetai h gnwstă P = V_0I_0. Gia hmitonoeidèc enallassìmeno reÔma, mìno ta V_1 kai I_1 epizoÔn, opìte P =^1_2 V_1I_1 cos ψ_n. UpenjumÐzoume ìti V_{ϵν} =^{V1√}_2 , I_{ϵν} =^{I1√}_2 , opìte P = V_{ϵν} I_{ϵν} cos ψ_n, pou eÐnai h sunhjismènh sqèsh gia thn isqÔ tou enallassomènou reÔmatoc.

5. An h sunĹrthsh y(x) eÐnai Ĺrtia, dhladă y(−x) = +y(x), sth seirĹ (2.2) ja epizăsoun mìno ta a_n. An h y(x) eÐnai perittă, dhladă y(−x) = −y(x), ja epizăsoun mìno ta b_n.

6. An h sunĹrthsh y(x) dÐdetai sto diĹsthma [0, L], mporoÔme na thn anaptÔxoume se mia seirĹ san thn prohgoÔmenh pou èqei perÐodo thn 2L, pou eÐnai diplĹsia apì to diĹsthma orismoÔ. Autì gÐnetai se dÔo bămata. Prÿta “ epekteÐnei” kaneÐc th sunĹrthsh, ÿste na orÐzetai kai sto diĹsthma (−L, 0], kai apoktĹ mia sunĹrthsh ŷ(x) pou eÐnai orismènh se diĹsthma me măkoc 2L, ìso dhladă kai h perÐodoc pou epidiÿkoume. Katìpin anaptÔssei kaneÐc autăn thn kainoÔria sunĹrthsh se seirĹ Fourier katĹ ta gnwstĹ. Ac jewrăsoume gia aplìthta thn perÐptwsh pou h sunĹrthsh ŷ(x) eÐnai suneqăc. Tìte h seirĹ pou ja broÔme ja anaparistĹ pistĹ thn arqikă sunĹrthsh y(x) sto diĹsthma [0, L]. FusikĹ, èxw apì autì to diĹsthma ja paristĹnei to upìloipo mèroc thc ŷ(x), pou se megĹlo bajmì eÐnai dikă mac epinìhsh, allĹ autì den mac enoqleÐ.

7. Se sunèqeia twn prohgoumènwn anafèroume ìti oi sunhjismènec epektĹseic thc y(x) eÐnai dÔo. EpekteÐnetai me trìpo pou h ŷ(x) na eÐnai eÐte Ĺrtia eÐte perittă. Pio sugkekrimèna, mporeÐ kaneÐc na epilèxei th sunĹrthsh:

ŷ(x) = { y(x), x ∈ [0, L] y(−x), x ∈ (−L, 0] EÐnai profanèc ìti aută h sunĹrthsh eÐnai Ĺrtia, ja epizăsoun, ìpwc eÐpame ădh, mìno oi ìroi me ta sunhmÐtona. AxÐzei ton kìpo na anafèroume akribÿc tic sqèseic. SÔmfwna me tic genikèc sqèseic: a_n =^1_L ∫_L −L dxŷ(x) cos^{nπx}_L . Omwc, lìgw twn idiotătwn omotimÐac thc ŷ(x) kai tou sunhmitìnou, autì to oloklărwma eÐnai dÔo forèc ekeÐno pou ja paÐrname an periorÐzame thn oloklărwsh apì to 0 wc to L. AllĹ s’ autì to diĹsthma h sunĹrthsh ŷ(x) tautÐzetai me thn y(x). Ara mporoÔme na ekfrĹsoume touc suntelestèc sunartăsei thc arqikăc sunĹrthshc:

a_n = 2 L ∫_L 0 dxy(x) cos nπx L . (2.10)

Aută h sqèsh eÐnai idiaÐtera eÔqrhsth kai emfanÐzetai suqnìtata. Mia Ĺllh dunată epilogă eÐnai h:

ŷ(x) = { y(x), x ∈ [0, L] −y(−x), x ∈ (−L, 0] Aută h sunĹrthsh eÐnai perittă, Ĺra ja epizăsoun mìno oi ìroi me ta hmÐtona. Me trìpo anĹlogo me thn prohgoÔmenh perÐptwsh mporoÔme na deÐxoume ìti:

b_n = 2 L ∫_L 0 dxy(x) sin nπx L . (2.11)

8. Diafìrish kai oloklărwsh miac seirĹc Fourier. JewroÔme ìti h anĹptuxh Fourier miac sunĹrthshc eÐnai gnwstă. Estw ìti: y(x) = a_0 2 + ∞∑ n=1 a_n cos nx + ∞∑ n=1 b_n sin nx. Ac oloklhrÿsoume kai ta dÔo mèlh thc anĹptuxhc ja pĹroume: ∫ dxy(x) = a_0 2 x + ∞∑ n=1 a_n n sin nx − ∞∑ n=1 b_n n cos nx. Sto dexiì mèloc h sÔgklish thc seirĹc genikĹ beltiÿnetai se sÔgkrish me th sÔgklish thc arqikăc seirĹc, giatÐ o ìroc tĹxhc n diaireÐtai me to n. Tÿra ac paragwgÐsoume kai ta dÔo mèlh:

y^′(x) = − ∞∑ n=1 (na_n) sin nx + ∞∑ n=1 (nb_n) cos nx. S’ autăn thn perÐptwsh o ìroc tĹxhc n pollaplasiĹzetai me to n kai autì endeqomènwc na katastrèyei th sÔgklish thc seirĹc. UpenjumÐzoume ìti gia na sugklÐnei mia seirĹ eÐnai aparaÐthto oi ìroi thc na teÐnoun sto mhdèn arketĹ grăgora, kajÿc h tĹxh touc teÐnei proc to Ĺpeiro. An autì eÐnai exasfalismèno gia touc ìrouc a_n, b_n, den sumbaÐnei upoqrewtikĹ to Ðdio gia touc ìrouc (na_n), (nb_n). GenikĹ loipìn isqÔoun ta exăc: H oloklărwsh ìro proc ìro miac seirĹc Fourier genikĹ ja sugklÐnei kai ja dÐnei to oloklărwma thc arqikăc sunĹrthshc. H paragÿgish, antijètwc, miac seirĹc Fourier ìro proc ìro, pijanìn na sugklÐnei (opìte ja dÐnei thn parĹgwgo thc arqikăc sunĹrthshc), upĹrqei ìmwc sobarìc kÐndunoc na mh sugklÐnei. Gia parĹdeigma, jewroÔme thn anĹptuxh thc sunĹrthshc y(x) = x, x ∈ [−π, +π] : x = 2 ∑_∞ n=1(−1)^{n+1 sin nx}_n . ParagwgÐzontac katĹ mèlh brÐskoume formalistikĹ thn isìthta 1 = 2 ∑_∞ n=1(−1)^{n+1} cos nx. H seirĹ ìmwc sto dexiì mèloc den sugklÐnei (jewrăste, epÐ paradeÐgmati, thn timă x = 0), opìte h isìthta den èqei nìhma.

9. H teleutaÐa paratărhsh èqei na kĹnei kai me thn taqÔthta sÔgklishc thc seirĹc Fourier pou ja prokÔyei gia kĹje dedomènh sunĹrthsh. MporeÐ kaneÐc na èqei mia poiotikă aÐsjhsh thc sumperiforĹc twn suntelestÿn twn sin^{nπx}_L kai cos^{nπx}_L sunartăsei tou n. ApodeiknÔetai ìti an h sunĹrthsh f(x) èqei asunèqeiec, h seirĹ ja sugklÐnei sqetikĹ argĹ: oi suntelestèc ja eÐnai anĹlogoi tou^1_n . An h sunĹrthsh eÐnai suneqăc, allĹ h prÿth parĹgwgoc èqei asunèqeiec, h sÔgklish eÐnai kĹpwc kalÔterh: oi suntelestèc ja eÐnai anĹlogoi tou^1_{n2} . H sunèqeia eÐnai parìmoia. An h sunĹrthsh kai h prÿth parĹgwgoc eÐnai suneqeÐc, allĹ h deÔterh parĹgwgoc parousiĹzei asunèqeiec, oi suntelestèc ja eÐnai anĹlogoi tou^1_{n3} . Oi diapistÿseic autèc suneqÐzontai me ton Ðdio trìpo. Dhladă èqoume mia hmiposotikă èkfrash tou sqedìn autonìhtou sumperĹsmatoc ìti ìso pio omală eÐnai h sunĹrthsh, tìso kalÔtera sugklÐnei h antÐstoiqh seirĹ.

2.1.2 ParĹdeigma apì th Statistikă Fusikă

Na brejeÐ h seirĹ Fourier pou anaparistĹ th sunĹrthsh f(x) = x^4 − 2π^2x^2 sto diĹsthma [0, π].

H sunĹrthsh mporeÐ na epektajeÐ sto diĹsthma [−π, +π], ètsi ÿste na gÐnei eÐte Ĺrtia eÐte perittă. Epilègoume na thn epekteÐnoume se Ĺrtia sunĹrthsh (blèpe sqăma), opìte, sÔmfwna me tic sqèseic (2.10), ja anaptÔssetai se seirĹ sunhmitìnwn me suntelestèc:

a_n = 2 π ∫_π 0 dxf(x) cos nx = − 48 n^4 cos nπ, n = 1, 2, 3, . . . ,

a_0 = 2 π ∫_π 0 dxf(x) = − 14π^4 15 . To anĹptugma thc sunĹrthshc grĹfetai: f(x) = − 7π^4 15 − 48 ∞∑ n=1 1 n^4 cos nπ cos nx, 0 ≤ x ≤ π. Parajètoume tic mh mhdenikèc paragÿgouc thc sunĹrthshc:

f^′(x) = 4x^3 − 4π^2x, f^{′′}(x) = 12x^2 − 4π^2, f^{(3)}(x) = 24x, f^{(4)}(x) = 24.

An sugkrÐnoume tic timèc sta ±π diapistÿnoume ìti:

f(+π) = f(−π), f^′(+π) = f^′(−π), f^{′′}(+π) = f^{′′}(−π), f^{(3)}(+π) ≠ f^{(3)}(−π).

Ara h arqikă sunĹrthsh kai oi parĹgwgoi tĹxhc 1 kai 2 eÐnai suneqeÐc, enÿ h trÐth parĹgwgoc èqei asunèqeia. SÔmfwna me thn teleutaÐa paratărhsh perimènoume ìti oi suntelestèc thc seirĹc Fourier prèpei na sumperifèrontai ìpwc to^1_{n4} . Autì eÐnai pou mac dÐnei kai o ap’ eujeÐac upologismìc.

Mia apì tic endiafèrousec idiìthtec twn seirÿn Fourier eÐnai ìti mporeÐ kaneÐc na qrhsimopoiăsei eidikèc timèc tou x kai na brei thn anĹptuxh diafìrwn ekfrĹsewn se seirĹ. Sto parĹdeigmĹ mac mporoÔme na jewrăsoume thn eidikă timă x = π. H (epektetamènh) sunĹrthsh eÐnai suneqăc s’ autăn thn timă, Ĺra perimènoume ìti h seirĹ ja sugklÐnei. Ja isqÔei loipìn:

f(x = π) = −π^4 = −

7π^4 15 − 48 ∞∑ n=1 1 n^4 cos^2 nπ.

LÔnontac brÐskoume ìti:_∞ ∑ n=1 1 n^4 = π^4 90 . Eqoume epomènwc ènan trìpo Ĺjroishc miac seirĹc (prèpei bèbaia na eÐnai kaneÐc polÔ dioratikìc gia na epinoăsei th sunĹrthsh f(x) pou eÐnai katĹllhlh gia th seirĹ pou ton endiafèrei kĹje forĹ). To Ĺjroisma pou mìlic upologÐsame emfanÐzetai sth Statistikă Fusikă katĹ thn exètash thc aktinobolÐac tou mèlanoc sÿmatoc. EmfanÐzetai to oloklărwma I ≡ ∫_∞ 0 dx x^3 exp[x] − 1 = ∫_∞ 0 dx x^3 exp[−x] 1 − exp[−x] =

= ∫_∞ 0 dx ∞∑ m=0 x^3 exp[−x] exp[−mx] = ∫_∞ 0 dx ∞∑ n=1 x^3 exp[−nx] =

= ∞∑ n=1 1 n^4 ∫_∞ 0 dyy^3 exp[−y] = 6 ∞∑ n=1 1 n^4 . Me bĹsh to apotèlesma pou brăkame prohgoumènwc gia th seirĹ katalăgoume ìti to oloklărwma isoÔtai me I = π^4 15 . 2.1.3 ParadeÐgmata

ParĹdeigma 1: JewroÔme thn tomă enìc agwgoÔ katĹ to epÐpedo xy. O perikleiìmenoc qÿroc eÐnai kenìc, eÐnai aperiìristoc proc ta dexiĹ, oi dÔo orizìntiec pleurèc eÐnai geiwmènec kai apèqoun metaxÔ touc apìstash L, enÿ to dunamikì thc katakìrufhc pleurĹc dÐnetai apì th sqèsh: V_0^{y(L−y)}_{L2} . Upojètoume ìti den èqoume kammiĹ metabolă katĹ măkoc tou Ĺxona twn z. Na brejeÐ to dunamikì sto eswterikì.

V = 0

V = 0

V = V_0^{y(L−y)}_{L2}

LÔsh: H exÐswsh mporeÐ na lujeÐ me ton qwrismì metablhtÿn V (x, y) = X(x)Y (y) :

V_{xx} + V_{yy} = 0 → X^{′′} X + Y^{′′} Y = 0 →

→ [X = A exp[kx] + B exp[−kx], Y = C cos ky + D sin ky].

Eqoume sumbolÐsei th stajerĹ qwrismoÔ metablhtÿn me k^2. Gia na èqoume V = 0 sto y = 0 prèpei C = 0 → Y ≃ sin kx. Tÿra gia na èqoume V = 0 sto y = L prèpei na mhdenÐzetai to sin kL, dhladă to k periorÐzetai na paÐrnei tic timèc k_n =^{nπ}_L . Ex Ĺllou sta dexiĹ (x → +∞) to dunamikì den prèpei na apeirÐzetai, opìte prèpei A = 0. TelikĹ h genikă lÔsh ja eÐnai mia upèrjesh thc morfăc: V (x, y) = ∞∑ n=1 F_n exp [ − nπx L ] sin nπy L .

Apomènei na epibĹlloume thn oriakă sunjăkh V (x = 0, y) = V_0^{y(L−y)}_{L2} :

V_0 y(L − y) L^2 = ∞∑ n=1 F_n sin nπy L . H sqèsh aută mac lèei ìti ta F_n eÐnai oi suntelestèc Fourier pou antistoiqoÔn sth sunĹrthsh tou aristeroÔ mèlouc, Ĺra mporoÔme na ta prosdiorÐsoume apì touc sqetikoÔc tÔpouc:

F_n = 2 L ∫_L 0 dyV_0 y(L − y) L^2 sin nπy L . Me katĹ parĹgontec oloklhrÿseic brÐskoume telikĹ:

F_n =

4V_0 n^3π^3 (1 − cos nπ), n = 1, 2, 3, . . . ParĹdeigma 2. ZhteÐtai h kÐnhsh qordăc me stajerĹ Ĺkra kai me gnwstèc thn arqikă paramìrfwsh y(x, t = 0) = y_0(x) kai thn arqikă taqÔthta y_t(x, t = 0) = v_0(x).

LÔsh: H kÐnhsh thc qordăc dièpetai apì thn kumatikă exÐswsh y_{xx} = 1 c^2 y_{tt}. O qwrismìc metablhtÿn y(x, t) = X(x)T (t) dÐnei tic dÔo exisÿseic

c^2 X^{′′} X = T^{′′} T = −ω^2,

ìpou me ω^2 sumbolÐzoume th stajerĹ tou qwrismoÔ twn metablhtÿn. H lÔsh wc proc x eÐnai grammikìc sunduasmìc twn sin kx kai cos kx, ìpou k ≡^ω_c . Opwc kai sto prohgoÔmeno parĹdeigma, h sunjăkh gia aklìnhta Ĺkra sunepĹgetai ìti h stajerĹ paÐrnei mìno tic timèc k_n =^{nπ}_L kai ìti h lÔsh ja èqei thn eidikă morfă sin^{nπx}_L . Oi lÔseic wc proc to qrìno ja eÐnai grammikoÐ sunduasmoÐ twn sin^{nπct}_L kai cos^{nπct}_L . H genikă lÔsh ja eÐnai loipìn: y = ∞∑ n=1 sin nπx L [ A_n cos nπct L + B_n sin nπct L ] , pou dÐnei gia thn taqÔthta thn èkfrash v(x, t) ≡ ∂y ∂t = ∞∑ n=1 sin nπx L [ − nπc L A_n sin nπct L + nπc L B_n cos nπct L ] . Autèc oi sqèseic sunepĹgontai gia thn arqikă apomĹkrunsh kai thn arqikă taqÔthta ta anaptÔgmata:

y(x, t = 0) = y_0(x) = ∞∑ n=1 A_n sin nπx L ,

v(x, t = 0) = v_0(x) = ∞∑ n=1 nπc L B_n sin nπx L . Dhladă oi stajerèc A_n kai^{nπc}_L B_n den eÐnai parĹ oi suntelestèc Fourier twn gnwstÿn sunartăsewn y_0(x) kai v_0(x) antÐstoiqa. MporoÔme, loipìn na tic prosdiorÐsoume eÔkola:

A_n = 2 L ∫_L 0 dxy_0(x) sin nπx L , nπc L B_n = 2 L ∫_L 0 dxv_0(x) sin nπx L .

2.2 Oloklărwma Fourier

Ac jewrăsoume to anĹptugma se seirĹ Fourier miac sunĹrthshc: f(x) = +∞∑ n=−∞ c_n exp ( i nπx L ) , c_n = 1 2L ∫_{+L} −L dxf(x) exp ( −i nπx L ) . Eidame ìti tètoiou eÐdouc anaptÔgmata mporoÔn na perigrĹyoun mia polÔ eureÐa kathgorÐa sunartăsewn allĹ upĹrqei pĹnta h perioristikă proüpìjesh ìti h sunĹrthsh prèpei na eÐnai periodikă. O trìpoc gia na xeperĹsoume kai autìn ton periorismì, dhladă na anaptÔxoume mia mh periodikă sunĹrthsh eÐnai na jewrăsoume ìti eÐnai men periodikă, ìpwc h f(x) pio pĹnw, allĹ ìti h perÐodìc thc 2L teÐnei sto Ĺpeiro. Dhladă h idèa eÐnai na pĹroume to ìrio kajÿc L → ∞ twn prohgoÔmenwn sqèsewn gia thn periodikă sunĹrthsh. Ac kĹnoume merikèc prokatarktikèc parathrăseic. An pĹme sto ìrio, ta phlÐka^{nπ}_L pou emfanÐzontai stouc ekjètec ja teÐnoun sto mhdèn, gia kĹje sugkekrimèno (stajerì) n. Par’ ìl’ autĹ, an parakoloujăsoume th diadikasÐa metĹbashc sto ìrio, ja doÔme ìti, an jewrăsoume mia osodăpote megĹlh timă tou L, ja upĹrqei pĹnta kĹpoio n ÿste ta phlÐka pou eÐpame na èqoun mia peperasmènh, prokajorismènh, timă. EpÐshc eÐnai shmantikì na suneidhtopoiăsoume ìti h diaforĹ dÔo diadoqikÿn tètoiwn phlÐkwn eÐnai:^{(n+1)π}_L −^{nπ}_L =^π_L , dhladă gÐnetai apeirostă sto ìrio L → ∞.

Eqontac upìyh tic parathrăseic pou kĹname, orÐzoume nèec metablhtèc: k_n ≡ nπ L , c_n ≡ π L f̃(k_n). Sunartăsei twn nèwn metablhtÿn oi sqèseic gia th seirĹ Fourier gÐnontai: f(x) = +∞∑ n=−∞ π L f̃(k_n) exp(ik_nx), π L f̃(k_n) = 1 2L ∫_{+L} −L dxf(x) exp(−ik_nx). Shmeiÿnoume ìti oi sqèseic pou mìlic grĹyame eÐnai isodÔnamec me tic sqèseic thc anĹptuxhc Fourier apì tic opoÐec arqÐsame. To mìno pou kĹname ătan oi allagèc metablhtÿn. Tÿra ja kĹnoume to băma na pĹme sto ìrio pou perigrĹyame prohgoumènwc. Otan to L teÐnei sto Ĺpeiro, o parĹgontac^π_L , pou emfanÐzetai sto Ĺjroisma kai ìpwc eÐpame isoÔtai me th diaforĹ Δk_n ≡ k_{n+1} − k_n ja gÐnei to diaforikì dk. AntÐstoiqa, afoÔ oi k_n plhsiĹzoun metaxÔ touc ìlo kai perissìtero, ja metapèsoun se mia suneqă metablhtă k kai oi diakritoÐ suntelestèc f̃(k_n) ja metatrapoÔn sth sunĹrthsh f̃(k) tou k. FusikĹ, to Ĺjroisma ja metatrapeÐ se oloklărwma. H prÿth sqèsh, loipìn, ja gÐnei: f(x) = ∫_{+∞} −∞ dkf̃(k) exp(ikx). (2.12) Entelÿc antÐstoiqa blèpoume ìti h deÔterh sqèsh (gia touc suntelestèc) ja dÿsei:

f̃(k) = 1 2π ∫_{+∞} −∞ dxf(x) exp(−ikx). (2.13) To zeugĹri sqèsewn (2.12, 2.13) lègetai metasqhmatismìc ă oloklărwma Fourier kai analÔei se fantastikĹ ekjetikĹ sunartăseic pou den eÐnai periodikèc. Oi sunartăseic f(x) kai f̃(k) lègontai metasqhmatismènec Fourier h mÐa thc Ĺllhc. Anafèroume epÐshc ènan enallaktikì sumbolismì, pou apodeiknÔetai qrăsimoc se orismènec periptÿseic. AntÐ gia f̃(k) mporeÐ na qrhsimopoihjeÐ to sÔmbolo F_k [f(x)].

2.2. OLOKL§HRWMA FOURIER 29

2.2.1 Parathrăseic

1. Omologoumènwc h “anakĹluyh” tou metasqhmatismoÔ Fourier pou pragmatopoiăsame ègine “elafrĹ th kardÐa”. Den dÿsame thn apaitoÔmenh prosoqă se jèmata sÔgklishc, Ôparxhc diafìrwn parastĹsewn klp. Par’ ìl’ autĹ den kĹname basikĹ lĹjh. QreiĹzetai ìmwc, toulĹqiston ek twn ustèrwn, na poÔme ìti gia na upĹrqoun ta oloklhrÿmata, prèpei h sunarthsh f(x) na mhdenÐzetai “arketĹ grăgora” (o,tidăpote ki an shmaÐnei autì) kajÿc to x teÐnei sta ìria +∞ kai −∞. Parìmoia sumperiforĹ prèpei na èqei h sunĹrthsh f̃(k) gia k → ±∞. Den ja asqolhjoÔme me ton akribèstero prosdiorismì thc apaitoÔmenhc sumperiforĹc twn sunartăsewn pou mìlic anafèrame. Ja dÿsoume mìno merikĹ paradeÐgmata sunartăsewn pou emfanÿc den èqoun metasqhmatismì Fourier. H sunĹrthsh f(x) = 1 profanÿc den mhdenÐzetai sto Ĺpeiro, opìte den èqei metasqhmatismì Fourier. Bèbaia, anafèretai ìti o metasqhmatismìc Fourier autăc thc sunĹrthshc eÐnai h sunĹrthsh dèlta tou Dirac (blèpe to antÐstoiqo parĹrthma): δ(k) = 1 2π ∫_{+∞} −∞ dx exp[ikx]. Omwc h sunĹrthsh dèlta den eÐnai sunĹrthsh, allĹ katanomă. Ara h sunĹrthsh 1 (ă genikìtera mia stajeră sunĹrthsh) austhrĹ milÿntac den èqei metasqhmatismì Fourier me thn ènnoia thc sunhjismènhc sunĹrthshc (qwrÐc apeirismoÔc kai loipĹ). Ekfrazìmenoi kĹpwc pio teqnikĹ mporoÔme na poÔme ìti h sunĹrthsh dèlta den anăkei ston qÿro Hilbert twn tetragwnikĹ oloklhrÿsimwn sunartăsewn. Mia Ĺllh kathgorÐa sunartăsewn pou den èqoun metasqhmatismì Fourier eÐnai oi periodikèc sunartăseic, afoÔ oÔte autèc mhdenÐzontai sto Ĺpeiro. Eqoun anĹptugma se seirĹ Fourier, allĹ den èqoun oloklărwma Fourier. FusikĹ den èqoun metasqhmatismì Fourier oÔte sunartăseic pou apeirÐzontai se èna toulĹqiston apì ta ìria ±∞, ìpwc ta poluÿnuma, ta ekjetikĹ klp.

2. Me thn poreÐa pou akoloujăsame, h èkfrash thc f(x) sunartăsei thc f̃(k) eÐnai to sqetikì oloklărwma epÐ ton suntelestă monĹda, enÿ h èkfrash thc f̃(k) sunartăsei thc f(x) perilambĹnei, ektìc apì to oloklărwma, ènan parĹgonta^1_{2π} . Gia lìgouc summetrÐac, pollèc forèc o metasqhmatismìc Fourier ekfrĹzetai me tic sqèseic: f(x) = 1 √ 2π ∫_{+∞} −∞ dkf̃(k) exp(ikx),

f̃(k) = 1√ 2π ∫_{+∞} −∞ dxf(x) exp(−ikx). EÐnai dunatèc kai Ĺpeirec Ĺllec isodÔnamec ekfrĹseic tou metasqhmatismoÔ Fourier. Ja xekinăsoume apì tic sqèseic f(x) = A ∫_{+∞} −∞ dkf̃(k) exp(ikx), f̃(k) = B ∫_{+∞} −∞ dxf(x) exp(−ikx) kai ja broÔme th sunjăkh pou prèpei na ikanopoioÔn ta A kai B ÿste autèc oi sqèseic na eÐnai sumbibastèc: f(x) = A ∫_{+∞} −∞ dkf̃(k) exp(ikx) =

= A ∫_{+∞} −∞ dk B ∫_{+∞} −∞ dx^′f(x^′) exp(−ikx^′) exp(ikx). Antikatastăsame, dhladă, to f̃(k) me to Ðso tou, sumbolÐzontac th boubă metablhtă me x^′, ÿste na mh sugqèetai me thn x. Sth sunèqeia: f(x) = AB ∫_{+∞} −∞ dx^′f(x^′){ ∫_{+∞} −∞ dk exp[ik(x − x^′)]} =

= AB ∫_{+∞} −∞ dx^′f(x^′)2πδ(x − x^′) = 2πABf(x). Autì shmaÐnei ìti h sunjăkh eÐnai f(x) = 2πABf(x), Ĺra: AB = 1 2π . Dhladă eÐnai epitreptì na dialèxei kaneÐc opoiondăpote sunduasmì A kai B me th monadikă proüpìjesh to ginìmeno AB na isoÔtai me^1_{2π} .

3. An eÐnai gnwstìc o metasqhmatismìc Fourier F_k[f(x)] ≡ f̃(k) miac sunĹrthshc f(x), mporoÔme na upologÐsoume eÔkola ton metasqhmatismì Fourier^1_{2π} ∫_{+∞} −∞ dxf^∗(x) exp(−ikx) thc migadikăc suzugoÔc sunĹrthshc f^∗(x). PrĹgmati:

F_k[f^∗(x)] ≡ 1 2π ∫_{+∞} −∞ dxf^∗(x) exp[−ikx] =

= ( 1 2π ∫_{+∞} −∞ dxf(x) exp[−i(−k)x] )∗ = (F_{−k}[f(x)])^∗.

Dhladă:

F_k[f^∗(x)] = (F_{−k}[f(x)])^∗.

Mia endiafèrousa sunèpeia autăc thc sqèshc eÐnai h legìmenh “sunjăkh pragmatikìthtac”. An apaithjeÐ h arqikă sunĹrthsh na eÐnai pragmatikă, dhladă f^∗(x) = f(x), tìte h sqèsh pou mìlic apodeÐxame deÐqnei ìti F_k[f(x)] = (F_{−k}[f(x)])^∗ → f̃(k) = f̃^∗(−k). H prìtash mporeÐ na diatupwjeÐ kai antistrìfwc, ìti dhladă h sqèsh f̃(k) = f̃^∗(−k) metaxÔ twn sunistwsÿn Fourier miac sunĹrthshc eÐnai sunjăkh ÿste aută h sunĹrthsh na eÐnai pragmatikă.

4. An gnwrÐzoume ton metasqhmatismì Fourier F_k[f(x)] ≡ f̃(k) miac sunĹrthshc f(x), mporoÔme na upologÐsoume eÔkola ton metasqhmatismì Fourier

F_k[f^′(x)] = 1 2π ∫_{+∞} −∞ dxf^′(x) exp(−ikx) thc paragÿgou f^′(x) thc sunĹrthshc. KĹnoume paragontikă oloklărwsh:

F_k[f^′(x)] = 1 2π [ f(x) exp[−ikx]|^{+∞}_{−∞} − ∫_{+∞} −∞ f(x)d[exp(−ikx)] ] . ParathroÔme ìti o prÿtoc ìroc mhdenÐzetai sta ±∞ lìgw twn upojèsewn sqetikĹ me th sumperiforĹ thc f(x) sto Ĺpeiro kai mènei o deÔteroc ìroc, o opoÐoc katalăgei sthn

F_k[f^′(x)] = ik [ 1 2π ∫_{+∞} −∞ dxf(x) exp(−ikx) ] = ikF_k[f(x)].

2.3. JE§WRHMA TOU FOURIER 31

TelikĹ: F_k[f^′(x)] = ikF_k[f(x)]. Opwc kai sthn perÐptwsh thc seirĹc Fourier, den eÐnai profanèc ìti, an sugklÐnoun ta oloklhrÿmata pĹnw sto k gia thn arqikă sunĹrthsh, ja sugklÐnoun kai gia thn parĹgwgì thc.

5. H sqèsh pou dÐnei ton metasqhmatismì thc paragÿgou mporeÐ na genikeuteÐ eÔkola ÿste na perilĹbei kai paragÿgouc anÿterhc tĹxhc: F_k [ d^nf(x) dx^n ] = (ik)^nF_k[f(x)]. (2.14)

2.3 Jeÿrhma tou Fourier

JewroÔme to zeÔgoc twn metasqhmatismÿn Fourier: f(x) = ∫_{+∞} −∞ dkf̃(k) exp(ikx), f̃(k) = 1 2π ∫_{+∞} −∞ dx^′f(x^′) exp(−ikx^′). Shmeiÿnoume ìti èqoume qrhsimopoiăsei to sumbolismì x^′ gia th boubă metablhtă gia lìgouc pou ja gÐnoun safeÐc amèswc. Antikajistÿntac sthn prÿth exÐswsh to f̃(k) me to Ðso tou apì th deÔterh exÐswsh brÐskoume th sqèsh: f(x) = 1 2π ∫_{+∞} −∞ dx^′f(x^′) ∫_{+∞} −∞ dk exp[−ik(x − x^′)]. (2.15)

Tÿra epikaloÔmaste th sqèsh ∫_{+∞} −∞ dk exp[−ik(x − x^′)] = ∫_{+∞} −∞ dk cos[k(x − x^′)] = 2 ∫_{+∞} 0 dk cos[k(x − x^′)] kai katalăgoume sthn isìthta: f(x) = 1 π ∫_{+∞} 0 dk ∫_{+∞} −∞ dx^′f(x^′) cos[k(x − x^′)]. (2.16)

Opoiadăpote apì tic isìthtec (2.15) ă (2.16) ekfrĹzei to legìmeno jeÿrhma tou Fourier.

2.4 Hmitonikìc kai sunhmitonikìc metasqhmatismìc Fourier

H èkfrash (2.16) gÐnetai idiaÐtera qrăsimh an h sunĹrthsh f(x) eÐnai eÐte Ĺrtia eÐte perittă.

An h f(x) eÐnai Ĺrtia, h exÐswsh grĹfetai: f(x) = 1 π ∫_{+∞} 0 dk {∫_0 −∞ dx^′f(x^′) cos[k(x − x^′)] + ∫_{+∞} 0 dx^′f(x^′) cos[k(x − x^′)] }

kai mia allagă sth metablhtă tou prÿtou oloklhrÿmatoc dÐnei: f(x) = 1 π ∫_{+∞} 0 dk ∫_{+∞} 0 dx^′f(x^′) {cos[k(x + x^′)] + cos[k(x − x^′)]} =

= ∫_{+∞} 0 dk cos kx [ 2 π ∫_{+∞} 0 dx^′f(x^′) cos kx^′ ] , afoÔ cos[k(x + x^′)] + cos[k(x − x^′) = 2 cos kx cos kx^′. An sumbolÐsoume me f̃_c(k) ≡ F_c[f] thn èkfrash sthn teleutaÐa seirĹ pou eÐnai mèsa stic agkÔlec, paÐrnoume ton sunhmitonikì metasqhmatismì Fourier: f(x) = ∫_{+∞} 0 dkf̃_c(k) cos kx, f̃_c(k) = 2 π ∫_{+∞} 0 dxf(x) cos kx. An h f(x) eÐnai perittă, me antÐstoiqa bămata ftĹnoume sth sqèsh: f(x) = ∫_{+∞} 0 dk sin kx [ 2 π ∫_{+∞} 0 dx^′f(x^′) sin kx^′ ]

kai qrhsimopoiÿntac ton sumbolismì f̃_s(k) ≡ F_s[f] =^2_π ∫_{+∞} 0 dxf(x) sin kx èqoume ton hmitonikì metasqhmatismì Fourier: f(x) = ∫_{+∞} 0 dkf̃_s(k) sin kx, f̃_s(k) = 2 π ∫_{+∞} 0 dxf(x) sin kx. Gia mia sunĹrthsh pou den eÐnai oÔte Ĺrtia oÔte perittă èqoume th sqèsh (2.16) h opoÐa grĹfetai: f(x) = 1 π ∫_{+∞} 0 dk ∫_{+∞} −∞ dx^′f(x^′)[cos kx cos kx^′ + sin kx sin kx^′] = = ∫_{+∞} 0 dk cos kx [ 1 π ∫_{+∞} −∞ dx^′f(x^′) cos kx^′ ] + + ∫_{+∞} 0 dk sin kx [ 1 π ∫_{+∞} −∞ dx^′f(x^′) sin kx^′ ] . Dhladă f(x) = 1 2 ∫_{+∞} 0 dkf̃_c(k) cos kx + 1 2 ∫_{+∞} 0 dkf̃_s(k) sin kx. EÐnai fanerì apì th sqèsh aută ìti gia na anaparagĹgoume mia sunĹrthsh pou den èqei kajorismènh omotimÐa qreiĹzontai oi suneisforèc kai apì ton hmitonikì kai apì ton sunhmitonikì metasqhmatismì thc katĹ Fourier. Sunăjwc autoÐ oi metasqhmatismoÐ qrhsimopoioÔntai se periptÿseic pou mporeÐ kaneÐc na upojèsei me kĹpoio skeptikì ìti h sunĹrthsh èqei sugkekrimènh omotimÐa, opìte nomimopoieÐtai kaneÐc na qrhsimopoiăsei mìno ton èna metasqhmatismì.

Anafèroume mia endiafèrousa idiìthta, pou èqei na kĹnei me ton hmitonikì ă sunhmitonikì metasqhmatismì Fourier thc paragÿgou miac sunĹrthshc ìtan eÐnai gnwstìc o antÐstoiqoc metasqhmatismìc thc Ðdiac thc sunĹrthshc. Xekinÿntac apì ton orismì tou sunhmitonikoÔ metasqhmatismoÔ brÐskoume: F_c [ df dx ] ≡ 2 π ∫_{+∞} 0 dx df dx cos kx = 2 π ∫_{+∞} 0 d[f(x)] cos kx =

= 2 π [ f(x) cos kx|^{+∞}_0 − ∫_{+∞} 0 f(x)(−k sin kx) ] = − 2 π f(0) + kF_s[f]. Dhladă o sunhmitonikìc metasqhmatismìc thc paragÿgou ekfrĹzetai sunartăsei tou hmitonikoÔ metasqhmatismoÔ thc arqikăc sunĹrthshc. Parìmoia mporeÐ kaneÐc na deÐxei ìti F_s [ df dx ] = −kF_c[f],

Ĺra o hmitonikìc metasqhmatismìc thc paragÿgou ekfrĹzetai me ton sunhmitonikì thc arqikăc sunĹrthshc. To gegonìc autì kajistĹ touc metasqhmatismoÔc autoÔc kĹpwc dÔsqrhstouc. EkeÐno pou touc sÿzei eÐnai ìti se pollĹ problămata den emfanÐzontai oi prÿtec parĹgwgoi, allĹ mìno oi deÔterec parĹgwgoi kai oi arqikèc sunartăseic. Gia tic deÔterec paragÿgouc mporeÐ kaneÐc eÔkola na dei ìti: F_s [ d^2f dx^2 ] = −kF_c [ df dx ] = −k [ − 2 π f(0) + kF_s[f] ] = 2k π f(0) − k^2F_s[f],

F_c [ d^2f dx^2 ] = − 2 π f^′(0) + kF_s [ df dx ] = − 2 π f^′(0) + k[−kF_c[f]],

dhladă sunoptikĹ: F_s [ d^2f dx^2 ] = 2k π f(0) − k^2F_s[f],

F_c [ d^2f dx^2 ] = − 2 π f^′(0) − k^2F_c[f].

Ara oi metasqhmatismoÐ twn deÔterwn paragÿgwn ekfrĹzontai me metasqhmatismoÔc tou Ðdiou eÐdouc (hmitonikoÔc ă sunhmitonikoÔc) thc arqikăc sunĹrthshc. Ena shmantikì qarakthristikì eÐnai h emfĹnish sto deÔtero mèloc twn ìrwn pou perilambĹnoun thn timă thc sunĹrthshc (ă thc paragÿgou thc) sto mhdèn. AutoÐ oi ìroi den upĹrqoun stic antÐstoiqec sqèseic (2.14) tou arqikoÔ plărouc metasqhmatismoÔ Fourier kai o lìgoc eÐnai ìti ekeÐ to oloklărwma pĹnw sta k ekteÐnetai s’ ìlon ton pragmatikì Ĺxona, enÿ edÿ xekinĹei apì to mhdèn. KĹti anĹlogo (gia ton Ðdio akribÿc lìgo) ja sumbeÐ ston metasqhmatismì Laplace, ìpwc ja doÔme sto antÐstoiqo kefĹlaio.

2.5 Qrăsh twn metasqhmatismÿn Fourier

Oi metasqhmatismoÐ Fourier eÐnai idiaÐtera qrăsimoi sth lÔsh problhmĹtwn sunoriakÿn timÿn. Opwc eÐnai gnwstì, ènac basikìc trìpoc lÔshc twn merikÿn diaforikÿn exisÿsewn eÐnai h mèjodoc tou qwrismoÔ twn metablhtÿn. Otan kĹpoia metablhtă ekteÐnetai s’ èna peperasmèno diĹsthma oi oriakèc sunjăkec sta Ĺkra autoÔ tou diastămatoc anagkĹzoun thn antÐstoiqh stajerĹ na paÐrnei diakritèc timèc. An epÐ paradeÐgmati to fusikì sÔsthma eÐnai mia monodiĹstath qordă me aklìnhta Ĺkra sto x = 0 kai sto x = L, h mèjodoc qwrismoÔ metablhtÿn dÐnei se prÿth fĹsh th lÔsh A sin kx, ìpou k h stajerĹ tou qwrismoÔ twn metablhtÿn. H apaÐthsh h apomĹkrunsh na mhdenÐzetai gia x = L dÐnei th sunjăkh kL = nπ, opìte h stajerĹ k mporeÐ na paÐrnei mìno tic diakritèc timèc^{nπ}_L . Lìgw tou ìti h genikă lÔsh eÐnai to Ĺjroisma pĹnw s’ ìlec tic dunatèc timèc tou k, paÐrnoume telikĹ mia seirĹ, kai to apotèlesma ekfrĹzetai me th morfă thc seirĹc Fourier sth sugkekrimènh perÐptwsh ă me th morfă Ĺllwn seirÿn se Ĺllec periptÿseic. An, ìmwc, to diĹsthma metabolăc tou x ătan Ĺpeiro (ă hmiĹpeiro), den ja eÐqame kanèna lìgo gia na periorÐsoume th stajerĹ k se èna sÔnolo diakritÿn timÿn. Autì pou apokalèsame prohgoumènwc “Ĺjroisma” ja metapèsei s’ èna oloklărwma s’ ìlec tic dunatèc timèc tou k, pou ja eÐnai suneqeÐc. Eqontac upìyh aută th sullogistikă, mporoÔme na th diatupÿsoume me th morfă kanìna: Oi metasqhmatismoÐ Fourier qrhsimopoioÔntai gia th lÔsh problhmĹtwn sunoriakÿn timÿn ìtan mÐa toulĹqiston metablhtă ekteÐnetai se Ĺpeiro ă hmiĹpeiro diĹsthma. H poreÐa pou akoloujeÐ kaneÐc sthn prĹxh den eÐnai aută pou mìlic (gia lìgouc arqăc) perigrĹyame. Otan èqoume na kĹnoume me Ĺpeira diastămata aploÔstata metasqhmatÐzoume katĹ Fourier olìklhrh thn exÐswsh wc proc thn antÐstoiqh metablhtă (ă metablhtèc). Oi leptomèreiec ja gÐnoun safeÐc sta paradeÐgmata.

To epìmeno jèma eÐnai poiĹ morfă tou metasqhmatismoÔ prèpei kaneÐc na qrhsimopoiăsei se mia dedomènh perÐptwsh. GenikĹ, ìtan to diĹsthma eÐnai to (−∞, +∞), qrhsimopoioÔme th genikă morfă tou metasqhmatismoÔ (2.12, 2.13). Otan to diĹsthma eÐnai hmiĹpeiro, dhladă to (0, +∞) eÐte to (−∞, 0) kai emfanÐzetai mìno h deÔterh parĹgwgoc wc proc thn antÐstoiqh metablhtă, epilègoume metaxÔ tou hmitonikoÔ kai tou sunhmitonikoÔ metasqhmatismoÔ. To kritărio epilogăc upagoreÔetai apì tic ekfrĹseic gia to metasqhmatismì Fourier thc deÔterhc paragÿgou. Opwc èqoume dei, h sqetikă èkfrash gia ton hmitonikì metasqhmatismì emplèkei thn timă thc sunĹrthshc sto mhdèn, enÿ ston sunhmitonikì metasqhmatismì emplèketai h timă thc prÿthc paragÿgou thc sunĹrthshc sto mhdèn. An, loipìn, dÐdetai h timă thc sunĹrthshc sto mhdèn, ja epilegeÐ o hmitonikìc metasqhmatismìc Fourier, enÿ, an dÐdetai h timă thc prÿthc paragÿgou sto mhdèn, ja epilegeÐ o sunhmitonikìc metasqhmatismìc Fourier. AkoloujoÔn paradeÐgmata se qÿrouc dÔo diastĹsewn gia aplìthta. Dhladă upojètoume ìti den upĹrqei metabolă kanenìc megèjouc sthn kateÔjunsh z, opìte oi sqetikèc parĹgwgoi stic exisÿseic kÐnhshc mhdenÐzontai kai den paÐzoun rìlo.

ParĹdeigma 1: Qrăsh tou plărouc metasqhmatismoÔ.

JewroÔme kenì qÿro, ston opoÐo to dunamikì ikanopoieÐ thn exÐswsh tou Laplace. Ston Ĺxona twn x to dunamikì eÐnai gnwstă sunĹrthsh f(x) kai zhteÐtai to dunamikì ston hmiqÿro pou perilambĹnei ton jetikì hmiĹxona twn y.

LÔsh: To x ekteÐnetai katĹ măkoc olìklhrou tou Ĺxona, opìte ja qrhsimopoiăsoume th genikă morfă tou metasqhmatismoÔ (2.12, 2.13). MetasqhmatÐzoume wc proc x thn exÐswsh V_{xx} + V_{yy} = 0 : F_k[V_{xx}] + F_k[V_{yy}] = 0 → −k^2Ṽ + Ṽ_{yy} = 0 → Ṽ = A_k exp[ky] + B_k exp[−ky],

ìpou F_k[V ] ≡ Ṽ (k, y) = 1 2π ∫_{+∞} −∞ dxV (x, y) exp[−ikx]. Epeidă to dunamikì prèpei na eÐnai peperasmèno pantoÔ, epomènwc kai sto ìrio y → +∞, periorÐzoume th lÔsh pou brăkame sthn èkfrash Ṽ (k, y) = C(k) exp[−|k|y]. Tÿra prèpei na antistrèyoume to metasqhmatismì, ÿste na broÔme to V (x, y). V (x, y) = ∫_{+∞} −∞ dkṼ (k, y) exp[ikx] = ∫_{+∞} −∞ dkC(k) exp[−|k|y] exp[ikx]. Eqoume epÐ plèon thn plhroforÐa ìti to dunamikì eÐnai gnwstì gia y = 0 :

V (x, y)|_{y=0} = f(x) = ∫_{+∞} −∞ dkC(k) exp[ikx]. Aută h sqèsh mac deÐqnei ìti to C(k) den eÐnai tÐpote Ĺllo parĹ o metasqhmatismìc Fourier f̃(k) thc gnwstăc sunĹrthshc f(x). Dhladă

C(k) = f̃(k) = 1 2π ∫_{+∞} −∞ dx^′f(x^′) exp[−ikx^′].

kai V (x, y) = ∫_{+∞} −∞ dkf̃(k) exp[−|k|y] exp[ikx] =

= 1 2π ∫_{+∞} −∞ dk ∫_{+∞} −∞ dx^′f(x^′) exp[−ikx^′] exp[−|k|y] exp[ikx] =

= 1 2π ∫_{+∞} −∞ dx^′f(x^′) [∫_{+∞} −∞ dk exp[−|k|y] ] exp[ik(x − x^′)]. H oloklărwsh sth metablhtă k mporeÐ na gÐnei eÔkola kai to apotèlesma eÐnai: V (x, y) = 1 π ∫_{+∞} −∞ dx^′f(x^′) y (x − x^′)^2 + y^2

. (2.17)

To prìblhma èqei lujeÐ kat’ arqăn. Mia shmantikă paratărhsh eÐnai h exăc: to jeÿrhma tou Fourier, pou anaptÔxame se prohgoÔmenh parĹgrafo, isqÔei anexartătwc tou an upĹrqei o metasqhmatismìc tou Fourier! Ac gÐnoume pio sugkekrimènoi, epikentrÿnontac thn prosoqă mac sto parìn parĹdeigma. To telikì apotèlesma (2.17) eÐnai mia èkfrash tou jewrămatoc Fourier: ekfrĹzei th lÔsh mèsw enìc oloklhrÿmatoc sth metablhtă x^′, qwrÐc na emplèkei th suzugă metablhtă k. Gia na upologÐsei kaneÐc to V (x, y), arkeÐ na tou dojeÐ h sunĹrthsh f(x^′). Estw ìti f(x^′) = 0, x < 0 kai f(x^′) = V_0, x ≥ 0. To oloklărwma ja dÿsei: V (x, y) = V_0y π ∫_{+∞} 0 dx^′ y (x − x^′)^2 + y^2 = V_0 π [ π 2 + arctan ( x y )] . BrÐskoume dhladă èna peperasmèno apotèlesma, qwrÐc problămata sÔgklishc. Par’ ol’ autĹ, h sunĹrthsh pou dÿsame eÐnai stajeră sto +∞, Ĺra den èqei metasqhmatismì Fourier. EÐnai loipìn fanerì ìti to jeÿrhma tou Fourier eÐnai genikìterhc isqÔoc.

ParĹdeigma 2: Qrăsh hmitonikoÔ metasqhmatismoÔ.

ZhteÐtai h jermokrasÐa miac hmiĹpeirhc rĹbdou sunartăsei tou qrìnou an to Ĺkro sto x = 0 brÐsketai mìnima se mhdenikă jermokrasÐa, enÿ th qronikă stigmă t = 0 h jermokrasÐa dÐnetai apì th sqèsh Θ(x, t = 0) = f(x), 0 ≤ x < +∞.

LÔsh: To prìblhma èqei na kĹnei me hmiĹpeiro diĹsthma. EpÐ plèon, eÐnai gnwstă h Ðdia h sunĹrthsh (ìqi, gia parĹdeigma, h parĹgwgìc thc) gia x = 0. Ta stoiqeÐa, loipìn, sunhgoroÔn gia th qrăsh tou hmitonikoÔ metasqhmatismoÔ Fourier. MetasqhmatÐzoume thn exÐswsh:

Θ_{xx} = κΘ_t → F_s[Θ_{xx}] = κF_s[Θ_t] → → 2k π Θ(x = 0, t) − k^2F_s[Θ] = κ

∂F_s[Θ] ∂t , ìpou F_s[Θ] ≡ Θ̃ = 2 π ∫_∞ 0 dxΘ(x, t) sin kx. Omwc, apì tic oriakèc sunjăkec xèroume ìti Θ(x = 0, t) = 0, opìte:

−k^2Θ̃ = κΘ̃_t(k, t) → Θ̃_t = − k^2 κ Θ̃ →

→ Θ̃(k, t) = A(k) exp[− k^2t κ ] → Θ(x, t) = ∫_∞ 0 dkA(k) exp [ − k^2t κ ] sin kx.

H Ĺllh oriakă sunjăkh lèei ìti

f(x) = Θ(x, t = 0) = ∫_∞ 0 dkA(k) sin kx, dhladă ìti oi suntelestèc A(k) sunapoteloÔn ton hmitonikì metasqhmatismì Fourier thc sunĹrthshc f(x) : A(k) = f̃(k) = 2 π ∫_∞ 0 dx^′f(x^′) sin kx^′. H lÔsh mporeÐ loipìn na grafteÐ me th morfă: Θ(x, t) = ∫_∞ 0 dk exp [ − k^2t κ ] f̃(k) sin kx =

= ∫_∞ 0 dk exp [ − k^2t κ ] 2 π ∫_∞ 0 dx^′f(x^′) sin kx^′ sin kx =

= 1 π ∫_∞ 0 dx^′f(x^′) ∫_∞ 0 dk exp [ − k^2t κ ] [cos k(x − x^′) − cos k(x + x^′)].

MporeÐ kaneÐc na apodeÐxei ìti ∫_{+∞} 0 dq exp[aq^2] cos(qb) = 1 2 √ πa exp[− b^2 4a ], opìte: Θ(x, t) = 1 π ∫_∞ 0 dx^′f(x^′) √ πκ 4t [ exp [ − κ(x − x^′)^2 4t ] − exp [ − κ(x + x^′)^2 4t ]] .

Tèloc oi allagèc metablhtÿn z_1 ≡^{κ(x−x′)2}_{4t} , z_2 ≡^{κ(x+x′)2}_{4t} dÐnoun to apotèlesma:

Θ(x, t) = √ κT_0 4π^3t [∫_∞ −x √_{k4t} dz1 exp[−z^21 ]f ( x + z_1 √ 4t k ) −

− ∫_∞ x √_{k4t} dz2 exp[−z^2 ]f ( z_2 √ 4t k − x )] .

ParĹdeigma 3: Qrăsh tou sunhmitonikoÔ metasqhmatismoÔ

ZhteÐtai h jermokrasÐa miac hmiĹpeirhc rĹbdou sunartăsei tou qrìnou an to Ĺkro sto x = 0 eÐnai jermikĹ monwmèno (Θ_x|_{x=0} = 0), enÿ th qronikă stigmă t = 0 h jermokrasÐa dÐnetai apì th sqèsh Θ(x, t = 0) = f(x), 0 ≤ x < +∞.

LÔsh: Prìkeitai gia to prìblhma tou paradeÐgmatoc 2, me th diaforĹ ìti Ĺllaxe h oriakă sunjăkh: tÿra eÐnai gnwstă h parĹgwgoc thc sunĹrthshc, opìte ja katafÔgoume ston sunhmitonikì metasqhmatismì Fourier. Akoloujÿntac parìmoia bămata brÐskoume:

Θ_{xx} = κΘ_t → F_c[Θ_{xx}] = κF_c[Θ_t] → − 2 π Θ_x(x = 0, t) − k^2F_c[Θ] = κ

∂F_c[Θ] ∂t , ìpou F_c[Θ] = Θ̃ = 2 π ∫_∞ 0 dxΘ(x, t) cos kx.

2.6. H SUN§ELIXH KAI TO JE§WRHMA THS SUN§ELIXHS 37

Omwc Θ_x(x = 0, t) = 0, Ĺra:

−k^2F_c[Θ] = κΘ̃_t(k, t) → Θ̃_t = − k^2 κ Θ̃ →

→ Θ̃(k, t) = A(k) exp[− k^2t κ ] → Θ(x, t) = ∫_∞ 0 dkA(k) exp[− k^2t κ ] cos kx. Apì thn Ĺllh oriakă sunjăkh:

f(x) = Θ(x, t) = ∫_∞ 0 dkA(k) cos kx, dhladă ìti oi suntelestèc A(k) sunapoteloÔn ton sunhmitonikì metasqhmatismì Fourier thc sunĹrthshc f(x) : A(k) = f̃(k) = 2 π ∫_∞ 0 dx^′f(x^′) cos kx^′. H lÔsh mporeÐ sunepÿc na grafteÐ me th morfă: Θ(x, t) = ∫_∞ 0 dk exp [ − k^2t κ ] f̃(k) cos kx =

= ∫_∞ 0 dk exp [ − k^2t κ ] 2 π ∫_∞ 0 dx^′f(x^′) cos kx^′ cos kx = = 1 π ∫_∞ 0 dx^′f(x^′) ∫_∞ 0 dk exp [ − k^2t κ ] [cos k(x − x^′) + cos k(x + x^′)] = = 1 π ∫_∞ 0 dx^′f(x^′) √ πκ 4t [ exp [ − κ(x − x^′)^2 4t ] + exp [ − κ(x + x^′)^2 4t ]] =

= √ κT_0 4π^3t [∫_∞ −x √_{k4t} dz1 exp[−z^21 ]f ( x + z_1 √ 4t k ) + ∫_∞ x √_{k4t} dz2 exp[−z^2 ]f ( z_2 √ 4t k − x )] . Ta teleutaÐa bămata eÐnai ousiastikĹ epanĹlhyh twn antÐstoiqwn bhmĹtwn tou prohgoumènou paradeÐgmatoc.

2.6 H sunèlixh kai to jeÿrhma thc sunèlixhc

H sunèlixh f ≡ g ∗ h dÔo sunartăsewn g(x) kai h(x) orÐzetai me th sqèsh: f ≡ g ∗ h ⇔ f(x) ≡ ∫_{+∞} −∞ dx^′g(x − x^′)h(x^′). H sunèlixh eÐnai èna majhmatikì antikeÐmeno me exairetikì endiafèron gia th Fusikă. MporeÐ kaneÐc na skefteÐ ìti upĹrqei kĹpoiou eÐdouc “phgă” (ac poÔme aktinobolÐac) me mègejoc h(x^′) sta shmeÐa pou qarakthrÐzontai apì th metablhtă x^′ kai ìti h sunĹrthsh g(x − x^′) parèqei thn plhroforÐa poiì klĹsma enìc sămatoc ja ftĹsei apì th jèsh x^′ thc phgăc sth jèsh x tou shmeÐou paratărhshc. To Ĺjroisma twn ginomènwn g(x − x^′)h(x^′) s’ ìlon to qÿro twn phgÿn x^′ ja dÿsei to săma sto shmeÐo paratărhshc. Ena oikeÐo fusikì parĹdeigma eÐnai h perÐjlash, ìpwc thn katalabaÐnoume me bĹsh thn arqă tou Huygens. H sunĹrthsh h(x^′) ja dÐnei thn èntash tou pedÐou sto Ĺnoigma, enÿ sth sunĹrthsh g(x−x^′) ja perilambĹnetai h plhroforÐa pou ja perièqei to măkoc thc diadromăc apì to kĹje shmeÐo x^′ tou anoÐgmatoc mèqri to shmeÐo paratărhshc x.

Osoi èqoun sunantăsei thn ènnoia thc sunĹrthshc Green ja èqoun ădh entopÐsei th stenă sqèsh thc sunĹrthshc Green me th sunĹrthsh g(x − x^′). Gia parĹdeigma, an jèlei kaneÐc to dunamikì Coulomb sto shmeÐo paratărhshc ⃗r pou proèrqetai apì mia statikă katanomă me puknìthta fortÐou ρ(⃗r^′), ìpwc faÐnetai sto sqăma, mporeÐ na to upologÐsei wc exăc: V (⃗r) = ∫ d^3r^′ 1 4πϵ_0|⃗r − ⃗r^′| ρ(⃗r^′), ìpou h oloklărwsh gÐnetai s’ ìlon to qÿro twn “phgÿn”. S’ autăn thn exÐswsh h sunĹrthsh ρ(⃗r^′) paÐzei to rìlo thc h(x^′) kai h^1_{4πϵ0|⃗r−⃗r ′|} ton rìlo thc g(x − x^′). Dhladă katĹ kĹpoion trìpo “sunjètoume” th lÔsh thc exÐswshc apì tic lÔseic aploÔsterwn katanomÿn fortÐou.

⃗r^′ ⃗r

⃗r − ⃗r^′

Gia th sunèlixh isqÔei to legìmeno jeÿrhma thc sunèlixhc, to opoÐo lèei ìti o metasqhmatismìc Fourier F_k(g ∗ h) thc sunèlixhc f(x) dÔo sunartăsewn g(x) kai h(x) isoÔtai me (2π epÐ) to ginìmeno twn metasqhmatismÿn Fourier F_k(g) kai F_k(h) twn dÔo sunartăsewn: F_k(g ∗ h) = 2πF_k(g)F_k(h). H apìdeixă tou eÐnai polÔ aplă: F_k(g ∗ h) = 1 2π ∫_{+∞} −∞ dxf(x) exp[−ikx] =

= 1 2π ∫_{+∞} −∞ dx ∫_{+∞} −∞ dx^′g(x − x^′)h(x^′) exp[−ikx] =

= 1 2π ∫_{+∞} −∞ dx ∫_{+∞} −∞ dx^′g(x − x^′) exp[−ik(x − x^′)]h(x^′) exp[−ikx^′]. SumbolÐzontac me x^{′′} th diaforĹ x − x^′ (opìte kai dx = dx^{′′}) brÐskoume ìti: F_k(g ∗ h) =

= 2π [ 1 2π ∫_{+∞} −∞ dx^{′′}g(x^{′′}) exp[−ikx^{′′}] ] [ 1 2π ∫_{+∞} −∞ dx^′h(x^′) exp[−ikx^′] ] =

= 2πF_k(g)F_k(h). To jeÿrhma thc sunèlixhc eÐnai exairetikĹ megĹlhc shmasÐac. Opwc eÐnai fanerì, me th boăjeiĹ tou, mia sqetikĹ perÐplokh majhmatikă diergasÐa, ìpwc eÐnai h sunèlixh dÔo sunartăsewn, apeikonÐzetai se kĹti polÔ aplì, ìpwc to ginìmeno. KammiĹ forĹ to jeÿrhma qrhsimopoieÐtai kai antÐstrofa, dhladă eurÐsketai kĹpoia sunĹrthsh me th morfă enìc ginomènou dÔo Ĺllwn sunartăsewn kai apì autì bgĹzei kaneÐc to sumpèrasma ìti o metasqhmatismìc thc katĹ Fourier ja dÐnetai apì th sunèlixh twn metasqhmatismÿn Fourier twn dÔo sunistwsÿn sunartăsewn.

2.7. JE§WRHMA TOU PARSEVAL 39

2.7 Jeÿrhma tou Parseval

H diatÔpwsh tou jewrămatoc tou Parseval eÐnai h exăc: ∫_{+∞} −∞ dxf^∗(x)f(x) = 2π ∫_{+∞} −∞ dkf̃^∗(k)f̃(k). Dhladă to oloklărwma tou tetragÿnou tou mètrou miac sunĹrthshc isoÔtai me (2π epÐ) to oloklărwma tou tetragÿnou tou mètrou tou metasqhmatismoÔ Fourier thc sunĹrthshc. H apìdeixă tou eÐnai aplă: ∫_{+∞} −∞ dxf^∗(x)f(x) =

= ∫_{+∞} −∞ dx [∫_{+∞} −∞ dk^′f̃(k^′) exp[−ik^′x] ]∗ [∫_{+∞} −∞ dk^{′′}f̃(k^{′′}) exp[−ik^{′′}x] ]

= ∫_{+∞} −∞ dk^′ ∫_{+∞} −∞ dk^{′′}f̃^∗(k^′)f̃(k^{′′}) ∫_{+∞} −∞ dx exp[i(k^′ − k^{′′})x] =

= ∫_{+∞} −∞ dk^′ ∫_{+∞} −∞ dk^{′′}f̃^∗(k^′)f̃(k^{′′})2πδ(k^′ − k^{′′}) =

= 2π ∫_{+∞} −∞ dkf̃^∗(k)f̃(k). Qrhsimopoiăjhkan oi sqèseic δ(k^′ − k^{′′}) =^1_{2π} ∫_{+∞} −∞ dx exp[i(k^′ − k^{′′})x] kai ∫_{+∞} −∞ dk^{′′}δ(k^′ − k^{′′})f̃(k^{′′}) = f̃(k^′). Sto teleutaÐo băma paraleÐyame ton tìno sth “boubă” metablhtă.

2.8 AnĹlush Fourier se perissìterec diastĹseic

Oi tÔpoi pou sunantăsame sth monodiĹstath perÐptwsh genikeÔontai eÔkola. Estw sunĹrthsh f(⃗r) pou eÐnai periodikă wc proc tic kateujÔnseic x, y, z me antÐstoiqec periìdouc 2L_x, 2L_y, 2L_z : f(x + 2L_x, y, z) = f(x, y, z), f(x, y + 2L_y, z) = f(x, y, z), f(x, y, z + 2L_z) = f(x, y, z). Tìte: f(⃗r) = ∑ n_x,n_y ,n_z C_{nx ,ny ,nz} exp [ i n_xπx L_x ] exp [ i n_yπy L_y ] exp [ i n_zπz L_z ] ,

C_{nx,ny ,nz} = 1 2L_x 1 2L_y 1 2L_z ∫_{+Lx} −L_x dx ∫_{+Ly} −L_y dy ∫_{+Lz} −L_z dzf(⃗r)

exp [ −i n_xπx L_x ] exp [ −i n_yπy L_y ] exp [ −i n_zπz L_z ] . Parìmoia genikeÔontai oi tÔpoi gia ton metasqhmatismì Fourier: f(⃗r) = ∫ d^3kf̃(⃗k) exp[i⃗k · ⃗r], f̃(⃗k) ≡ F_{⃗k}[f(⃗r)] = 1 (2π)^3 ∫ d^3rf(⃗r) exp[−i⃗k · ⃗r], ìpou ⃗k·⃗r ≡ k_xx+k_yy+k_zz. EpÐshc, aplĹ genikeÔontai oi tÔpoi pou dÐnoun touc metasqhmatismoÔc twn paragÿgwn: F_{⃗k}[∇f(⃗r)] = i⃗kF_{⃗k}[f(⃗r)], F_{⃗k}[∇^2f(⃗r)] = −k^2F_{⃗k}[f(⃗r)]. H sunèlixh f ≡ g ∗ h twn g kai h se treic diastĹseic orÐzetai me th sqèsh: f(⃗r) ≡ ∫ d^3r^′g(⃗r − ⃗r^′)h(⃗r^′). ApodeiknÔetai, ìpwc kai sth mÐa diĹstash, to sqetikì jeÿrhma: F_{⃗k}[g ∗ h] = (2π)^3F_{⃗k}[g]F_{⃗k}[h]. 2.8.1 ParadeÐgmata

ParĹdeigma 1: ZhteÐtai na prosdioristeÐ h kÐnhsh membrĹnhc me ta Ĺkra aklìnhta katĹ măkoc orjogÿniou odhgoÔ me pleurèc L_x kai L_y an eÐnai gnwstă h arqikă apomĹkrunsh ψ_0(x, y) kai h arqikă taqÔthta v_0(x, y).

LÔsh: To prìblhma eÐnai kat’ eujeÐan genÐkeush tou antÐstoiqou problămatoc gia th qordă me aklìnhta Ĺkra. H lÔsh akoloujeÐ ta Ðdia bămata, mìno pou èqoume diplă seirĹ Fourier. QwrÐzoume tic metablhtèc sthn kumatikă exÐswsh (ψ(x, y, t) = X(x)Y (y)T (t)) :

ψ_{xx} + ψ_{yy} = 1 c^2 ψ_{tt} → X^{′′} X + Y^{′′} Y = 1 c^2 T^{′′} T ≡ −k^2. H men qronikă exĹrthsh ja dÐnetai apì ton grammikì sunduasmì twn sin ωt kai cos ωt me ω ≡ kc. Ex Ĺllou, gia na èqoun stajerì Ĺjroisma oi dÔo ìroi^{X ′′}_X kai^{Y ′′}_Y , prèpei na eÐnai Ðsoi me stajerèc: X^{′′} X = −k^2_x,^{Y ′′}_Y = −k^2_y, ìpou k^2_x + k^2_y = k^2. Ac jewrăsoume thn kateÔjunsh x : Gia na mhdenÐzetai h X(x) gia x = 0 kai gia x = L_x, ìpwc upagoreÔei h oriakă sunjăkh, prèpei na èqei th morfă sin^{nxπx}_{Lx} kai h stajerĹ k_x na isoÔtai me^{nxπ}_{Lx} , n_x = 1, 2, 3, . . . Gia thn kateÔjunsh y antÐstoiqa: Y ≃ sin^{ny πy}_{Ly} , k_y =^{ny π}_{Ly} , n_y = 1, 2, 3, . . . Amèswc sumperaÐnoume ìti

k = k_{nx ny} = √ k^2_x + k^2_y = π √( n_x L_x )_2 + ( n_y L_y )_2 →

→ ω = ω_{nxny} ≡ k_{nxny} c = πc √( n_x L_x )_2 + ( n_y L_y )_2 . Eqoume dhladă diakritèc idiotimèc. H genikă lÔsh ja eÐnai: ψ = ∑ n_x,n_y sin n_xπx L_x sin n_yπy L_y (A_{nx ny} cos ω_{nxny} t + B_{nxny} sin ω_{nxny} t),

pou sunepĹgetai gia thn taqÔthta kĹje shmeÐou thc membrĹnhc th sqèsh:

ψ_t = ∑ n_x,n_y sin n_xπx L_x sin n_yπy L_y (−ω_{nxny} A_{nxny} sin ω_{nxny} t + ω_{nxny} B_{nxny} cos ω_{nxny} t).

2.8. AN§ALUSH FOURIER SE PERISS§OTERES DIAST§ASEIS 41

Mènei na epibĹllei kaneÐc tic arqikèc sunjăkec:

ψ_0(x, y) = ∑ n_x,n_y A_{nx ny} sin n_xπx L_x sin n_yπy L_y ,

v_0(x, y) = ∑ n_x,n_y ω_{nxny} B_{nx ny} sin n_xπx L_x sin n_yπy L_y . Dhladă katalăgoume sta anaptÔgmata katĹ Fourier twn gnwstÿn sunartăsewn, Ĺra mporoÔme na antistrèyoume kai na prosdiorÐsoume touc suntelestèc: A_{nx ny} = 2 L_x 2 L_y ∫_{Lx} 0 dx ∫_{Ly} 0 dyψ_0(x, y) sin n_xπx L_x sin n_yπy L_y ,

ω_{nxny} B_{nxny} = 2 L_x 2 L_y ∫_{Lx} 0 dx ∫_{Ly} 0 dyv_0(x, y) sin n_xπx L_x sin n_yπy L_y . Ena polÔ endiafèron fainìmeno sumbaÐnei ìtan oi dÔo diastĹseic thc membrĹnhc brÐskontai se aplă sqèsh metaxÔ touc. Gia aplìthta èstw L_x = L_y ≡ L. Tìte ω_{nxny} =^{πc}_L √ n^2_x + n^2_y.

MporoÔme loipìn na èqoume dÔo diaforetikèc sunartăseic (diaforetikì zeÔgoc n_x kai n_y) pou antistoiqoÔn sto Ðdio ω_{nxny} , arkeÐ to Ĺjroisma twn tetragÿnwn twn akeraÐwn na eÐnai to Ðdio. EmfanÐzetai dhladă èna fainìmeno ekfulismoÔ. Estw ìti h membrĹnh perigrĹfetai apì to zeugĹri twn akeraÐwn 1 kai 2. Mia pijană morfă thc apomĹkrunshc ja eÐnai [ F sin πx L sin 2πy L + G sin 2πx L sin πy L ] sin ωt, ω ≡ ω_{12} = ω_{21}. ParathroÔme ìti, afoÔ h qronikă exĹrthsh eÐnai h Ðdia, mporoÔme na èqoume gia diĹforec epilogèc twn F kai G lÔseic twn opoÐwn basikĹ qarakthristikĹ ja mènoun analloÐwta sto qrìno. Gia parĹdeigma, an h sunĹrthsh mhdenÐzetai katĹ măkoc miac grammăc sto epÐpedo xy, autìc o mhdenismìc ja parameÐnei analloÐwtoc me to qrìno. Ac doÔme kĹpoiec eidikèc periptÿseic. An G = 0, h sunĹrthsh mhdenÐzetai (ektìc apì ta Ĺkra kai) katĹ măkoc thc grammăc y =^L_2 . An F = 0, h sunĹrthsh mhdenÐzetai (ektìc apì ta Ĺkra kai) katĹ măkoc thc grammăc x =^L_2 . MporoÔme na epilèxoume katĹllhla touc suntelestèc, ÿste autìc o mhdenismìc na sumbaÐnei katĹ măkoc opoioudăpote eujÔgrammou tmămatoc (dhladă me opoiondăpote prosanatolismì) sto epÐpedo xy! Tètoiec grammèc eÐnai gnwstèc sthn agglìfwnh bibliografÐa me to ìnoma nodal lines.

ParĹdeigma 2: ZhteÐtai na brejeÐ to dunamikì s’ ènan kenì qÿro pou perikleÐetai metaxÔ dÔo plakÿn sta epÐpeda z = 0 kai z = L. H plĹkec brÐskontai se gnwstĹ dunamikĹ: V (x, y, z = 0) = f(x, y), V (x, y, z = L) = g(x, y). LÔsh: MetasqhmatÐzoume katĹ Fourier thn exÐswsh V_{xx} + V_{yy} + V_{zz} = 0 wc proc tic suntetagmènec x kai y : V (x, y, z) = ∫ dk_xdk_yṼ (k_x, k_y, z) exp[ik_xx + ik_yy] → → −k^2_xṼ − k^2_yṼ + Ṽ_{zz} = 0 →

→ Ṽ_{zz} = κ^2Ṽ ,

ìpou κ = √ k^2_x + k^2_y. H lÔsh thc aplăc autăc diaforikăc exÐswshc eÐnai:

Ṽ = A(k_x, k_y) exp[κz] + B(k_x, k_y) exp[−κz] →

→ V (x, y, z) = ∫ dk_xdk_y [A(k_x, k_y) exp[κz] + B(k_x, k_y) exp[−κz]] exp[ik_xx + ik_yy].

Oi dÔo oriakèc sunjăkec sunduazìmenec me autăn th lÔsh sunepĹgontai ìti: f(x, y) = ∫ dk_xdk_y [A(k_x, k_y) + B(k_x, k_y)] exp[ik_xx + ik_yy], g(x, y) = ∫ dk_xdk_y [A(k_x, k_y) exp[κL] + B(k_x, k_y) exp[−κL]] exp[ik_xx + ik_yy].

Ta dexiĹ mèlh twn exisÿsewn autÿn eÐnai oi diploÐ metasqhmatismoÐ Fourier twn gnwstÿn sunartăsewn aristerĹ. SumperaÐnoume ìti

A(k_x, k_y) + B(k_x, k_y) = 1 (2π)^2 ∫ dxdyf(x, y) exp[−ik_xx − ik_yy], A(k_x, k_y) exp[κL] + B(k_x, k_y) exp[−κL] = 1 (2π)^2 ∫ dxdyg(x, y) exp[−ik_xx − ik_yy]. DexiĹ èqoume oloklhrÿmata gnwstÿn sunartăsewn, Ĺra mporoÔme na lÔsoume wc proc ta A(k_x, k_y) kai B(k_x, k_y). EÐnai shmantikì na tonÐsoume ìti oi dedomènec sunartăseic f(x, y) kai g(x, y) prèpei na mhdenÐzontai arketĹ grăgora se megĹlec apostĹseic x kai y ÿste na upĹrqoun ta oloklhrÿmata.

2.9 Efarmogèc

2.9.1 Exanagkasmènh armonikă talĹntwsh

JewroÔme armonikì talantwtă pou kineÐtai upì thn epÐdrash exwterikăc dÔnamhc kai ufÐstatai dÔnamh tribăc (kai fusikĹ th dÔnamh epanaforĹc). H diaforikă exÐswsh pou ton dièpei eÐnai h exăc: my^{′′} + 2Γy^′ + ky = F (t). Sunăjwc diairoÔme thn exÐswsh me m kai katalăgoume sthn pio eÔqrhsth morfă:

y^{′′} + 2 Γ m y^′ + k m y = F (t) m . Me touc sumbolismoÔc γ ≡^Γ_m , ω^2_0 ≡^k_m , f(t) ≡^{F (t)}_m h exÐswsh telikĹ grĹfetai:

y^{′′} + 2γy^′ + ω^2_0 y = f(t).

Gia na broÔme thn eidikă lÔsh, ja metasqhmatÐsoume katĹ Fourier kai ta dÔo mèlh. Oi metasqhmatismoÐ Fourier twn y^′ kai y^{′′} eÐnai Ðsoi me (iω)ỹ(ω) kai (iω)^2ỹ(ω) = −ω^2ỹ(ω) antÐstoiqa, sÔmfwna me ìsa èqoume ădh peÐ gia touc metasqhmatismoÔc paragÿgwn. (Shmeiÿnoume ìti prohgoumènwc jewroÔsame qwrikă exĹrthsh, opìte h suzugăc metablhtă tou x eÐqe sumbolisteÐ me k. Tÿra pou h exĹrthsh eÐnai qronikă, sumbolÐzoume me ω th suzugă metablhtă tou qrìnou t). TelikĹ o metasqhmatismìc Fourier thc exÐswshc eÐnai o exăc:

−ω^2ỹ(ω) + 2iγωỹ(ω) + ω^2_0ỹ(ω) = f̃(ω).

GÐnetai amèswc faneră h megĹlh dÔnamh tou metasqhmatismoÔ Fourier: me th qrăsh tou h diaforikă exÐswsh metatrĹphke se mia aplă algebrikă exÐswsh pou h lÔsh thc eÐnai aplì na brejeÐ:

ỹ(ω) = 2π [ − 1 2π 1 ω^2 − 2iγω − ω^2_0 ] [ f̃(ω) ] .

H lÔsh ja mporoÔse na grafteÐ kai kĹpwc aploÔstera, allĹ grĹfthke ètsi epeidă èqoume upìyh na ekmetalleutoÔme to jeÿrhma thc sunèlixhc. Pio sugkekrimèna, an qrhsimopoiăsoume to sumbolismì G̃(ω) ≡ −^1_{2π}^1_{ω2 −2iγω−ω20} , h lÔsh thc algebrikăc exÐswshc grĹfetai ỹ(ω) = 2πG̃(ω)f̃(ω). To dexiì mèloc èqei th morfă ginomènou dÔo metasqhmatismÿn epÐ 2π, prĹgma pou parapèmpei apeujeÐac sto jeÿrhma thc sunèlixhc, pou lèei ìti mia tètoia èkfrash èqei proèljei apì thn akìloujh sqèsh gia tic arqikèc sunartăseic: y(t) = ∫_{+∞} −∞ dt^′G(t − t^′)f(t^′). Diapistÿnoume ìti èqei brejeÐ ousiastikĹ h eidikă lÔsh kai to mìno pou mènei eÐnai na prosdiorisjeÐ h sunĹrthsh G(t − t^′) = ∫_{+∞} −∞ dωG̃(ω) exp[iω(t − t^′)]. ParathroÔme ìti h èkfrash ston paronomastă thc G̃(ω) mporeÐ na grafteÐ me th morfă

ω^2 − 2iγω − ω^2_0 = (ω − ω_+)(ω − ω_−), ω_± = iγ ± √ ω^2_0 − γ^2.

(Upojètoume ìti to γ eÐnai mikrìtero tou ω_0, opìte to upìrrizo eÐnai pragmatikì.) Tìte to oloklărwma pou prèpei na upologisteÐ grĹfetai wc exăc: G(t − t^′) = − 1 2π ∫_{+∞} −∞ dω 1 (ω − ω_+)(ω − ω_−) exp[iω(t − t^′)]. To oloklărwma upologÐzetai me euqèreia me th mèjodo twn oloklhrwtikÿn upoloÐpwn. JewroÔme èna drìmo pĹnw sto migadikì epÐpedo ω pou perikleÐetai apì ton pragmatikì Ĺxona kai hmikÔklio aktÐnac R, ìpwc faÐnetai sto sqăma. UpologÐzoume to oloklărwma me ta oloklhrwtikĹ upìloipa kai sto tèloc afănoume thn aktÐna R na pĹei sto Ĺpeiro. Gia tètoiou eÐdouc oloklhrÿmata upĹrqei to lămma tou Jordan pou sth sugkekrimènh perÐptwsh lèei ìti: gia t − t^′ > 0 to hmikÔklio prèpei na kleÐnei “apì pĹnw”, enÿ giĹ t − t^′ < 0, “apì kĹtw”. Oi rÐzec èqoun jetikì fantastikì mèroc (to γ eÐnai jetikì), opìte brÐskontai pĹntote mèsa sto “pĹnw” hmikÔklio, ìpwc shmeiÿnetai sto sqăma. Autì shmaÐnei ìti to “kĹtw” hmikÔklio den perièqei pìlouc, epomènwc gia t − t^′ < 0, pou prèpei na kleÐsoume “apì kĹtw”, to apotèlesma ja eÐnai mhdèn:

G(t − t^′) = 0, t − t^′ < 0. (2.18)

Sthn perÐptwsh t − t^′ > 0 proqwrĹme kanonikĹ ston upologismì: G(t − t^′) = − 1 2π [ 2πi ω_+ − ω_− exp[iω_+(t − t^′)] + 2πi ω_− − ω_+ exp[iω_−(t − t^′)] ] . Antikajistÿntac tic timèc twn ω_+ kai ω_− brÐskoume telikĹ ìti: G(t − t^′) = 1 √ ω^2_0 − γ^2 exp[−γ(t − t^′)] sin[ √ ω^2_0 − γ^2(t − t^′)], t − t^′ > 0. (2.19)

Oi exisÿseic (2.18) kai (2.19) dÐnoun th lÔsh gia th sunĹrthsh Green G(t − t^′). ParathroÔme ìti mhdenÐzetai ìtan t − t^′ < 0, dhladă ìtan o qrìnoc t^′, katĹ ton opoÐon exaskăjhke h exwterikă dÔnamh, eÐnai metagenèsteroc tou qrìnou t thc paratărhshc tou apotelèsmatìc thc, dhladă thc apomĹkrunshc y(t).

2.9.2 Migadikă anaparĹstash

S’ autăn thn parĹgrafo ja meletăsoume èna kÔklwma suntonismoÔ, dhladă (wmikă) antÐstash, phnÐo kai puknwtă se seirĹ metaxÔ touc kai me mia gennătria pou parĹgei hmitonikă tĹsh me mia kajorismènh kuklikă suqnìthta ω. O skopìc eÐnai na eisagĹgoume thn anaparĹstash twn diafìrwn posotătwn me migadikoÔc arijmoÔc. O nìmoc tou Kirchhoff grĹfetai: L dI dt + RI + Q C = V_0 sin ωt.

An qrhsimopoiăsoume th sqèsh^{dQ}_{dt} = I → Q = Q(0) + ∫_t 0 dt^′I(t^′) ja pĹroume (kĹnontac thn upìjesh ìti Q(0) = 0) thn exÐswsh: L dI dt + RI + ∫_t 0 dt^′I(t^′) C = V_0 sin ωt. (2.20)

EÐnai gnwstì apì tic klasikèc perigrafèc twn egqeiridÐwn Fusikăc ìti h lÔsh ekfrĹzetai me to Ĺjroisma miac suneisforĹc pou exartĹtai apì tic arqikèc sunjăkec (kai h opoÐa ekleÐpei kajÿc pernĹei o qrìnoc) kai apì mia suneisforĹ (th legìmenh mìnimh) h opoÐa exartĹtai basikĹ apì thn parousÐa thc gennătriac kai eÐnai aută pou telikĹ epizeÐ gia megĹlouc qrìnouc. Ja asqolhjoÔme proc to parìn mìno me th mìnimh suneisforĹ. Aută h suneisforĹ eÐnai gnwstì ìti ja èqei th morfă I_0 sin(ωt + ϕ), dhladă èqei thn Ðdia kuklikă suqnìthta me thn phgă, kĹpoio plĹtoc I_0 kai diaforĹ fĹshc ϕ apì thn diegeÐrousa tĹsh V_0 sin ωt. H antikatĹstash autăc thc lÔshc sthn arqikă exÐswsh ja mac dÿsei tic Ĺgnwstec posìthtec I_0 kai ϕ. Omwc autèc oi prĹxeic eÐnai arketĹ makroskeleÐc kai Ĺkomyec.

Ja eisagĹgoume tÿra th migadikă anaparĹstash. H qronikă exĹrthsh ekfrĹzetai mèsw thc parĹstashc exp[iωt]. JewroÔme dÔo migadikĹ megèjh I = I_0 exp[iϕ] exp[iωt] = I_0 exp[i(ωt + ϕ)] kai V = V_0 exp[iωt]. Blèpoume ìti ta fantastikĹ mèrh autÿn twn dÔo posotătwn eÐnai akribÿc h lÔsh I_0 sin(ωt + ϕ) gia to reÔma kai h timă V_0 sin ωt tou dunamikoÔ. H idèa thc migadikăc anaparĹstashc eÐnai na qrhsimopoiăsei kaneÐc tic parapĹnw migadikèc ekfrĹseic kai na brei th lÔsh gia to (migadikì) reÔma me ton trìpo pou ja exhgăsoume se lÐgo. To fantastikì mèroc tou arijmoÔ autoÔ eÐnai h lÔsh gia to reÔma.

ProqwroÔme sthn perigrafă thc mejìdou. EisĹgoume gia to reÔma kai thn tĹsh tic migadikèc posìthtec I = I_M exp[iωt], V = V_M exp[iωt]. Gia to parĹdeigma pou antimetwpÐzoume: I_M ≡ I_0 exp[iϕ], V_M ≡ V_0. Sthn perÐptwsă mac to V_M eÐnai pragmatikìc arijmìc. Autì eÐnai arketĹ sunhjismèno, allĹ kalÔtera ac jewrăsoume th genikìterh perÐptwsh. Antikajistÿntac sthn exÐswsh (2.20) brÐskoume: (iω)LI_M exp[iωt] + RI_M exp[iωt] + I_M iωC exp[iωt] = V_M exp[iωt]. To ekjetikì aplopoieÐtai kai, ìpwc eÐnai profanèc, h diaforikă exÐswsh èqei anaqjeÐ se mia aplă algebrikă exÐswsh wc proc I_M : [ iωL + R + 1 iωC ] I_M = V_M → I_M = V_M iωL + R +^1_{iωC} . EÐnai faneră h eukolÐa me thn opoÐa eurÐsketai h (eidikă) lÔsh me th mèjodo aută. ParathroÔme akìmh ìti to (migadikì) reÔma I_M isoÔtai (me trìpo pou jumÐzei ton nìmo tou Ohm) me th (migadikă) tĹsh V_M diĹ thn (migadikă) sÔnjeth antÐstash (ă empèdhsh) Z ≡ iωL + R + 1 iωC . H empèdhsh eÐnai to Ĺjroisma triÿn ìrwn: thc wmikăc antÐstashc R, thc epagwgikăc antÐstashc iωL kai thc qwrhtikăc antÐstashc^1_{iωC} . To Z eÐnai genikĹ migadikìc arijmìc. AnĹgetai se pragmatikì arijmì, an gia diafìrouc lìgouc h epagwgikă kai h qwrhtikă mhdenÐzontai (qwristĹ h kĹje mia) ă allhloexoudeterÿnontai. H wmikă antÐstash eÐnai stajeră posìthta, enÿ oi Ĺllec dÔo exartÿntai apì th suqnìthta.

TelikĹ to (migadikì) reÔma dÐnetai apì th sqèsh

I_M exp[iωt] = I_0 exp[iϕ] exp[iωt]

kai to sunhjismèno reÔma eÐnai, ìpwc eÐpame, to fantastikì mèroc autăc thc parĹstashc, dhladă I = I_0 sin(ωt + ϕ), pou eÐnai h morfă pou paÐrnei kaneÐc kai qwrÐc th qrăsh migadikÿn arijmÿn. Qrhsimopoiăsame thn anaparĹstash tou migadikoÔ reÔmatoc se polikèc suntetagmènec: I_M = I_0 exp[iϕ]. Apomènei na prosdiorÐsoume to mètro I_0 kai th fĹsh ϕ.

I_M = V_M iωL + R +^1_{iωC} = V_0 R + i ( ωL −^1_{ωC} ) = V_0 [ R − i ( ωL −^1_{ωC} )] R^2 + ( ωL −^1_{ωC} )_2 ,

ìpou pollaplasiĹsame me to migadikì suzugèc tou paronomastă kai jèsame V_M = V_0. O arijmhtăc mporeÐ na grafteÐ me th morfă:

V_0 √ R^2 + ( ωL − 1 ωC )_2

exp[iϕ]

ìpou tan ϕ = − ωL −^1_{ωC} R . Ara to reÔma paÐrnei th morfă:

I_M =

V_0 √ R^2 + ( ωL −^1_{ωC} )_2 exp[iϕ].

Dhladă prĹgmati èqei th morfă I_M = I_0 exp[iϕ], ìpou

I_0 =

V_0 √ R^2 + ( ωL −^1_{ωC} )_2 , (2.21)

ϕ = − arctan [ ωL −^1_{ωC} R ] . (2.22)

Sqăma 2.1: PlĹtoc sunartăsei thc suqnìthtac

Sqăma 2.2: DiaforĹ fĹshc sunartăsei thc suqnìthtac

Suntonismìc

MporeÐ kaneÐc na parastăsei grafikĹ (gia tupikèc timèc twn R, L, C) tic dÔo exisÿseic (2.21) kai (2.22) kai na deÐ thn exĹrthsă touc apì th suqnìthta ω. Sta sqămata blèpoume to^{I0}_{V0} sunartăsei thc metablhtăc^ω_{ω0} , ω_0 ≡^{1√}_{LC} , pou parousiĹzei mègisto sthn timă^ω_{ω0} = 1 kai thn antÐstoiqh sumperiforĹ thc diaforĹc fĹshc gia tuqaÐec timèc twn stoiqeÐwn tou kuklÿmatoc. H mèjodoc thc migadikăc anaparĹstashc eÐnai polÔ aplă kai apotelesmatikă, allĹ prosdiorÐzei mìno thn eidikă lÔsh, dhladă th mìnimh katĹstash. Den eÐnai katĹllhlh gia thn eÔresh thc metabatikăc katĹstashc, ìpou emplèketai h lÔsh thc antÐstoiqhc omogenoÔc exÐswshc. Akribÿc gia tètoia problămata eÐnai qrăsimoc o metasqhmatismìc Laplace, pou eÐnai to antikeÐmeno eidikoÔ kefalaÐou.

2.9.3 FÐltra

Ta fÐltra eÐnai genikĹ diatĹxeic antistĹsewn, puknwtÿn kai phnÐwn pou apoteloÔntai apì èna basikì sqăma pou epanalambĹnetai periodikĹ arketèc forèc kai sqediĹzetai ètsi ÿste an sto èna Ĺkro efarmosteÐ mia tĹsh (katĹ kÔrio lìgo hmitonoeidăc enallassìmenh), to săma pou ja perĹsei sto Ĺllo Ĺkro na exartĹtai apì th suqnìthta autăc thc tĹshc. Etsi, upĹrqoun fÐltra qamhlÿn suqnotătwn, pou afănoun na perĹsoun mìno suqnìthtec mikrìterec apì kĹpoia krÐsimh timă, fÐltra uyhlÿn suqnotătwn, apì ta opoÐa dièrqontai mìno uyhlèc suqnìthtec klp. To fÐltro pou ja exetĹsoume faÐnetai sto sqăma (2.3). Ta Z_1, Z_2, Z_N eÐnai sÔnjetec antistĹseic tou tÔpou pou exhgăsame, dhladă genikĹ migadikèc posìthtec.

Sta fÐltra endiafèrei katĹ kÔrio lìgo h mìnimh katĹstash kai ìqi ta metabatikĹ fainìmena. Sunăjwc to săma eisìdou eÐnai hmitonoeidèc. Upojètoume loipìn ìti h efarmozìmenh tĹsh èqei mÐa kai monadikă suqnìthta ω kai ìti epomènwc ìlec oi diaforèc dunamikoÔ kai oi entĹseic reÔmatoc metabĹllontai qronikĹ me autăn th suqnìthta. ParistĹnoume, loipìn, thn tĹsh eisìdou me th morfă V_1(t) = V exp[iωt], ìpou to V eÐnai genikĹ mia migadikă metablhtă, kai tic entĹseic twn reumĹtwn me th morfă i_n(t) = I_n exp[iωt]. GrĹfoume tic exisÿseic tou Kirchhoff gia touc brìqouc:

(Z_0 +

Z_1 2 )I_0 + Z_2(I_0 − I_1) = V, (2.23) ... I_nZ_1 + (I_n − I_{n−1})Z_2 + (I_n − I_{n+1})Z_2 = 0, (2.24) ... (I_N − I_{N−1})Z_2 + I_N (

Z_1 2 + Z_N ) = 0. (2.25)

H exÐswsh gia ton tuqaÐo brìqo,

I_nZ_1 + (I_n − I_{n−1})Z_2 + (I_n − I_{n+1})Z_2 = 0,

mporeÐ na lujeÐ eÔkola:

I_n = A exp[θn] + B exp[−θn]. (2.26)

To θ eÐnai prosdioristèa stajerĹ. Antikajistÿntac sthn exÐswsh th lÔsh (2.26) kai apaitÿntac na isqÔei gia kĹje A, B, brÐskoume ìti to θ prèpei na ikanopoieÐ thn exÐswsh

exp[±θ] = 1 +

Z_1 2Z_2 ± 1 2 √( Z_1 Z_2

)_2 + 4 Z_1 Z_2 , epomènwc thn cosh θ = 1 +

Z_1 2Z_2

. (2.27)

GenikĹ to deÔtero mèloc eÐnai ènac migadikìc arijmìc. An o θ eÐnai fantastikìc arijmìc, h lÔsh gia to I_n anaparistĹ to Ĺjroisma dÔo ìrwn pou talanteÔontai (eÐnai hmÐtona kai sunhmÐtona), allĹ den sbănoun kajÿc to n metabĹlletai. Tautìqrona, se autăn th perÐptwsh, to uperbolikì

Sqăma 2.3: Tupikă morfă fÐltrou sunhmÐtono thc exÐswshc (2.27) ja metatrapeÐ se sunhjismèno sunhmÐtono, tou opoÐou h timă ja kumaÐnetai metaxÔ −1 kai +1. EÐnai eÔkolo na epalhjeÔsei kaneÐc ìti h sunjăkh −1 ≤ cos θ ≤ +1 ja dÿsei thn anisìthta: 0 ≤ − Z_1 Z_2

≤ 4. (2.28)

An to θ apoktăsei pragmatikì mèroc, ja èqoume ekjetikă apìsbesh.

ParadeÐgmata:

• An Z_1 = iωL kai Z_2 =^1_{iωC} , h anisìthta (2.28) dÐnei thn ω ≤^{2√}_{LC} . Dhladă ìlec oi suqnìthtec pou eÐnai mikrìterec apì mia oriakă timă pernoÔn qwrÐc exasjènish, enÿ oi megalÔterec exasjenoÔn ekjetikĹ, epomènwc praktikĹ kìbontai. Eqoume ftiĹxei èna fÐltro qamhlÿn suqnotătwn.

• An Z_1 =^1_{iωC} kai Z_2 = iωL, h anisìthta (2.28) dÐnei thn ω ≥^1_2^√_{LC} . Dhladă ìlec oi suqnìthtec pou eÐnai megalÔterec apì mia oriakă timă pernoÔn qwrÐc exasjènish, enÿ oi mikrìterec exasjenoÔn ekjetikĹ, epomènwc praktikĹ kìbontai. H diĹtaxh ja leitourgeÐ wc fÐltro uyhlÿn suqnotătwn.

Ja doÔme tÿra merikĹ akìma qarakthristikĹ twn fÐltrwn. OrÐzoume thn qarakthristikă empèdhsh Z_χ pou eÐnai h antÐstash eisìdou ìtan to fÐltro ekteÐnetai dexiĹ wc to Ĺpeiro, ap’ ìpou paÐrnoume th qrăsimh sqèsh:

(Z_χ + Z_0)I_0 = V → Z_χ = V I_0 − Z_0. AfoÔ to sÔsthma ekteÐnetai wc to Ĺpeiro den upĹrqoun “anaklĹseic” apì dexiĹ, Ĺra h èkfrash (2.26) antikajÐstatai apì thn I_n = I_0 exp[nθ]. H exÐswsh (2.23) dÐnei, loipìn:

(Z_0 +

Z_1 2 )I_0 + Z_2(I_0 − I_0 exp[θ]) = V → Z_0 +

Z_1 2 + Z_2(1 − exp[θ]) = V I_0 . Tìte h sqèsh Z_χ =^V_{I0} − Z_0 dÐnei

Z_χ =

Z_1 2 + Z_2(1 − exp[θ]).

Ex Ĺllou h sqèsh cosh θ = 1 +^{Z1}_{2Z2} sunepĹgetai:^{Z1}_2 = Z_2(cosh θ − 1) kai h qarakthristikă empèdhsh gÐnetai:

Z_χ = −Z_2 sinh θ → Z^2_χ = Z^2_2 sinh^2 θ = Z^2_2 (cosh^2 θ − 1) =

= Z^2_2 (1 +

Z^2_1 4Z^2_2 + Z_1 Z_2

− 1) =

Z^2_1 4 + Z_1Z_2.

Peperasmèno kÔklwma Mèqri tÿra jewrăsame èna fÐltro pou ekteÐnetai ep’ Ĺpeiron. Tÿra ja doÔme th realistikă perÐptwsh, pou to kÔklwma termatÐzetai, Ĺra perimènoume fainìmena anaklĹsewn sta Ĺkra. Sthn anĹlusă mac ja antikatastăsoume th lÔsh

I_n = A exp[θn] + B exp[−θn]

stic exisÿseic tou prÿtou brìqou:

(Z_0 +

Z_1 2 )I_0 + Z_2(I_0 − I_1) = V kai tou teleutaÐou brìqou:

(I_N − I_{N−1})Z_2 + I_N (

Z_1 2 + Z_N ) = 0.

To apotèlesma pou brÐskoume eÐnai èna sÔsthma wc proc A kai B : [ Z_0 +

Z_1 2 + Z_2 − Z_2 exp[θ] ] A + [ Z_0 +

Z_1 2 + Z_2 − Z_2 exp[−θ] ] B = V [ Z_2(exp[Nθ] − exp[(N − 1)θ]) + (

Z_1 2 + Z_N ) exp[Nθ] ] A+

+ [ Z_2(exp[−Nθ] − exp[−(N − 1)θ]) + (

Z_1 2 + Z_N ) exp[−Nθ] ] B = 0

Oi pio pĹnw sqèseic mporoÔn na ekfrastoÔn mèsw thc qarakthristikăc empèdhshc me th boăjeia twn sqèsewn Z_χ =^{Z1}_2 −Z_2(exp[θ]−1) kai −Z_χ =^{Z1}_2 −Z_2(exp[−θ]−1) pou apodeiknÔontai eÔkola ap’ ìsa eÐpame gia thn Z_χ. To nèo sÔsthma eÐnai:

[Z_0 + Z_χ]A + [Z_0 − Z_χ]B = V,

[Z_N − Z_χ] exp[θN]A + [Z_χ + Z_N ] exp[−θN]B = 0.

H lÔsh tou sustămatoc eÐnai: A = V exp[−θN] (Z_0 + Z_χ)(exp[−θN] − r_0r_N exp[θN] ,

B = − V r_N exp[θN] (Z_0 + Z_χ)(exp[−θN] − r_0r_N exp[θN]) , ìpou èqoume qrhsimopoiăsei touc orismoÔc:

r_0 ≡

Z_0 − Z_χ Z_0 + Z_χ , r_N ≡ Z_N − Z_χ Z_N + Z_χ . Dhladă to reÔma ja dÐnetai apì th sqèsh:

I_n = V Z_0 + Z_χ 1 exp[−θN] − r_0r_N exp[θN]) [exp[θ(n − N) − r_N exp[−θ(n − N)]]. ParathroÔme ìti èqoume Ĺjroisma kumĹtwn pou pĹne proc ta dexiĹ kai kumĹtwn pou pĹne proc ta aristerĹ. An frontÐsoume ÿste Z_N = Z_χ, to r_N ja mhdenÐzetai kai ìlh h isqÔc pou ja parèqetai apì thn phgă sto aristerì Ĺkro ja ftĹnei sthn telikă antÐstash Z_N kai h èkfrash gia to reÔma ja perilambĹnei mìno èna kÔma:

I_n = V Z_0 + Z_χ exp[θn]. Aută h rÔjmish tou Z_N lègetai prosarmogă antistĹsewn. S’ autăn thn perÐptwsh apofeÔgontai oi (anepijÔmhtec) anaklĹseic.

2.9.4 PerÐjlash Fraunhofer

H perÐjlash eÐnai arketĹ perÐploko jèma kai den ja to antimetwpÐsoume sthn plărh genikìthtĹ tou. Ja perioristoÔme kat’ arqăn sthn legìmenh perÐjlash Fraunhofer, ìpou upotÐjetai ìti èna epÐpedo kÔma me kumatikì arijmì ⃗k prospÐptei se pètasma pou fèrei anoÐgmata, h eikìna thc perÐjlashc gÐnetai orată se ojình se megĹlh (sugkritikĹ me tic diastĹseic twn anoigmĹtwn) apìstash apènanti kai to măkoc kÔmatoc thc aktinobolÐac eÐnai polÔ mikrì se sqèsh kai me tic diastĹseic twn anoigmĹtwn kai thn apìstash petĹsmatoc-ojìnhc. EpishmaÐnoume ìti sumbolÐzoume me E to mègejoc pou ekfrĹzei to plĹtoc thc aktinobolÐac. Ja mporoÔse na eÐnai mia sunistÿsa tou hlektrikoÔ pedÐou. Epilègoume thn arqă twn axìnwn kĹpou mèsa sto (monadikì, èstw) Ĺnoigma tou petĹsmatoc kai sumbolÐzoume me ⃗r tic suntetagmènec kĹpoiou shmeÐou paratărhshc (sto qÿro dexiĹ tou petĹsmatoc) kai me ⃗r^′ tic suntetagmènec twn shmeÐwn tou anoÐgmatoc, ìpwc faÐnetai sto sqăma. Dhladă h apìstash metaxÔ tou tuqaÐou shmeÐou tou anoÐgmatoc ⃗r^′ kai tou tuqaÐou shmeÐou paratărhshc ⃗r isoÔtai me |⃗r − ⃗r^′|. Epilègoume ton Ĺxona twn z na eÐnai kĹjetoc sto pètasma kai thn ojình, opìte to ⃗r^′ èqei mìno sunistÿsec x^′ kai y^′ : ⃗r^′ → (x^′, y^′, 0). MporoÔme epomènwc na paraleÐpoume o,tidăpote èqei na kĹnei me th sunistÿsa z^′ (ìqi thn z). EpikaloÔmaste thn arqă tou Huygens kai upojètoume ìti to mègejoc ϵ(⃗r^′) pou qarakthrÐzei to plĹtoc thc aktinobolÐac eÐnai mh mhdenikì sthn perioqă twn anoigmĹtwn, enÿ ektìc autăc eÐnai mhdèn. H fusikă eikìna eÐnai ìti kĹje shmeÐo tou anoÐgmatoc ekpèmpei sfairikĹ kÔmata proc ìlec tic kateujÔnseic kai h eikìna thc perÐjlashc eÐnai to apotèlesma thc sumbolăc ìlwn autÿn twn stoiqeiwdÿn suneisforÿn. Ta stoiqeiÿdh sfairikĹ kÔmata perigrĹfontai apì th sqèsh dE(⃗r, t) ∼ dS^′ϵ(⃗r^′) 1 k|⃗r − ⃗r^′| exp[i(k|⃗r − ⃗r^′| − ωt)]. To olikì plĹtoc tou kÔmatoc s’ èna dedomèno shmeÐo paratărhshc prokÔptei apì thn Ĺjroish twn merikÿn platÿn pou proèrqontai ap’ ìlh thn èktash tou anoÐgmatoc: E(⃗r, t) = A ∫ dS^′ϵ(⃗r^′) 1 k|⃗r − ⃗r^′| exp[i(k|⃗r − ⃗r^′| − ωt)]. (2.29) Eqoume perilĹbei kai th stajerĹ analogÐac A. To oloklărwma kat’ arqăn ekteÐnetai sto Ĺnoigma. Omwc mporeÐ na epektajeÐ s’ ìlo to pètasma giatÐ h suneisforĹ twn perioqÿn ektìc anoÐgmatoc eÐnai mhdèn, ìpwc eÐpame. Autì ja faneÐ qrăsimo se lÐgo.

To epìmeno stĹdio eÐnai na proseggÐsoume to mètro thc apìstashc pou emfanÐzetai sthn exÐswsh (2.29):

|⃗r − ⃗r^′| = r √ 1 + ( r^′ r )_2 − 2 ⃗r · ⃗r^′ r^2 ≃ r ( 1 − ⃗r · ⃗r^′ r^2 ) = r − r̂ · ⃗r^′ →

→ k|⃗r − ⃗r^′| = kr − kr̂ · ⃗r^′ ( r̂ ≡ ⃗r r ) . Ja antikatastăsoume autì to apotèlesma ston ekjèth, allĹ ston paronomastă mporoÔme na arkestoÔme se mikrìterh akrÐbeia, afoÔ mìno ston ekjèth mikrèc diaforèc sto |⃗r − ⃗r^′| mporeÐ na prokalèsoun megĹlec diaforèc sto apotèlesma. Autì mporeÐ na sumbeÐ an to k eÐnai arketĹ megĹlo, ÿste oi trigwnometrikèc sunartăseic pou perièqontai sto ekjetikì tou fantastikoÔ arijmoÔ na allĹxoun pollèc forèc prìshmo. ProqwroÔme stic antikatastĹseic:

⃗k ⃗K ⃗r^′ ⃗r ⃗r − ⃗r^′

x̂

ẑ ŷ

E(⃗r, t) ≃ A ∫ dS^′ϵ(⃗r^′) 1 kr exp[i(kr − kr̂ · ⃗r^′ − ωt)] =

= 4π^2A exp[i(kr − ωt)] kr { 1 (2π)^2 ∫ dS^′ϵ(⃗r^′) exp[−ikr̂ · ⃗r^′] } . Eqoume pollaplasiĹsei kai diairèsei me 4π^2 gia na emfanÐsoume mèsa sto Ĺgkistro ton didiĹstato metasqhmatismì Fourier thc posìthtac ϵ(⃗r^′) : F_{⃗K⊥} [ϵ(⃗r^′)] ≡ 1 (2π)^2 ∫ dS^′ϵ(⃗r^′) exp[−ikr̂ · ⃗r^′] = 1 (2π)^2 ∫ dS^′ϵ(⃗r^′) exp[−i ⃗K_⊥ · ⃗r^′]. Edÿ qreiĹzetai mia shmantikă paratărhsh. KĹnoume thn eÔlogh upìjesh ìti to mètro k tou kumatikoÔ arijmoÔ den allĹzei sth diadikasÐa thc perÐjlashc kai eisĹgoume ton sumbolismì ⃗K ≡ kr̂.

K_z

⃗K_⊥ ⃗K

θ

Estw K_z h sunistÿsa autoÔ tou dianÔsmatoc katĹ măkoc tou Ĺxona twn z kai ⃗K_⊥ h sunistÿsa pou eÐnai kĹjeth sthn prohgoÔmenh, sunepÿc parĹllhlh proc to pètasma kai thn ojình. EÐnai profanèc ìti: ⃗K = ⃗K_⊥ + K_zẑ. Opwc èqoume ădh anafèrei, to diĹnusma ⃗r^′ den èqei sunistÿsa katĹ ton Ĺxona twn z, opìte to eswterikì ginìmeno ⃗K ·⃗r^′ isoÔtai sthn pragmatikìthta me ⃗K_⊥ ·⃗r^′. An to shmeÐo paratărhshc perigrĹfetai apì to ⃗r pou sqhmatÐzei gwnÐa θ me ton Ĺxona twn z o kumatarijmìc sthn perioqă metaxÔ petĹsmatoc kai ojìnhc ja analÔetai stic dÔo sunistÿsec me mètra K_z = k cos θ kai K_⊥ = k sin θ. ParathroÔme ìti to F_{⃗K⊥} [ϵ(⃗r^′)] den exartĹtai sthn pragmatikìthta apì olìklhro to ⃗r allĹ mìno apì th dieÔjunsă tou kai pio sugkekrimèna apì thn probolă tou ⃗K_⊥ pĹnw sto pètasma! Sugkentrÿnontac tic pio pĹnw suneisforèc to telikì apotèlesma grĹfetai: E(⃗r, t) = 4π^2A exp[i(kr − ωt)] kr F_{⃗K⊥} [ϵ(⃗r^′)]. An xeqĹsoume proc stigmăn ton parĹgonta 4π^2A^{exp[i(kr−ωt)]}_{kr} , pou dÐnei th domă enìc sfairikoÔ kÔmatoc, eÐnai fanerì ìti h eikìna thc perÐjlashc, pou perigrĹfetai apì to E(⃗r, t) den eÐnai tÐpot’ Ĺllo apì ton metasqhmatismì Fourier F_{⃗K⊥} [ϵ(⃗r^′)] thc phgăc ϵ(⃗r^′)! MĹlista, eÐnai eÔlogo na agnoăsoume touc parĹgontec autoÔc diìti, af’ enìc to r den metabĹlletai ousiwdÿc upì tic sunjăkec pou perigrĹfoume, af’ etèrou h èntash thc aktinobolÐac I( ⃗K_⊥), pou eÐnai to pragmatikĹ metroÔmeno fusikì mègejoc, eÐnai anĹlogh tou tetragÿnou tou mètrou tou E(⃗r, t). Enswmatÿnontac ìlec tic stajerèc se mÐa, pou ja onomĹsoume C, h èntash thc aktinobolÐac sthn ojình dÐnetai apì th sqèsh I( ⃗K_⊥) = C|F_{⃗K⊥} [ϵ(⃗r^′)]|^2. (2.30)

Shmeiÿnoume ìti h akribăc sqèsh, pou ja mporoÔse na paraqjeÐ an eÐmaste sqolastikìteroi, perièqei epÐ plèon ton ìro (1+cos θ)^2, allĹ to jèma mac den ătan h akribăc melèth thc perÐjlashc. Jèlame mìno mia prÿth hmiposotikă skiagrĹfhsh merikÿn basikÿn stoiqeÐwn.

Gia na proqwrăsoume pio kĹtw, qreiĹzontai sugkekrimènec plhroforÐec gia to sqăma tou anoÐgmatoc, to plĹtoc tou prospÐptontoc kÔmatoc sto Ĺnoigma klp. Stic efarmogèc pou ja exetĹsoume ja upojèsoume ìti to plĹtoc tou kÔmatoc sto Ĺnoigma eÐnai stajerì. DÔo aplĹ kai endiafèronta sqămata anoigmĹtwn eÐnai to orjogÿnio kai to kuklikì.

Orjogÿnio Ĺnoigma

Estw, loipìn, ìti ϵ(⃗r^′) = Λ, gia x^′ ∈ [−^a_2 , +^a_2 ] kai y^′ ∈ [−^b_2 , +^b_2 ], enÿ alliÿc ϵ(⃗r^′) = 0. EÐnai qrăsimo s’ autăn thn perÐptwsh na qrhsimopoiăsoume orjogÿniec suntetagmènec. Tìte

F_{⃗K⊥} [ϵ(⃗r^′)] = 1 4π^2 ∫_{+∞} −∞ dx^′ ∫_{+∞} −∞ dy^′ϵ(⃗r^′) exp[−i(K_xx^′ + K_yy^′)] =

= Λ 4π^2 [∫_{+ a2} −^a_2 dx^′ exp(−iK_xx^′) ] [∫_{+ b2} −^b_2 dy^′ exp(−iK_yy^′) ] =

= − Λ 4π^2K_xK_y sin K_xa 2 sin K_yb 2 =

= − Λab 16π^2 sin^{Kxa}_2 K_xa 2 sin^{Ky b}_2 K_y b 2 . TelikĹ, dhladă, h èntash ja eÐnai thc morfăc

I(K_x, K_y) = I_0 [ sin^{Kxa}_2 K_xa 2 ]_2 [

sin^{Ky b}_2 K_y b 2 ]_2 . Bèbaia, prèpei na upenjumÐsoume ìti: ⃗K ≡ kr̂ → [ K_x = k x r , K_y = k y r , K_z = 0 ] .

Blèpoume thn exĹrthsh apì thn dieÔjunsh (mìno) tou ⃗r, mèsw twn K_x, K_y. To I_0 eÐnai h èntash ìtan to diĹnusma jèshc èqei x = y = 0, dhladă ìtan parathroÔme kateujeÐan apènanti apì to Ĺnoigma.

Mia endiafèrousa eidikă perÐptwsh brÐskoume ìtan b → ∞. Tìte to orjogÿnio Ĺnoigma gÐnetai mia sqismă me peperasmèno plĹtoc kai Ĺpeiro măkoc, dhladă h perÐptwsh pou exetĹzetai sunăjwc prÿth sta egqeirÐdia Optikăc. Sth genikă lÔsh parathroÔme ìti, an to b eÐnai polÔ megĹlo, h suneisforĹ^{sin Ky b2}_{Ky b2} mhdenÐzetai, ektìc an K_y = 0. Ara mìno gia K_y = 0 èqoume mh mhdenikì apotèlesma kai h exÐswsh metapÐptei sthn

I(K_x) = I_0 [ sin^{Kxa}_2 K_xa 2 ]_2 . An sumbolÐsoume me θ th gwnÐa pou sqhmatÐzei to ⃗r me ton Ĺxona twn z, ja isqÔei ìti K_x = k sin θ (to ⃗K_⊥ metapÐptei sto K_x) kai to apotèlesma paÐrnei thn pio sunhjismènh morfă:

I(θ) = I_0 [ sin^{ka sin θ}_2 ka sin θ 2 ]_2 . Blèpoume kai pĹli ìti h èntash exartĹtai mìno apì th gwnÐa θ, dhladă th dieÔjunsh apì thn opoÐa parathroÔme.

Kuklikì Ĺnoigma

S’ autăn thn perÐptwsh upojètoume ìti ϵ(⃗r^′) = Λ, gia r^′ ≤ R, enÿ alliÿc ϵ(⃗r^′) = 0. Qrăsimec eÐnai tÿra oi sfairikèc polikèc suntetagmènec:

F_{⃗K⊥} [ϵ(⃗r^′)] = 1 4π^2 ∫_{+∞} 0 dr^′r^′ ∫_{2π} 0 dϕ^′ϵ(⃗r^′) exp[−i ⃗K_⊥ · ⃗r^′], afoÔ to stoiqeÐo embadoÔ sto epÐpedo tou petĹsmatoc eÐnai dr^′r^′dϕ^′. To eswterikì ginìmeno pou emfanÐzetai ston ekjèth upologÐzetai apì thn isìthta ⃗K_⊥ · ⃗r^′ = K_xx^′ + K_yy^′, me tic prìsjetec plhroforÐec ìti K_x = k sin θ cos ϕ, K_y = k sin θ sin ϕ, x^′ = r^′ cos ϕ^′, y^′ = r^′ sin ϕ^′, opìte ⃗K_⊥ · ⃗r^′ = K_xx^′ + K_yy^′ = kr^′ sin θ cos(ϕ^′ − ϕ). LambĹnontac upìyh ta pio pĹnw stoiqeÐa katalăgoume sth sqèsh F_{⃗K⊥} [ϵ(⃗r^′)] = Λ 4π^2 ∫_R 0 dr^′r^′ ∫_{2π} 0 dϕ^′ exp[−ikr^′ sin θ cos(ϕ^′ − ϕ)]. (2.31)

H sunèqeia tou upologismoÔ apaiteÐ gnÿsh twn sunartăsewn Bessel kai ja suneqisteÐ sto antÐstoiqo kefĹlaio.

2.9.5 Sumbolă

ArqÐzoume me kĹpoiouc bohjhtikoÔc orismoÔc. Estw h sunĹrthsh Δ(x) ≡ ∑ n A_nδ(x − x_n), ìpou ta A_n eÐnai genikĹ migadikoÐ arijmoÐ, ta x_n tuqaÐec jèseic ston pragmatikì Ĺxona kai to Ĺjroisma pĹnw sta n mporeÐ na ekteÐnetai se peperasmèno (h pio sunhjismènh perÐptwsh) ă kai Ĺpeiro plăjoc ìrwn. JewroÔme thn sunèlixh C ≡ Δ ∗ f thc Δ(x) me mia tuqaÐa sunĹrthsh f(x) :

C(x) ≡ ∫_{+∞} −∞ dx^′Δ(x − x^′)f(x^′) = ∑ n A_n ∫_{+∞} −∞ dx^′δ(x − x^′ − x_n)f(x^′) =

= ∑ n A_nf(x − x_n). Ac jewrăsoume gia eukolÐa ìti h f(x) eÐnai entopismènh se mia perioqă plĹtouc d mikrìterou apì to mikrìtero |x_{n+1} − x_n|, enÿ katĹ t’ Ĺlla eÐnai stajeră sunĹrthsh, Ðsh èstw me 1. Tìte h sunèlixh (gia trÐa x_n) ja èqei èna grĹfhma ìpwc tou sqămatoc.

x_1 d

x_2 d

x_3 d

Ja eÐnai genikĹ mhdèn, ektìc apì ta shmeÐa gÔrw apì tic jèseic x_n, ìpou ja èqei mègejoc A_n. Autì eÐnai ousiastikĹ to sqăma pou mac parousiĹzetai ìpote jelăsoume na meletăsoume perÐjlash (kai tautìqrona sumbolă) enìc kÔmatoc apì mia seirĹ sqismÿn me to Ðdio plĹtoc. H mèjodoc pou akoloujoÔme mac epitrèpei na exetĹsoume kai periptÿseic ìpou h èntash thc aktinobolÐac (pou kajorÐzetai apì to A_n) mporeÐ na eÐnai diaforetikă gia kĹje sqismă kai oi sqismèc na mhn isapèqoun. H mèjodoc parèqei th dunatìthta na lÔsoume problămata me aujaÐreth katanomă tou plĹtouc tou pedÐou sta diĹfora anoÐgmata, arkeÐ na dialèxoume thn katĹllhlh f(x). H dieukìlunsh pou mac parèqei to jeÿrhma thc sunèlixhc sunÐstatai sto ìti o metasqhmatismìc Fourier thc C(x) dÐnetai apì th sqèsh

C̃(K) = 2πF_K [Δ(x)]F_K [f(x)].

Sunepÿc, an xèroume touc metasqhmatismoÔc twn Δ(x) kai f(x) mporoÔme na broÔme thn C̃(K). H f̃(K) ≡ F_K [f(x)] mporeÐ na upologisteÐ Ĺpax dia pantìc gia mia sqismă me plĹtoc d :

f̃(K) = 1 2π ∫_+ d_2

−^d_2 dx · 1 · exp[−iKx] = 1 2π 1 −iK [ exp ( −i Kd 2 ) − exp ( +i Kd 2 )] =

= − 1 2πiK (−2i sin Kd 2 ) = 1 πK sin Kd 2 . EpÐshc h F_K [Δ(x)] upologÐzetai eÔkola:

F_K [Δ(x)] = 1 2π ∫_{+∞} −∞ dx ∑ n A_nδ(x − x_n) exp[−iKx] = 1 2π ∑ n A_n exp[−iKx_n].

SunduĹzontac ta prohgoÔmena apotelèsmata katalăgoume sthn telikă èkfrash:

C̃(K) = 2π 1 πK sin Kd 2 1 2π ∑ n A_n exp[−iKx_n] = 1 πK sin Kd 2 ∑ n A_n exp[−iKx_n].

Efarmogă

Estw ìti èqoume dÔo ìmoiec sqismèc (parĹllhlec metaxÔ touc) me plĹth d pou oi Ĺxonèc touc brÐskontai stic jèseic x = ±L kai A_1 = A_2 = A, ènac pragmatikìc arijmìc. H f(x) èqei th morfă tou palmoÔ pou perigrĹyame prohgoumènwc. Tìte ton rìlo tou K ja ton paÐzei to K_x = k sin θ, ìpou θ eÐnai h gwnÐa pou sqhmatÐzei h dieÔjunsh paratărhshc me ton Ĺxona twn z :

C̃(K_x) = 1 πK_x sin K_xd 2 (A_1 exp[−iK_xx_1] + A_2 exp[−iK_xx_2] = = 2A πK_x sin K_xd 2 cos[K_xL] = 2A πk sin θ sin k sin θd 2 cos[k sin θL].

Ara h èntash thc aktinobolÐac ja eÐnai:

I(θ) = I_0 [ cos(kL sin θ) sin^{kd sin θ}_2 kd sin θ 2 ]_2 . 2.9.6 Mìrio udrogìnou

O metasqhmatismìc Fourier endeqomènwc na faneÐ qrăsimoc se periptÿseic pou eÐnai dÔskolo na tic fantasteÐ kaneÐc. Ja xekinăsoume me touc upologismoÔc merikÿn qrăsimwn oloklhrwmĹtwn.

1. ∫_{+∞} 0 dr exp[−λr] = 1 λ → ∫_{+∞} 0 drr exp[−λr] = − d dλ ∫_{+∞} 0 dr exp[−λr] = 1 λ^2

(2.32) 2. 1 (2π)^3 ∫ d^3r exp[−αr] exp[−i⃗k · ⃗r] =

= 1 (2π)^3 ∫_{+∞} 0 drr^2 ∫_{+1} −1 d(cos θ) ∫_{2π} 0 dϕ exp[−αr] exp[−ikr cos θ] =

= 1 (2π)^2 ∫_{+∞} 0 drr^2 exp[−αr] exp[−ikr] − exp[ikr] −ikr =

= 1 4π^2ik [∫_{+∞} 0 drr exp[−(α − ik)r] − ∫_{+∞} 0 drr exp[−(α + ik)r] ] . Ta oloklhrÿmata èqoun upologisteÐ prohgoumènwc (sqèsh (2.32). KĹnontac tic prĹxeic katalăgoume sth sqèsh: 1 (2π)^3 ∫ d^3r exp[−αr] exp[−i⃗k · ⃗r] = α π^2 1 (k^2 + a^2)^2 . Dhladă o metasqhmatismìc Fourier thc exp[−αr] eÐnai^α_{π2}^1_{(k2 +a2 )2} . H sqèsh pou eÐnai polÔ megĹlhc shmasÐac gi’ autì pou ja doÔme edÿ eÐnai h antÐstrofh autăc pou mìlic apodeÐxame, dhladă h èkfrash thc exp[−αr] wc oloklărwma Fourier:

exp[−αr] = ∫ d^3k α π^2 1 (k^2 + a^2)^2 exp[+i⃗k · ⃗r]. (2.33)

3. Mia Ĺllh qrăsimh sqèsh eÐnai h akìloujh: exp[−αr] r = ∫ d^3k 1 2π^2 1 (k^2 + a^2) exp[+i⃗k · ⃗r], (2.34)

pou apodeiknÔetai parìmoia me tic prohgoÔmenec.

JewroÔme èna mìrio udrogìnou, sto opoÐo jewroÔme ìti oi purănec twn dÔo atìmwn eÐnai akÐnhtoi stic jèseic 1 kai 2, to diĹnusma jèshc tou hlektronikoÔ nèfouc tou atìmou 1 wc proc ton purăna 1 eÐnai to ⃗r_A kai to diĹnusma jèshc tou hlektronikoÔ nèfouc tou atìmou 2 wc proc ton purăna 2 eÐnai to ⃗r_B . OnomĹzoume ⃗R to diĹnusma pou phgaÐnei apì ton purăna 1 ston purăna 2. Tìte to diĹnusma apì ton purăna 1 sto hlektronikì nèfoc 2 eÐnai to ⃗R + ⃗r_B kai to diĹnusma apì to hlektronikì nèfoc 1 sto hlektronikì nèfoc 2 eÐnai to ⃗R + ⃗r_B − ⃗r_A.

⃗R

⃗r_A ⃗R + ⃗r_B ⃗r_B

⃗R + ⃗r_B − ⃗r_A

1 2

Ja upologÐsoume thn hlektrostatikă dunamikă enèrgeia tou sustămatoc me thn proüpìjesh ìti ta hlektronikĹ nèfh perigrĹfontai apì thn kumatosunĹrthsh thc jemeliÿdouc katĹstashc, ψ_{100} =^2_{a3/20}^{1√}_{4π} exp[−^r_{α0} ] exp[−^{iE1t}_{h̄} ], opìte h puknìthta fortÐou ja eÐnai

ρ ≡ −q|ψ_{100}|^2 =

−q exp[−^{2r}_{α0} ] πα^3_0 . To q eÐnai to stoiqeiÿdec hlektrikì fortÐo kai to a_0 ≡^{4πϵ0h̄2}_{mq2} h aktÐna tou Bohr. H dunamikă enèrgeia V (R) ja exartĹtai apì thn apìstash R ≡ | ⃗R| kai èqei tèssereic suneisforèc:

1. Th suneisforĹ V_{n1n2} thc allhlepÐdrashc twn purănwn

V_{n1 n2} = q^2 4πϵ_0R . 2. Thn allhlepÐdrash V_{n1 e2} tou purăna 1 me to hlektronikì nèfoc 2 :

V_{n1 e2} = ∫ d^3r_B q^{−q exp} [_{− 2rα} 0 ] πα^3_0 4πϵ_0|⃗r_B + ⃗R|

3. Thn allhlepÐdrash V_{n2 e1} tou purăna 2 me to hlektronikì nèfoc 1. Gia lìgouc summetrÐac, aută h suneisforĹ eÐnai Ðsh me thn prohgoÔmenh: V_{n2 e1} = V_{n1 e2} .

4. Thn allhlepÐdrash twn dÔo hlektronikÿn nefÿn:

V_{e1 e2} = ∫ d^3r_Ad^3r_B 1 4πϵ_0| ⃗R + ⃗r_B − ⃗r_A| −q exp[−^{2rA}_{α0} ]

πα^3_0

−q exp[−^{2rB}_{α0} ] πα^3_0 .

Ja upologÐsoume ton sqetikĹ aploÔstero ìro V_{n1 e2} gia na deÐxoume to rìlo tou metasqhmatismoÔ Fourier. O ìroc V_{e1 e2} eÐnai kĹpwc pio perÐplokoc, allĹ upologÐzetai me entelÿc parìmoio trìpo. SumbolÐzontac to ⃗R + ⃗r_B me ⃗ρ, h èkfrash gia ton V_{n1 e2} grĹfetai:

V_{n1e2} = ∫ d^3ρ q −q exp [ −^{2|⃗ρ− ⃗R|}_{α0} ] πα^3_0 4πϵ_0ρ .

H duskolÐa ston upologismì ègkeitai sthn parousÐa thc parĹstashc |⃗ρ− ⃗R| = √ ρ^2 + R^2 − 2⃗ρ · ⃗R ston ekjèth. Edÿ akribÿc eÐnai pou bohjĹei o metasqhmatismìc Fourier me th morfă thc anaparĹstashc (2.33) tou ekjetikoÔ:

V_{n1 e2} = − 1 4πϵ_0 q^2 πα^3_0 ∫ d^3ρ 1 ρ ∫ d^3k 2 π^2α_0 exp[i⃗k · (⃗ρ − ⃗R)] (k^2 +^4_{α20} )^2 .

H problhmatikă tetragwnikă rÐza ston ekjèth èqei exafanisteÐ, me to tÐmhma bebaÐwc ìti èqei eisaqjeÐ mia epÐ plèon tridiĹstath oloklărwsh. ProqwroÔme anadiatĹssontac tic oloklhrÿseic:

V_{n1 e2} = − 1 4πϵ_0 2q^2 π^3α^4_0 ∫ d^3k exp[−i⃗k · ⃗R] (k^2 +^4_{α20} )^2 ∫ d^3ρ 1 ρ exp[i⃗k · ⃗ρ].

To oloklărwma sto ρ èqei ădh upologisteÐ (gia th genikìterh perÐptwsh) prohgoumènwc, sth sqèsh (2.34), kai isoÔtai me^{4π}_{k2} . Ara

V_{n1 e2} = − 1 4πϵ_0 8q^2 π^2α^4_0 ∫ d^3k exp[−i⃗k · ⃗R] k^2(k^2 +^4_{α20} )^2 =

= − 1 4πϵ_0 8q^2 π^2α^4_0 2π ∫_{+∞} 0 dkk^2 1 k^2(k^2 +^4_{α20} )^2

∫_{+1} −1 d(cos θ) exp[−ikR cos θ] =

= − 1 4πϵ_0 8q^2 π^2α^4_0 2π ∫_{+∞} 0 dk 1 (k^2 +^4_{α20} )^2 1 −ikR (exp[−ikR] − exp[+ikR]) =

= − 1 4πϵ_0 8q^2 π^2α^4_0 2π 1 2 ∫_{+∞} −∞ dk 1 (k^2 +^4_{α20} )^2 1 −ikR (exp[−ikR] − exp[+ikR]). Ta dÔo oloklhrÿmata (èna gia kĹje ekjetikì) upologÐzontai me oloklhrwtikĹ upìloipa kai to telikì apotèlesma eÐnai:

V_{n1e2} = − 1 4πϵ_0 q^2 { 1 R − ( 1 R + 1 α_0 ) exp [ − 2R α_0 ]} .

Opwc eÐpame, to V_{n2 e1} eÐnai Ðso me to V_{n1 e2} pou mìlic upologÐsame, epomènwc h olikă allhlepÐdrash purănwn-hlektronikÿn nefÿn eÐnai:

V_{n2 e1} + V_{n1 e2} = − 2 4πϵ_0 q^2 { 1 R − ( 1 R + 1 α_0 ) exp [ − 2R α_0 ]} . Mènei na upologisteÐ h allhlepÐdrash twn hlektronikÿn nefÿn:

V_{e1 e2} = ∫ d^3r_Ad^3r_B 1 4πϵ_0| ⃗R + ⃗r_B − ⃗r_A| −q exp[−^{2rA}_{α0} ] πα^3_0

−q exp[−^{2rB}_{α0} ] πα^3_0 =

= 1 4πϵ_0 q^2 π^2α^6_0 ∫ d^3rd^3r^′ 1 |⃗r^′ − ⃗r| exp [ − 2r α_0 ] exp [ − 2|⃗r^′ − ⃗R| α_0 ] . Eqoume qrhsimopoiăsei touc sumbolismoÔc: ⃗r ≡ ⃗r_A, ⃗r^′ ≡ ⃗r_B + ⃗R. S’ autì to stĹdio ja epikalestoÔme thn anaparĹstash twn ekjetikÿn me th morfă pou qrhsimopoiăsame kai prohgoumènwc:

V_{e1 e2} = 1 4πϵ_0 q^2 π^2α^6_0 ∫ d^3r ∫ d^3r^′ ∫ d^3k ∫ d^3k^′ 1 |⃗r − ⃗r^′| 2 π^2α_0 1 (k^2 +^4_{α20} )^2 exp[i⃗k · ⃗r] 2 π^2α_0 1 (k^{′2} +^4_{α20} )^2 exp[i⃗k^′ · (⃗r^′ − ⃗R)]. PollaplasiĹzoume epÐ exp[i⃗k · ⃗r^′] exp[−i⃗k · ⃗r^′] kai omadopoioÔme touc ìrouc katĹllhla, ÿste na antikatastăsoume thn oloklărwsh pĹnw sto ⃗r me oloklărwsh pĹnw sto ⃗r − ⃗r^′ :

V_{e1 e2} = 1 4πϵ_0 q^2 π^2α^6_0 4 π^4α^2_0 ∫ d^3r^′ ∫ d^3k ∫ d^3k^′ exp[i(⃗k + ⃗k^′) · ⃗r^′] (k^2 +^4_{α20} )^2 1 (k^{′2} +^4_{α20} )^2 exp[−i⃗k^′ · ⃗R] ∫ d^3(⃗r − ⃗r^′) exp[i⃗k · (⃗r − ⃗r^′)] |⃗r − ⃗r^′| = 1 4πϵ_0 4q^2 π^6α^8_0 ∫ d^3k ∫ d^3k^′ exp[−i⃗k^′ · ⃗R] 4π k^2 1 (k^2 +^4_{α20} )^2 1 (k^{′2} +^4_{α20} )^2 ∫ d^3r^′ exp[i(⃗k + ⃗k^′) · ⃗r^′] =

= 1 4πϵ_0 4q^2 π^6α^8_0 ∫ d^3k ∫ d^3k^′ exp[−i⃗k^′ · ⃗R)] 4π k^2

(2π)^3δ(⃗k + ⃗k^′) (k^2 +^4_{α20} )^2(k^{′2} +^4_{α20} )^2 = 1 4πϵ_0 4q^2 π^6α^8_0

(32π^4) ∫ d^3k exp[+i⃗k · ⃗R)] k^2(k^2 +^4_{α20} )^4 . To oloklărwma autì upologÐzetai me thn sunhjismènh mèjodo (polikèc suntetagmènec kai oloklhrwtikĹ upìloipa) kai dÐnei to apotèlesma:

V_{e1 e2} = 1 4πϵ_0 q^2 R [ 1 − exp [ − 2R α_0 ] { 1 + 11 16 2R α_0 + 3 16 ( 2R α_0

)_2 + 1 48 ( 2R α_0 )_3}] . AjroÐzontac ìlec tic suneisforèc brÐskoume th sunolikă dunamikă enèrgeia:

V (R) = V_{n1 n2} + V_{n1 e2} + V_{n2 n1} + V_{e1 e2} =

= 1 4πϵ_0 q^2 R exp [ − 2R α_0 ] [ 1 + 5 16 2R α_0 − 3 16 ( 2R α_0

)_2 − 1 48 ( 2R α_0

)_3] . Den prèpei, bèbaia, na xeqnĹme tic proüpojèseic me tic opoÐec ergastăkame: ìti oi purănec eÐnai akÐnhtoi, ìti oi kumatosunartăseic eÐnai oi Ðdiec pou perigrĹfoun èna memonwmèno Ĺtomo, parĹ thn parousÐa kai deÔterou purăna klp.

UpologismoÐ oloklhrwmĹtwn DÐnoume edÿ mia sÔntomh perigrafă tou upologismoÔ orismènwn oloklhrwmĹtwn pou qrhsimopoiăsame sta prohgoÔmena. XekinĹme apì to oloklărwma I ≡ ∫ d^3k exp[i⃗k · ⃗r] (k^2 + a^2)(k^2 + b^2) . Upojètoume ìti b > a, kai qrhsimopoioÔme polikèc suntetagmènec: I = 2π ∫_{+∞} 0 dkk^2 ∫_{+1} −1 d(cos θ) exp[ikr cos θ] (k^2 + a^2)(k^2 + b^2) =

= 2π ∫_{+∞} 0 dkk^2 1 ikr exp[ikr] − exp[−ikr] (k^2 + a^2)(k^2 + b^2) = = − iπ r [∫_{+∞} −∞ dk k exp[ikr] (k^2 + a^2)(k^2 + b^2) − ∫_{+∞} −∞ dkk k exp[−ikr] (k^2 + a^2)(k^2 + b^2) ] . Sto teleutaÐo băma axiopoiăsame to gegonìc ìti h oloklhrwtèa parĹstash eÐnai Ĺrtia. To deÔtero oloklărwma eÐnai antÐjeto tou prÿtou, ìpwc mporeÐ kaneÐc na diapistÿsei kĹnontac thn allagă metablhtăc k → k̃ = −k. Ara I = − 2iπ r ∫_{+∞} −∞ dk k exp[ikr] (k^2 + a^2)(k^2 + b^2) . Autì eÐnai èna apì ta oloklhrÿmata gia ta opoÐa endeÐknutai h qrăsh twn oloklhrwtikÿn upoloÐpwn. Ja qrhsimopoiăsoume èna drìmo sto migadikì epÐpedo k pou ja apoteleÐtai apì to kommĹti tou pragmatikoÔ Ĺxona apì to −R mèqri to R kai èna hmikÔklio me aktÐna R. Sto tèloc ja pĹroume to ìrio R → +∞, opìte to oloklărwma ston pragmatikì Ĺxona ja dÿsei to oloklărwma pou jèloume. To jèma eÐnai to hmikÔklio na dÐnei mhdenikă suneisforĹ. Gia oloklhrÿmata me ekjetikì thc morfăc pou èqoume edÿ, to lămma tou Jordan egguĹtai ìti ètsi ja èqoun ta prĹgmata, an epilèxoume to hmikÔklio pou brÐsketai ston jetikì fantastikì hmiepÐpedo, dhladă autì tou opoÐou ìla ta shmeÐa èqoun jetikì fantastikì mèroc. Autì to ekfrĹzoume sÔntoma me thn ìqi akribă, allĹ polÔ perigrafikă, èkfrash ìti kleÐnoume to monopĹti “apì pĹnw”. MetĹ parathroÔme ìti oi (aploÐ) pìloi tou paronomastă pou perikleÐontai sto monopĹti eÐnai oi +ia kai +ib kai akoloujoÔme thn kajierwmènh diadikasÐa: ∫_{+∞} −∞ dk k exp[ikr] (k^2 + a^2)(k^2 + b^2) = 2πi [ ia exp[i(ia)r] 2ia(−a^2 + b^2) + ib exp[i(ib)r] 2ib(−b^2 + a^2) ] , opìte kĹnontac tic prĹxeic katalăgoume sto apotèlesma: I ≡ ∫ d^3k exp[i⃗k · ⃗r] (k^2 + a^2)(k^2 + b^2) = 2π^2 r(b^2 − a^2) [exp(−ar) − exp(−br)]. Eqontac autì to apotèlesma mporeÐ kaneÐc na paragĹgei Ĺpeira Ĺlla, paragwgÐzontac wc proc tic metablhtèc a kai b. An, epÐ paradeÐgmati, paragwgÐsoume wc proc b, to aristerì mèloc ja metatrapeÐ sthn parĹstash −2b ∫ d^3k exp[i⃗k · ⃗r] (k^2 + a^2)(k^2 + b^2)^2 , pou perièqei èna Ĺllo endiafèron oloklărwma. H eÔresh thc paragÿgou tou dexioÔ mèlouc wc proc b eÐnai polÔ aplă prĹxh. Alla oloklhrÿmata emfanÐzontai me diaforetikèc paragwgÐseic. DÐnoume merikĹ endiafèronta apotelèsmata: ∫ d^3k exp[i⃗k · ⃗r] (k^2 + a^2)(k^2 + b^2)^2

= 2π^2 (b^2 − a^2)^2 exp(−ar) − exp(−br) r − π^2 b(b^2 − a^2) exp(−br), ∫ d^3k exp[i⃗k · ⃗r] k^2(k^2 + b^2)^2 =

= 2π^2 b^4 1 − exp(−br) r − π^2 b^3 exp(−br), ∫ d^3k exp[i⃗k · ⃗r] (k^2 + a^2)^2(k^2 + b^2)^2 =

= π^2 ab(b^2 − a^2)^3 [ (b^2 − a^2)[a exp(−br) + b exp(−ar)]

− 4ab r [exp(−ar) − exp(−br)] ] , ∫ d^3k exp[i⃗k · ⃗r] k^4(k^2 + b^2)^2 =

= π^2 24b^8r

[48 − exp(−br)(48 + 33br + 9(br)^2 + (br)^3)].

2.10. ASK§HSEIS PROS L§USH 61

2.10 Askăseic proc lÔsh

1. AnaptÔxte katĹ Fourier to hmianorjwmèno reÔma, dhladă mia periodikă sunĹrthsh pou sto plaÐsio miac periìdou dÐnetai apì th sqèsh: I(t) = { 0, −π ≤ ωt ≤ 0 I_0 sin ωt, 0 ≤ ωt ≤ π. 2. ApodeÐxte ìti to anĹptugma katĹ Fourier thc (periodikăc) sunĹrthshc f(x) = { x(π + x), −π < x < 0, x(π − x), 0 < x < π dÐnetai apì th sqèsh: f(x) = 8 π ∑ n=1,3,5,... sin nx n^3 . Qrhsimopoiÿntac autì to apotèlesma deÐxte ìti: ∑ n=1,3,5,... (−1)^{n−12} n^3 = π^3 32 .

3. Jewrăste qordă me ta Ĺkra thc aklìnhta sta shmeÐa x = 0 kai x = L, thc opoÐac h kÐnhsh dièpetai apì thn exÐswsh: ψ_{tt} = c^2ψ_{xx} − 2κψ_t. H morfă thc exÐswshc upodeiknÔei ìti h qordă kineÐtai se kĹpoio reustì pou askeÐ pĹnw thc tribă. H qordă th qronikă stigmă t = 0 èqei dedomènh arqikă paramìrfwsh ψ(x, t = 0) = ψ_0(x) kai taqÔthta ψ_t(x, t = 0) = v_0(x). Na prosdiorisjeÐ h kÐnhsh thc qordăc, anaptÔssontac thn apomĹkrunsh se seirĹ hmitìnwn, upojètontac ìti h tribă eÐnai (a) megĹlh, (b) mikră. TÐ akribÿc shmaÐnoun ta (a) kai (b) gia to κ;

4. S’ èna hlektromagnhtikì anthqeÐo h èntash thc aktinobolÐac me suqnìthta ω_0 dÐnetai apì th sqèsh: I(t) = A exp [ − ω_0t 2Q ] exp[iω_0t], t > 0, I(t) = 0, t < 0, ìpou Q eÐnai o parĹgwn poiìthtoc, dhladă mia parĹmetroc pou isoÔtai me to phlÐko thc apojhkeumènhc enèrgeiac proc thn enèrgeia pou qĹnetai anĹ perÐodo. Na parastajeÐ grafikĹ h parĹstash [Ĩ(ω)]^∗Ĩ(ω) sunartăsei tou ω. Poia eÐnai h exĹrthsh thc grafikăc parĹstashc apì to Q;

5. BreÐte ton hmitonikì kai ton sunhmitonikì metasqhmatismì Fourier thc sunĹrthshc^{1√}_x . Na upologistoÔn epÐshc ta oloklhrÿmata Fresnel: ∫_{+∞} 0 dy cos y^2 kai ∫_{+∞} 0 dy sin y^2.

6. Na brejeÐ o metasqhmatismìc Fourier thc (mh periodikăc) sunĹrthshc f(x) = { 1, −^L_2 < x < +^L_2 , 0, |x| >^L_2 . Sth sunèqeia, qrhsimopoiÿntac to jeÿrhma tou Parseval upologÐste to oloklărwma: I ≡ ∫_{+∞} −∞ dy sin^2 y y^2 .

7. Na brejeÐ o metasqhmatismìc Fourier thc sunĹrthshc f(x) = { 1 − |^x_2 |, −2 < x < +2, 0, |x| > 2. Sth sunèqeia, qrhsimopoiÿntac to jeÿrhma tou Parseval upologÐste to oloklărwma: I ≡ ∫_{+∞} −∞ dy sin^4 y y^4 .

8. Estw ìti èna Ĺtomo udrogìnou brÐsketai sth jemeliÿdh katĹstash: ψ(⃗r) =

(_1

πa^3_0 )_{1/2} exp[−r/a_0]. Na brejeÐ o metasqhmatismìc Fourier thc kumatosunĹrthshc (o opoÐoc eÐnai qrăsimoc gia ton upologismì tou plĹtouc skèdashc Compton kai Ĺllwn paromoÐwn fainomènwn pou exartÿntai apì thn katanomă twn hlektronÐwn sto qÿro twn ormÿn.)

9. Ena eleÔjero swmatÐdio sthn Kbantikă Mhqanikă perigrĹfetai apì to epÐpedo kÔma exp [ i ( kx − h̄k^2 2m t )] . SqhmatÐzoume ta kumatopakèta ajroÐzontac tètoiec kumatosunartăseic me katĹllhlo bĹroc ϕ(k) gia kĹje ormă: Ψ(x, t) = ∫_{+∞} −∞ dkϕ(k) exp [ i ( kx − h̄k^2 2m t )] . Estw ìti Ψ(x, t = 0) = 1 √ a √ π exp [ − x^2 2a^2 ] . Na upologisteÐ to ϕ(k). Sth sunèqeia, qrhsimopoiÿntac autì to apotèlesma, na breÐte thn Ψ(x, t). Pwc exelÐssetai aută h kumatosunĹrthsh me to qrìno;

KefĹlaio 3

Metasqhmatismìc Laplace

3.1 Orismìc

O metasqhmatismìc Laplace f̃(s) ≡ L_s[f] miac sunĹrthshc f(t) orÐzetai apì th sqèsh: f̃(s) ≡ L_s[f] ≡ ∫_{+∞} 0 dt exp[−st]f(t). KammiĹ forĹ eÐnai qrăsimo na antikajistĹ kaneÐc th sunĹrthsh f(t) me thn f(t)Θ(t). Me thn eukairÐa orÐzoume th sunĹrthsh Jăta ă bhmatikă sunĹrthsh:

Θ(t) = { 1, t ≥ 0, 0, t < 0. EÐnai fanerì ìti h antikatĹstash f(t) → f(t)Θ(t) den èqei kammiĹ epÐdrash, afoÔ kinoÔmaste oÔtwc ă Ĺllwc ston jetikì hmiĹxona. QrhsimeÔei mìno sto na upenjumÐzei to pedÐo orismoÔ thc sunĹrthshc f(t). Prèpei, bèbaia, to pragmatikì mèroc tou s na eÐnai arketĹ megĹlo, ÿste na upĹrqei to oloklărwma. EpÐ paradeÐgmati, an f(t) = exp[bt], o metasqhmatismìc orÐzetai mìno gia Re[s] > b. H sunĹrthsh f(t) me th seirĹ thc lègetai antÐstrofoc metasqhmatismìc Laplace thc f̃(s) kai sumbolÐzetai wc exăc: f(t) = L^{−1}_t [f̃(s)].

3.1.1 ParadeÐgmata

Ja upologÐsoume touc metasqhmatismoÔc Laplace orismènwn sunartăsewn pou emfanÐzontai suqnĹ se fusikèc efarmogèc.

1. f(t) = 1 → f̃(s) = ∫_{+∞} 0 dt exp[−st]1 =^1_s .

2. f(t) = t^n → f̃(s) = ∫_{+∞} 0 dt exp[−st]t^n =^{n!}_{sn+1} .

3. f(t) = exp[−ct] → f̃(s) = ∫_{+∞} 0 dt exp[−st] exp[−ct] =^1_{s+c} . To c mporeÐ na eÐnai kai migadikìc arijmìc, c = a + ib, opìte mporoÔme na bgĹloume nèa sumperĹsmata, paÐrnontac to pragmatikì kai to fantastikì kommĹti thc sqèshc:

4. f̃(s) = ∫_{+∞} 0 dt exp[−st] exp[−at](cos bt−i sin bt) =^1_{s+a+ib} , opìte, an f_R(t) ≡ exp[−at] cos bt, o metasqhmatismìc ja eÐnai: f̃_R(s) =^{s+a}_{(s+a)2 +b2} . AntÐstoiqa, an f_I (t) ≡ exp[−at] sin bt, o metasqhmatismìc ja eÐnai: f̃_I (s) =^b_{(s+a)2+b2} .

5. ExeidikeÔontac stic periptÿseic a = 0 kai b = 0 brÐskoume tic polÔ qrăsimec sqèseic:

L_s[cos bt] = s s^2 + b^2

, L_s[sin bt] = b s^2 + b^2 ,

L_s[exp[−at]] = 1 s + a . 6. Estw ìti jèloume ton antÐstrofo metasqhmatismì enìc phlÐkou poluwnÔmwn pou mporeÐ na grafteÐ me th morfă:

f̃(s) = ∑ k A_k s + r_k + ∑ n B_n + C_ns (s + a_n)^2 + b^2_n =

= ∑ k A_k s + r_k + ∑ n B_n − C_na_n b_n b_n (s + a_n)^2 + b^2_n + ∑ n C_n s + a_n (s + a_n)^2 + b^2_n .

Me bĹsh ta prohgoÔmena apotelèsmata, mporoÔme na sumperĹnoume apeujeÐac ìti f(t) = ∑ k A_k exp[−r_kt] + ∑ n B_n − C_na_n b_n exp[−a_nt] sin b_nt+

+ ∑ n C_n exp[−a_nt] cos b_nt.

3.2 Idiìthtec tou metasqhmatismoÔ Laplace

Anafèroume orismènec idiìthtec pou dieukolÔnoun ston upologismì tou metasqhmatismoÔ. Oi apodeÐxeic eÐnai aplèc kai basÐzontai, wc epÐ to pleÐston, ston orismì. 1. L_s[c_1f_1(t) + c_2f_2(t)] = c_1L_s[f_1(t)] + c_2L_s[f_2(t)].

Me bĹsh autăn thn idiìthta kai touc gnwstoÔc metasqhmatismoÔc kĹpoiwn upoparastĹsewn, mporoÔme na broÔme amèswc ìti o metasqhmatismìc thc sunĹrthshc 7t^6 − 13 exp[5t] eÐnai o 7^{6!}_{s7} − 13^1_{s−5} . 2. L_s[exp[ct]f(t)] = f̃(s − c) ≡ L_{s−c}[f]. Gia parĹdeigma, apì to L_s[cos bt] =^s_{s2 +b2} , mporoÔme na sumperĹnoume ìti

L_s[exp[−at] cos bt] = s + a (s + a)^2 + b^2 , se sumfwnÐa me ton tÔpo pou ădh dÿsame sthn prohgoÔmenh parĹgrafo. 3. L_s[Θ(t − c)f(t − c)] = exp[−cs]L_s[f(t)]. Gia parĹdeigma, o metasqhmatismìc thc sunĹrthshc Θ(t−^π_6 ) cos(t−^π_6 ) eÐnai exp[−^π_6 s]^s_{s2 +1} . AntÐstrofa, an f̃(s) =^1_s , opìte L^{−1}_t [f̃[s]] = 1, ja isqÔei: L^{−1}_t [^{exp[−cs]}_s ] = Θ(t − c).

3.2. IDI§OTHTES TOU METASQHMATISMO§U LAPLACE 65 4. L_s[f(ct)] = 1 c f̃( s c ) = 1 c L^s_c [f(t)], opìte L_s[sin(ωt)] =^1_ω^1_( s_{ω )2+1} =^ω_{s2 +ω2} .

5. An gnwrÐzoume ton metasqhmatismì Laplace miac sunĹrthshc f(t) eÐnai eÔkolo na brejeÐ o metasqhmatismìc Laplace thc paragÿgou thc. PrĹgmati, me paragontikă oloklărwsh brÐskoume:

L_s[f^′] ≡ ∫_{+∞} 0 dt exp[−st]f^′(t) =

= f(t) exp[−st]|^{+∞}_0 − ∫_{+∞} 0 d(exp[−st])f(t) =

= f(+∞) exp[−s · (+∞)]| − f(0) exp[−s · 0] + s ∫_{+∞} 0 dt(exp[−st])f(t), dhladă L_s[f^′] = sL_s[f] − f(0) = sf̃(s) − f(0).

Efarmìzontac epanalhptikĹ thn Ðdia diadikasÐa mporoÔme na prosdiorÐsoume kai tic paragÿgouc anwtèrwn tĹxewn. Ta apotelèsmata eÐnai:

L_s[f^{′′}] = s^2L_s[f] − sf(0) − f^′(0) = s^2f̃(s) − sf(0) − f^′(0)

kai genikĹ:

L_s[f^{(n)}] = s^nL_s[f] − s^{n−1}f(0) − s^{n−2}f^′(0) − . . . − sf^{(n−2)}(0) − f^{(n−1)}(0).

Prèpei na epishmĹnoume ìti o antÐstoiqoc tÔpoc gia ton metasqhmatismì Fourier den èqei ìro antÐstoiqo me touc f(0), f^′(0), . . . , allĹ tètoioi ìroi upĹrqoun ston hmitonikì kai ton sunhmitonikì metasqhmatismì Fourier. O lìgoc eÐnai ìti oi dÔo teleutaÐoi, ìpwc kai o metasqhmatismìc Laplace, orÐzontai me mia oloklărwsh pou ekteÐnetai apì to mhdèn wc to Ĺpeiro, enÿ h antÐstoiqh oloklărwsh tou sunhjismènou metasqhmatismoÔ Fourier ekteÐnetai apì −∞ mèqri +∞ kai autì, mazÐ me thn upìjesh ìti ìlec oi sunartăseic mhdenÐzontai arketĹ grăgora s’ autĹ ta ìria, den epitrèpei thn emfĹnish tètoiwn ìrwn.

6. Qrhsimopoiÿntac ta prohgoÔmena apotelèsmata mporeÐ kaneÐc na apodeÐxei ta jewrămata thc arqikăc kai thc telikăc timăc:

lim_{t→∞} f(t) = lim_{s→0}[sf̃(s)], lim_{t→0} f(t) = lim_{s→∞}[sf̃(s)].

Gia parĹdeigma, ac jewrăsoume èna kÔklwma me mia phgă suneqoÔc V_0, mia antÐstash R ki èna phnÐo L me thn arqikă sunjăkh I(0) = 0. H lÔsh gia to reÔma eÐnai Ĩ(s) =^{V0}_{s(sL+R)} sto qÿro twn s kai I(t) =^{V0}_R (1 − exp[−^R_L t]) sunartăsei tou t. ParathroÔme ìti prĹgmati, to ìrio tou sĨ(s) kajÿc s → 0, den eÐnai Ĺllo apì to^{V0}_R , pou sumpÐptei me to ìrio tou I(t) kajÿc t → ∞. Dhladă mporoÔme na broÔme thn telikă timă tou reÔmatoc kai qwrÐc na broÔme ton antÐstrofo metasqhmatismì I(t) tou Ĩ(s). EpÐshc mporoÔme na epibebaiÿsoume ìti to ìrio tou sĨ(s) kajÿc s → +∞ dÐnei thn timă mhdèn, ìpwc prèpei.

7. L_s[tf(t)] = −f̃^′(s), L_s[t^nf(t)] = (−1)^n d^nf̃ ds^n . Gia parĹdeigma, L_s[t cos(ωt)] = −^{dLs[cos(ωt)]}_{ds} = −^d_{ds} [^s_{s2+ω2} ] =^{s2 −ω2}_{(s2+ω2 )2} . Autèc oi sqèseic eÐnai qrăsimec ìtan jèlei kaneÐc na lÔsei problămata pou perièqoun exisÿseic me metablhtoÔc suntelestèc. PolÔ suqnĹ oi metablhtoÐ suntelestèc eÐnai dunĹmeic (ă ajroÐsmata dunĹmewn) thc anexĹrththc metablhtăc (t) pou pollaplasiĹzoun thn Ĺgnwsth sunĹrthsh ă tic paragÿgouc thc. 8. L_s [∫_t 0 dt^′f(t^′) ] = L_s[f] s . H sqèsh aută eÐnai polÔ qrăsimh ìtan antimetwpÐzoume problămata hlektrikÿn kuklwmĹtwn pou perièqoun puknwtèc. Tìte h tĹsh sta Ĺkra tou puknwtă isoÔtai me to fortÐo dia th qwrhtikìthta, dhladă me ∫_t 0 dt^′I(t^′) C kai o metasqhmatismìc tou grĹfetai:^{Ĩ(s)}_{sC} . (To fortÐo tou puknwtă dÐdetai genikĹ apì th sqèsh Q(0)+ ∫_t 0 dt^′I(t^′), ìpou Q(0) eÐnai to tuqìn arqikì fortÐo pou èqei o puknwtăc th qronikă stigmă t = 0. Edÿ èqoume upojèsei ìti Q(0).) 9. L_s [ f(t) t ] = ∫_{+∞} s ds^′f̃(s^′). ParĹdeigma: L_s [ sin(ωt) t ] = ∫_{+∞} s ds^′L_s′ [sin ωt] =

= ∫_{+∞} s ds^′ ω s^{′2} + ω^2

= arctan s^′ ω | | | | +∞ s = π 2 − arctan s ω = arctan ω s . 3.3 Sunèlixh

H sunèlixh edÿ orÐzetai me anĹlogo trìpo ìpwc sto kefĹlaio twn metasqhmatismÿn Fourier: f = g ∗ h ⇔ f(t) ≡ ∫_{+∞} −∞ dt^′g(t − t^′)h(t^′). Prìkeitai, dhladă, gia to Ðdio akribÿc majhmatikì antikeÐmeno. Anafèretai sth bibliografÐa kai mia Ĺllh morfă tou orismoÔ. O lìgoc Ôparxhc tou enallaktikoÔ orismoÔ eÐnai ìti stouc metasqhmatismoÔc Laplace den mac endiafèrei h sunĹrthsh gia arnhtikĹ t, opìte sunăjwc jewreÐ kaneÐc ìti f(t) = g(t) = h(t) = 0 gia t < 0, ă qrhsimopoieÐ tic sunartăseic: Θ(t)f(t), Θ(t)g(t), Θ(t)h(t).

3.4. SQ§ESH TWN METASQHMATISM§WN FOURIER KAI LAPLACE 67

Me autèc tic proüpojèseic o prohgoÔmenoc orismìc mporeÐ na grafteÐ: f = g ∗ h ⇔ f(t) ≡ ∫_t 0 dt^′g(t − t^′)h(t^′). Aută h morfă eÐnai isodÔnamh me thn prohgoÔmenh. MporeÐ kaneÐc na èqei upìyh ton enallaktikì orismì, allĹ to kalÔtero eÐnai na jumĹtai ton prÿto orismì, ÿste na mh jumĹtai dÔo orismoÔc gia to Ðdio majhmatikì antikeÐmeno. To jeÿrhma thc sunèlixhc isqÔei kai gia touc metasqhmatismoÔc Laplace: L_s[f(t)] ≡ ∫_{+∞} 0 dt exp[−st]f(t) = ∫_{+∞} 0 dt exp[−st] ∫_t 0 dt^′g(t − t^′)h(t^′) =

= ∫_t 0 dt^′h(t^′) ∫_{+∞} t=t^′ dt exp[−st]g(t − t^′). EÐnai Ĺxio paratărhshc ìti katĹ thn enallagă thc seirĹc twn oloklhrÿsewn to shmantikì eÐnai na sebastoÔme thn anisìthta t^′ < t pou epibĹlletai apì to gegonìc ìti sth deÔterh èkfrash to t^′ oloklhrÿnetai apì to 0 mèqri to t. Gi’ autì sthn trÐth èkfrash èqoume epibĹllei to t^′ wc kĹtw ìrio thc oloklărwshc wc proc t. QrhsimopoioÔme ton sumbolismì t^{′′} ≡ t − t^′ kai katalăgoume sth sqèsh

L_s[f(t)] = ∫_{+∞} 0 dt^′h(t^′) ∫_{+∞} t^{′′}=0 dt^{′′} exp[−s(t^′ + t^{′′})]g(t^{′′}) =

= [∫_{+∞} 0 dt^′ exp[−st^′]h(t^′) ] [∫_{+∞} 0 dt^{′′} exp[−st^{′′}]h(t^{′′}) ] = L_s[g(t)]L_s[h(t)]. Dhladă: L_s[g ∗ h] = L_s[g]L_s[h], pou den eÐnai Ĺllo apì to jeÿrhma thc sunèlixhc gia ton metasqhmatismì Laplace.

3.4 Sqèsh twn metasqhmatismÿn Fourier kai Laplace

Ac jewrăsoume ton metasqhmatismì Fourier thc sunĹrthshc f(t) : f(t) = ∫_{+∞} −∞ dω exp[iωt]f̃(ω), f̃(ω) = 1 2π ∫_{+∞} −∞ dt exp[−iωt]f(t). Sta prohgoÔmena upotÐjetai ìti oi sunartăseic f(t) kai f̃(ω) mhdenÐzontai arketĹ grăgora kajÿc ta antÐstoiqa orÐsmata teÐnoun sto Ĺpeiro.

Ac upojèsoume tÿra ìti èqoume mia sunĹrthsh g(t) pou den mhdenÐzetai sto +∞, Ĺra den èqei metasqhmatismì Fourier. MporoÔme na kataskeuĹsoume mian Ĺllh sunĹrthsh pou sqetÐzetai me thn g(t), thn g(t) exp[−σt], h opoÐa gia arketĹ megĹlo jetikì σ perimènoume ìti ja sugklÐnei kajÿc to t teÐnei sto +∞. JewroÔme akìmh ìti gia kĹpoio lìgo mac endiafèrei h sumperiforĹ thc sunĹrthshc g(t) mìno gia jetikĹ t. Gia parĹdeigma, kĹpoio kÔklwma mporeÐ na kleÐnei th qronikă stigmă t = 0 kai na meletĹme thn exèlixh tou kuklÿmatoc apì aută th stigmă kai metĹ. Me autì to skeptikì, antÐ gia th sunĹrthsh g(t) jewroÔme th sunĹrthsh f(t) pou orÐzetai apì th sqèsh: f(t) = 2πΘ(t)g(t) exp[−σt].

Sqăma 3.1: Drìmoc oloklărwshc me σ = 2 kai aktÐna 5.

(O parĹgontac 2π den èqei kammiĹ idiaÐterh shmasÐa). Aută èqei metasqhmatismì Fourier kai oi sqetikèc exisÿseic grĹfontai: 2πΘ(t)g(t) exp[−σt] = ∫_{+∞} −∞ dω exp[iωt]f̃(ω),

f̃(ω) = 1 2π ∫_{+∞} −∞ dt exp[−iωt]2πΘ(t)g(t) exp[−σt]. ParathroÔme ìti sth deÔterh exÐswsh to aristerì mèloc sthn pragmatikìthta den exartĹtai mìno apì to ω allĹ kai apì to σ. Akribèstera exartĹtai apì ton sunduasmì σ + iω. Me autăn thn paratărhsh oi exisÿseic grĹfontai:

Θ(t)g(t) = 1 2π ∫_{+∞} ω=−∞ dω exp[(σ + iω)t]g̃(σ + iω),

g̃(σ + iω) = ∫_{+∞} t=0 dt exp[−(σ + iω)t]g(t). Shmeiwtèon ìti allĹxame to sumbolismì thc metasqhmatismènhc sunĹrthshc apì f̃(ω) se g̃(σ + iω) kai qrhsimopoiăsame to gegonìc ìti Θ(t) = 0 gia t < 0 gia na periorÐsoume ta ìria oloklărwshc. Tèloc eisĹgoume ton sumbolismì s ≡ σ + iω → ds = idω kai grĹfoume tic sqèseic sthn telikă touc morfă:

Θ(t)g(t) = 1 2πi ∫_{σ+i∞} s=σ−i∞ ds exp[st]g̃(s), g̃(s) = ∫_{+∞} t=0 dt exp[−st]g(t). Ta ìria oloklărwshc èqoun allĹxei mia kai oloklhrÿnoume pia sth metablhtă s ≡ σ + iω kai ìqi aplĹ sthn ω. H oloklărwsh gÐnetai sto migadikì epÐpedo s se mia grammă parĹllhlh ston fantastikì Ĺxona. Aută eÐnai mia pio genikă èkfrash tou metasqhmatismoÔ Laplace apì ekeÐnh me thn opoÐa xekinăsame. Sto sqăma deÐqnoume èna drìmo sto migadikì epÐpedo gia thn perÐptwsh pou to σ eÐnai 2 kai h aktÐna tou hmikuklÐou eÐnai 5. FusikĹ, sthn poreÐa h aktÐna upotÐjetai ìti afănetai na apeiristeÐ. EpÐshc sto sqăma deÐqnoume kai merikoÔc pìlouc. An t < 0 kai sumplhrÿsoume to drìmo sto migadikì epÐpedo tou s m’ èna hmikÔklio pou kleÐnei apì

3.5. ANT§ISTROFOS METASQHMATISM§OS LAPLACE 69

dexiĹ (ÿste na mhdenÐzetai h èkfrash exp[st]g̃(s) sto Ĺpeiro) h oloklărwsh prèpei na dÐnei mhdèn, gia na eÐnai sumbibastă me thn parousÐa thc sunĹrthshc Θ(t) sto aristerì mèloc. Autì me th seirĹ tou mac deÐqnei ìti gia na paÐrnoume sumbibastĹ apotelèsmata, den prèpei na upĹrqoun pìloi dexiĹ apì thn katakìrufh grammă sto σ. Aută eÐnai h sunjăkh pou prosdiorÐzei s’ autăn th glÿssa thn anagkaÐa timă tou σ. Dhladă to σ eÐnai arketĹ megĹlo (kai to oloklărwma upĹrqei) me thn proüpìjesh ìti sta dexiĹ thc sqetikăc katakìrufhc grammăc (σ − i∞, σ + i∞) sto migadikì epÐpedo tou s den apomènoun pìloi. Me autăn thn genikeumènh anaparĹstash tou metasqhmatismoÔ tou Laplace mporoÔme na anaparastăsoume kai sunartăseic ìpwc h g(t), gia tic opoÐec mporeÐ na mhn orÐzetai o sunhjismènoc metasqhmatismìc Fourier. EÐnai epÐ plèon faneră h sqèsh twn dÔo metasqhmatismÿn.

3.5 AntÐstrofoc metasqhmatismìc Laplace

Otan lÔnei kaneÐc problămata me th mèjodo tou metasqhmatismoÔ Laplace katalăgei (sqetikĹ eÔkola) ston metasqhmatismì Laplace ỹ(s) thc zhtoÔmenhc lÔshc y(t) kai èna arketĹ dÔskolo prìblhma eÐnai h antistrofă tou metasqhmatismoÔ, dhladă h eÔresh thc y(t) apì thn ỹ(s). Ta apotelèsmata thc prohgoÔmenhc paragrĹfou dÐnoun ta ergaleÐa gia aută thn ergasÐa. H sqèsh pou dÐnei kat’ arqăn th sunĹrthsh g(t) sunartăsei thc g̃(s) eÐnai h poreÐa eÐnai h oloklhrwtikă anaparĹstash pou ădh anafèrame, dhladă h:

Θ(t)g(t) = 1 2πi ∫_{σ+i∞} s=σ−i∞ ds exp[st]g̃(s). (3.1)

H (3.1) lègetai oloklhrwtikă anaparĹstash tou Bromwich.

O upologismìc tou oloklhrÿmatoc sthn prĹxh gÐnetai me th mèjodo twn oloklhrwtikÿn upoloÐpwn. DÐnoume èna arketĹ genikì parĹdeigma. Estw ìti h sunĹrthsh g̃(s) grĹfetai me th morfă: g̃(s) = ∑ k g̃_k(s) (s − s_k)^{nk} , ìpou oi sunartăseic g̃_k(s) den mhdenÐzontai, oÔte apeirÐzontai sto s = s_k kai n_k eÐnai h pollaplìthta tou pìlou s’ autì to shmeÐo (upojètoume ìti den upĹrqoun Ĺllec anwmalÐec). Tìte mporoÔme, gia jetikĹ t, na sumplhrÿsoume thn katakìrufh grammă me èna hmikÔklio sto migadikì epÐpedo s pou kleÐnei apì aristerĹ (blèpe to sqăma) kai na qrhsimopoiăsoume to isqurì ergaleÐo twn oloklhrwtikÿn upoloÐpwn gia na upologÐsoume to oloklărwma (o kleistìc drìmoc pĹnw sto migadikì epÐpedo pou sqhmatÐzetai ètsi lègetai diadromă tou Bromwich):

Θ(t)g(t) = 1 2πi (2πi) ∑ k Res[exp[st]f̃(s)]_{sk} =

= ∑ k [ 1 (n_k − 1)! d^{nk −1}exp[st]g̃_k(s) ds^{nk −1} | | |_{s=sk} ]

PolÔ suqnĹ sthn prĹxh, antÐ na akoloujăsei kaneÐc aută th diadikasÐa, katafeÔgei se pÐnakec metasqhmatismÿn Laplace kai prosdiorÐzei touc antistrìfouc metasqhmatismoÔc me th boăjeia kai twn idiotătwn tou metasqhmatismoÔ. Gia tic sunhjismènec periptÿseic eÐnai polÔ qrăsimo na jumĹtai kaneÐc touc metasqhmatismoÔc basikÿn sunartăsewn (dÔnamhc, ekjetikoÔ, hmitìnou, sunhmitìnou) pou dìjhkan sthn arqă autoÔ tou kefalaÐou.

3.6 Metasqhmatismìc Laplace periodikăc sunĹrthshc

Estw ìti h sunĹrthsh f(t) eÐnai periodikă me perÐodo T : f(t) = ϕ(t), t ∈ [0, T ], f(t + T ) = f(t). Tìte: f̃(s) = ∫_{+∞} 0 dt exp[−st]f(t) =

= ∫_T 0 dt exp[−st]f(t) + ∫_{2T} T dt exp[−st]f(t) + . . . =

= ∫_T 0 dt exp[−st]ϕ(t) + ∫_T t^′ =0

d(t^′ + T ) exp[−s(t^′ + T )]f(t^′ + T ) + . . . =

= ∫_T 0 dt exp[−st]ϕ(t) + exp[−sT ] ∫_T t^′=0 dt^′ exp[−st^′]ϕ(t^′) + . . . Sto prohgoÔmeno băma qrhsimopoiăsame thn idiìthta f(t^′ + T ) = f(t^′) = ϕ(t^′). SuneqÐzoume, qrhsimopoiÿntac to sumbolismì ϕ̃(s) ≡ ∫_T 0 dt exp[−st]ϕ(t) : f̃(s) = ϕ̃(s) + exp[−sT ]ϕ̃(s) + . . . =

= (1 + exp[−sT ] + exp[−2sT ] + . . .)ϕ̃(s) = = 1 1 − exp[−sT ] ϕ̃(s). Epomènwc o metasqhmatismìc Laplace f̃(s) thc periodikăc sunĹrthshc f(t) dÐnetai apì th sqèsh: L_s[f] ≡ f̃(s) = 1 1 − exp[−sT ] ϕ̃(s). O antÐstrofoc metasqhmatismìc prèpei na dÐnei thn arqikă sunĹrthsh. O antÐstrofoc metasqhmatismìc, sÔmfwna me th sqèsh (3.1), prokÔptei apì to oloklărwma thc sunĹrthshc

ϕ̃(s) exp[st] 1−exp[−sT ] . Sthn antistrofă me oloklhrwtikĹ upìloipa ja qreiastoÔme touc pìlouc tou pa-

ronomastă. Oi pìloi tou 1 − exp[−sT ] brÐskontai stic jèseic s_n gia tic opoÐec exp[−s_nT ] = 1, Ĺra s_n = n^{2πi}_T me antÐstoiqa oloklhrwtikĹ upìloipa: lim_{s→sn} (s − s_n) ϕ̃(s) exp[st] 1 − exp[−sT ]

= ϕ̃(s_n) exp[s_nt] [ lim_{s→sn} s − s_n 1 − exp[−sT ] ] . To ìrio thc aprosdiìristhc morfăc upologÐzetai me touc kanìnec tou de l’ Hospital:

ϕ̃(s_n) exp[s_nt] 1 d(1−exp[−sT ]) ds |_{sn} = −ϕ̃(s_n) exp[s_nt] [ d exp[−sT ] ds | | | |_{sn} ]_{−1} = = −ϕ̃(s_n) exp[s_nt] [−T exp[−s_nT ]]^{−1} = = ϕ̃(s_n) T exp[s_nt] exp[s_nT ] = ϕ̃(s_n) exp[s_nt] T , afoÔ exp[s_nT ] = 1. SumperaÐnoume ìti:

Θ(t)f(t) = 1 2πi ∫_{σ+i∞} σ−i∞ ds ϕ̃(s) 1 − exp[−sT ] exp[st] =

= 1 2πi 2πi +∞∑ n=−∞ ϕ̃(s_n) exp[s_nt] T = 1 T +∞∑ n=−∞ ϕ̃ ( 2πin T ) exp [ i 2πnt T ] →

→ Θ(t)f(t) = +∞∑ n=−∞ 1 T ϕ̃ ( 2πin T ) exp [ i 2πnt T ] . UpenjumÐzoume ìti ϕ̃(s) = ∫_T 0 dt exp[−st]ϕ(t), opìte 1 T ϕ̃ ( i 2πn T ) = 1 T ∫_T 0 dt exp [ −i 2πnt T ] ϕ(t). An kĹnoume tic tautopoiăseic:^1_T ϕ̃(i^{2πn}_T ) → c_n, T → 2L, t → x, oi sqèseic grĹfontai me th morfă:

Θ(x)f(x) = f(x) = +∞∑ n=−∞ c_n exp [ i πnx L ] , x > 0,

c_n = 1 2L ∫_{2L} 0 dxf(x) exp [ −i πnx L ] , dhladă katalăgoume sth seirĹ tou Fourier. EÐnai fanerì ìti o antÐstrofoc metasqhmatismìc Laplace tou f̃(s) dÐnei prĹgmati thn f(t) allĹ me th morfă thc seirĹc Fourier pou thn ekfrĹzei.

3.7 Diaforikèc exisÿseic me stajeroÔc suntelestèc

H basikă qrhsimìthta tou metasqhmatismoÔ Laplace eÐnai h lÔsh diaforikÿn exisÿsewn me stajeroÔc suntelestèc. Oi arqikèc sunjăkec enswmatÿnontai autìmata sth lÔsh. DÐnoume merikĹ paradeÐgmata.

3.7.1 Armonikìc talantwtăc

EÐnai gnwstì ìti o exanagkasmènoc armonikìc talantwtăc me tribă dièpetai apì thn exÐswsh: m d^2x dt^2 + 2Γ dx dt + kx = F (t). JewroÔme ìti oi arqikèc sunjăkec eÐnai:

x(0) = x_0, x^′(0) = v_0.

H exÐswsh, me touc sumbolismoÔc γ ≡^Γ_m , ω^2_0 ≡^k_m , f(t) ≡^{F (t)}_m , grĹfetai:

x^{′′}(t) + 2γx^′(t) + ω^2_0 x(t) = f(t).

JewroÔme to metasqhmatismì Laplace twn dÔo melÿn thc isìthtac:

L_s[x^{′′}(t) + 2γx^′(t) + ω^2_0 x(t)] = L_s[f(t)].

QrhsimopoioÔme touc sumbolismoÔc x̃(s) ≡ L_s[x(t)], f̃ (s) ≡ L_s[f(t)] kai tic isìthtec L_s[x^′(t)] = sx̃(s) − x(0), L_s[x^{′′}(t)] = s^2x̃(s) − sx(0) − x^′(0) kai brÐskoume th sqèsh:

[s^2x̃(s) − sx(0) − x^′(0)] + 2γ[sx̃(s) − x(0)] + ω^2_0x̃(s) = f̃(s).

Blèpoume edÿ th megĹlh eukolÐa pou parèqei o metasqhmatismìc Laplace: h diaforikă exÐswsh metatrèpetai se mia aplă algebrikă exÐswsh. Parìmoia fainìmena eÐdame kai ston metasqhmatismì Fourier. EÐnai koinì qarakthristikì ìlwn twn oloklhrwtikÿn metasqhmatismÿn. Tÿra qrhsimopoioÔme tic arqikèc sunjăkec kai katalăgoume sthn

[s^2x̃(s) − sx_0 − v_0] + 2γ[sx̃(s) − x_0] + ω^2_0x̃(s) = f̃(s) → → x̃(s) = v_0 + 2γx_0 + x_0s s^2 + 2γs + ω^2_0 + f̃(s) s^2 + 2γs + ω^2_0 . Ja onomĹsoume x̃_1(s) ton prÿto ìro kai x̃_2(s) ton deÔtero. To prìblhma èqei kat’ arqăn lujeÐ, allĹ epibĹlletai h epistrofă sthn exĹrthsh apì to t, dhladă prèpei na broÔme ton antÐstrofo metasqhmatismì Laplace tou x̃(s). Ja broÔme qwristĹ touc antÐstrofouc twn x̃_1(s) kai x̃_2(s) upojètontac ìti ω_0 > γ. JewroÔme prÿta to x̃_1(s). Oi pìloi tou paronomastă eÐnai oi s_± = −γ ± i √ ω^2_0 − γ^2 ≡ −γ ± iω, ìpou ω ≡ √ ω^2_0 − γ^2. EÐnai eÔkolo na dei kaneÐc ìti

x̃_1(s) = r_+ s − s_+ + r_− s − s_− , ìpou r_+ = v_0 + 2γx_0 + x_0s_+ s_+ − s_−

, r_− = v_0 + 2γx_0 + x_0s_− s_− − s_+ , (dhladă ta r_+, r_− eÐnai ta oloklhrwtikĹ upìloipa stouc antÐstoiqouc pìlouc) opìte

x_1(t) = r_+ exp[s_+t] + r_− exp[s_−t] = exp[−γt][r_+ exp[iωt] + r_− exp[−iωt]].

Tèloc, antikajistÿntac ta r_+, r_− me ta Ðsa touc brÐskoume:

x_1(t) = exp[−γt] [ x_0 cos ωt + (v_0 + γx_0) sin ωt ω ] . ParathroÔme ìti aută h èkfrash den èqei kammiĹ sqèsh me thn exwterikă diègersh (epÐ paradeÐgmati, h èkfrash f̃(s) den upĹrqei poujenĹ). Autì to mèroc thc lÔshc mac èqei na kĹnei me tic arqikèc sunjăkec kai tic idiosunartăseic tou sustămatoc.

Gia na upologÐsoume to x̃_2(s) prèpei na xèroume leptomèreiec gia thn exwterikă diègersh f(t). Ac upojèsoume ìti to f̃(s) èqei mia seirĹ apì pìlouc s_n kai s^∗_n me antÐstoiqa oloklhrwtikĹ upìloipa r_n kai r^∗_n. (Oi pìloi kai ta oloklhrwtikĹ upìloipa ja emfanÐzontai se zeÔgh suzugÿn migadikÿn arijmÿn, lìgw tou ìti h antÐstoiqh f(t) eÐnai pragmatikă sunĹrthsh). O antÐstrofoc ja èqei suneisforèc apì dÔo phgèc, dhladă (1) apì touc pìlouc s_n : ∑ n ( r_n s^2_n + 2γs_n + ω^2_0 exp[s_nt] + r^∗_n s^{∗2}_n + 2γs^∗_n + ω^2_0 exp[s^∗_nt] )

kai (2) apì touc pìlouc s_± : f(s_+) s_+ − s_− exp[s_+t] + f(s_−) s_− − s_+ exp[s_−t].

Dhladă

x_2(t) = ∑ n ( r_n s^2_n + 2γs_n + ω^2_0 exp[s_nt] + r^∗_n s^{∗2}_n + 2γs^∗_n + ω^2_0 exp[s^∗_nt] ) +

+ f(s_+) s_+ − s_− exp[s_+t] + f(s_−) s_− − s_+ exp[s_−t].

Oi ìroi pou perièqoun ta s_± sbănoun me to qrìno, ìpwc eÐdame kai sthn perÐptwsh tou x_1(t). Oi mìnoi ìroi pou mporoÔn na suneisfèroun sth mìnimh katĹstash eÐnai oi ìroi me ta s_n, s^∗_n sthn perÐptwsh pou (gia kĹpoio sugkekrimèno n = N) eÐnai fantastikoÐ arijmoÐ. S’ autăn thn perÐptwsh h suneisforĹ sth sunĹrthsh f(t) ja eÐnai periodikă. Ac epikentrÿsoume s’ autăn thn perÐptwsh: s_N = iω_N , r_N = ρ_N exp[iϕ_N ]. H suneisforĹ sth mìnimh katĹstash ja eÐnai:

ρ_N exp[iϕ_N ] −ω^2_N + 2iγω_N + ω^2_0 exp[iω_N t] + ρ_N exp[−iϕ_N ] −ω^2_N − 2iγω_N + ω^2_0 exp[−iω_N t] =

= 2ρ_N (ω^2_0 − ω^2_N )^2 + 4γ^2ω^2_N [ (ω^2_0 − ω^2_N ) cos(ω_N t + ϕ_N ) + 2γω_N sin(ω_N t + ϕ_N ) ] . ParathroÔme ìti aută h sunistÿsa thc phgăc dÐnei mia mìnimh suneisforĹ, dhladă suneisforĹ pou den sbănei me to qrìno. Ena polÔ endiafèron qarakthristikì pou blèpoume edÿ eÐnai o trìpoc me ton opoÐo apì ton metasqhmatismì tou Laplace mporeÐ kaneÐc na pĹrei periodikèc lÔseic, kĹti pou sunăjwc qarakthrÐzei ton metasqhmatismì Fourier.

3.7.2 MetabatikĹ fainìmena se kuklÿmata

O metasqhmatismìc tou Laplace eÐnai idiaÐtera qrăsimoc gia ton upologismì thc apìkrishc kuklwmĹtwn se tĹseic pou epibĹllontai se orismèna shmeÐa touc. Autèc oi tĹseic arqÐzoun na efarmìzontai kĹpoia sugkekrimènh qronikă stigmă, pou onomĹzetai sumbatikĹ t = 0, kai h exèlixh tou sustămatoc perilambĹnei af’ enìc ìrouc pou sbănoun me to qrìno kai epomènwc ja pĹyoun na upĹrqoun an perimènoume arketĹ, af’ etèrou ìrouc pou ja epizăsoun osodăpote megĹlo qronikì diĹsthma kai an perĹsei kai antiproswpeÔoun th mìnimh katĹstash. H melèth pou gÐnetai me arqă thn upìjesh ìti ìlec oi tĹseic kai ta reÔmata eÐnai hmitonikĹ (me endeqomènwc diaforetikèc fĹseic) mporeÐ na exetĹsei mìno mia eidikă perÐptwsh thc mìnimhc katĹstashc (ekeÐnh pou oi exwterikèc diegèrseic eÐnai hmitonikèc me sugkekrimènh suqnìthta). Den mporeÐ ìmwc na elègxei to prÿto eÐdoc ìrwn (touc metabatikoÔc), enÿ kai h melèth thc mìnimhc katĹstashc m’ autìn ton trìpo eÐnai dÔsqrhsth. Edÿ akribÿc eÐnai qrăsimoc o metasqhmatismìc tou Laplace.

H taktikă eÐnai na grĹfei kaneÐc tic exisÿseic tou Kirchhoff kai sth sunèqeia na tic metasqhmatÐzei katĹ Laplace. Sunăjwc h exarthmènh metablhtă pou qrhsimopoieÐtai eÐnai h èntash tou hlektrikoÔ reÔmatoc. Gia tic wmikèc antistĹseic h ptÿsh tĹshc eÐnai RI(t), opìte o metasqhmatismìc Laplace enìc tètoiou ìrou ja eÐnai RĨ(s). Oi epagwgikèc antistĹseic perilambĹnoun ìrouc thc morfăc L^{dI}_{dt} , opìte o antÐstoiqoc metasqhmatismìc Laplace eÐnai L[sĨ(s)−I(0)]. Tèloc

oi qwrhtikèc antistĹseic perilambĹnoun ìrouc thc morfăc^{Q(0)+} ∫_t 0 dt^′I(t^′ ) C , afoÔ h tĹsh sta Ĺkra tou puknwtă ofeÐletai af’ enìc sto tuqìn fortÐo pou eÐqe o puknwtăc autìc th qronikă stigmă t = 0, af’ etèrou sto fortÐo pou enapotèjhke stouc oplismoÔc tou lìgw thc roăc tou reÔmatoc I(t^′) apì th qronikă stigmă t^′ = 0 mèqri thn t^′ = t. BĹsei twn idiotătwn tou metasqhmatismoÔ Laplace prokÔptei ìti o metasqhmatismìc tètoiwn ìrwn eÐnai^{Q(0)+Ĩ(s)}_{sC} .

ParĹdeigma 1: KÔklwma RL

Gia na doÔme pÿc douleÔei h mèjodoc ja meletăsoume to parĹdeigma enìc aploÔ kuklÿmatoc pou apoteleÐtai apì mia antÐstash kai èna phnÐo.

Th qronikă stigmă mhdèn to kÔklwma diarrèetai apì to reÔma I_0. ZhteÐtai h exèlixh tou reÔmatoc me to qrìno. O nìmoc tou Kirchhoff grĹfetai: L dI dt + RI = 0. Aută eÐnai h diaforikă exÐswsh pou dièpei to kÔklwma, enÿ h arqikă sunjăkh eÐnai h I(0) = I_0. BebaÐwc, h lÔsh tou problămatoc eÐnai polÔ aplă, allĹ o skopìc tou paradeÐgmatoc eÐnai na deÐxei th qrhsimìthta tou metasqhmatismoÔ Laplace. PaÐrnontac ton metasqhmatismì thc exÐswshc brÐskoume:

LL_s[I^′(t)] + RL_s[I(t)] = 0 → L[sĨ(s) − I(0)] + RĨ(s) = 0 →

→ L[sĨ(s) − I_0] + RĨ(s) = 0 → Ĩ(s) = LI_0 Ls + R = I_0 s +^R_L . Apì aută thn èkfrash eÐnai eÔkolo na broÔme ìti

I(t) = I_0 exp [ − Rt L ] . ParĹdeigma 2: KÔklwma RLC

JewroÔme to kÔklwma twn triÿn stoiqeÐwn R, L, C se seirĹ upì thn epÐdrash miac phgăc tĹshc V (t). H exÐswsh tou Kirchhoff grĹfetai L dI dt + RI(t) + Q(0) + ∫_t 0 dt^′I(t^′) C = V (t). JewroÔme ton metasqhmatismì Laplace thc exÐswshc katĹ ta prohgoÔmena: L[sĨ(s) − I(0)] + RĨ(s) + Q(0) + Ĩ(s) sC = Ṽ (s) → → [Ls + R + 1 sC ]Ĩ(s) = Ṽ (s) + LI(0) −

Q(0) sC → → Ĩ(s) = Ṽ (s) Ls + R +^1_{sC} + LI(0) −^{Q(0)}_{sC} Ls + R +^1_{sC} . An upojèsoume ìti Q(0) = 0, I(0) = 0, blèpoume ìti to reÔma Ĩ(s) isoÔtai me thn tĹsh Ṽ (s) dia thn posìthta Z(s) ≡ Ls + R +^1_{sC} , pou lègetai empèdhsh, ètsi ÿste o nìmoc na moiĹzei me ton nìmo tou Ohm. H parĹstash gia thn empèdhsh jumÐzei èntona thn antÐstoiqh gia thn perÐptwsh thc mìnimhc katĹstashc. Sugkekrimèna, an jèsei kaneÐc s = iω, h Z(s) metapÐptei sthn empèdhsh thc mìnimhc katĹstashc. PĹntwc h Z(s) èqei na kĹnei me genikìterec katastĹseic ap’ ì,ti h mìnimh sumperiforĹ. Gia na oloklhrÿsoume thn perigrafă thc mejìdou ja poÔme ìti prèpei, afoÔ prosdiorÐsoume to Ĩ(s), na broÔme ton antÐstrofo metasqhmatismì Laplace, ÿste na katalăxoume sto I(t). Shmeiÿnoume ìti edÿ den qreiĹzetai to kĹpwc teqnhtì băma tou na jewrăsoume to migadikì reÔma ă diaforĹ dunamikoÔ kai metĹ na pĹroume to pragmatikì ă to fantastikì mèroc (ìpwc kĹname sto metasqhmatismì Fourier). Ta prĹgmata exelÐssontai polÔ pio “fusikĹ”.

Estw ìti V (t) = V_0 exp[iωt] → Ṽ (s) =^{V0}_{s−iω} . Tìte (me tic proüpojèseic ìti Q(0) = 0 kai I(0) = 0) brÐskoume ìti: Ĩ(s) = V^0 (s − iω)(Ls + R +^1_{sC} ) . An tÿra analÔsei kaneÐc to klĹsma se Ĺjroisma aplÿn klasmĹtwn, ja brei:

Ĩ(s) = V_0 [ A s − iω + B_+ s − s_+ + B_− s − s_− ] → → I(t) = A exp[iωt] + B_+ exp[s_+t] + B_− exp[s_−t].

Ta A, B_+ kai B_− mporoÔn na upologistoÔn eÔkola me stoiqeiÿdeic mejìdouc. EpÐ paradeÐgmati: A = V_0 exp[iϕ] √ R^2 + (ωL −^1_{ωC} )^2

, ϕ = − arctan ωL −^1_{ωC} R .

ParathroÔme ìti to apotèlesma apoteleÐtai apì ton prÿto ìro, pou antistoiqeÐ sth mìnimh katĹstash, kai apì touc Ĺllouc dÔo, pou antistoiqoÔn se metabatikèc katastĹseic. SumperasmatikĹ èqoume anaparagĹgei th mìnimh katĹstash, allĹ kai kĹti perissìtero, dhladă ton akribă trìpo metĹbashc proc autăn, dhladă touc metabatikoÔc ìrouc. An ta arqikĹ reÔmata kai fortÐa den ătan mhdèn, h mèjodoc kai pĹli ja efarmozìtan, enÿ h duskolÐa den ja aÔxane shmantikĹ.

3.7.3 BasikĹ kuklÿmata fÐltrwn

JewroÔme dÔo basikĹ kuklÿmata, èna uyhlÿn kai èna qamhlÿn suqnotătwn. ArqÐzoume apì to kÔklwma CLC tou sqămatoc 3.2, pou eÐnai fÐltro dièleushc qamhlÿn suqnotătwn. H tĹsh eisìdou eÐnai h V_1(t) kai h tĹsh exìdou h V_2(t). To epidiwkìmeno apotèlesma s’ autì to prÿto kÔklwma eÐnai sthn tĹsh exìdou na epizoÔn kurÐwc oi qamhlèc suqnìthtec ap’ ìsec apartÐzoun thn tĹsh eisìdou. GrĹfoume dÔo anexĹrthtec exisÿseic tou Kirchhoff gia to kÔklwma:

V_1 =

Q_1 + ∫_t 0 dt^′(I_1(t^′) − I_2(t^′)) C ,

0 = Q_1 + ∫_t 0 dt^′(I_2(t^′) − I_1(t^′)) C + LI^′_2 +

Q_2 + ∫_t 0 dt^′I_2(t^′) C . Ta Q_1 kai Q_2 eÐnai ta tuqìn fortÐa twn puknwtÿn 1 kai 2 th qronikă stigmă t = 0. JewroÔme tic pio pĹnw exisÿseic metasqhmatismènec katĹ Laplace kai brÐskoume:

Ṽ_1 = Q^1 +

Ĩ_1 − Ĩ_2 sC , 0 =

Q_1 + Ĩ_2 − Ĩ_1 sC + L(sĨ_2 − I_2(0)) +

Q_2 + Ĩ_2 sC . Gia aplìthta upojètoume ìti ta arqikĹ fortÐa kai reÔmata eÐnai mhdèn: Q_1 = Q_2 = I_1(0) = I_2(0) = 0. Me autèc tic upojèseic oi pio pĹnw sqèseic grĹfontai:

Ṽ_1 =

Ĩ_1 − Ĩ_2 sC , 0 =

Ĩ_2 − Ĩ_1 sC + LsĨ_2 +

Ĩ_2 sC . Prosjètontac tic dÔo exisÿseic kai lÔnontac wc proc Ĩ_2 èqoume th sqèsh

Sqăma 3.2: KÔklwma CLC dièleushc qamhlÿn suqnotătwn

Ĩ_2 =

Ṽ_1 sL +^1_{sC} .

Sth sunèqeia epikaloÔmaste th sqèsh V_2 = ∫_t 0 dt^′I_2 (t^′)

C → Ṽ_2 =^{Ĩ2}_{sC} , opìte h prohgoÔmenh sqèsh grĹfetai Ṽ_2(s) =

Ṽ_1(s) s^2LC + 1 → G̃(s) ≡ Ṽ_2(s) Ṽ_1(s) = 1 s^2LC + 1 ≡ 1 1 +^{s2}_{ω20} . Eqoume orÐsei thn sunĹrthsh metaforĹc G̃(s) wc to phlÐko tou metasqhmatismoÔ Laplace thc exìdou dia ton metasqhmatismì Laplace thc eisìdou. Eqoume akìma eisagĹgei th suqnìthta suntonismoÔ ω_0 ≡^{1√}_{LC} tou kuklÿmatoc. Xèrontac th sunĹrthsh metaforĹc mporoÔme na upologÐsoume thn tĹsh exìdou apì to săma eisìdou:

Ṽ_2(s) = G̃(s)Ṽ_1(s) → V_2(t) = ∫_t 0 dt^′G(t − t^′)V_1(t^′), sÔmfwna me to jeÿrhma thc sunèlixhc. H sunĹrthsh G(t) eÐnai o antÐstrofoc metasqhmatismìc Laplace thc G̃(s) :

G(t) = L^{−1}_t 1 1 +^{s2}_{ω20} = L^{−1}_t [ ω^2_0 s^2 + ω^2_0 ] = ω_0 sin ω_0t.

Sunepÿc V_2(t) = ω_0 ∫_t 0 dt^′ω_0 sin ω_0(t − t^′)V_1(t^′).

Ac upojèsoume ìti h tĹsh eisìdou dÐnetai apì th sqèsh:

V_1(t) = V_0 sin ωt + V_0 sin Ωt,

ìpou ω = ω_0/10, Ω = 10ω_0. Dhladă èqoume upèrjesh miac talĹntwshc me qamhlă suqnìthta ω kai miac me uyhlă suqnìthta Ω (fusikĹ to “uyhlă” kai to “qamhlă” nooÔntai me mètro th qarakthristikă suqnìthta ω_0 tou sustămatoc). To diĹgramma 3.3 deÐqnei thn tĹsh eisìdou.

O skopìc mac eÐnai na upologÐsoume to săma exìdou kai na diapistÿsoume katĹ pìso dièrqontai apì to fÐltro oi uyhlèc ă oi qamhlèc suqnìthtec. An ω ≠ ω_0 kai Ω ≠ ω_0 (ìpwc sumbaÐnei edÿ) dÐnoume ta oloklhrÿmata: ∫_t 0 dt^′ sin ω_0(t − t^′) sin ωt^′ = ω sin(ω_0t) − ω_0 sin(ωt)

ω^2 − ω^2_0 ,

Sqăma 3.3: TĹsh eisìdou

Sqăma 3.4: TĹsh exìdou tou kuklÿmatoc CLC ∫_t 0 dt^′ sin ω_0(t − t^′) sin Ωt^′ =

Ω sin(ω_0t) − ω_0 sin(Ωt) Ω^2 − ω^2_0 . TelikĹ h tĹsh exìdou ja dÐnetai apì th sqèsh:

V_2(t) = ω_0V_0 [ ω sin(ω_0t) − ω_0 sin(ωt)

ω^2 − ω^2_0 + Ω sin(ω_0t) − ω_0 sin(Ωt) Ω^2 − ω^2_0 ] . Sto diĹgramma 3.4 deÐqnoume thn tĹsh exìdou. ParathroÔme ìti epizoÔn kurÐwc qamhlèc suqnìthtec.

To epidiwkìmeno sto deÔtero kÔklwma (sqăma 3.5) eÐnai sthn tĹsh exìdou na epizoÔn kurÐwc oi uyhlèc suqnìthtec thc tĹshc eisìdou. GrĹfoume tic exisÿseic tou Kirchhoff gia to kÔklwma:

V_1 = L(I^′_1 − I^′_2), 0 = L(I^′_2 − I^′_1) + Q + ∫_t 0 dt^′I_2(t^′) C + LI^′_2.

Kai edÿ, Q eÐnai to tuqìn arqikì fortÐo tou puknwtă.

MetasqhmatÐzoume katĹ Laplace kai brÐskoume:

Ṽ_1 = L[sĨ_1 − I_1(0)] − L[sĨ_2 − I_2(0)],

0 = 2L[sĨ_2 − I_2(0)] − L[sĨ_1 − I_1(0)] +

Q + Ĩ_2 sC .

Autì eÐnai èna sÔsthma me agnÿstouc ta Ĩ_1, Ĩ_2. Me thn upìjesh ìti Q = I_1(0) = I_2(0) = 0 lÔnoume wc proc Ĩ_2 : Ĩ_2 =

Ṽ_1 sL +^1_{sC} . Sth sunèqeia epikaloÔmaste th sqèsh

V_2 = LI^′_2 → Ṽ_2 = L[sĨ_2 − I_2(0)] = LsĨ_2,

opìte h prohgoÔmenh sqèsh grĹfetai

Ṽ_2 =

Ṽ_1 1 +^1_{s2 LC} → G̃(s) ≡ Ṽ_2(s) Ṽ_1(s) = 1 1 +^{ω20}_{s2} ≡ 1 1 +^{s2}_{ω20} .

Opwc prin, me bĹsh th sunĹrthsh metaforĹc mporoÔme na upologÐsoume thn tĹsh exìdou apì to săma eisìdou:

Ṽ_2(s) = G̃(s)Ṽ_1(s) → V_2(t) = ∫_t 0 dt^′G(t − t^′)V_1(t^′). Kai pĹli ìpwc prohgoumènwc: G(t) = L^{−1}_t [ 1 1 +^{ω20}_{s2} ] = L^{−1}_t [ s^2 s^2 + ω^2_0 ] = L^{−1}_t [ 1 − ω^2_0 s^2 + ω^2_0 ] = δ(t) − ω_0 sin ω_0t.

Sunepÿc

V_2(t) = ∫_t 0 dt^′[δ(t − t^′) − ω_0 sin ω_0(t − t^′)]V_1(t^′) = V_1(t) − ∫_t 0 dt^′ω_0 sin ω_0(t − t^′)V_1(t^′).

Dhladă to apotèlesma eÐnai Ðso me thn tĹsh eisìdou meÐon mia èkfrash pou tautÐzetai me to telikì apotèlesma thc prohgoÔmenhc perÐptwshc. Epomènwc den qreiĹzontai kan prĹxeic s’ autăn thn perÐptwsh. Upojètoume ìti èqoume thn Ðdia tĹsh eisìdou, ìpwc prohgoumènwc kai to apotèlesma ja eÐnai:

V_2(t) = V_0 sin ωt + V_0 sin Ωt − ω_0V_0 [ ω sin(ω_0t) − ω_0 sin(ωt) ω^2 − ω^2_0 −

− Ω sin(ω_0t) − ω_0 sin(Ωt) Ω^2 − ω^2_0 ] . Sto diĹgramma 3.6 deÐqnoume thn tĹsh exìdou. ParathroÔme ìti epizoÔn kurÐwc uyhlèc suqnìthtec, antÐjeta me thn prohgoÔmenh perÐptwsh.

Sqăma 3.5: KÔklwma dièleushc uyhlÿn suqnotătwn

Sqăma 3.6: TĹsh exìdou tou kuklÿmatoc LCL

Sqăma 3.7: KÔklwma metasqhmatistă

3.7.4 Sustămata diaforikÿn exisÿsewn: Metasqhmatistăc

AfoÔ eÐdame prohgoumènwc th mèjodo lÔshc problhmĹtwn me kuklÿmata se mia aplă perÐptwsh, ja proqwrăsoume tÿra sthn epÐlush enìc sunjetìterou problămatoc. JewroÔme to kÔklwma tou sqămatoc 3.7, pou apoteleÐtai apì dÔo qwristĹ kuklÿmata, pou sqetÐzontai mèsw thc amoibaÐac epagwgăc M twn dÔo phnÐwn. To kÔklwma lègetai metasqhmatistăc. To upokÔklwma aristerĹ lègetai prwteÔon, enÿ to upokÔklwma dexiĹ deutereÔon. Th qronikă stigmă mhdèn, pou kleÐnei o diakìpthc, ta reÔmata I_1(0) kai I_2(0) eÐnai mhdèn. ZhteÐtai h exèlixh twn dÔo reumĹtwn me to qrìno. Oi kanìnec tou Kirchhoff gia touc dÔo brìqouc eÐnai:

L_1 dI_1 dt + M dI_2 dt + R_1I_1 = V_0,

L_2 dI_2 dt + M dI_1 dt + R_2I_2 = 0.

Katalăgoume dhladă s’ èna sÔsthma suzeugmènwn diaforikÿn exisÿsewn. H lÔsh tou sustămatoc eÐnai aplă, an qrhsimopoiăsoume touc metasqhmatismoÔc Laplace twn exisÿsewn:

L_1L_s[I^′_1] + ML_s[I^′_2] + R_1L_s[I_1] =

V_0 s , L_2L_s[I^′_2] + ML_s[I^′_1] + R_2L_s[I_2] = 0.

AntikajistoÔme apì th sqèsh gia touc metasqhmatismoÔc Laplace twn paragÿgwn:

L_1[sĨ_1 − I_1(0)] + M[sĨ_2 − I_2(0)] + R_1Ĩ_1 =

V_0 s ,

L_2[sĨ_2 − I_2(0)] + M[sĨ_1 − I_1(0)] + R_2Ĩ_2 = 0.

H arqikă sunjăkh gia ton mhdenismì twn reumĹtwn sthn arqă (I_1(0) = I_2(0) = 0) aplopoieÐ akìma perissìtero tic exisÿseic:

L_1sĨ_1 + MsĨ_2 + R_1Ĩ_1 =

V_0 s ,

L_2sĨ_2 + MsĨ_1 + R_2Ĩ_2 = 0.

Opwc se prohgoÔmenec periptÿseic o metasqhmatismìc Laplace eÐqe metatrèyei mia diaforikă exÐswsh se algebrikă, ètsi kai tÿra to sÔsthma twn diaforikÿn exisÿsewn metatrèpetai se algebrikì sÔsthma dÔo exisÿsewn me dÔo agnÿstouc. H lÔsh tou sustămatoc eÐnai:

Ĩ_1(s) = V^0(sL^2 + R^2) s[s^2(L_1L_2 − M^2) + s(R_1L_2 + R_2L_1) + R_1R_2] ,

Ĩ_2(s) = −V^0M s^2(L_1L_2 − M^2) + s(R_1L_2 + R_2L_1) + R_1R_2 . Mia shmantikă paratărhsh eÐnai ìti isqÔei upoqrewtikĹ h anisìthta

L_1L_2 ≥ M^2.

Prìkeitai gia jeÿrhma tou hlektromagnhtismoÔ, pou mporeÐ na apodeiqjeÐ (epÐ paradeÐgmati) me energeiakèc jewrăseic. Sta epìmena ja upojèsoume ìti isqÔei eidikìtera h austhră anisìthta L_1L_2 > M^2. H isìthta jèlei eidikă antimetÿpish apì thn arqă.

To epìmeno băma eÐnai bebaÐwc na antistrèyoume tic sqèseic gia ta Ĩ_1(s) kai Ĩ_2(s) ÿste na broÔme ta I_1(t) kai I_2(t). EisĹgoume touc sumbolismoÔc: α ≡ R_1L_2 + R_2L_1 2(L_1L_2 − M^2)

, γ^2 ≡

R_1R_2 L_1L_2 − M^2

(3.2)

kai h lÔsh paÐrnei th morfă:

Ĩ_1(s) = V^0

L_1L_2 − M^2 sL_2 + R_2 s(s^2 + 2αs + γ^2) , Ĩ_2(s) = − V^0

L_1L_2 − M^2 M s^2 + 2αs + γ^2 . Antistrofă: Oi pìloi tou paronomastă brÐskontai stic jèseic s = 0, s = s_± ≡ −α ± √ α^2 − γ^2 = −α ± β (β ≡ √ α^2 − γ^2).

MporeÐ kaneÐc na apodeÐxei eÔkola, qrhsimopoiÿntac touc orismoÔc (3.2), ìti α^2 > γ^2, dhladă ìti to β eÐnai pragmatikìc arijmìc. Oi ekfrĹseic gia ta Ĩ_1(s) kai Ĩ_2(s) mporoÔn na graftoÔn me th morfă aplÿn klasmĹtwn:

Ĩ_1(s) = A s + B_+ s − s_+ + B_− s − s_− , Ĩ_2(s) = C^+ s − s_+ + C_− s − s_− ,

Sqăma 3.8: ReÔma prwteÔontoc (pĹnw kampÔlh) kai deutereÔontoc(kĹtw kampÔlh).

opìte

I_1(t) = A + B_+ exp[s_+t] + B_− exp[s_−t] = A + B_+ exp[(−α + β)t] + B_− exp[(−α − β)t],

I_2(t) = C_+ exp[s_+t] + C_− exp[s_−t] =

= C_+ exp[(−α + β)t] + C_− exp[(−α − β)t].

Oi prĹxeic gia thn eÔresh twn suntelestÿn eÐnai makroskeleÐc, allĹ den parousiĹzoun duskolÐec. Ta apotelèsmata eÐnai: A = R_2 γ^2

, B_+ = γ^2L_2 − R_2(α + β) 2βγ^2 , B_− =

−γ^2L_2 + R_2(α − β) 2βγ^2 ,

C_+ = − 2V_0Mβ L_1L_2 − M^2

, C_− = 2V_0Mβ L_1L_2 − M^2

= −C_+.

EÐnai eÔkolo na doÔme, apì ton orismì twn α, β kai γ, ìti ta −α ± β eÐnai arnhtikoÐ arijmoÐ.

To I_1(t) eÐnai h “epĹnw” kampÔlh tou sqămatoc 3.8: arqÐzei apì to mhdèn kai plhsiĹzei monìtona mia oriakă timă kajÿc o qrìnoc gÐnetai polÔ megĹloc. To I_2(t) paristĹnetai apì thn “kĹtw” kampÔlh tou sqămatoc: arqÐzei apì to mhdèn, ftĹnei se mia mègisth timă kai metĹ arqÐzei na meiÿnetai ìtan o qrìnoc megalÿsei ki Ĺllo. O fusikìc lìgoc autăc thc sumperiforĹc eÐnai katanohtìc: ìtan metabĹlletai to reÔma sto prwteÔon, epĹgetai reÔma sto deutereÔon kai to I_2(t) auxĹnetai. Omwc, se kĹpoia stigmă o rujmìc metabolăc (h parĹgwgoc) tou I_1(t) gÐnetai mikrìc, giatÐ to I_1(t) plhsiĹzei thn oriakă timă tou. To reÔma sto deutereÔon, epomènwc, arqÐzei na meiÿnetai, giatÐ ekleÐpei bajmiaÐa h phgă pou to trofodoteÐ.

3.7.5 Grammèc metaforĹc

Grammă metaforĹc eÐnai mia kataskeuă proorismènh na metafèrei reÔma kai tĹsh se megĹlec apostĹseic. Ena tupikì deÐgma faÐnetai sto sqăma (3.9). H grammă metaforĹc èqei antÐstash R̄ anĹ monĹda măkouc kai autepagwgă L̄ anĹ monĹda măkouc. EpÐshc oi dÔo agwgoÐ sqhmatÐzoun puknwtă me qwrhtikìthta C̄ anĹ monĹda măkouc kai upĹrqei agwgimìthta Ḡ anĹ monĹda măkouc metaxÔ twn dÔo agwgÿn. JewroÔme èna mikrì tmăma thc grammăc me măkoc δx. Oi antistĹseic kai oi autepagwgèc sundèontai se seirĹ, epomènwc prostÐjentai. Ara h sunolikă antÐstash se

Sqăma 3.9: Sqhmatikă parĹstash grammăc metaforĹc

măkoc δx eÐnai R̄δx kai h sunolikă autepagwgă pou antistoiqeÐ sto Ðdio măkoc eÐnai L̄δx. Oi qwrhtikìthtec sundèontai parĹllhla, me sunèpeia na ajroÐzontai, Ĺra h qwrhtikìthta pou antistoiqeÐ sto δx eÐnai C̄δx. Tèloc oi agwgimìthtec antistoiqoÔn se antistĹseic pou sundèoun touc dÔo agwgoÔc, Ĺra eÐnai sundedemènec parĹllhla. Autìc eÐnai kai o lìgoc pou ekfrĹsame autì to fainìmeno me thn agwgimìthta (antÐstrofo thc antÐstashc) kai ìqi me thn antÐstash: parĹllhla sundedemènec agwgimìthtec ajroÐzontai (antÐjeta me tic parĹllhla sundedemènec antistĹseic), opìte h agwgimìthta pou antistoiqeÐ sto δx isoÔtai me Ḡδx (kai bèbaia h antÐstoiqh antÐstash eÐnai^1_{Ḡδx} ).

Sth jèsh x h diaforĹ dunamikoÔ metaxÔ twn agwgÿn eÐnai V (x, t) kai h èntash tou reÔmatoc pou eisèrqetai sth grammă eÐnai I(x, t). Sth jèsh x + δx h diaforĹ dunamikoÔ metaxÔ twn agwgÿn eÐnai V (x + δx, t) kai h èntash tou reÔmatoc pou bgaÐnei apì th grammă eÐnai I(x + δx, t). Efarmìzoume touc dÔo kanìnec tou Kirchhoff: ston kìmbo A kai ston brìqo pou peribĹllei to tmăma tou kuklÿmatoc apì to x mèqri to x + δx : I(x, t) − I(x + δx, t) − ∂ ∂t (C̄δx · V ) − V 1 Ḡδx = 0,

V (x, t) − (R̄δx)I − (L̄δx) ∂I ∂t − V (x + δx, t) = 0. An tÿra diairèsoume me to δx kai jewrăsoume to ìrio ìpou to δx gÐnetai apeirostì, dhladă δx → dx, ja emfanistoÔn parĹgwgoi wc proc x kai oi prohgoÔmenec exisÿseic ja metatrapoÔn stic: ∂I ∂x + C̄ ∂V ∂t + ḠV = 0, ∂V ∂x + R̄I + L̄ ∂I ∂t = 0 ă, pio sunoptikĹ:

I_x + C̄V_t + ḠV = 0, V_x + R̄I + L̄I_t = 0. (3.3)

ParagwgÐzontac thn prÿth apì tic exisÿseic (3.3) wc proc x kai th deÔterh wc proc t brÐskoume tic I_{xx} + C̄V_{xt} + ḠV_x = 0, V_{xt} + R̄I_t + L̄I_{tt} = 0.

Sthn prÿth exÐswsh mporoÔme na apaleÐyoume to V_{xt} me th boăjeia thc deÔterhc kai to V_x me th boăjeia miac apì tic arqikèc exisÿseic (3.3). To apotèlesma eÐnai:

I_{xx} = L̄C̄I_{tt} + (R̄C̄ + ḠL̄)I_t + ḠR̄I. (3.4)

FtĹsame se mia exÐswsh pou perièqei mìno to I(x, t), qwrÐc na emplèkei to V (x, t).

MporeÐ kaneÐc na paragĹgei kai exÐswsh pou na perièqei mìno to V (x, t), paragwgÐzontac thn prÿth apì tic exisÿseic (3.3) wc proc t kai th deÔterh wc proc x :

I_{xt} + C̄V_{tt} + ḠV_t = 0, V_{xx} + R̄I_x + L̄I_{xt} = 0.

Me poreÐa antÐstoiqh thc prohgoÔmenhc xekinĹme apì th deÔterh exÐswsh kai apaleÐfoume ta I_{xt} kai I_x me th boăjeia thc prÿthc exÐswshc kai twn (3.3). To apotèlesma eÐnai:

V_{xx} = L̄C̄V_{tt} + (R̄C̄ + ḠL̄)V_t + ḠR̄V. (3.5)

H exÐswsh (3.5) eÐnai h Ðdia me thn exÐswsh (3.4) gia thn èntash tou reÔmatoc.

Ja kĹnoume mia sÔntomh parèkbash sqetikă me tic monĹdec. H posìthta R̄ epÐ paradeÐgmati antiproswpeÔei antÐstash anĹ monĹda măkouc, epomènwc èqei tic antÐstoiqec monĹdec: monĹdec antÐstashc diĹ monĹdec măkouc. Parìmoia mporeÐ kaneÐc na prosdiorÐsei tic monĹdec kai twn upìloipwn posotătwn. Ja anafèroume tic monĹdec twn sunduasmÿn pou emfanÐzontai stic exisÿseic. To L̄C̄ èqei monĹdec antÐstrofou tetragÿnou taqÔthtac: qrìnoc sto tetrĹgwno dia măkoc sto tetrĹgwno. Oi sunduasmoÐ R̄C̄ kai ḠL̄ èqoun monĹdec qrìnou dia măkoc sto tetrĹgwno. Tèloc o sunduasmìc ḠR̄ èqei monĹdec antÐstrofou măkouc sto tetrĹgwno. Ara oi exisÿseic (3.4) kai (3.5) eÐnai diastatikĹ swstèc.

Oi exisÿseic (3.4) kai (3.5) lègontai exisÿseic thc grammăc metaforĹc ă tou thlegrĹfou. ParathroÔme ìti perilambĹnoun wc eidikèc periptÿseic kĹpoiec polÔ gnwstèc exisÿseic thc Fusikăc. An R̄C̄ + ḠL̄ = ḠR̄ = 0, ja èqoume thn kumatikă exÐswsh (me qarakthristikă taqÔthta 1√ L̄C̄ ). An L̄C̄ = ḠR̄ = 0, allĹ R̄C̄ + ḠL̄ ≠ 0, ja pĹroume thn exÐswsh diĹqushc.

Ja lÔsoume prÿta tic arqikèc exisÿseic thc grammăc metaforĹc gia mia stĹsimh katĹstash. StĹsimh katĹstash shmaÐnei ìti ìla ta megèjh pou qarakthrÐzoun th grammă metaforĹc talanteÔontai wc proc to qrìno me mia sugkekrimènh kuklikă suqnìthta ω. Ena parĹdeigma ja mporoÔse na eÐnai mia gennătria enallassìmenou reÔmatoc me gnwstă suqnìthta prosarmosmènh sto aristerì Ĺkro pou kajorÐzei th sumperiforĹ olìklhrhc thc grammăc. H sÔndesh aută eÐnai arketĹ kontĹ se realistikèc katastĹseic.

H diaforĹ dunamikoÔ kai h èntash tou reÔmatoc mporoÔn na anaparastajoÔn wc to pragmatikì mèroc miac parĹstashc B_M exp[iωt]. To B_M eÐnai genikĹ migadikìc arijmìc. An B_M = b exp[iβ], h parĹstash isoÔtai me b exp[i(ωt + β)] kai to pragmatikì mèroc thc eÐnai b cos(ωt + β). MporoÔme, loipìn, na perigrĹyoume ta stoiqeÐa thc grammăc metaforĹc me tic ekfrĹseic: I(x, t) = I_M exp[iωt], V (x, t) = V_M exp[iωt]. Antikajistÿntac autèc tic ekfrĹseic stic exisÿseic (3.3) brÐskoume to sÔsthma: ∂I_M ∂x + (Ḡ + iωC̄)V_M = 0, ∂V_M ∂x + (R̄ + iωL̄)I_M = 0.

EisĹgoume touc sumbolismoÔc Z̄ ≡ R̄ + iωL̄, Ȳ ≡ Ḡ + iωC̄. To Z̄ èqei monĹdec antÐstashc anĹ monĹda măkouc kai to Ȳ monĹdec agwgimìthtac (antÐstrofou thc antÐstashc) anĹ monĹda măkouc. (Oi posìthtec autèc eÐnai pragmatikoÐ arijmoÐ an h qwrhtikìthta C̄ kai h autepagwgă L̄ anĹ monĹda măkouc mhdenÐzontai). To sÔsthma twn exisÿsewn paÐrnei th morfă: ∂I_M ∂x + Ȳ V_M = 0, ∂V_M ∂x + Z̄I_M = 0.

ParagwgÐzontac th deÔterh wc proc x kai antikajistÿntac to^{∂IM}_{∂x} apì thn prÿth katalăgoume sthn ∂^2V_M ∂x^2 − Z̄Ȳ V_M = 0. H lÔsh apì edÿ kai sto exăc den mporeÐ parĹ na eÐnai formalistikă (ìso den èqoume pio sugkekrimènec plhroforÐec gia ta diĹfora megèjh). H lÔsh eÐnai:

V_M = A exp[ √ Z̄Ȳ x] + B exp[− √ Z̄Ȳ x]. FusikĹ, an oi ekjètec èqoun fantastikì kommĹti, ta ekjetikĹ ja perièqoun hmÐtona kai sunhmÐtona. (P.q. h parĹstash exp[(a + ib)x] isoÔtai me thn exp[ax] cos bx + i exp[ax] sin bx). Akribÿc gia endeqìmena autoÔ tou eÐdouc epishmaÐnoume ìti h lÔsh eÐnai formalistikă. PĹntwc den upĹrqei kanèna prìblhma arqăc kai tètoiou eÐdouc lÔseic diathroÔn akèraih th qrhsimìthtĹ touc. (DÐnoume kĹpoia paradeÐgmata sto tèloc autăc thc paragrĹfou.) Apì th deÔterh exÐswsh tou sustămatoc prokÔptei ìti I_M = −^1_{Z̄}^{∂VM}_{∂x} , opìte brÐskoume automĹtwc ìti I_M = −A √ Ȳ Z̄ exp[ √ Z̄Ȳ x] + B √ Ȳ Z̄ exp[− √ Z̄Ȳ x]. O sunduasmìc √ Z̄Ȳ èqei monĹdec antÐstrofou măkouc, opìte ta ginìmena ± √ Z̄Ȳ x pou emfanÐzontai stouc ekjètec eÐnai adiĹstata, ìpwc prèpei. O sunduasmìc √_Ȳ Z̄ èqei monĹdec antÐstrofou thc antÐstashc, dhladă agwgimìthtac.

Estw ìti eÐnai gnwstèc oi timèc twn V_M kai I_M sth jèsh x = 0 : V_M (0) = V_0, I_M (0) = I_0. Tìte eÔkola mporoÔme na prosdiorÐsoume th lÔsh akribÿc: A = 1 2 [ V_0 − √ Z̄ Ȳ I^0 ] , B = 1 2 [ V_0 + √ Z̄ Ȳ I^0 ] , epomènwc

V_M (x) = V_0 cosh[ √ Z̄Ȳ x] − √ Z̄ Ȳ I^0 sinh[ √ Z̄Ȳ x],

I_M (x) = −V_0 √ Ȳ Z̄ sinh[ √ Z̄Ȳ x] + I_0 cosh[ √ Z̄Ȳ x]. Autì to apotèlesma eÐnai qrăsimo na ekfrasteÐ mèsw tou ginomènou pinĹkwn: [ V_M (x) I_M (x) ] = cosh[ √ Z̄Ȳ x] −Z_0 sinh[ √ Z̄Ȳ x] − sinh[ √ Z̄Ȳ x] Z_0 cosh[ √ Z̄Ȳ x] [ V_M (0) I_M (0) ] , (3.6)

ìpou Z_0 ≡ √_{Z̄} Ȳ . H antÐstrofh sqèsh eÐnai eÔkolo na brejeÐ (me thn paratărhsh ìti h orÐzousa tou 2 × 2 pÐnaka, pou lègetai pÐnakac metaforĹc, eÐnai monĹda): [ V_M (0) I_M (0) ] = cosh[ √ Z̄Ȳ x] Z_0 sinh[ √ Z̄Ȳ x] sinh[ √ Z̄Ȳ x] Z_0 cosh[ √ Z̄Ȳ x] [ V_M (x) I_M (x) ] .

Iswc o anagnÿsthc anarwthjeÐ giatÐ qreiĹzetai na prosdiorÐzontai dÔo posìthtec (ta V_M (x) kai I_M (x) sunartăsei tou x) kai den periorizìmaste se mÐa apì tic dÔo. H apĹnthsh eÐnai ìti h grammă metaforĹc dièpetai apì dÔo peplegmènec exisÿseic prÿthc tĹxhc, pou mporoÔn, ìpwc eÐdame, na metatrapoÔn se mÐa exÐswsh deÔterhc tĹxhc pou na perilambĹnei mìno th mÐa metablhtă. An upojèsoume ìti lÔname th diaforikă exÐswsh deÔterhc tĹxhc, ja emfanÐzontan dÔo aujaÐretec stajerèc oloklărwshc (ìpwc oi A kai B pou eÐdame pio prin). Sunăjwc tètoiou eÐdouc stajerèc prosdiorÐzontai apì tic arqikèc timèc thc sunĹrthshc kai thc paragÿgou thc. Ja mporoÔsame, loipìn, na grĹyoume me th morfă pÐnaka th sqèsh pou sundèei tic arqikèc timèc thc sunĹrthshc kai thc paragÿgou thc me tic aujaÐretec stajerèc oloklărwshc. Epomènwc, aută h diatÔpwsh me ton pÐnaka metaforĹc den eÐnai kĹti kainoÔrio. To mìno nèo eÐnai ìti den qrhsimopoiăsame th sunĹrthsh kai thn parĹgwgì thc, allĹ èna Ĺllo zeugĹri metablhtÿn, to [V_M (x), I_M (x)], pou ìmwc sundèetai me to prohgoÔmeno. SumperasmatikĹ ta V_M (x), I_M (x) eÐnai anexĹrthta kai h gnÿsh tou enìc den arkeÐ gia th gnÿsh tou Ĺllou.

Ja dÿsoume tÿra dÔo paradeÐgmata pou Ðswc dieukrinÐsoun merikĹ prĹgmata. XekinĹme pĹnta apì th sqèsh (3.6).

(1) Estw ìti: R̄ ≠ 0, Ḡ ≠ 0, L̄ = 0, C̄ = 0. Tìte: Z̄ = R̄, Ȳ = Ḡ, Z_0 = √_{R̄} Ḡ , √ Z̄Ȳ = √ R̄Ḡ kai [ V_M (x) I_M (x) ] = cosh[ √ R̄Ḡx] − √_{R̄} Ḡ sinh[ √ R̄Ḡx] − sinh[ √ R̄Ḡx] √_Ḡ R̄ cosh[ √ R̄Ḡx] [ V_M (0) I_M (0) ] .

(2) Estw ìti: L̄ ≠ 0, C̄ ≠ 0, R̄ = 0, Ḡ = 0. Tìte: Z̄ = iωL̄, Ȳ = iωC̄, Z_0 = √_{L̄} C̄ , √ Z̄Ȳ = iω √ L̄C̄. UpenjumÐzontac tic sqèseic cosh(iz) = cos(z) kai sinh(iz) = i sin(z) brÐskoume telikĹ: [ V_M (x) I_M (x) ] = cos[ω √ L̄C̄x] −i √_{L̄} C̄ sin[ √ ωL̄C̄x] −i sin[ω √ L̄C̄x] √_{C̄} L̄ cos[ω √ L̄C̄x] [ V_M (0) I_M (0) ] .

Dhladă blèpoume ìti s’ autăn thn perÐptwsh ta uperbolikĹ (sun)hmÐtona gÐnontai sunhjismènec trigwnometrikèc sunartăseic kai paÐrnoume mia periodikă lÔsh. Opwc eÐpame, kai gia ta dÔo paradeÐgmata isqÔoun oi sqèseic: I = I_M exp[iωt] kai V = V_M exp[iωt]. Sto prÿto parĹdeigma autèc oi exisÿseic paristĹnoun mia talĹntwsh me suqnìthta ω. To deÔtero parĹdeigma eÐnai pio endiafèron: oi periodikèc sunartăseic sto qÿro sunduĹzontai me tic periodikèc sunartăseic sto qrìno kai to apotèlesma eÐnai èna kÔma.

3.7.6 MetabatikĹ fainìmena stic grammèc metaforĹc

Ja doÔme s’ autăn thn parĹgrafo metabatikèc katastĹseic se mia grammă metaforĹc pou h melèth touc gÐnetai me ton metasqhmatismì Laplace. JewroÔme th grammă metaforĹc tou sqămatoc, ìpou oi antistĹseic twn agwgÿn anĹ monĹda măkouc eÐnai mhdèn (R̄ = 0), ìpwc kai h agwgimìthta metaxÔ twn dÔo agwgÿn (Ḡ = 0). EÐnai akribÿc h perÐptwsh tou deÔterou paradeÐgmatoc thc prohgoÔmenhc paragrĹfou. Sto aristerì Ĺkro upĹrqei mia phgă suneqoÔc tĹshc V_0, opìte (V (x = 0, t) = V_0), enÿ to dexiì Ĺkro, sto x = H, eÐnai braqukuklwmèno: V (x = H, t) = 0. O diakìpthc kleÐnei to kÔklwma th qronikă stigmă t = 0, opìte jewroÔme ìti I(x, 0) = V (x, 0) = 0, x > 0. ZhtĹme ta V (x, t) kai I(x, t).

x = 0 x = H

V_0

Oi exisÿseic (3.3) pou dièpoun to kÔklwma gÐnontai: I_x = −C̄V_t, V_x = −L̄I_t. JewroÔme touc metasqhmatismoÔc Laplace (wc proc t) twn exisÿsewn kai paÐrnoume tic sqèseic: Ṽ_x(x, s) = −L̄(sĨ(x, s) − I(x, 0)), Ĩ_x(x, s) = −C̄(sṼ (x, s) − V (x, 0)). LambĹnontac upìyh tic arqikèc sunjăkec oi exisÿseic grĹfontai: Ṽ_x(x, s) = −L̄sĨ(x, s), Ĩ_x(x, s) = −C̄sṼ (x, s). To sÔsthma twn exisÿsewn lÔnetai eÔkola. Mia mèjodoc eÐnai na kataskeuĹsoume thn exÐswsh pou perièqei mìno to V (x, t) :

Ṽ_{xx} − L̄C̄s^2Ṽ = 0 → Ṽ (x, s) = A exp [ sx v ] + B exp [ − sx v ] , ìpou v ≡^{1√}_{L̄C̄} . Oi metasqhmatismoÐ twn oriakÿn sunjhkÿn eÐnai: Ṽ |_{x=0} =^{V0}_s , Ṽ |_{x=H} = 0, opìte A = V_0 s(1 − exp[^{2sH}_v ]) , B = V_0 s(1 − exp[−^{2sH}_v ]) kai Ṽ (x, s) = − V^0 s(exp[^{sH}_v ] − exp[−^{sH}_v ]) [ exp [ x − H v s ] − exp [ − x − H v s ]] . Antistrofă: H teleutaÐa èkfrash mporeÐ na metatrapeÐ:

Ṽ (x, s) = V^0 s(1 − exp[−^{2sH}_v ]) [ exp [ − sx v ] − exp [ s(x − 2H) v ]] =

= V_0 s [ 1 + exp [ − 2sH v ] + exp [ − 4sH v ] + . . . ] [ exp [ − sx v ] − exp [ s(x − 2H) v ]] =

= V_0 s [ exp [ − sx v ] + exp [ − s(x + 2H) v ] + exp [ − s(x + 4H) v ] + . . . ]

− V_0 s [ exp [ − s(2H − x) v ] + exp [ − s(4H − x) v ] + exp [ − s(6H − x) v ] + . . . ] .

H teleutaÐa èkfrash eÐnai eÔkolo na antistrafeÐ ìro proc ìro me th boăjeia thc sqèshc

L^{−1}_t [ 1 s ] = 1 → L^{−1}_t [ exp[−cs] s ] = Θ(t − c)

pou èqoume ădh apodeÐxei. To apotèlesma eÐnai:

V (x, t) = V_0 [ Θ ( t − x v ) + Θ ( t − x + 2H v ) + Θ ( t − x + 4H v ) + . . . ]

−V_0 [ Θ ( t − 2H − x v ) + Θ ( t − 4H − x v ) + Θ ( t − 6H − x v ) + . . . ] .

Oi diĹforoi ìroi antiproswpeÔoun ta kÔmata pou proèrqontai apì ta Ĺkra metĹ apì mia, dÔo, treic ... “anaklĹseic”.

3.8 Problămata sunoriakÿn timÿn

3.8.1 DiĹdosh jermìthtac

JewroÔme èna stereì pou èqei th morfă plĹkac h opoÐa ekteÐnetai ep’ Ĺpeiron stic kateujÔnseic y kai z kai periorÐzetai sthn kateÔjunsh x apì ta epÐpeda x = 0 kai x = L. H plĹka èqei jermokrasÐa T_0 kai th qronikă stigmă mhdèn h dexiĹ pleurĹ jermaÐnetai ÿste na apoktăsei mìnima jermokrasÐa T_L, enÿ h aristeră pleurĹ eÐnai jermikĹ monwmènh. Oi arqikèc kai oriakèc sunjăkec gi’ autì to prìblhma eÐnai, sunepÿc, oi exăc:

T |_{t=0} = T_0, ∂T ∂x | | | |_{x=0} = 0, T |^{x=L} = T^L.

x

z

y z = L

T = T_L ∂T ∂x = 0

H diaforikă exÐswsh pou to dièpei eÐnai h exÐswsh diĹdoshc jermìthtac:

∂^2T ∂x^2 = κ ∂T ∂t . Me th sunhjismènh taktikă, metasqhmatÐzoume katĹ Laplace (wc proc t) kai ta dÔo mèlh thc exÐswshc kai qrhsimopoioÔme th sqèsh gia ton metasqhmatismì thc paragÿgou: L_s [ ∂^2T ∂x^2 ] = κL_s[T_t] → T̃_{xx} = κ(sT̃ − T |_{t=0}) → T̃_{xx} − κsT̃ = −κT_0. H lÔsh thc diaforikăc isoÔtai me th lÔsh thc omogenoÔc sÔn mia eidikă lÔsh thc plărouc, dhladă: T̃ = A exp[√κsx] + B exp[−√κsx] + T^0 s . To epìmeno băma eÐnai o prosdiorismìc twn stajerÿn me efarmogă twn upìloipwn sunjhkÿn. H ∂T̃ ∂x |_{x=0} = 0 sunepĹgetai ìti √ κs(A − B) = 0 → B = A. H sunjăkh T |_{x=L} = T_L sunepĹgetai ìti T̃ |_{x=L} = T^L s → A exp[ √ κsL] + A exp[− √ κsL] + T_0 s = T_L s . TelikĹ:^1 T̃ (x, s) = T^0 s + (T_L − T_0) cosh( √ κsx) s cosh( √ κsL) . 1MporeÐ na upĹrxei ènstash sqetikĹ me thn parousÐa thc tetragwnikăc rÐzac, h opoÐa genikĹ apaiteÐ thn parousÐa miac tomăc sto migadikì epÐpedo gia ton plărh orismì thc. ParathroÔme ìti h tetragwnikă rÐza eÐnai sthn prokeimènh perÐptwsh ìrisma uperbolikÿn sunhmitìnwn, epomènwc h parĹstash aută orÐzetai monosămanta qwrÐc thn anĹgkh tomăc.

To epìmeno băma eÐnai h antistrofă autăc thc parĹstashc, ÿste na broÔme to T (x, t) apì to T̃ (x, s). Ja qrhsimopoiăsoume to oloklărwma tou Bromwich, o upologismìc tou opoÐou ja gÐnei me ta oloklhrwtikĹ upìloipa. Enac pìloc thc parĹstashc brÐsketai sto mhdèn, enÿ oi upìloipoi stic lÔseic thc exÐswshc:

cosh( √ κsL) = 0 → exp[2 √ κsL] = −1 → exp[2 √ κs_nL] = exp[i(2n + 1)π] → → 2 √ κs_nL = i(2n + 1)π → s_n = −

(2n + 1)^2π^2 4κL^2 . Eqoume deÐxei prohgoumènwc ìti o antÐstrofoc metasqhmatismìc thc sunĹrthshc T̃ (s) isoÔtai me to Ĺjroisma twn oloklhrwtikÿn upoloÐpwn thc sunĹrthshc T̃ (s) exp[st] gia thn perÐptwsh pou (ìpwc edÿ) oi mìnec anwmalÐec sto migadikì epÐpedo eÐnai pìloi. Sthn perÐptwsă mac èqoume aploÔc pìlouc. Ta oloklhrwtikĹ upìloipa thc sunĹrthshc eÐnai: T_L (gia ton aplì pìlo sto mhdèn) kai:

4(−1)^{n+1}(T_L − T_0) exp[s_nt] (2n + 1)π cos (2n + 1)πx 2L (gia touc aploÔc pìlouc sta s_n, blèpe paratărhsh pio kĹtw.) Ara h T (x, t), pou eÐnai to Ĺjroisma ìlwn twn oloklhrwtikÿn upoloÐpwn, isoÔtai me:

T (x, t) = T_L + ∑ n 4(−1)^{n+1}(T_L − T_0) (2n + 1)π cos (2n + 1)πx 2L exp [ − (2n + 1)^2π^2 4κL^2 t ] . Aută eÐnai h telikă èkfrash thc lÔshc. ParathroÔme ìti ìtan o qrìnoc gÐnei polÔ megĹloc, h jermokrasÐa teÐnei sthn timă T_L. Sto diĹgramma deÐqnoume th metabolă thc sunĹrthshc me to x gia tupikèc timèc twn stajerÿn kai duo diaforetikèc timèc tou t.

(Paratărhsh. O upologismìc twn oloklhrwtikÿn upoloÐpwn gia touc pìlouc s_n gÐnetai wc exăc: Res[T̃ (s) exp[st]]_{sn} ≡ lim_{s→sn} { (s − s_n) exp[st] [ T_0 s + (T_L − T_0) cosh( √ κsx) s cosh( √ κsL) ]} =

= 0 + (T_L − T_0) [ cosh( √ κs_nx) s_n ] { lim_{s→sn} [ s − s_n cosh( √ κsL) − cosh( √ κs_nL) ]} exp[s_nt].

Katalăxame se mia aprosdiìristh morfă, pou upologÐzetai me ton kanìna tou de l’ Hospital:

Res[T̃ (s) exp[st]]_{sn} = (T_L − T_0) [ cosh( √ κs_nx) s_n ] { L √ κ 2 √ s_n sinh( √ κs_nL) }_{−1} exp[s_nt].

H sunèqeia den parousiĹzei duskolÐec, an èqei kaneÐc upìyh tic tautìthtec: sinh(ix) = i sin(x), cosh(ix) = cos(x) kai tic sqèseic: s_n = −^{(2n+1)2π2}_{4κL2} kai √ κs_n =^{i(2n+1)π}_{2L} . ) Ena kĹpwc aploÔstero prìblhma autoÔ tou eÐdouc eÐnai to prìblhma enìc hmiĹpeirou stereoÔ (ìpwc h prohgoÔmenh plĹka, allĹ to măkoc L jewroÔme ìti apeirÐzetai). To stereì brÐsketai arqikĹ se jermokrasÐa T_1 kai apì th qronikă stigmă t = 0 kai metĹ h epifĹneia sto epÐpedo x = 0 diathreÐtai se jermokrasÐa T_2. H exÐswsh pou dièpei th jermokrasÐa eÐnai, ìpwc prin, h

∂^2T ∂x^2 = κ ∂T ∂t kai o metasqhmatismìc thc katĹ Laplace dÐnei: L_s [ ∂^2T ∂x^2 ] = κL_s[T_t] → T̃_{xx} = κ(sT̃ − T |_{t=0}) → T̃_{xx} − κsT̃ = −κT_1. H lÔsh thc exÐswshc eÐnai: T̃ (x, s) = A exp[√κsx] + B exp[−√κsx] + T^1 s . O prÿtoc ìroc apeirÐzetai sto Ĺpeiro, opìte prèpei upoqrewtikĹ na jèsoume A = 0 kai h lÔsh gÐnetai: T̃ (x, s) = B exp[−√κsx] + T^1 s . H oriakă sunjăkh T |_{x=0} = T_2 sunepĹgetai ìti T̃ |_{x=0} =^{T2}_s , Ĺra: B +^{T1}_s =^{T2}_s → B =^{T2−T1}_s . TelikĹ h lÔsh eÐnai:^2 T̃ (x, s) = T^2 − T^1 s exp[− √ κsx] + T_1 s . Mènei h antistrofă, ÿste na broÔme to T (x, t) apì to T̃ (x, s). O antÐstrofoc metasqhmatismìc tou^{T1}_s eÐnai to T_1, enÿ tou^{T2 −T1}_s exp[− √ κsx] eÐnai to (T_2 − T_1) ( 1 − erf [_{x√κ} 2 √ t ]) . Sth lÔsh emfanÐzetai h sunĹrthsh sfĹlmatoc erf(z) ≡ 2 √ π ∫_z 0 dx exp[−x^2],

pou eÐnai gnwstă apì th statistikă kai tic pijanìthtec. H telikă èkfrash thc lÔshc eÐnai:

T (x, t) = T_1 + (T_2 − T_1) ( 1 − erf [ x √ κ 2 √ t ]) . ParathroÔme ìti to shmeÐo x = ν √ t (ìpou ν stajerĹ) èqei stajeră timă gia th jermokrasÐa.

Dhladă, me Ĺlla lìgia, h jermokrasÐa diadÐdetai me nìmo pou exartĹtai apì thn tetragwnikă rÐza tou qrìnou. To prìblhma pou mìlic lÔsame eÐnai ousiastikĹ to prìblhma thc metabolăc thc jermokrasÐac thc ghc, sunartăsei thc jermokrasÐac thc epifĹneiĹc thc. H prosèggish pou kĹname edÿ eÐnai ìti h jermokrasÐa thc epifĹneiac mènei stajeră, prĹgma pou eÐnai proseggistikĹ swstì. An qrhsimopoiăsei kaneÐc realistikĹ dedomèna gia to κ ja brei ìti h jermokrasÐa thc atmìsfairac den diadÐdetai se megĹlo bĹjoc sth gă.

3.8.2 JermokrasÐa kulÐndrou

O metasqhmatismìc Laplace eÐnai epÐshc qrăsimoc sth lÔsh problhmĹtwn sunoriakÿn timÿn. DÐnoume èna parĹdeigma. Epeidă h lÔsh tou sugkekrimènou problămatoc proüpojètei gnÿsh twn sunartăsewn Bessel, to parìn parĹdeigma prèpei na anagnwsjeÐ afoÔ apokthjoÔn oi sqetikèc gnÿseic.

JewroÔme kÔlindro me Ĺpeiro măkoc kai aktÐna R pou èqei arqikă jermokrasÐa T_0. Th qronikă stigmă t = 0 embaptÐzetai se ugrì me jermokrasÐa T. ZhteÐtai h jermokrasÐa tou kulÐndrou gia t > 0. 2S’ autăn thn perÐptwsh qreiĹzetai tomă sto migadikì epÐpedo gia na oristeÐ plărwc h parĹstash. Den kĹnoume ton upologismì thc antistrofăc leptomereiakĹ, allĹ qrhsimopoioÔme pÐnakec, gia na apofÔgoume aută th duskolÐa.

EÐnai endedeigmèno na doulèyoume se kulindrikèc suntetagmènec. H exÐswsh pou dièpei th diĹdosh jermìthtac (lambĹnontac upìyh ìti tÐpote den exartĹtai apì tic suntetagmènec z kai ϕ) eÐnai: ∂^2Θ ∂ρ^2 + 1 ρ ∂Θ ∂ρ = κ ∂Θ ∂t . Oi arqikèc kai oriakèc sunjăkec grĹfontai:

Θ(ρ = R, t) = T, Θ(ρ, t = 0) = T_0.

O metasqhmatismìc Laplace thc exÐswshc eÐnai:

Θ̃_{ρρ} + 1 ρ Θ̃_ρ = κ[sΘ̃ − Θ(ρ, t = 0)] →

→ Θ̃_{ρρ} + 1 ρ Θ̃_ρ − κsΘ̃ = −κT_0.

Ex Ĺllou, h sunjăkh Θ(ρ = R, t) = T sunepĹgetai thn Θ̃(ρ = R, s) =^T_s . H genikă lÔsh thc exÐswshc eÐnai to Ĺjroisma miac eidikăc lÔshc thc (p.q. thc Θ̃ =^{T0}_s ) kai thc genikăc lÔshc thc antÐstoiqhc omogenoÔc, dhladă thc:

Θ̃_{ρρ} + 1 ρ Θ̃_ρ − κsΘ̃ = 0 → ρ^2Θ̃_{ρρ} + ρΘ̃_ρ − κsρ^2Θ̃ = 0.

EÐnai fanerì ìti katalăxame sthn tropopoihmènh exÐswsh Bessel mhdenikăc tĹxhc, kai h lÔsh eÐnai gnwstă: Θ̃ = AI_0(√κsρ) + BK_0(√κsρ). EpÐ plèon, h lÔsh prèpei na eÐnai peperasmènh pantoÔ, Ĺra apaitoÔme na mhdenÐzetai o suntelestăc B thc sunĹrthshc K_0( √ κsρ), h opoÐa apeirÐzetai sto ρ = 0. Ara h genikă lÔsh eÐnai:

Θ̃(ρ, s) = T^0 s + AI_0( √ κsρ). EpibĹllontac thn Θ̃(ρ = R, s) =^T_s brÐskoume ìti prèpei:

Θ̃(ρ = R, s) = T s = T_0 s + AI_0( √ κsR) → A = T − T_0 sI_0( √ κsR) . TelikĹ h lÔsh grĹfetai: Θ̃(ρ, s) = T^0 s + (T − T_0)

I_0( √ κsρ) sI_0( √ κsR) . To epìmeno băma eÐnai na broÔme ton antÐstrofo metasqhmatismì, ÿste na epistrèyoume sthn exĹrthsh apì tic metablhtèc (ρ, t) antÐ gia tic (ρ, s) pou èqoume tÿra. O prÿtoc ìroc dÐnei aplĹ th stajerĹ T_0. Gia ton deÔtero ìro ja qrhsimopoiăsoume to oloklărwma tou Bromwich:

Θ(ρ, t) = T_0 + T − T_0 2πi ∫_{σ+i∞} σ−i∞ ds exp[st]I_0( √ κsρ) sI_0( √ κsR) . ParathroÔme ìti èqoume aploÔc pìlouc sto s = 0 kai sta √ κs_nR = −iξ_{0n} → s_n = − ξ^2_{0n} κR^2 .

(SqetikĹ me to teleutaÐo upenjumÐzoume ìti I_0(z) = J_0(iz), opìte oi rÐzec z_n thc I_0(z_n) = 0 eÐnai posìthtec gia tic opoÐec J_0(iz_n) = 0. Omwc oi rÐzec ξ_{0n} thc J_0(ξ_{0n}) = 0 eÐnai gnwstèc, Ĺra z_n = −iξ_{0n}). Upologismìc twn oloklhrwtikÿn upoloÐpwn. Sto s = 0 :

lim_{s→0} [ s exp[st]I_0( √ κsρ) sI_0( √ κsR) ] = 1,

lìgw thc sumperiforĹc thc I_0 gia mikrĹ orÐsmata. Sta s = s_n : lim_{s→sn} [ (s − s_n) exp[st]I_0( √ κsρ) sI_0( √ κsR) ] =

= [ exp[s_nt]I_0( √ κs_nρ) s_n ] lim_{s→sn} [ s − s_n I_0( √ κsR) ] . H prÿth agkÔlh upologÐzetai qwrÐc prìblhma, enÿ h deÔterh perilambĹnei mia aprosdiìristh morfă. To ìrio thc deÔterhc agkÔlhc mporeÐ na upologisteÐ me ton kanìna tou de l’Hospital. Oi exăc idiìthtec eÐnai qrăsimec:

I^′_0(z) = I_1(z), I_0(z) = J_0(iz), I_1(z) = −iJ_1(iz),

opìte:

∂I_0( √ κsR) ∂s = √ κR 2 √ s I_1( √ κsR) → ∂I_0( √ κsR) ∂s | | |_{s=sn} = κR 2 √ κs_n I_1( √ κs_nR) =

= − κR^2 2iξ_{0n} I_1(−iξ_{0n}) = κR^2 2ξ_{0n} J_1(ξ_{0n}).

EpÐshc, to I_0( √ κs_nρ) pou emfanÐzetai sthn prÿth agkÔlh isoÔtai me J_0(^{ξ0n ρ}_R ). Dhladă to oloklhrwtikì upìloipo isoÔtai me: 1 κR^2 2ξ_{0n} J1(ξ0n) [ exp[−^{ξ20n}_{κR2} t]J_0(^{ξ0nρ}_R ) −^{ξ20n}_{κR2} ] =

= − 2 ξ_{0n}J_1(ξ_{0n}) exp [ − ξ^2_{0n} κR^2 t ] J_0 ( ξ_{0n}ρ R ) . Ara:

Θ(ρ, t) = T_0 + (T − T_0) { 1 − ∞∑ n=1 2 ξ_{0n}J_1(ξ_{0n})

J_0 ( ξ_{0n}ρ R ) exp [ − ξ^2_{0n} κR^2 t ]} . 3.9 Diaforikèc exisÿseic me metablhtoÔc suntelestèc

An kai o metasqhmatismìc Laplace eÐnai qrăsimoc kurÐwc gia thn epÐlush diaforikÿn exisÿsewn me stajeroÔc suntelestèc, arketĹ suqnĹ mporeÐ na qrhsimopoihjeÐ kai gia diaforikèc exisÿseic me metablhtoÔc suntelestèc, ìpwc deÐqnei to parĹdeigma pou ja doÔme amèswc tÿra. Mia idiìthta twn metasqhmatismÿn Laplace pou èqoume ădh anafèrei eÐnai polÔ qrăsimh gia thn perÐptwsh pou oi metablhtoÐ suntelestèc eÐnai poluÿnuma. Aută h kathgorÐa problhmĹtwn eÐnai polÔ eureÐa. PerilambĹnei gia parĹdeigma tic exisÿseic Bessel kai Legendre. Diatupÿnoume pĹli autăn thn idiìthta:

L_s[t^ny(t)] = (−1)^n d^nỹ(s) ds^n , ìpou ỹ ≡ L_s[y(t)]. Estw tÿra ìti zhteÐtai h lÔsh thc exÐswshc

ty^{′′} + y^′ + ω^2ty = 0,

me tic arqikèc sunjăkec: y(0) = y_0, y^′(0) = 0.

H exÐswsh eÐnai gnwstă me to ìnoma exÐswsh Bessel mhdenikăc tĹxhc. PaÐrnontac ton metasqhmatismì Laplace brÐskoume:

L_s[ty^{′′}] + L_s[y^′] + ω^2L_s[ty] = 0 → − d ds [s^2ỹ − sy(0) − y^′(0)] + [sỹ − y(0)] − ω^2 dỹ ds = 0 → → −2sỹ − s^2 dỹ ds + y_0 + sỹ − y_0 − ω^2 dỹ ds = 0 → (s^2 + ω^2) dỹ ds + sỹ = 0 →

→ ∫ dỹ ỹ + ∫ sds s^2 + ω^2

= 0 → log |ỹ| + 1 2 log |(s^2 + ω^2)| = log |A| → ỹ = A √ s^2 + ω^2 , ìpou A eÐnai h stajerĹ oloklărwshc. KatafeÔgontac stouc pÐnakec twn metasqhmatismÿn Laplace brÐskoume thn antÐstoiqh y(t) : y(t) = AJ_0(ωt). Ex Ĺllou prèpei na isqÔei h arqikă sunjăkh

y(0) = y_0 → AJ_0(0) = y_0 → A = y_0 → y(t) = y_0J_0(ωt).

3.10 Sunduasmìc twn metasqhmatismÿn Fourier kai Laplace

S’ autăn thn parĹgrafo ja qrhsimopoiăsoume sunduasmoÔc metasqhmatismÿn gia na lÔsoume to prìblhma thc qordăc. H exÐswsh pou dièpei thn kÐnhsh eÐnai, bèbaia, h kumatikă exÐswsh:

∂^2y ∂x^2 = 1 c^2

∂^2y ∂t^2 → y_{xx} = 1 c^2 y_{tt} me arqikèc sunjăkec y|_{t=0} = y_0(x), y_t|_{t=0} = v_0(x).

Sthn pragmatikìthta, anĹloga me to eÐdoc twn oriakÿn sunjhkÿn, ja lÔsoume dÔo problămata: thc Ĺpeirhc qordăc kai thc peperasmènhc qordăc. O metasqhmatismìc Laplace (wc proc to t) thc exÐswshc eÐnai:

L_s[y_{xx}] = 1 c^2 L_s[y_{tt}] → ỹ_{xx}(x, s) = 1 c^2 [s^2ỹ(x, s) − y_t|_{t=0} − sy|_{t=0}] → → ỹ_{xx}(x, s) = 1 c^2

[s^2ỹ(x, s) − v_0(x) − sy_0(x)] (3.7)

A. Peperasmènh qordă.

JewroÔme ìti èqoume mia qordă me măkoc L kai stajerĹ Ĺkra. MporoÔme na anaptÔxoume thn apomĹkrunsh se seirĹ Fourier: ỹ(x, s) = ∞∑ 1 c̃_n sin nπx L , c̃_n = 2 L ∫_L 0 dx sin nπx L ỹ(x, s). MporoÔme parìmoia na anaptÔxoume tic sunartăseic y_0(x) kai v_0(x) :

y_0(x) = ∞∑ 1 a_n sin nπx L , a_n = 2 L ∫_L 0 dx sin nπx L y_0(x),

v_0(x) = ∞∑ 1 b_n sin nπx L , b_n = 2 L ∫_L 0 dx sin nπx L v_0(x).

Antikajistÿntac sthn exÐswsh (3.7) brÐskoume: ∞∑ 1 [ − (nπ L )_2

c̃_n sin nπx L ] =

= ∞∑ 1 [ s^2 c^2 c̃_n sin nπx L ] − ∞∑ 1 [ 1 c^2 b_n sin nπx L ] − ∞∑ 1 [ s c^2 a_n sin nπx L ] . AllĹ ta hmÐtona eÐnai orjokanonikă bĹsh, Ĺra mporoÔme na isquristoÔme ìti h isìthta isqÔei ìqi aplĹ gia to Ĺjroisma, allĹ kai gia ton kĹje ìro qwristĹ, sunepÿc:

c̃_n = sa_n + b_n s^2 + (^{nπc}_L )^2 . To telikì băma eÐnai na metatrèyoume touc suntelestèc thc anĹptuxhc pou mìlic brăkame apì sunartăseic c̃_ntou s se sunartăseic c_n tou t, dhladă na broÔme ton antÐstrofo metasqhmatismì Laplace. H morfă twn sunartăsewn eÐnai arketĹ eÔkolh, opìte:

c_n(t) = a_n cos nπct L + L nπc b_n sin nπct L →

→ y(x, t) = ∞∑ 1 c_n(t) sin nπx L =

= ∞∑ 1 [ a_n cos nπct L + L nπc b_n sin nπct L ] sin nπx L . B. Apeirh qordă.

JewroÔme s’ autăn thn perÐptwsh ton metasqhmatismì Fourier wc proc to x me suzugă metablhtă thn k. PrĹgmati, o metasqhmatismìc Fourier eÐnai h endedeigmènh mèjodoc ìtan antimetwpÐzoume problămata ìpou kĹpoiec apì tic anexĹrthtec metablhtèc ekteÐnontai wc to Ĺpeiro. O metasqhmatismìc tou ìrou ỹ_{xx}(x, s) ja isoÔtai, sÔmfwna me ta ìsa èqoume exhgăsei sto kefĹlaio gia ton metasqhmatismì Fourier, me −k^2 epÐ ton metasqhmatismì Fourier thc sunĹrthshc ỹ, Ĺra h exÐswsh (3.7) metatrèpetai sthn:

−k^2F_k[ỹ] = 1 c^2

[s^2F_k[ỹ] − F_k[v_0] − sF_k[y_0]] →

→ F_k[ỹ] = 1 k^2 +^{s2}_{c2} [ s c^2

F_k[y_0] + 1 c^2

F_k[v_0] ] .

To prìblhma eÐnai lumèno ston “antÐstrofo” qÿro, dhladă xèroume thn apomĹkrunsh sunartăsei twn (k, s). Tÿra prèpei na antistrèyoume th sqèsh aută, gia na broÔme thn apomĹkrunsh sunartăsei twn (x, t). Ja antistrèyoume prÿta ton metasqhmatismì Laplace:

F_k[y] = L^{−1}_t [ s s^2 + c^2k^2

F_k[y_0] + 1 s^2 + c^2k^2

F_k[v_0] ] =

= F_k[y_0] cos(kct) + F_k[v_0] sin(kct) ck . Mènei na antistrèyoume kai ton metasqhmatismì Fourier: y(x, t) ≡ ∫_{+∞} −∞ dk exp[ikx]F_k[y] =

= ∫_{+∞} −∞ dk exp[ikx] [ F_k[y_0] cos(kct) + F_k[v_0] sin(kct) ck ] =

= ∫_{+∞} −∞ dk exp[ikx]F_k[y_0] cos(kct) + F_k[v_0] ∫_t 0 dt^′ cos(kct^′) = = ∫ dk exp[ikx] [ exp[ikct] + exp[−ikct] 2 ] F_k[y_0]+ + ∫_t 0 dt^′ ∫ dk exp[ikx]F_k[v_0] [ exp[ikct^′] + exp[−ikct^′] 2 ] . Eqoume qrhsimopoiăsei thn tetrimmènh sqèsh: sin(kct) ck = ∫_t 0 dt^′ cos(kct^′). Tÿra sugkentrÿnoume touc diĹforouc ekjetikoÔc ìrouc kai qrhsimopoioÔme ton orismì ìti gia tuqaÐa sunĹrthsh isqÔei ìti: ∫ dk exp[ikx]F_k[f] = f(x). H lÔsh gÐnetai: y(x, t) = 1 2 ∫ dk exp[ik(x + ct)]F_k[y_0] + 1 2 ∫ dk exp[ik(x − ct)]F_k[y_0]+

+ 1 2 ∫_t 0 dt^′ ∫ dk exp[ik(x + ct^′)]F_k[v_0] + 1 2 ∫_t 0 dt^′ ∫ dk exp[ik(x − ct^′)]F_k[v_0] = = 1 2 [y_0(x + ct) + y_0(x − ct)] + 1 2 ∫_t 0 dt^′[v_0(x + ct^′) + v_0(x − ct^′)].

KĹnontac thn allagă metablhtÿn x^′ = x + ct^′ → dt^′ =^1_c dx^′ to prÿto oloklărwma gÐnetai: 1 2c ∫_{x+ct} x dx^′v_0(x^′). Ex Ĺllou, me thn allagă metablhtÿn x^′ = x − ct^′ → dt^′ = −^1_c dx^′ to deÔtero oloklărwma gÐnetai: −^1_{2c} ∫_{x−ct} x dx^′v_0(x^′). Sunepÿc to Ĺjroisma eÐnai h parĹstash: 1 2c ∫_{x+ct} x−ct dx^′v_0(x^′),

opìte y(x, t) = 1 2 [y_0(x + ct) + y_0(x − ct)] + 1 2c ∫_{x+ct} x−ct dx^′v_0(x^′).

3.11 Askăseic proc lÔsh

1. UpologÐste touc metasqhmatismoÔc Laplace twn sunartăsewn:

t^2, cos[3(t − 7)], t^2 sin 5t, δ(t − c).

2. Qrhsimopoiÿntac ton metasqhmatismì Laplace (wc proc t) upologÐste to oloklărwma g(t) ≡ ∫_∞ 0 dx^{sin(tx)}_x , t > 0. TÐ sumbaÐnei gia t < 0;

3. UpologÐste touc antÐstrofouc metasqhmatismoÔc Laplace twn parastĹsewn (1)^1

(s^2 +a^2 )(s^2+b^2 ) , (2) s^2 (s^2 +a^2)(s^2 +b^2) , ìpou a

2 ≠ b^2.

4. Na prosdiorisjeÐ h kÐnhsh enìc aploÔ armonikoÔ talantwtă me arqikă apomĹkrunsh y_0 kai arqikă taqÔthta v_0.

5. Na melethjeÐ h kÐnhsh enìc exanagkasmènou armonikoÔ talantwtă me tribă pou dièpetai apì thn exÐswsh y^{′′} + 2γy^′ + ω^2_0y = f_0 sin ω_0t sthn perÐptwsh pou h tribă γ isoÔtai me ω_0 √ 2 kai me tic arqikèc sunjăkec y(0) = 0, v(0) = 0.

6. Na melethjeÐ h kÐnhsh enìc fortismènou swmatidÐou se exwterikì omogenèc magnhtikì pedÐo B katĹ ton Ĺxona twn z. Gia tic dÔo endiafèrousec sunistÿsec thc stroformăc tou xèroume tic exisÿseic kÐnhshc: dL_x dt = gBL_y, dL_y dt = −gBL_x, ìpou emfanÐzetai kai o guromagnhtikìc lìgoc g. Na brejoÔn ta L_x(t) kai L_y(t) qrhsimopoiÿntac ton metasqhmatismì Laplace me tic arqikèc sunjăkec L_x(0) = L_0, L_y(0) = 0.

7. Jewrăste treic purănec pou anăkoun sthn Ðdia radienergă oikogèneia. Oi plhjusmoÐ twn purănwn eÐnai N_1, N_2, N_3 kai λ_1, λ_2 eÐnai dÔo jetikèc stajerèc pou qarakthrÐzoun to rujmì twn radienergÿn diaspĹsewn (λ_2 ≠ λ_1). O purănac 1 diaspĹtai ston purăna 2 ki autìc ston purăna 3, pou eÐnai eustajăc (den diaspĹtai). Oi exisÿseic pou dièpoun to fainìmeno eÐnai oi exăc: dN_1 dt = −λ_1N_1, dN_2 dt = λ_1N_1 − λ_2N_2, dN_3 dt = λ_2N_2.

Estw ìti th qronikă stigmă t = 0 isqÔoun ta exăc: N_1(0) = N_0, N_2(0) = 0, N_3(0) = 0. Na brejoÔn ta N_1(t), N_2(t), N_3(t) kai na parastajoÔn grafikĹ gia kĹpoiec aujaÐretec, allĹ eÔlogec, timèc twn stajerÿn pou upeisèrqontai.

8. Na brejeÐ o metasqhmatismìc Laplace enìc tetragwnikoÔ palmoÔ me perÐodo T pou perigrĹfetai apì tic sqèseic:

V (t) = V_0, 0 < t < T 2 , V (t) = 0, T 2 < t < T. Upìdeixh: periodikă sunĹrthsh.

9. Na brejeÐ o antÐstrofoc metasqhmatismìc Laplace thc sunĹrthshc^s_{s2 −k2} (1) me anĹlush se aplĹ klĹsmata (2) me to oloklărwma Bromwich.

10. Na brejeÐ o antÐstrofoc metasqhmatismìc Laplace thc sunĹrthshc^{exp[−ks]}_{s2} me qrăsh tou oloklhrÿmatoc Bromwich.

KefĹlaio 4

Qwrismìc metablhtÿn: sunèqeia

4.1 Eisagwgă

Ja exetĹsoume th lÔsh miac polÔ qrăsimhc exÐswshc, thc

[∇^2 + U]Ψ = 0. (4.1)

H morfă aută, me to aujaÐreto dunamikì U, perilambĹnei diĹforec exisÿseic koinìtathc qrăshc sth Fusikă. Ac xekinăsoume me th qronoanexĹrthth exÐswsh tou Schroedinger: [ − h̄^2 2m ∇^2 + V ] Ψ = EΨ.

Epeita apì aplèc prĹxeic mporoÔme na doÔme eÔkola ìti h exÐswsh grĹfetai me th morfă (4.1), ìpou U ≡^{2m(E−V )}_{h̄2} .

Mia Ĺllh exÐswsh pou sunantĹme polÔ suqnĹ eÐnai h Kumatikă ExÐswsh:

∇^2Φ = 1 c^2

∂^2Φ ∂t^2 . Ena prÿto băma gia th lÔsh autăc thc exÐswshc eÐnai na qwrÐsoume metablhtèc Φ(⃗r, t) = Ψ(⃗r)T (t), kai sthn exÐswsh ∇^2Ψ Ψ = 1 c^2 T^{′′} T na jèsoume thn koină timă twn dÔo melÿn Ðsh me −k^2. Tìte h qronikă exĹrthsh ja eÐnai thc morfăc exp[±ikct], enÿ h sunĹrthsh Ψ dièpetai apì thn exÐswsh [∇^2 + k^2]Ψ = 0, pou epÐshc entĹssetai sthn kathgorÐa (4.1). Ex Ĺllou, sthn Ðdia kathgorÐa anăkei h exÐswsh Laplace: ∇^2Ψ = 0.

4.2 Sfairikèc suntetagmènec: [∇^2 + U(r)]Ψ = 0

JewroÔme thn exÐswsh [∇^2 + U(r)]Ψ = 0, ìpou to U(r) exartĹtai mìno apì to r, thn apìstash apì thn arqă twn axìnwn, kai ìqi apì tic gwniakèc suntetagmènec θ kai ϕ. An grĹyoume ton diaforikì telestă ∇^2 se sfairikèc suntetagmènec:

∇^2 = 1 r^2 ∂ ∂r ( r^2 ∂ ∂r ) + 1 r^2 sin θ ∂ ∂θ ( sin θ ∂ ∂θ ) + 1 r^2 sin^2 θ

∂^2 ∂ϕ^2 (4.2) kai kĹnoume ton qwrismì metablhtÿn Ψ(r, θ, ϕ) = R(r)P (θ)F (ϕ), ja broÔme mia sunhjismènh diaforikă exÐswsh gia kĹje parĹgonta. Prÿta ja exetĹsoume touc parĹgontec pou èqoun na kĹnoun me tic gwnÐec. An jèsoume thn prÿth stajerĹ qwrismoÔ metablhtÿn Ðsh me c_1, h sunĹrthsh R(r) ja ikanopoieÐ thn exÐswsh: 1 r^2

(r^2R^′(r))^′ + [ c_1 r^2 − U(r) ] R(r) = 0

kai oi P (θ) kai F (ϕ) thn: [ 1 sin θ 1 P (θ) d dθ ( sin θ dP (θ) dθ ) + 1 sin^2 θ 1 F (ϕ) d^2F (ϕ) dϕ^2 ] = −c_1. (4.3)

To piì aplì kommĹti thc exÐswshc (4.3) sqetÐzetai me thn azimoujiakă gwnÐa ϕ. H sqetikă exÐswsh grĹfetai^{d2F (ϕ)}_{dϕ2} +c_2F (ϕ) = 0, ìpou c_2 eÐnai h deÔterh stajerĹ qwrismoÔ twn metablhtÿn. Epeidă h sunĹrthsh prèpei na eÐnai periodikă me perÐodo 2π : F (ϕ + 2π) = F (ϕ), h stajerĹ prèpei na isoÔtai me m^2, ìpou o m eÐnai akèraioc. M’ autìn ton trìpo h exÐswsh metapÐptei sthn exÐswsh tou armonikoÔ talantwtă, pou èqei lÔseic exp[±imϕ], pou eÐnai periodikèc gia akèraio m. Antikajistÿntac^{F ′′}_F = −c_2 = −m^2, h exÐswsh gia to θ gÐnetai: [ 1 sin θ d dθ ( sin^2 θ 1 sin θ dP (θ) dθ ) − m^2 sin^2 θ P (θ) ] + c_1P (θ) = 0. (4.4)

ParathroÔme ìti stouc “paronomastèc” twn paragwgÐsewn emfanÐzontai oi parastĹseic sin θdθ = −d(cos θ), enÿ ta hmÐtona emfanÐzontai sto tetrĹgwno kai, ìpwc eÐnai gnwstì: sin^2 θ = 1−cos^2 θ. Autì deÐqnei ìti me thn allagă metablhtăc x ≡ cos θ → −dx = sin θdθ mporoÔme na antikatastăsoume thn exĹrthsh apì to θ me exĹrthsh apì to x. H exÐswsh (4.4) ja grafteÐ: [ d −dx ( (1 − x^2) dP (x) −dx ) − m^2 1 − x^2 P (x) ] + c_1P (x) = 0.

ApodeiknÔetai ìti, gia na mhn apeirÐzontai oi lÔseic autăc thc exÐswshc, ÿste na eÐnai fusikĹ apodektèc, prèpei h stajerĹ c_1 na isoÔtai me l(l + 1), ìpou o arijmìc l mporeÐ na paÐrnei tic timèc 0, 1, 2, 3, . . . Jewrÿntac autì wc dedomèno, h exÐswsh grĹfetai telikĹ:

(1 − x^2) d^2P_{lm}(x) dx^2 − 2x dP_{lm}(x) dx − m^2 1 − x^2

P_{lm}(x) + l(l + 1)P_{lm}(x) = 0.

Prìkeitai gia mia polÔ gnwstă exÐswsh, pou h lÔsh thc P_{lm}(x) exartĹtai apì tic dÔo stajerèc l kai m kai lègetai sunarthmèno “poluÿnumo” tou Legendre. H exÐswsh èqei kai deÔterh, grammikĹ anexĹrthth, lÔsh, pou sumbolÐzetai me Q_{lm}(x) kai lègetai sunafăc sunĹrthsh tou Legendre. Aută h lÔsh den eÐnai tìso eÔqrhsth, giatÐ apeirÐzetai sta shmeÐa x = ±1. Opwc eÐdame, loipìn, to gwniakì kommĹti thc lÔshc, pou sumbolÐsame me P (θ)F (ϕ), eÐnai to ginìmeno twn P_{lm}(x ≡ cos θ) me ta ekjetikĹ exp[±imϕ]. AutĹ ta ginìmena (pollaplasiasmèna me kĹpoiec stajerèc, pou den èqoun polÔ megĹlh shmasÐa) eÐnai oi legìmenec sfairikèc armonikèc sunartăseic. SumbolÐzontai me Y_{lm}(θ, ϕ) kai eÐnai kefalaiÿdouc shmasÐac gia thn antimetÿpish problhmĹtwn ìpou emplèkontai oi sfairikèc suntetagmènec. Dhladă: Y_{lm}(θ, ϕ) ≈ P_{lm}(cos θ) exp[imϕ].

ApodeiknÔetai ìti o akèraioc m mporeÐ na paÐrnei tic 2l + 1 akèraiec timèc: −l, −l + 1, −l + 2, . . . , −1, 0, +1, . . . , l − 1, l. EÐnai eÔkolo na dei kaneÐc, an anaskopăsei autĹ pou mìlic eÐpame, ìti oi sfairikèc armonikèc Y_{lm}(θ, ϕ) ikanopoioÔn tic exăc dÔo exisÿseic: − [ 1 sin θ ∂ ∂θ ( sin θ ∂ ∂θ ) + 1 sin^2 θ

∂^2 ∂ϕ^2 ] Y_{lm}(θ, ϕ) = l(l + 1)Y_{lm}(θ, ϕ),

−i ∂ ∂ϕ Y_{lm}(θ, ϕ) = mY_{lm}(θ, ϕ). (4.5) Oi akribeÐc parĹgontec me touc opoÐouc prèpei na pollaplasiastoÔn ta ginìmena P_{lm}(cos θ) exp[imϕ] ÿste na prokÔyoun oi sfairikèc armonikèc den paÐzoun kanèna rìlo s’ autèc tic exisÿseic kai den epimènoume s’ autoÔc proc to parìn. Oi diaforikoÐ telestèc pou emfanÐzontai s’ autèc tic exisÿseic lègontai antÐstoiqa telestèc tou tetragÿnou thc stroformăc L̂^2 kai thc probolăc L̂_z thc stroformăc katĹ ton Ĺxona twn z. An jumhjoÔme ton orismì thc stroformăc L = r × p kai thn antistoiqÐa p → −ih̄∇ (gnwstă apì thn Kbantikă Mhqanikă) brÐskoume (jètontac h̄ = 1 gia eukolÐa) ìti: L̂_x = −i(y∂_z − z∂_y), L̂_y = −i(z∂_x − x∂_z ), L̂_z = −i(x∂_y − y∂_x). MetasqhmatÐzontac se sfairikèc suntetagmènec brÐskoume ìti:

L̂^2 ≡ L̂^2_x + L̂^2_y + L̂^2_z = − [ 1 sin θ ∂ ∂θ ( sin θ ∂ ∂θ ) + 1 sin^2 θ

∂^2 ∂ϕ^2 ] , L̂_z = −i ∂ ∂ϕ , (4.6)

dhladă akribÿc oi telestèc pou emfanÐzontai stic exisÿseic (4.5). Dhladă oi sfairikèc armonikèc eÐnai tautìqrona idiosunartăseic dÔo telestÿn:

L̂^2Y_{lm}(θ, ϕ) = l(l + 1)Y_{lm}(θ, ϕ), (4.7) L̂_zY_{lm}(θ, ϕ) = mY_{lm}(θ, ϕ). (4.8) Oi antÐstoiqec idiotimèc antikatoptrÐzontai stouc deÐktec l kai m, oi opoÐoi anafèrontai me ta onìmata “kbantikìc arijmìc thc troqiakăc stroformăc” kai “magnhtikìc kbantikìc arijmìc”, me safă anaforĹ sthn Kbantikă Mhqanikă. AntiparabĹllontac tic ekfrĹseic (4.2) thc Laplasianăc se sfairikèc suntetagmènec pou qrhsimopoiăsame pio pĹnw kai tou telestă L̂^2 thc olikăc stroformăc (4.6), katalăgoume sto polÔ shmantikì sumpèrasma ìti h Laplasiană grĹfetai:

∇^2 = 1 r^2 ∂ ∂r ( r^2 ∂ ∂r ) − L̂^2 r^2

. (4.9)

(EÐnai endiafèron na jumhjeÐ kaneÐc th sqèsh thc Klasikăc Mhqanikăc

L^2 ≡ (r × p)^2 = r^2p^2 − (r · p)^2 → p^2 = (r̂ · p)^2 +

L^2 r^2

. (4.10)

Dhladă to tetrĹgwno thc ormăc mporeÐ na ekfrasteÐ sunartăsei thc aktinikăc sunistÿsac thc ormăc p_r ≡ r̂ · p kai thc stroformăc me th sqèsh

p^2 = p^2_r +

L^2 r^2

. (4.11)

H kinhtikă enèrgeia T ekfrĹzetai me th sqèsh: T = p^2 2m = p^2_r 2m + L^2 2mr^2 , dhladă isoÔtai me èna eÐdoc “kinhtikăc enèrgeiac” pou sqetÐzetai me thn aktinikă kÐnhsh auxhmènh katĹ miĹ posìthta pou, ìtan h stroformă diathreÐtai, exartĹtai mìno apì th jèsh kai lègetai “fugokentrikă dunamikă enèrgeia”. UpenjumÐzoume ìti sthn Kbantikă Mhqanikă anaparistoÔme thn ormă me ton telestă −i∇, Ĺra to tetrĹgwnì thc me ton telestă −∇^2 (èqoume jèsei h̄ = 1 gia eukolÐa). Blèpoume ìti, an anaparastăsoume ton telestă −∇^2 me bĹsh thn exÐswsh (4.9), ja pĹroume ènan aktinikì ìro, pou antistoiqeÐ ston p^2_r, ki ènan ìro “dunamikoÔ”, pou eÐnai h kbantikă “metagrafă” tou ìrou^{L2}_{r2} thc exÐswshc (4.11). Na dieukrinisteÐ ìti h anaforĹ sthn Kbantikă Mhqanikă eÐnai aplĹ upobohjhtikă. Den shmaÐnei ìti oi exisÿseic mac èqoun na kĹnoun mìno me thn Kbantikă Mhqanikă.)

BĹsei twn anwtèrw, mporoÔme na epistrèyoume sthn arqikă exÐswsh kai, gnwrÐzontac ìti h lÔsh eÐnai thc morfăc R(r)Y_{lm}(θ, ϕ), proqwroÔme me th boăjeia thc exÐswshc (4.9): [∇^2 + U(r)]{R(r)Y_{lm} (θ, ϕ)} = 0 → → 1 r^2

(r^2R^′(r))^′Y_{lm}(θ, ϕ) − R(r) r^2 L̂^2Y_{lm}(θ, ϕ) + U(r)R(r)Y_{lm}(θ, ϕ) = 0. S’ autì to stĹdio mporoÔme na qrhsimopoiăsoume th sqèsh (4.7) kai na katalăxoume sthn exÐswsh 1 r^2

(r^2R^′(r))^′ + [ U(r) − l(l + 1) r^2 ] R(r) = 0 (4.12)

gia thn R(r). Dhladă ìlh h gwniakă exĹrthsh èqei ekfrasteÐ mèsw twn sfairikÿn armonikÿn kai h mình epÐdrasă thc sto kajarĹ aktinikì kommĹti perièqetai ston ìro −^{l(l+1)}_{r2} thc exÐswshc (4.12). Ex Ĺllou, an antimetwpÐzoume èna prìblhma Kbantikăc Mhqanikăc, ton rìlo tou U(r) ja ton paÐzei h parĹstash^{2m(E−V )}_{h̄2} , ìpwc exhgăsame sthn arqă autoÔ tou kefalaÐou. An antikatastăsoume sthn exÐswsh (4.12) to U(r) me to Ðso tou, ja katalăxoume sthn:

h̄^2 2m 1 r^2

(r^2R^′(r))^′ + [ E − ( V (r) + l(l + 1)h̄^2 2mr^2 )] R(r) = 0. MiĹ shmantikă paratărhsh eÐnai ìti o ìroc^{l(l+1)}_{r2} (pou anafèretai suqnĹ me ton ìro “fugokentrikì dunamikì”, kat’ antistoiqÐa me thn perÐptwsh thc Klasikăc Mhqanikăc) prostÐjetai ston ìro tou “dunamikoÔ” V (r), kai to Ĺjroisma eÐnai èna eÐdoc “energoÔ dunamikoÔ”. To arqikì prìblhma èqei anaqjeÐ se èna monodiĹstato prìblhma (gia thn suntetagmènh r) kai o ìroc tou fugokentrikoÔ dunamikoÔ mporeÐ na jewrhjeÐ wc to tÐmhma pou prèpei na katabĹlei kaneÐc gia na petÔqei autăn thn aplopoÐhsh. Me Ĺlla lìgia eÐnai to Ðqnoc pou afănei h tridiĹstath fÔsh tou problămatoc sto monodiĹstato prìblhma.

4.2.1 Eidikèc periptÿseic

ProqwroÔme tÿra sthn exètash shmantikÿn eidikÿn periptÿsewn thc lÔshc pou mìlic prosdiorÐsame.

ExÐswsh HELMHOLTZ: [∇^2 + k^2]Ψ = 0.

Prìkeitai gia thn perÐptwsh U(r) = +k^2, epomènwc h aktinikă exÐswsh (4.12) ja pĹrei th morfă: 1 r^2

(r^2R^′(r))^′ + [ k^2 − l(l + 1) r^2 ] R(r) = 0 →

→ r^2R^{′′}(r) + 2rR^′(r) + [k^2r^2 − l(l + 1)]R(r) = 0. (4.13) Aută eÐnai miĹ polÔ gnwstă exÐswsh, pou lègetai sfairikă exÐswsh Bessel kai ja th sunantăsoume se epìmeno kefĹlaio. Proc to parìn ja poÔme ìti oi lÔseic thc eÐnai oi sfairikèc sunartăseic Bessel, j_l(kr) kai oi sfairikèc sunartăseic Neumann, n_l(kr). H lÔsh pou prosdiorÐsame mèqri stigmăc antistoiqeÐ se miĹ sugkekrimènh timă thc stajerĹc l qwrismoÔ metablhtÿn. Profanÿc h genikă lÔsh thc exÐswshc [∇^2 + k^2]Ψ = 0 eÐnai h grammikă upèrjesh ìlwn twn lÔsewn autăc thc morfăc: Ψ(r, θ, ϕ) = +∞∑ l=0 +l∑ m=−l [a_{lm}j_l(kr) + b_{lm}n_l(kr)]Y_{lm}(θ, ϕ). Oi suntelestèc a_{lm} kai b_{lm} antikatoptrÐzoun tic arqikèc kai tic oriakèc sunjăkec.

Tropopoihmènh exÐswsh HELMHOLTZ: [∇^2 − k^2]Ψ = 0.

Edÿ èqoume thn perÐptwsh U(r) = −k^2 kai h aktinikă exÐswsh (4.12) gÐnetai: 1 r^2

(r^2R^′(r))^′ − [ k^2 + l(l + 1) r^2 ] R(r) = 0

→ r^2R^{′′}(r) + 2rR^′(r) − [k^2r^2 + l(l + 1)]R(r) = 0. (4.14) H lÔsh autăc thc tropopoihmènhc sfairikăc exÐswshc Bessel eÐnai oi tropopoihmènec sfairikèc sunartăseic i_l(kr) kai k_l(kr) kai h genikă lÔsh thc exÐswshc eÐnai h: Ψ(r, θ, ϕ) = +∞∑ l=0 +l∑ m=−l [a_{lm}i_l(kr) + b_{lm}k_l(kr)]Y_{lm}(θ, ϕ).

ExÐswsh LAPLACE: ∇^2Ψ = 0.

Sthn aplă perÐptwsh ìpou U(r) = 0 h exÐswsh metapÐptei sthn exÐswsh tou Laplace kai h aktinikă exÐswsh (4.12) paÐrnei th morfă 1 r^2

(r^2R^′(r))^′ − l(l + 1)

r^2

R(r) = 0 → r^2R^{′′}(r) + 2rR^′(r) − l(l + 1)R(r) = 0. (4.15)

Oi lÔseic autăc thc exÐswshc eÐnai dunĹmeic tou r. An dokimĹsoume h lÔsh R(r) = r^s ja katalăxoume sthn exÐswsh s(s − 1) + 2s − l(l + 1) = 0 gia ton prosdioristèo ekjèth s, opìte to s mporeÐ na eÐnai eÐte l eÐte −(l + 1). Epomènwc h genikă lÔsh gia thn exÐswsh Laplace eÐnai: Ψ(r, θ, ϕ) = +∞∑ l=0 +l∑ m=−l [ a_{lm}r^l + b_{lm} r^{l+1} ] Y_{lm}(θ, ϕ). MporoÔme edÿ na anaferjoÔme se miĹ shmantikă eidikă perÐptwsh: an den perimènoume na upĹrqei exĹrthsh apì thn azimoujiakă gwnÐa ϕ, oi sfairikèc armonikèc ja metapèsoun sta legìmena poluÿnuma Legendre P_l(cos θ), kai h genikă lÔsh thc exÐswshc Laplace aplopoieÐtai sthn Ψ(r, θ) = +∞∑ l=0 [ a_lr^l + b_l r^{l+1} ] P_l(cos θ).

4.3 Kulindrikèc suntetagmènec:

[∇^2 + U(ρ)]Ψ = 0

Mia katĹstash antÐstoiqh me thn prohgoÔmenh, allĹ se kulindrikèc suntetagmènec eÐnai h lÔsh thc exÐswshc [∇^2 + U(ρ)]Ψ = 0, pou perilambĹnei th Laplasiană kai èna dunamikì pou exartĹtai mìno apì th suntetagmènh ρ ≡ √ x^2 + y^2. H exÐswsh grĹfetai wc exăc se kulindrikèc suntetagmènec: 1 ρ ∂ ∂ρ ( ρ ∂Ψ ∂ρ ) + 1 ρ^2

∂^2Ψ ∂ϕ^2 + ∂^2Ψ ∂z^2 + U(ρ)Ψ = 0.

O qwrismìc twn metablhtÿn Ψ(ρ, ϕ, z) = R(ρ)F (ϕ)Z(z) sunepĹgetai thn exÐswsh 1 ρR (ρR^′)^′ + 1 ρ^2 F^{′′} F + Z^{′′} Z + U(ρ) = 0.

Sunăjwc endiafèretai kaneÐc gia lÔseic pou ikanopoioÔn periodikèc oriakèc sunjăkec wc proc ϕ. H katĹllhlh epilogă stajerĹc gia thn exĹrthsh apì autăn th metablhtă eÐnai h exăc:^{F ′′}_F = −m^2, ìpou o m eÐnai akèraioc. Oi sqetikèc lÔseic ja eÐnai oi cos mϕ kai sin mϕ. H exÐswsh gÐnetai: 1 ρR (ρR^′)^′ − m^2 ρ^2

+ U(ρ) + Z^{′′} Z = 0. (4.16)

Apofasistikì rìlo paÐzei h exĹrthsh apì th suntetagmènh z. H parĹstash^{Z′′}_Z ja eÐnai, asfalÿc, stajerĹ. UpĹrqoun ìmwc trÐa endeqìmena gia to prìshmo autăc thc stajerĹc.

An eÐnai jetikă, h antÐstoiqh exÐswsh^{Z′′}_Z = +ζ^2 → Z^{′′} − ζ^2Z = 0 lÔnetai apì tic cosh ζz kai sinh ζz (ă isodÔnama exp[+ζz] kai exp[−ζz]). Aută h morfă exuphreteÐ an kĹpoia oriakă sunjăkh sto z eÐnai mh omogenăc. Mia pijană efarmogă autăc thc morfăc eÐnai na zhteÐtai to dunamikì se kÔlindro, tou opoÐou h kĹtw bĹsh eÐnai geiwmènh, enÿ h epĹnw brÐsketai se mh mhdenikì dunamikì U(ρ, ϕ, z = L) = U_0 ≠ 0. An h stajerĹ eÐnai arnhtikă, h exÐswsh wc proc z eÐnai h^{Z′′}_Z = −ζ^2 → Z^{′′} + ζ^2Z = 0 kai lÔnetai apì tic cos ζz kai sin ζz. Aută h morfă thc lÔshc eÐnai protimhtèa, an oi oriakèc sunjăkec epibĹlloun mhdenismì thc lÔshc gia dÔo timèc tou z. EpÐ paradeÐgmati, Ðswc na anazhtoÔme to dunamikì mèsa se kÔlindro, tou opoÐou oi dÔo bĹseic, pou brÐskontai stic jèseic z = 0 kai z = L, eÐnai geiwmènec.

Tèloc, upĹrqei h polÔ endiafèrousa eidikă perÐptwsh h stajerĹ na mhdenÐzetai, opìte Z^{′′} = 0 → Z = h_1z + h_0. An h stajerĹ h_1 mhdenisteÐ, opìte Z = h_0, den upĹrqei kammiĹ exĹrthsh apì to z kai metapÐptoume se kajarĹ didiĹstato prìblhma, ekfrasmèno stic gnwstèc polikèc suntetagmènec ρ kai ϕ.

ParĹdeigma: Estw ìti èqoume thn perÐptwsh Z^{′′} − ζ^2Z = 0 kai ìti to dunamikì eÐnai to U(ρ) = 0, dhladă èqoume thn exÐswsh tou Laplace. Prèpei na lujeÐ h exÐswsh:

ρ^2R^{′′} + ρR^′ + (ζ^2ρ^2 − m^2)R = 0.

Prìkeitai gia thn (kulindrikă) exÐswsh Bessel. Oi dÔo anexĹrthtec lÔseic thc eÐnai h sunĹrthsh Bessel J_m(ζρ) kai h sunĹrthsh Neumann N_m(ζρ). Opwc eÐpame, oi lÔseic wc proc th suntetagmènh z eÐnai: cosh ζz kai sinh ζz. Katalăgoume, loipìn, sth genikă lÔsh: Ψ(ρ, ϕ, z) = ∑ m,ζ [a_mJ_m(ζρ) + b_mN_m(ζρ)][c_m cos mϕ + d_m sin mϕ]

[f_ζ cosh ζz + g_ζ sinh ζz]. (4.17) O arijmìc m diatrèqei, ìpwc eÐpame, touc akèraiouc. Oi timèc pou ja pĹrei to ζ ja exarthjoÔn apì tic oriakèc sunjăkec pou ja epiblhjoÔn sthn kateÔjunsh z. An, gia parĹdeigma, prèpei na mhdenÐzetai h lÔsh sthn parĹpleurh epifĹneia kĹpoiou kulÐndrou, tìte h sunjăkh J_m(ζR) = 0 periorÐzei to ζ se mia apeirÐa diakritÿn epitreptÿn timÿn, pĹnw stic opoÐec prèpei na ajroÐsoume.

To parĹdeigma upodeiknÔei th mejodologÐa pou prèpei na akoloujhjeÐ gia th lÔsh thc exÐswshc (4.16), allĹ epÐthdec sto parĹdeigma pou prohgăjhke epilèxame thn aploÔsterh perÐptwsh. Se Ĺllec periptÿseic to ζ^2, (upenjumÐzoume ìti to ζ emfanÐzetai sto ìrisma twn sunartăsewn Bessel kai Neumann), mporeÐ na antikatastajeÐ apì thn parĹstash −ζ^2 + k^2, opìte to κ ≡ √ −ζ^2 + k^2 endeqomènwc na gÐnei mhdèn ă fantastikìc arijmìc. EpÐshc to k^2 mporeÐ na gÐnei −k^2 (an exetĹzoume thn tropopoihmènh exÐswsh Helmholtz), me anĹlogec sunèpeiec. An to ζ^2 gÐnei −ζ^2, dhladă to ζ gÐnei iζ, ta uperbolikĹ hmÐtona kai sunhmÐtona ja metapèsoun stic antÐstoiqec trigwnometrikèc sunartăseic. ParomoÐwc, an ta orÐsmata twn sunartăsewn Bessel kai Neumann gÐnoun fantastikoÐ arijmoÐ, oi sunartăseic autèc ja metatrapoÔn se tropopoihmènec sunartăseic Bessel kai Neumann.

En ìyei autÿn twn epiplokÿn kai dedomènou ìti den èqoume kajorÐsei tic akribeÐc oriakèc sunjăkec, den ja epiqeirăsoume na grĹyoume th seirĹ thc genikăc lÔshc gia ìlec tic periptÿseic. AplĹ, gia kĹje sunduasmì twn diafìrwn posotătwn, ja grĹyoume th morfă tou antÐstoiqou ìrou sth seirĹ. Ja to kĹnoume qwristĹ gia tic periptÿseic U(ρ) = −k^2, U(ρ) = +k^2, U(ρ) = 0. DÔo posìthtec pou ja qrhsimopoihjoÔn polÔ eÐnai oi

κ_+ ≡ √ ζ^2 + k^2, κ_− ≡ √ | − ζ^2 + k^2|.

H aktinikă exÐswsh (4.16) eÐnai qrăsimo na grafteÐ me th morfă:

ρ^2R^{′′} + ρR^′ + ([ Z^{′′} Z + U(ρ) ] ρ^2 − m^2 ) R = 0. (4.18)

4.3.1 ExÐswsh HELMHOLTZ: [∇^2 + k^2]Ψ = 0.

Aută h exÐswsh prokÔptei apì thn (4.18) ìtan U(ρ) = +k^2.

• An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cosh ζz kai sinh ζz, h prokÔptousa aktinikă exÐswsh ρ^2R^{′′} + ρR^′ + ([ζ^2 + k^2]ρ^2 − m^2)R = 0 ja lÔnetai apì tic J_m(κ_+ρ) kai N_m(κ_+ρ) kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mJ_m(κ_+ρ) + b_mN_m(κ_+ρ)][c_m cos mϕ + d_m sin mϕ] [f_ζ cosh ζz + g_ζ sinh ζz]. (4.19)

• An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cos ζz kai sin ζz, h prokÔptousa aktinikă exÐswsh eÐnai h exăc:

ρ^2R^{′′} + ρR^′ + ([−ζ^2 + k^2]ρ^2 − m^2)R = 0.

An ζ^2 < k^2, h exÐswsh ja lÔnetai apì tic J_m(κ_−ρ) kai N_m(κ_−ρ) kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mJ_m(κ_−ρ) + b_mN_m(κ_−ρ)][c_m cos mϕ + d_m sin mϕ]

[f_ζ cos ζz + g_ζ sin ζz]. (4.20) An ζ^2 > k^2, h exÐswsh ja lÔnetai apì tic I_m(κ_−ρ) kai K_m(κ_−ρ) kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mI_m(κ_−ρ) + b_mK_m(κ_−ρ)][c_m cos mϕ + d_m sin mϕ] [f_ζ cos ζz + g_ζ sin ζz]. (4.21) Tèloc, an ζ^2 = k^2, h exÐswsh ja lÔnetai apì tic ρ^{+m} kai ρ^{−m} gia m ≠ 0 kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mρ^m + b_mρ^{−m}][c_m cos mϕ + d_m sin mϕ][f_ζ cos ζz + g_ζ sin ζz]. (4.22) H akìma eidikìterh perÐptwsh m = 0 dÐnei tic lÔseic 1 kai ln ρ gia thn aktinikă sunĹrthsh kai ton antÐstoiqo ìro:

[a_0 + b_0 ln ρ][c_0][f_ζ cos ζz + g_ζ sin ζz]. (4.23)

• An Z = h_0 + h_1z, h prokÔptousa aktinikă exÐswsh eÐnai h exăc: ρ^2R^{′′} + ρR^′ + (k^2ρ^2 − m^2)R = 0 kai lÔnetai apì tic J_m(kρ) kai N_m(kρ), kai o antÐstoiqoc ìroc eÐnai: [a_mJ_m(kρ) + b_mN_m(kρ)][c_m cos mϕ + d_m sin mϕ][h_0 + h_1z]. (4.24) H perÐptwsh h_1 = 0 dÐnei th lÔsh enìc kajarĹ didiĹstatou problămatoc.

4.3.2 Tropopoihmènh exÐswsh HELMHOLTZ: [∇^2 − k^2]Ψ = 0

Aută h exÐswsh prokÔptei apì thn (4.18) ìtan U(ρ) = −k^2.

Prèpei na lujeÐ h exÐswsh:

ρ^2R^{′′} + ρR^′ + ([ Z^{′′} Z − k^2 ] ρ^2 − m^2 ) R = 0. • An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cosh ζz kai sinh ζz, h prokÔptousa aktinikă exÐswsh ρ^2R^{′′} + ρR^′ + ([ζ^2 − k^2]ρ^2 − m^2)R = 0 ja lÔnetai:

(1) EÐte apì tic J_m(κ_−ρ) kai N_m(κ_−ρ), an ζ^2 > k^2, opìte o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mJ_m(κ_−ρ) + b_mN_m(κ_−ρ)][c_m cos mϕ + d_m sin mϕ] [f_ζ cosh ζz + g_ζ sinh ζz]. (4.25) (2) EÐte apì tic I_m(κ_−ρ) kai K_m(κ_−ρ), an ζ^2 < k^2, kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mI_m(κ_−ρ) + b_mK_m(κ_−ρ)][c_m cos mϕ + d_m sin mϕ]

[f_ζ cosh ζz + g_ζ sinh ζz]. (4.26) Anafèroume tèloc thn perÐptwsh ζ^2 = k^2, opìte oi lÔseic thc aktinikăc exÐswshc eÐnai oi ρ^{±m} (1 kai ln ρ gia m = 0) kai oi antÐstoiqoi ìroi eÐnai thc morfăc [a_mρ^m + b_mρ^{−m}][c_m cos mϕ + d_m sin mϕ] [f_ζ cos ζz + g_ζ sin ζz], (4.27) ă [a_0 + b_0 ln ρ][c_0][f_ζ cos ζz + g_ζ sin ζz]. (4.28) • An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cos ζz kai sin ζz, h prokÔptousa aktinikă exÐswsh eÐnai h exăc:

ρ^2R^{′′} + ρR^′ + (−[ζ^2 + k^2]ρ^2 − m^2)R = 0, h opoÐa ja ikanopoieÐtai apì tic I_m(κ_+ρ) kai K_m(κ_+ρ) anexartătwc tou sqetikoÔ megèjouc twn ζ kai k kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc: [a_mI_m(κ_+ρ) + b_mK_m(κ_+ρ)][c_m cos mϕ + d_m sin mϕ] [f_ζ cos ζz + g_ζ sin ζz]. (4.29) • An Z = h_0 + h_1z, h prokÔptousa aktinikă exÐswsh eÐnai h exăc: ρ^2R^{′′} + ρR^′ + (−k^2ρ^2 − m^2)R = 0 kai lÔnetai apì tic I_m(kρ) kai K_m(kρ), kai o antÐstoiqoc ìroc eÐnai: [a_mI_m(kρ) + b_mK_m(kρ)][c_m cos mϕ + d_m sin mϕ] [h_0 + h_1z]. (4.30) Kai pĹli, an h_1 = 0 paÐrnoume th lÔsh enìc kajarĹ didiĹstatou problămatoc.

4.3.3 ExÐswsh LAPLACE: ∇^2Ψ = 0

Aută h exÐswsh prokÔptei apì thn (4.18) ìtan U(ρ) = 0.

Prèpei na lujeÐ h exÐswsh:

ρ^2R^{′′} + ρR^′ + ([ Z^{′′} Z ] ρ^2 − m^2 ) R = 0. • An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cosh ζz kai sinh ζz, h prokÔptousa aktinikă exÐswsh ρ^2R^{′′} + ρR^′ + (ζ^2ρ^2 − m^2)R = 0 ja lÔnetai apì tic J_m(ζρ) kai N_m(ζρ), Ĺra o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mJ_m(ζρ) + b_mN_m(ζρ)][c_m cos mϕ + d_m sin mϕ] [f_ζ cosh ζz + g_ζ sinh ζz]. (4.31)

• An oi idiosunartăseic sthn kateÔjunsh z eÐnai oi cos ζz kai sin ζz, h prokÔptousa aktinikă exÐswsh eÐnai h exăc:

ρ^2R^{′′} + ρR^′ + (−ζ^2ρ^2 − m^2)R = 0,

h opoÐa ja ikanopoieÐtai apì tic I_m(ζρ) kai K_m(ζρ) kai o antÐstoiqoc ìroc sth seirĹ ja eÐnai thc morfăc:

[a_mI_m(ζρ) + b_mK_m(ζρ)][c_m cos mϕ + d_m sin mϕ]

[f_ζ cos ζz + g_ζ sin ζz]. (4.32)

• An Z = h_0 + h_1z, h prokÔptousa aktinikă exÐswsh eÐnai h exăc:

ρ^2R^{′′} + ρR^′ − m^2R = 0

kai lÔnetai apì tic ρ^{+m} kai ρ^{−m} (1 kai ln ρ an m = 0) kai o antÐstoiqoc ìroc eÐnai:

[a_mρ^{+m} + b_mρ^{−m}][c_m cos mϕ + d_m sin mϕ][h_0 + h_1z] (4.33)

kai sthn eidikă perÐptwsh m = 0 :

[a_0 + b_0 ln ρ][c_0][h_0 + h_1z] (4.34)

Kai pĹli, an h_1 = 0 paÐrnoume th lÔsh enìc kajarĹ didiĹstatou problămatoc.

SÔnoyh: Epeidă h perÐptwsh twn kulindrikÿn suntetagmènwn èqei pollèc upoperiptÿseic ja anafèroume ta qarakthristikĹ twn lÔsewn sunoptikĹ: PantoÔ upĹrqoun oi parĹgontec cos mϕ kai sin mϕ pou ekfrĹzoun thn azimoujiakă exĹrthsh. H exĹrthsh apì to z ekfrĹzetai eÐte apì tic sunartăseic sin ζz kai cos ζz eÐte apì tic sinhζz kai cosh ζz, anĹloga me tic oriakèc sunjăkec wc proc z. Gia tic periptÿseic twn exisÿsewn diĹqushc, Helmholtz kai tropopoihmènhc Helmholtz, emfanÐzetai h stajerĹ qwrismoÔ metablhtÿn k^2 pou sunduĹzetai me to ζ^2 kai gennĹ tic κ_+ kai κ_−. An ta κ_+ kai κ_− eÐnai pragmatikoÐ arijmoÐ, h exĹrthsh apì thn aktinikă sunistÿsa dÐnetai apì tic sunartăseic J_m(κ_±ρ) kai N_m(κ_±ρ). An eÐnai fantastikoÐ arijmoÐ, h aktinikă exĹrthsh gÐnetai: I_m(|κ_±|ρ) kai K_m(|κ_±|ρ).

4.4 Askăseic

1. Na brejoÔn oi lÔseic U(r, θ, ϕ, t) thc kumatikăc exÐswshc sto qÿro pou èqoun th morfă U(r, θ, ϕ, t) = u(r, θ, ϕ)sin(ωt). Upìdeixh: Sfairikèc suntetagmènec. Ja emfanisteÐ h exÐswsh tou Legendre (jumhjeÐte th lÔsh thc exÐswshc Laplace se treic diastĹseic). H aktinikă exÐswsh pou ja prokÔyei anĹgetai se Bessel me to metasqhmatismì R =^{W√}_r . LÔsh: H sunĹrthsh U ikanopoieÐ thn kumatikă exÐswsh: ∇^2U =^1_{c2} ∂_{tt}U, Ĺra h u eÐnai lÔsh thc ∇^2u + k^2u = 0 (exÐswsh Helmholtz se sfairikèc suntetagmènec), ìpou k ≡^ω_c . Kat’ analogÐa me thn exÐswsh Laplace se sfairikèc suntetagmènec (me ton qwrismì metablhtÿn u = R(r)P (θ)F (ϕ)) brÐskoume tic Ðdiec akribÿc exisÿseic gia ta R kai Θ, enÿ h “aktinikă” exÐswsh gÐnetai: 1 r^2

(r^2R^′)^′ + ( k^2 − l(l + 1) r^2 ) R = 0,

4.4. ASK§HSEIS 107

pou me thn antikatĹstash R =^{W√}_r dÐnei thn

r^2W^{′′} + rW^′ + [ k^2r^2 − ( l + 1 2 )_2] W = 0

pou èqei lÔseic J_{l+} 1_2 (kr), N_{l+} 1_2 (kr).

2. Na brejeÐ h exÐswsh pou dÐnei to dianusmatikì dunamikì ⃗A gia to magnhtikì pedÐo pou parĹgetai apì èna kuklikì brìqo reÔmatoc. UpodeÐxeic: ⃗B = ⃗∇ × ⃗A, ⃗∇ × ⃗B = μ_0 ⃗J → ⃗∇ × (⃗∇ × ⃗A) = μ_0 ⃗J, ìpou ⃗J eÐnai h puknìthta reÔmatoc. LĹbete wc dedomèno ìti: ⃗A = A_ϕ(ρ, θ)ϕ̂ kai breÐte th genikă lÔsh thc omogenoÔc exÐswshc, afoÔ prÿta th grĹyete se sfairikèc suntetagmènec. Mhn prospajăsete na prosdiorÐsete tic stajerèc pou upeisèrqontai sth genikă lÔsh.

108 KEF§ALAIO 4. QWRISM§OS METABLHT§WN: SUN§EQEIA

KefĹlaio 5

Problămata Sturm-Liouville

5.1 Eisagwgă

Ta problămata pou parousiĹzontai sth suntriptikă pleioyhfÐa twn fusikÿn efarmogÿn anĹgontai se diaforikèc exisÿseic (DE) deÔterhc tĹxhc me tic katĹllhlec oriakèc sunjăkec. Oi suntelestèc autÿn twn DE eÐnai sunăjwc pragmatikèc sunartăseic. Oi lÔseic touc mporoÔn na eÐnai kai migadikèc sunartăseic. H DE ja emfanisteÐ genikĹ me th morfă enìc problămatoc idiotimÿn, to opoÐo, lambĹnontac upìyh ìsa eÐpame sta kefĹlaia perÐ qwrismoÔ metablhtÿn, ja eÐnai to exăc:

L̂ψ_λ = −λψ_λ, (5.1)

ìpou L̂ ≡ α(x) d^2 dx^2 + β(x) d dx + γ(x), (5.2)

oi α(x), β(x), γ(x) eÐnai pragmatikèc sunartăseic, kai upĹrqoun epÐshc oi oriakèc sunjăkec, oi opoÐec prosdiorÐzoun plărwc to prìblhma, dhladă thn idiotimă −λ kai thn antÐstoiqh idiosunĹrthsh ψ_λ.

ParathroÔme ìti h morfă tou problămatoc (5.1) jumÐzei èntona ta problămata idiotimÿn thc Grammikăc Algebrac. Opwc eÐnai gnwstì, s’ autĹ ta problămata upĹrqei ènac telestăc Â (pou anaparÐstatai m’ ènan pÐnaka A) o opoÐoc dra se kĹpoio diĹnusma (mèloc tou antÐstoiqou dianusmatikoÔ qÿrou) pou anaparÐstatai me mia stălh. To prìblhma idiotimÿn gi’ autìn ton telestă, pou dra s’ èna qÿro peperasmènwn diastĹsewn (èstw N), eÐnai na brejoÔn idiotimèc λ kai antÐstoiqa dianÔsmata u_λ, ÿste na ikanopoieÐtai h exÐswsh: ∑_N l=1 A_{kl}u_{λl} = λu_{λk} , k = 1, 2, . . . , N. To prìblhma (5.1) pou exetĹzoume diafèrei katĹ to ìti sth jèsh tou telestă pou dra se qÿro peperasmènwn diastĹsewn, èqoume ènan diaforikì telestă, ton L̂, pou drĹ se ènan apeirodiĹstato qÿro sunartăsewn. (H diaforĹ sto prìshmo thc idiotimăc den eÐnai ousiÿdhc. Qrhsimopoiăjhke sthn perÐptwsh tou diaforikoÔ telestă aplĹ gia mellontikă eukolÐa).

UpĹrqei, gia qÿrouc peperasmènwn diastĹsewn, h polÔ endiafèrousa upokathgorÐa twn ermiteianÿn telestÿn, gia touc opoÐouc isqÔoun pollĹ endiafèronta jewrămata:

1. Oi idiotimèc touc eÐnai pragmatikoÐ arijmoÐ,

2. To sÔnolo twn idiodianusmĹtwn touc apoteleÐ bĹsh, wc proc thn opoÐa mporeÐ kaneÐc na anaptÔxei opoiodăpote diĹnusma tou qÿrou kai

3. Ta idiodianÔsmatĹ touc pou antistoiqoÔn se diaforetikèc idiotimèc eÐnai orjogÿnia metaxÔ touc.

Autèc oi treic idiìthtec parousiĹzoun exairetikì endiafèron gia tic fusikèc efarmogèc. EpÐ paradeÐgmati, h idiìthta (1) sundèetai me to gegonìc ìti oi idiotimèc eÐnai metrăsimec fusikèc posìthtec, oi opoÐec prèpei asfalÿc na eÐnai pragmatikoÐ arijmoÐ. H idiìthta (2) mporeÐ na mac exasfalÐsei ìti, an lÔsoume to prìblhma twn idiotimÿn, ja mporèsoume na ekfrĹsoume opoiadăpote dunată lÔsh upì th morfă enìc grammikoÔ sunduasmoÔ (p.q. miac seirĹc) twn idiodianusmĹtwn, enÿ h idiìthta (3) mporeÐ na mac bohjăsei na prosdiorÐsoume touc suntelestèc sto Ĺjroisma twn idiodianusmĹtwn. Gia parĹdeigma, to Ĺjroisma thc seirĹc mporeÐ na eÐnai mia arqikă sunjăkh, ìpwc sta paradeÐgmata twn kefalaÐwn gia to qwrismì metablhtÿn: Ðswc h arqikă apomĹkrunsh f(x) miac qordăc na ekfrasteÐ wc Ĺjroisma twn idiosunartăsewn ∑ n c_n sin^{nπx}_L kai na prèpei na prosdioristoÔn oi suntelestèc c_n. Endiaferìmaste loipìn pĹra polÔ na diapistÿsoume katĹ pìso kai gia to apeirodiĹstato prìblhma pou antimetwpÐzoume, upĹrqoun ermiteianoÐ telestèc.

EÐnai aparaÐthto na dieukrinisteÐ apì miac arqăc ìti h ermiteianìthta orÐzetai pĹntote wc proc èna sugkekrimèno eswterikì ginìmeno. EpÐ paradeÐgmati, gia ton qÿro peperasmènwn diastĹsewn pou anafèrame prin, to eswterikì ginìmeno dÔo migadikÿn dianusmĹtwn ⃗u kai ⃗v me sunistÿsec u_k kai v_k, k = 1, . . . , N orÐzetai apì thn exÐswsh (⃗u, ⃗v) ≡ N∑ k=1 u^∗_kv_k (5.3)

kai o pÐnakac A (pou antistoiqeÐ ston telestă Â) eÐnai ermiteianìc me thn ènnoia ìti isqÔei h sqèsh: (A⃗u, ⃗v) = (⃗u, A⃗v). (O asterÐskoc sumbolÐzei thn migadikă suzugă posìthta.) Opwc eÐpame, sthn perÐptwsh twn diaforikÿn exisÿsewn èqoume na kĹnoume me ènan apeirodiĹstato qÿro. Gia na arqÐsoume na exoikeiwnìmaste sthn idèa, ja jewrăsoume ènan apeirodiĹstato qÿro me arijmăsimh bĹsh. H kat’ eujeÐan genÐkeush thc sqèshc (5.3) eÐnai, bèbaia h sqèsh (⃗u, ⃗v) ≡ ∞∑ k=−∞ u^∗_kv_k. (5.4)

Ja èlege loipìn kaneÐc ìti to eswterikì ginìmeno dÔo sunartăsewn mporeÐ na oristeÐ me mia tropopoÐhsh thc sqèshc (5.4): (f(x), g(x)) ≡ ∫_{+∞} −∞ dxf^∗(x)g(x), ìpou h anexĹrthth metablhtă x paÐzei to rìlo thc suntetagmènhc up’ arijmìn k sth sqèsh (5.4). Par’ ìl’ autĹ ja qreiastoÔme mia elafrĹ genÐkeush thc (5.4). Gia na kĹnoume th genÐkeush pio katanohtă, mporoÔme na poÔme ìti endeqomènwc (gia kĹpoio lìgo pou den prosdiorÐzetai proc to parìn) orismènec sunistÿsec eÐnai pio shmantikèc apì Ĺllec, opìte prèpei na lambĹnontai upìyh m’ èna megalÔtero suntelestă, enÿ Ĺllec eÐnai pio asămantec kai prèpei na apodunamwjoÔn pollaplasiazìmenec m’ ènan mikrì suntelestă. Ac onomĹsoume w_k ton (jetikì) suntelestă gia th sunistÿsa k, opìte h genÐkeush thc (5.4) eÐnai h: (⃗u, ⃗v) ≡ ∞∑ k=−∞ w_k u^∗_kv_k. (5.5)

Epomènwc, an metaboÔme ston suneqă deÐkth, to eswterikì ginìmeno dÔo sunartăsewn orÐzetai apì th sqèsh: (f(x), g(x)) ≡ ∫_{+∞} −∞ dxw(x)f^∗(x)g(x). (5.6)

5.1. EISAGWG§H 111

H sunĹrthsh w(x) ≥ 0 lègetai sunĹrthsh bĹrouc kai eÐnai aparaÐthth. Mia apì tic qrăseic thc eÐnai ìti epitrèpei na prosarmìzei kaneÐc to pedÐo orismoÔ tou kĹje problămatoc sto epijumhtì mèroc tou Ĺxona twn x. An orÐsoume ìti h sunĹrthsh bĹrouc w(x) mhdenÐzetai gia −∞ < x < a kai b < x < +∞, to eswterikì ginìmeno metapÐptei sto (f(x), g(x)) ≡ ∫_b a dxw(x)f^∗(x)g(x) (5.7) kai epomènwc ousiastikĹ to prìblhma idiotimÿn periorÐzetai sto diĹsthma [a, b].

Ja exetĹsoume tÿra upì poièc proôpojèseic o diaforikìc telestăc L̂ eÐnai ermiteianìc wc proc to eswterikì ginìmeno (5.6), dhladă pìte isqÔei o orismìc (L̂f, g) = (f, L̂g) → (L̂f, g) − (f, L̂g) = 0. (5.8) GrĹfoume th sqèsh rhtĹ, qrhsimopoiÿntac touc orismoÔc (5.2) kai (5.6): ∫_{+∞} −∞ dxw(αf^{′′} + βf^′ + γf)^∗g − ∫_{+∞} −∞ dxwf^∗(αg^{′′} + βg^′ + γg) = 0 →

→ ∫_{+∞} −∞ dx[wαf^{∗′′}g − wαf^∗g^{′′}] + ∫_{+∞} −∞ dx[wβf^{∗′}g − wβf^∗g^′]

+ ∫_{+∞} −∞ dx[wγf^∗g − wγf^∗g] = 0 →

→ ∫_{+∞} −∞ dxwα[f^{∗′}g − f^∗g^′]^′ + ∫_{+∞} −∞ dxwβ[f^{∗′}g − f^∗g^′] = 0 →

→ wα(f^{∗′}g − f^∗g^′)|^{+∞}_{−∞} + ∫_{+∞} −∞ dx[wβ − (wα)^′][f^{∗′}g − f^∗g^′] = 0 (5.9)

H sunjăkh (5.9) prèpei na isqÔei gia opoiodăpote zeugĹri sunartăsewn f(x), g(x). O mìnoc trìpoc gia na gÐnei autì eÐnai na mhdenÐzontai qwristĹ oi dÔo ìroi:

wα(f^{∗′}g − f^∗g^′)|^{+∞}_{−∞} = 0, (5.10) ∫_{+∞} −∞ dx[wβ − (wα)^′][f^{∗′}g − f^∗g^′] = 0 (5.11)

H sunjăkh (5.10) periorÐzei to qÿro twn apodektÿn sunartăsewn. Oi apodektèc sunartăseic f(x), g(x) ja prèpei na eÐnai tètoiec ÿste to ginìmeno w(x)α(x)[f^{∗′} (x)g(x)−f^∗(x)g^′(x)] na paÐrnei thn Ðdia timă sta −∞, +∞ (sunăjwc h timă aută ja eÐnai mhdèn).

H sunjăkh (5.11) prosdiorÐzei th sunĹrthsh bĹrouc, afoÔ prèpei na isqÔei gia opoiesdăpote f(x) kai g(x): α^′w + αw^′ = wβ → w^′ ≡^{dw}_{dx} =^{β−α′}_α w → ∫_{dw} w = ∫_β α dx − ∫_α′ α dx, opìte: w(x) =^c_{|α(x)|} exp [∫ dx^{β(x)}_{α(x)} ] . To c eÐnai h stajerĹ oloklărwshc kai sunăjwc tÐjetai Ðso me 1. ParathroÔme ìti h α(x) den prèpei na mhdenÐzetai sto pedÐo orismoÔ, Ĺra (lìgw suneqeÐac) den allĹzei prìshmo. Sunepÿc mporoÔme na agnoăsoume to sÔmbolo thc apìluthc timăc kai h sunĹrthsh bĹrouc eÐnai telikĹ: w(x) = 1 α(x) exp [∫ dx β(x) α(x) ] . (5.12)

An tÿra to w(x) epilegeÐ ìpwc eÐpame, ja ikanopoieÐ th sqèsh wβ = (wα)^′, opìte h sqèsh (5.1) sunepĹgetai thn w(x)L̂ψ_λ(x) = −λw(x)ψ_λ(x) →

→ w(x)α(x)ψ^{′′}_λ (x) + w(x)β(x)ψ^′_λ (x) + w(x)γ(x)ψ_λ (x) = −λw(x)ψ_λ (x) →

→ w(x)α(x)ψ^{′′}_λ (x) + (w(x)α(x))^′ ψ^′_λ(x) + w(x)γ(x)ψ_λ (x) = −λw(x)ψ_λ (x) →

→ (w(x)α(x)ψ^′_λ (x))^′ + (γ(x) + λ)w(x)ψ_λ (x) = 0. (5.13)

To dÐdagma ìlwn autÿn twn prĹxewn eÐnai ìti: (a) Akìma kai an to tuqaÐo prìblhma me telestă L̂ den eÐnai ermiteianì, mporeÐ na gÐnei, an o telestăc pollaplasiasteÐ me thn katĹllhlh sunĹrthsh bĹrouc. Bèbaia, eÐnai ermiteianì wc proc to sugkekrimèno eswterikì ginìmeno (5.6) kai mèsa sto qÿro twn sunartăsewn pou upakoÔoun sth sunjăkh (5.10). (b) To tÐmhma pou plhrÿnei kaneÐc gia na to petÔqei eÐnai h emfĹnish thc sunĹrthshc bĹrouc sto eswterikì ginìmeno (5.6) kai sthn exÐswsh (5.13). (g) Apì th stigmă pou ja to petÔqoume èqoume exasfalÐsei tic kalèc idiìthtec enìc ermiteianoÔ telestă. Dhladă xèroume ìti oi idiotimèc ja eÐnai pragmatikèc, ìti oi idiosunartăseic ja eÐnai bĹsh, dhladă ja kalÔptoun ìlo ton antÐstoiqo qÿro, kai ìti oi idiosunartăseic ψ_{λ1} , ψ_{λ2} , ψ_{λ3} , . . . pou antistoiqoÔn se diaforetikèc idiotimèc ja eÐnai orjogÿniec. To teleutaÐo shmaÐnei ìti to oloklărwma ∫_{+∞} −∞ dxw(x)ψ^∗_{λ1} (x)ψ_{λ2} (x), pou paristĹnei to eswterikì ginìmeno, ja mhdenÐzetai an λ_1 ≠ λ_2. Dhladă, an broÔme th sunĹrthsh bĹrouc, xèroume autìmata kai poiì oloklărwma, sqetizìmeno me tic idiosunartăseic, ja mhdenisteÐ, dhladă parĹgoume thn orjogwniìthta. (d) Oi idiìthtec twn ermiteianÿn telestÿn den prosdiorÐzoun thn timă tou oloklhrÿmatoc ∫_{+∞} −∞ dxw(x)ψ^∗_λ (x)ψ_λ(x) (me to Ðdio λ), dhladă to “mètro” thc sunĹrthshc. PĹnta gÐnetai kĹpoia aujaÐreth sÔmbash. (e) EpÐshc oi idiìthtec twn ermiteianÿn telestÿn den dÐnoun plhroforÐec sqetikĹ me thn timă tou oloklhrÿmatoc ∫_{+∞} −∞ dxw(x)[ψ^{(1)}_λ (x)]^∗ψ^{(2)}_λ (x), dhladă gia to eswterikì ginìmeno dÔo diaforetikÿn idiosunartăsewn pou antistoiqoÔn sthn Ðdia idiotimă (an parousiĹzetai autì to fainìmeno pou lègetai ekfulismìc).

Me touc sumbolismoÔc p(x) ≡ w(x)α(x) kai q(x) ≡ γ(x)w(x), h exÐswsh (5.13) grĹfetai:

(p(x)ψ^′_λ(x))^′ + [q(x) + λw(x)]ψ_λ (x) = 0. (5.14)

Sunăjwc aută eÐnai h morfă pou anafèretai wc prìblhma Sturm-Liouville sth bibliogafÐa. Prohgoumènwc eÐdame pÿc mporeÐ na prokÔyei apì èna prìblhma me tuqaÐo diaforikì telestă kai ìti sunepÿc den prìkeitai gia mia eidikă perÐptwsh. Mia kai h exÐswsh (5.14) mporeÐ na grafteÐ me th morfă p(x)ψ^{′′}_λ (x) + p^′(x)ψ^′_λ(x) + [q(x) + λw(x)]ψ_λ (x) = 0,

upĹrqei h tĹsh na lègetai ìti to prìblhma eÐnai ermiteianì an, ston antÐstoiqo telestă, o suntelestăc thc prÿthc paragÿgou thc Ĺgnwsthc sunĹrthshc (dhladă o p^′(x)) eÐnai h parĹgwgoc tou suntelestă thc deÔterhc paragÿgou (dhladă tou p(x)). Autì den eÐnai akribèc, ìpwc eÐdame. To prìblhma den orÐzetai mìno apì ton telestă, allĹ kai apì tic oriakèc sunjăkec, prĹgma pou periorÐzei to qÿro twn apodektÿn sunartăsewn. PĹntwc, aută h morfă mac plhroforeÐ ìti, an sumbaÐnei kĹti tètoio ston arqikì telestă (dhladă an α^′(x) = β(x), h sunĹrthsh bĹrouc ja eÐnai monĹda.

Autì sumbaÐnei, epÐ paradeÐgmati, sthn exÐswsh Legendre: (1 − x^2)ψ^{′′} − 2xψ^′ + l(l + 1)ψ = 0, afoÔ α^′(x) = (1 − x^2)^′ = −2x = β(x).

ParĹdeigma: JewroÔme thn exÐswsh tou Hermite:

H^{′′}_n (x) − 2xH^′_n(x) + 2nH_n(x) = 0.

Opwc blèpoume eÔkola, α(x) = 1, β(x) = −2x, λ = 2n, γ(x) = 0. H sqèsh (5.12) dÐnei: w(x) = exp[−x^2]. H exÐswsh grĹfetai, an pollaplasiĹsoume me th sunĹrthsh bĹrouc:

exp[−x^2]H^{′′}_n (x) − 2x exp[−x^2]H^′_n(x) + 2n exp[−x^2]H_n(x) = 0 →

→ (exp[−x^2]H^′_n(x))^′ + 2n exp[−x^2]H_n(x) = 0,

pou sumfwneÐ me th morfă (5.14), afoÔ p(x) = α(x)w(x) = exp[−x^2], q(x) = γ(x)w(x) = 0, λw(x) = 2n exp[−x^2]. Dhladă, an pollaplasiĹsoume me th sunĹrthsh bĹrouc, o telestăc pou prokÔptei èqei ermiteiană morfă. To eswterikì ginìmeno dÔo poluwnÔmwn Hermite ja eÐnai: (H_m(x), H_n(x)) ≡ ∫_{+∞} −∞ dx exp[−x^2]H^∗_m(x)H_n(x),

kai ja mhdenÐzetai an m ≠ n, giatÐ ja antistoiqoÔn se diaforetikă idiotimă. Opoiadăpote apodektă sunĹrthsh mporeÐ na anaptuqjeÐ sth seirĹ: f(x) = ∑ n c_nH_n(x). PollaplasiĹzontac ta dÔo mèlh me kĹpoio sugkekrimèno poluÿnumo H_N (x) kai th sunĹrthsh bĹrouc kai oloklhrÿnontac mporoÔme na ekmetalleutoÔme th sqèsh orjogwniìthtac kai na apomonÿsoume ton antÐstoiqo suntelestă c_N : ∫_{+∞} −∞ dx exp[−x^2]H_N (x)f(x) = ∑ n c_n ∫_{+∞} −∞ dx exp[−x^2]H_n(x)H_N (x) →

→ ∫_{+∞} −∞ dx exp[−x^2]H_N (x)f(x) = c_N ∫_{+∞} −∞ dx exp[−x^2]H^2_N (x) →

→ c_N = ∫_{+∞} −∞ dx exp[−x^2]H_N (x)f(x) ∫_{+∞} −∞ dx exp[−x^2]H^2_N (x) . 5.2 Mèjodoc qwrismoÔ metablhtÿn tou Fourier

Ja prospajăsoume tÿra na jemeliÿsoume kalÔtera th mèjodo qwrismoÔ metablhtÿn gia omogenă problămata pou èqoume ădh efarmìsei se prohgoÔmeno kefĹlaio. Gia aplìthta ja jewrăsoume prìblhma sunoriakÿn timÿn me dÔo mìno anexĹrthtec metablhtèc: to qrìno kai mia qwrikă metablhtă. To qronikì kommĹti ja perilambĹnei mia qronikă parĹgwgo (∂_t), an èqoume prìblhma diĹqushc ă jermikăc agwgimìthtac ă diplă qronikă parĹgwgo (∂_{tt}), an èqoume prìblhma kumatikăc. GrĹfoume ton antÐstoiqo telestă me th morfă Q ≡ c_1∂_t + c_2∂_{tt}.

To prìblhma eÐnai to exăc:

1 w(x) { ∂ ∂x ( p(x) ∂Ψ ∂x ) + q(x)Ψ } + QΨ = 0, (5.15)

d_aΨ_x|_{x=a} + f_aΨ|_{x=a} = 0, d_bΨ_x|_{x=b} + f_bΨ|_{x=b} = 0, (5.16)

g_1Ψ_t|_{t=t0} + h_1Ψ|_{t=t0} = n_1(x), g_2Ψ_t|_{t=t0} + h_2Ψ|_{t=t0} = n_2(x). (5.17)

ParathroÔme kat’ arqăn ìti to qwrikì kommĹti eÐnai thc morfăc twn Sturm kai Liouville, ÿste na mporèsoume na èqoume merikĹ genikĹ sumperĹsmata. Oi n_1(x), n_2(x) eÐnai gnwstèc sunartăseic. Gia thn kumatikă exÐswsh mia sunhjismènh perÐptwsh eÐnai g_1 = 0, h_1 = 1, g_2 = 1, h_2 = 0, opìte oi sunjăkec (5.17) gÐnontai Ψ|_{t=t0} = n_1(x), Ψ_t|_{t=t0} = n_2(x) kai oi n_1(x), n_2(x) antiproswpeÔoun thn arqikă apomĹkrunsh kai thn arqikă taqÔthta antÐstoiqa. Gia thn exÐswsh diĹqushc mìno mia apì tic dÔo sunjăkec qreiĹzetai, epomènwc mia tupikă perÐptwsh ja ătan: g_1 = 0, h_1 = 1, n_1(x) ≡ n_0(x), g_2 = 0, h_2 = 0, n_2(x) = 0, opìte ja eÐqame th sunjăkh: Ψ|_{t=t0} = n_0(x). Opwc eÐnai fanerì, oi (arqikèc) sunjăkec sto qrìno den eÐnai upoqrewtikĹ omogeneÐc. AntÐjeta, oi qwrikèc sunjăkec (5.16) eÐnai upoqrewtikĹ omogeneÐc gia na isqÔoun autĹ pou ja isquristoÔme pio kĹtw. Mia shmantikă paratărhsh eÐnai ìti oi dÔo qwrikèc sunjăkec anafèrontai h kĹje mia se èna mìno (a ă b) apì ta dÔo akraÐa ìria tou x. Gia parĹdeigma, stic sunjăkec (5.16) den perilambĹnontai oi polÔ shmantikèc periodikèc oriakèc sunjăkec, pou èqoume ădh sunantăsei me th morfă Ψ|_{x=L} = Ψ|_{x=−L}, Ψ_x|_{x=L} = Ψ_x|_{x=−L}. Mia polÔ shmantikă prìsjeth sunjăkh eÐnai ìti ta phlÐka^{p′ (x)}_{p(x)} ,^{q′ (x)}_{q(x)} kai^{w′(x)}_{w(x)} eÐnai peperasmèna kajÿc x → a kai kajÿc x → b.

KĹnoume to qwrismì metablhtÿn: Ψ(x, t) = X(x)T (t) kai antikajistÿntac sthn (5.15) paÐrnoume thn: 1 w(x) [ (pX^′)^′ X + q(x) ] + c_1 T^′ T + c_2 T^{′′} T = 0

H prÿth parĹstash exartĹtai mìno apì to x enÿ h deÔterh mìno apì to t. EÐnai loipìn kai oi dÔo upoqrewtikĹ stajerèc, h prÿth Ðsh me −λ kai h deÔterh me +λ :

(pX^′)^′ + (q(x) + λw(x))X(x) = 0, (5.18)

c_1T^′ + c_2T^{′′} − λT = 0. (5.19)

LÔnontac to prìblhma (5.18) prosdiorÐzoume ta λ_n kai X_n(x). MetĹ ton prosdiorismì twn idiotimÿn me afethrÐa to qwrikì prìblhma, mporoÔme na proqwrăsoume sth lÔsh kai tou eukolìterou “qronikoÔ” problămatoc c_1T^′_n + c_2T^{′′}_n − λ_nT_n = 0. Katìpin toÔtou, h genikă lÔsh ja mporeÐ na grafteÐ sumbolikĹ wc exăc: Ψ(x, t) = ∑ n A_nX_n(x)T_n(t). Oi suntelestèc A_n mporoÔn na prosdioristoÔn apì tic arqikèc sunjăkec. To qwrikì prìblhma pou emfanÐsthke eÐnai to prìblhma Sturm-Liouville pou èqoume ădh sunantăsei. Epomènwc, mìno kai mìno epeidă èqoume na kĹnoume me ermiteianì telestă, isqÔoun ta exăc:

• Oi idiotimèc λ_n eÐnai pragmatikèc.

• Me thn katĹllhlh kanonikopoÐhsh isqÔei: ∫_b a dxw(x)X^∗_m(x)X_n(x) = δ_{mn}.

• TuqaÐa sunĹrthsh f(x) tou diastămatoc [a, b] anaptÔssetai se seirĹ: f(x) = ∑ n c_nX_n(x), ìpou c_n = ∫_b a dxw(x)X^∗_n (x)f(x). EpÐ plèon, me tic perioristikèc sunjăkec pou èqoume epibĹllei (p.q. apokleismìc tou endeqomènou twn periodikÿn oriakÿn sunjhkÿn):

• To fĹsma idiotimÿn eÐnai diakritì.

• To fĹsma idiotimÿn den eÐnai ekfulismèno.

• UpĹrqei elĹqisth idiotimă.

• H idiosunĹrthsh X_n(x) pou antistoiqeÐ sthn idiotimă λ_n mhdenÐzetai akribÿc n − 1 forèc sto diĹsthma [a, b].

5.2.1 Exairèseic-GenikeÔseic

Otan oi sunjăkec pou jèsame parabiastoÔn, ja allĹxoun kai orismèna sumperĹsmata ă trìpoi antimetÿpishc tou problămatoc.

• Sthn perÐptwsh pou èqoume periodikèc oriakèc sunjăkec, to fĹsma twn idiotimÿn ja eÐnai ekfulismèno. Sto parĹdeigma tou daktulÐou, pou sunantăsame ădh se prohgoÔmeno kefĹlaio, brăkame hmitonikèc kai sunhmitonikèc lÔseic pou antistoiqoÔsan sthn Ðdia idiotimă.

• Sthn perÐptwsh pou (a) eÐte to diĹsthma [a, b] eÐnai Ĺpeiro, (b) eÐte kĹpoio apì ta phlÐka

p^′ (x) p(x) , q^′ (x) q(x) , w^′(x) w(x) apeirÐzetai se èna apì ta dÔo akraÐa shmeÐa (to a ă to b) tìte h oriakă

sunjăkh pou èqei sqèsh me to sugkekrimèno oriakì shmeÐo den eÐnai piĹ aujaÐreth. Sunăjwc apaiteÐtai h lÔsh na eÐnai peperasmènh s’ autì to shmeÐo. Ena parĹdeigma èqoume ădh dei me ton dÐsko. Sto kèntro tou eÐqame akribÿc autì to fainìmeno kai apaităsame na broÔme lÔsh peperasmènh sto kèntro, opìte jèsame Ðsouc me to mhdèn touc suntelestèc twn ìrwn 1 ρ^m . • To fĹsma mporeÐ na eÐnai diakritì, suneqèc ă miktì. H lÔsh me èna mèroc tou fĹsmatoc suneqèc parapèmpei sunăjwc sth qrăsh oloklhrwtikÿn metasqhmatismÿn.

5.2.2 OrjokanonikopoÐhsh twn Gram kai Schmidt

UpĹrqei h perÐptwsh na èqoume dÔo ă perissìterec idiosunartăseic pou na antistoiqoÔn sthn Ðdia idiotimă. Autì to fainìmeno lègetai ekfulismìc. S’ autăn thn perÐptwsh ta idiodianÔsmata den eÐnai upoqrewtikĹ orjogÿnia metaxÔ touc kai qreiĹzetai na efarmìsoume th mèjodo twn Gram kai Schmidt, gia na ta orjokanonikopoiăsoume. Shmeiÿnoume ìti h mèjodoc epekteÐnetai (upì proôpojèseic) autoÔsia kai se qÿrouc Ĺpeirhc diĹstashc kai èqei wc exăc: Estw ìti èqoume èna qÿro eswterikoÔ ginomènou kai ènan arijmì grammikĹ anexĹrthtwn dianusmĹtwn ⃗u_n. Jèloume na kataskeuĹsoume ap’ autĹ ènan Ðso arijmì orjokanonikÿn dianusmĹtwn ϕ̂_n. To mètro ||v|| enìc dianÔsmatoc ⃗v (aparaÐthto gia na orÐsoume thn ènnoia tou fiorjokanonikoÔfl dianÔsmatoc) orÐzetai apì th sqèsh ||v|| ≡ √ (⃗v, ⃗v). Gia thn kataskeuă twn ϕ̂_n eÐnai qrăsimo na kataskeuĹsoume prÿta ta dianÔsmata ⃗ψ_n, pou eÐnai orjogÿnia anĹ dÔo, allĹ den èqoun upoqrewtikĹ mètro monĹda.

H èmpneush thc mejìdou èrqetai apì ta sunhjismèna dianÔsmata. Ac jewrăsoume trÐa grammikĹ anexĹrthta dianÔsmata tou sunhjismènou tridiĹstatou qÿrou, ta ⃗u_1, ⃗u_2 kai ⃗u_3. Apì to ⃗u_1 mporoÔme na kataskeuĹsoume to ϕ̂_1 me mètro monĹda, diairÿntac to me to ||u_1||: ϕ̂_1 =^{⃗u1}_{||u1||} . Gia na kataskeuĹsoume to ⃗ψ_2, diĹnusma orjogÿnio proc to ϕ̂_1, prèpei apì to ⃗u_2 na afairèsoume th sunistÿsa tou pou eÐnai parĹllhlh me to ϕ̂_1. Ara sqhmatÐzoume thn probolă tou ⃗u_2 pĹnw sth dieÔjunsh tou ϕ̂_1 (isoÔtai me (ϕ̂_1, ⃗u_2)ϕ̂_1) kai thn afairoÔme apì to diĹnusma ⃗u_2. To apotèlesma eÐnai to diĹnusma ⃗ψ_2, orjogÿnio proc to ϕ̂_1: ⃗ψ_2 = ⃗u_2 − (ϕ̂_1, ⃗u_2)ϕ̂_1. Kanonikopoiÿntac to brÐskoume to ϕ̂_2 : ϕ̂_2 ≡^{⃗ψ2}_{||ψ2||} . Parìmoia, brÐskoume to ⃗ψ_3 afairÿntac apì to ⃗u_3 tic probolèc tou stic prohgoÔmenec dÔo dieujÔnseic kai me kanonikopoÐhsh paÐrnoume to ϕ̂_3 : ⃗ψ_3 = ⃗u_3 − (ϕ̂_1, ⃗u_3)ϕ̂_1 − (ϕ̂_2, ⃗u_3)ϕ̂_2, ϕ̂_3 ≡^{⃗ψ3}_{||ψ3||} . An èqoume perissìterec diastĹseic, h mèjodoc genikeÔetai eÔkola: ⃗ψ_n = ⃗u_n −^{n−1} ∑ l=1 ϕ̂_l(ϕ̂_l, ⃗u_n), ϕ̂_n ≡ ⃗ψ_n ||ψ_n|| .

UpĹrqei mia elafrĹ genÐkeush autÿn twn sqèsewn. An jèloume ta mètra twn ⃗ϕ_n na mhn eÐnai upoqrewtikĹ monĹdec, allĹ N_n, tìte oi dÔo parapĹnw sqèseic prèpei na antikatastajoÔn apì tic akìloujec: ⃗ψ_n = ⃗u_n −^{n−1} ∑ l=1 ⃗ϕ_l(⃗ϕ_l, ⃗u_n) N^2_l , ⃗ϕ_n ≡ N_n ⃗ψ_n ||ψ_n|| .

Einai shmantikì na parathrăsei kaneÐc ìti h diadikasÐa pou perigrĹyame den dÐnei èna monosămanto apotèlesma. EÐnai eÔkolo na dei kaneÐc, periorizìmenoc gia aplìthta s’ èna qÿro dÔo diastĹsewn, ìti to orjokanonikì sÔsthma pou ja prokÔyei apì aută th diadikasÐa xekinÿntac apì dÔo grammikĹ anexĹrthta dianÔsmata ⃗p kai ⃗q kai jewrÿntac ìti ⃗u_1 = ⃗p, ⃗u_2 = ⃗q ja eÐnai diaforetikì apì to apotèlesma pou ja prokÔyei an jewrăsei ìti ⃗u_1 = ⃗q, ⃗u_2 = ⃗p. KatalabaÐnei kaneÐc ìti autoÔ tou eÐdouc h aujairesÐa megalÿnei polÔ ìso auxĹnetai o arijmìc twn diastĹsewn. PĹntwc, oi diĹforec bĹseic (sustămata orjokanonikÿn dianusmĹtwn) pou prokÔptoun eÐnai metaxÔ touc isodÔnama. EpÐ paradeÐgmati, oi dÔo bĹseic tou didiĹstatou qÿrou pou mìlic perigrĹyame eÐnai aplĹ stramènec h mia wc proc thn Ĺllh.

5.3 Proseggistikèc mèjodoi gia megĹlec idiotimèc

Eqoume pei, ìtan anaferìmaste stic genikèc idiìthtec twn susthmĹtwn Sturm kai Liouville, ìti upĹrqei mia elĹqisth idiotimă, enÿ oi upìloipec auxĹnontai (endeqomènwc qwrÐc ìrio). Otan oi idiotimèc eÐnai polÔ megĹlec, mporoÔme na broÔme proseggistikoÔc tÔpouc gia tic idiotimèc kai tic antÐstoiqec idiosunartăseic. XekinĹme upenjumÐzontac th lÔsh thc exÐswshc

my^{′′}(t) + ky(t) = 0 → y^{′′}(t) + ω^2_0y(t) = 0

tou armonikoÔ talantwtă:

y(t) = A_+ exp[+iω_0t] + A_− exp[−iω_0t] = A_+ exp [ +i √ k m t ] + A_− exp [ −i √ k m t ] .

5.3. PROSEGGISTIK§ES M§EJODOI GIA MEG§ALES IDIOTIM§ES 117

To qarakthristikì thc lÔshc pou mac endiafèrei en prokeimènw eÐnai ìti talanteÔetai me suqnìthta Ðsh me thn tetragwnikă rÐza tou suntelestă k thc sunĹrthshc y(t) (sth diaforikă exÐswsh) diĹ ton suntelestă m thc deÔterhc paragÿgou y^{′′}. To plĹtoc eÐnai stajerì.

Ac èljoume tÿra sthn exÐswsh Sturm-Liouville:

(pψ^′(x))^′ + (λw + q)ψ(x) = 0 → pψ^{′′}(x) + p^′ψ^′(x) + (λw + q)ψ(x) = 0. (5.20)

ProspajoÔme na mimhjoÔme th lÔsh tou armonikoÔ talantwtă. Upojètoume ìti proseggistikĹ h suqnìthta ja metabĹlletai me to x kai ja isoÔtai perÐpou (sÔmfwna me ìsa eÐpame ston aplì armonikì talantwtă) me thn tetragwnikă rÐza tou suntelestă λw + q thc sunĹrthshc ψ(x) (sth diaforikă exÐswsh) diĹ ton suntelestă p thc deÔterhc paragÿgou ψ^{′′}, dhladă me √_{λw+q} p ≃ √_{λw} p , afoÔ to λ eÐnai tìso megĹlo ÿste to q(x) na eÐnai amelhtèo. ParathroÔme ìti h suqnìthta ephreĹzetai apì th megĹlh timă thc idiotimăc, Ĺra thn perimènoume megĹlh. Ja upojèsoume ìti kai to plĹtoc metabĹlletai. Dhladă perimènoume na broÔme mia proseggistikă lÔsh thc morfăc:

ψ(x) = A(x) exp[iS(x)], (5.21)

ìpou to A(x) ja metabĹlletai sqetikĹ argĹ, enÿ to S(x) grăgora. ParagwgÐzontac brÐskoume:

ψ^′(x) = [A^′(x) + iA(x)S^′(x)] exp[iS(x)], ψ^{′′}(x) = [A^{′′}(x) + 2iA^′(x)S^′(x) + iA(x)S^{′′}(x) − A(x)S^{′2}(x)] exp[iS(x)]. AntikatĹstash sthn exÐswsh (5.20) dÐnei (paraleÐpoume to ìrisma x) : pA^{′′} + 2ipA^′S^′ + ipAS^{′′} − pAS^{′2} + p^′A^′ + ip^′AS^′ + λwA + qA = 0. To pragmatikì kai to fantastikì mèroc prèpei na mhdenÐzontai qwristĹ, opìte prokÔptoun oi dÔo exisÿseic:

pA^{′′} − pAS^{′2} + p^′A^′ + λwA + qA = 0, (5.22)

2pA^′S^′ + pAS^{′′} + p^′AS^′ = 0. (5.23)

Sthn exÐswsh (5.22) mìno oi ìroi −pAS^{′2} kai λwA eÐnai shmantikoÐ. O men prÿtoc epeidă perièqei thn parĹgwgo thc grăgora metaballìmenhc sunĹrthshc S(x), o de deÔteroc epeidă perièqei th megĹlh idiotimă λ. ParaleÐpoume touc upìloipouc ìrouc kai sunĹgoume th sqèsh:

S^{′2} = λw p → S^′S^{′′} = λ w^′p − wp^′ 2p^2

. (5.24)

Tÿra pollaplasiĹzoume thn exÐswsh (5.23) me S^′ kai qrhsimopoiÿntac tic sqèseic pou mìlic apodeÐxame apì thn prÿth exÐswsh brÐskoume diadoqikĹ: 2pA^′S^{′2} + pAS^′S^{′′} + p^′AS^{′2} = 0 → 2λwA^′ + λA w^′p − wp^′ 2p + λp^′A w p = 0

→ 4A^′ + ( w^′ w + p^′ p )A = 0 → 4 A^′ A + [ln(wp)]^′ = 0 → 4[ln A]^′ + [ln(wp)]^′ = 0

→ ln A^4 + ln(wp) = c̃ → A^4wp = exp[c̃] ≡ c → A = c (wp)^{1/4} .

Dhladă telikĹ: A = c (wp)^{1/4} (5.25)

Ex Ĺllou h sqèsh (5.24) sunepĹgetai ìti: S = ∫ dx √ λw(x) p(x) . (5.26)

EÐnai fanerì apì autăn thn èkfrash ìti h “suqnìthta” talĹntwshc (pou ja eÐnai sthn pragmatikìthta kumatikìc arijmìc, mia kai prìkeitai gia talĹntwsh sto qÿro kai ìqi sto qrìno) ja isoÔtai proseggistikĹ me √_{λw(x)} p(x) , ìpwc eÐqe problefjeÐ apì to aplì epiqeÐrhma sthn arqă autăc

thc paragrĹfou.

H sqèsh (5.21), lambĹnontac upìyh kai tic sqèseic (5.25) kai (5.26) sunepĹgetai ìti h genikă (proseggistikă) lÔsh ja dÐnetai apì th sqèsh: ψ(x) = 1 (wp)^{1/4} { C_+ exp [ +i ∫ dx √ λw(x) p(x) ] + C_− exp [ −i ∫ dx √ λw(x) p(x) ]} (5.27)

Oi oriakèc sunjăkec ja dÿsoun periorismoÔc pou ja epitrèyoun ton prosdiorismì twn idiotimÿn. Estw, epÐ paradeÐgmati, ìti upĹrqei h apaÐthsh h apomĹkrunsh na mhdenÐzetai sta Ĺkra tou diastămatoc [0, L] kai ìti oi stajerèc oloklărwshc èqoun epilegeÐ ètsi ÿste to oloklărwma pou emfanÐzetai sta ekjetikĹ mhdenÐzetai gia x = 0. Me Ĺlla lìgia epilègoume to oloklărwma na dÐdetai enallaktikĹ apì thn èkfrash: ∫_x 0 dx^′ √_{λw(x′)} p(x^′) . Tìte h sunjăkh ψ(0) = 0 sunepĹgetai ìti

C_− = −C_+, me apotèlesma h sunĹrthsh na eÐnai anĹlogh thc parĹstashc sin [√ λ ∫ dx √_{w(x)} p(x) ] . Me autì to dedomèno, h deÔterh sunjăkh ψ(L) = 0 dÐnei th sqèsh √ λ ∫_L 0 dx^′ √_{w(x′)} p(x^′) = nπ, opìte

sumperaÐnoume ìti λ = nπ ∫_L 0 dx √_{w(x)} p(x)

2 . H mèjodoc eÐnai gnwstă stouc FusikoÔc me to ìnoma

WKB, apì ta onìmata twn Wentzel, Kramers kai Brillouin, enÿ ja ătan Ðswc dikaiìtero na apodÐdetai stouc Green kai Liouville.

ParĹdeigma: Ja exetĹsoume to ìrio twn megĹlwn idiotimÿn thc exÐswshc tou Hermite, pou sunantăsame ădh prohgoumènwc:

H^{′′}_n (ξ) − 2ξH^′_n(ξ) + 2nH_n(ξ) = 0.

UpenjumÐzoume ìti h exÐswsh aută exartĹtai apì mia adiĹstath anexĹrthth metablhtă, pou sumbolÐzetai edÿ me ξ. (KammiĹ forĹ h exÐswsh tou Hermite grĹfetai sunartăsei tou x. Edÿ qrhsimopoioÔme to ξ epeidă jèloume na kĹnoume th diĹkrish metaxÔ twn metablhtÿn pou èqoun diastĹseic ki ekeÐnwn pou den èqoun). Opwc èqoume ădh dei, pollaplasiĹzontac me th sunĹrthsh bĹrouc w(ξ) = exp[−ξ^2], h exÐswsh metapÐptei sthn

(exp[−ξ^2]H^′_n(ξ))^′ + 2n exp[−ξ^2]H_n(ξ) = 0,

ap’ ìpou eÐnai profanèc ìti p(ξ) = w(ξ) = exp[−ξ^2], λ = 2n. Qrhsimopoiÿntac thn exÐswsh (5.27) brÐskoume eÔkola ìti:

ψ_n(ξ) = exp [ ξ^2 2 ] (C_+ exp[+i √ 2nξ] + C_− exp[−i √ 2nξ]).

5.4. ASK§HSEIS PROS L§USH 119

UpenjumÐzoume edÿ ìti h exÐswsh tou Hermite qrhsimeÔei gia th lÔsh tou problămatoc tou kbantikoÔ armonikoÔ talantwtă. Apì th jewrÐa tou kbantikoÔ armonikoÔ talantwtă eÐnai gnwstì ìti h kumatosunĹrthsh ja isoÔtai me to ginìmeno exp[−^{ξ2}_2 ]ψ_n(ξ) = C_+ exp[+i √ 2nξ] + C_− exp[−i √ 2nξ]. Epanafèroume tÿra tic fusikèc monĹdec. H qwrikă metablhtă x sqetÐzetai me thn antÐstoiqh adiĹstath ξ mèsw thc sqèshc ξ = √_{mω} h̄ x, ìpou ω eÐnai h klasikă suqnìthta tou armonikoÔ talantwtă kai m h mĹza tou. H kumatosunĹrthsh paÐrnei th morfă C_+ exp [ +i √_{2nmω} h̄ x ] + C_− exp [ −i √_{2nmω} h̄ x ] . Dhladă brÐskoume mia sunĹrthsh pou perigrĹ-

fei mia qwrikă kÔmansh me kumatikì arijmì k = √_{2nmω} h̄ . H enèrgeia tou talantwtă ja dÐnetai apì th sqèsh E =^{h̄2k2}_{2m} =^{h̄2 2nmω}_{2mh̄} = nh̄ω. ParathroÔme ìti h enèrgeia pou prokÔptei proseggÐzei polÔ kalĹ thn akribă èkfrash E = ( n +^1_2 ) h̄ω. 5.4 Askăseic proc lÔsh

1. Ta poluÿnuma Laguerre eÐnai lÔseic thc exÐswshc x d^2L_n dx^2 + (1 − x) dL_n dx + nL_n = 0, x ∈ [0, +∞). BreÐte th sunĹrthsh bĹrouc w(x) pou eÐnai anagkaÐa, ÿste to prìblhma na eÐnai ermiteianì sto diĹsthma [0, +∞). BreÐte ta trÐa prÿta poluÿnuma Laguerre xekinÿntac apì tic sunartăseic 1, x, x^2 kai jewrÿntac ìti prèpei na eÐnai kanonikopoihmèna sth monĹda.

2. Oi sunartăseic P_1(x) = x kai Q_0(x) =^1_2 ln

(_{1+x} 1−x ) eÐnai lÔseic thc exÐswshc tou Legendre, me pedÐo orismoÔ to diĹsthma [−1, +1] kai antistoiqoÔn se diaforetikèc idiotimèc. H sunĹrthsh bĹrouc eÐnai monĹda. UpologÐste to eswterikì touc ginìmeno:

∫_{+1} −1 dx^x_2 ln

(_{1+x} 1−x ) . EÐnai mhdèn (ă ìqi; ) GiatÐ (ă giatÐ ìqi; )

3. Estw ìti èqoume èna fainìmeno pou dièpetai apì thn exÐswsh d dx ( p(x) dψ dx ) + p(x) dψ dx + (λ + q(x))ψ = 0

kai orÐzetai sto diĹsthma [a, b]. Oi oriakèc sunjăkec eÐnai: ψ(b) = ψ(a), ψ^′(b) = 5ψ(a) + Cψ^′(a). Na prosdiorisjeÐ h stajerĹ C, ÿste to prìblhma na eÐnai ermiteianì, dhladă Sturm-Liouville.

4. Jewrăste to prìblhma

ψ^{′′} + λ(2 + x)^2ψ = 0, ψ(0) = 0, ψ ( 1 5 ) = 0.

Na upologistoÔn proseggistikĹ oi megĹlec idiotimèc.

120 KEF§ALAIO 5. PROBL§HMATA STURM-LIOUVILLE

KefĹlaio 6

Poluÿnuma Legendre

6.1 Eisagwgă

Opwc exhgăsame sta kefĹlaia gia ton qwrismì twn metablhtÿn, ìtan prospajăsei kaneÐc na lÔsei thn exÐswsh ∇^2Ψ(r, θ, ϕ) + U(r)Ψ(r, θ, ϕ) = 0, ìpou to U(r) exartĹtai mìno apì thn aktinikă sunistÿsa r kai ìqi apì tic gwnÐec, katalăgei metaxÔ Ĺllwn se mia exÐswsh wc proc θ kai mia wc proc ϕ. H teleutaÐa èqei tic aplèc lÔseic e^{±imϕ}, kai o akèraioc m upeisèrqetai kai sthn exÐswsh gia thn polikă gwnÐa θ. An gia diafìrouc lìgouc mac endiafèrei eidikĹ h perÐptwsh m = 0, h exÐswsh wc proc θ aplopoieÐtai kai gÐnetai h exÐswsh tou Legendre:

(1 − x^2)P^{′′}_l (x) − 2xP^′_l (x) + l(l + 1)P_l(x) = 0, (6.1)

ìpou x ≡ cos θ. To prìblhma eÐnai Sturm-Liouville, èqei ìlec tic epijumhtèc idiìthtec kai mĹlista h sunĹrthsh bĹrouc w(x) eÐnai monĹda, ìpwc mporoÔme na doÔme eÔkola. H lÔsh brÐsketai me th mèjodo anĹptuxhc se seirĹ tou Frobenius, allĹ, an o arijmìc l eÐnai akèraioc, h seirĹ den èqei Ĺpeirouc ìrouc: termatÐzetai kai katalăgei se èna poluÿnumo Legendre.

6.2 Gennătria sunĹrthsh

ApodeiknÔetai ìti ta poluÿnuma Legendre dÐnontai apì ton tÔpo tou Rodrigues:

P_l = 1 2^ll! d^l dx^l [(x^2 − 1)^l]. (6.2)

MporoÔme arketĹ aplĹ na epalhjeÔsoume ìti oi sunartăseic pou prokÔptoun epalhjeÔoun thn exÐswsh tou Legendre. EpÐshc mporoÔme na deÐxoume eÔkola ìti isqÔei h anadromikă sqèsh:

(l + 1)P_{l+1}(x) = (2l + 1)xP_l(x) − lP_{l−1}(x) (6.3)

Shmeiÿnoume ìti P_0(x) = 1, P_1(x) = x.

Pollèc qrăsimec idiìthtec twn poluwnÔmwn autÿn prokÔptoun apì th gennătria sunĹrthsh, h opoÐa orÐzetai wc exăc: g(x, t) ≡ ∞∑ l=0 P_l(x)t^l (6.4)

H gennătria sunĹrthsh mporeÐ akìma na grafteÐ me th morfă g(x, t) = ∑_∞ l=1 P_{l−1}(x)t^{l−1} kai h parĹgwgìc thc wc proc t me tic morfèc: ∂g ∂t = ∞∑ l=1 lP_l(x)t^{l−1} = ∞∑ l=0 (l + 1)P_{l+1}(x)t^l = ∞∑ l=2 (l − 1)P_{l−1}(x)t^{l−2}. (6.5)

Me bĹsh autèc apodeiknÔetai eÔkola h sqèsh: ∞∑ l=1 lP_{l−1}t^l = ∞∑ l=1 (l − 1)P_{l−1}t^l + ∞∑ l=1 P_{l−1}t^l = ∂g ∂t t^2 + tg, (6.6)

pou ja qrhsimopoiăsoume se lÐgo.

An pollaplasiĹsoume thn anadromikă sqèsh (6.3) me t^l kai ajroÐsoume wc proc l, ja broÔme: ∑ l (l + 1)P_{l+1}t^l = 2xt ∑ l lP_lt^{l−1} + x ∑ l P_lt^l − ∑ l lP_{l−1}t^l. (6.7)

Qrhsimopoiÿntac tic (6.4), (6.5) kai (6.6) h sqèsh aută gÐnetai: ∂g ∂t = 2xt ∂g ∂t + xg − [ ∂g ∂t t^2 + tg ] → [1 − 2xt + t^2] ∂g ∂t = (x − t)g. (6.8)

Tÿra mporoÔme na proqwrăsoume sthn oloklărwsh autăc thc diaforikăc exÐswshc wc proc t : ∫ dg g = ∫ x − t 1 − 2xt + t^2 dt → ln g = − 1 2 ∫ d(t^2 − 2xt + 1) 1 − 2xt + t^2 → g = K(x) √ 1 − 2xt + t^2

. (6.9)

H stajerĹ oloklărwshc K(x) eÐnai bèbaia anexĹrthth tou t, allĹ den mporoÔme na apokleÐsoume tuqìn exĹrthsă thc apì to x. Gia na thn prosdiorÐsoume, jètoume t = 0 kai brÐskoume g(x, 0) = P_0(x) →^{K(x)√}_{1−0+0} = P_0(x) = 1 → K(x) = 1. Ara èqoume prosdiorÐsei plărwc th sunĹrthsh g(x, t) : g(x, t) = 1 √ 1 − 2xt + t^2 = ∞∑ l=0 P_l(x)t^l. (6.10)

ParathroÔme ìti oi suntelestèc tou anaptÔgmatoc Taylor thc sunĹrthshc autăc eÐnai ta poluÿnuma Legendre, gi’ autì h g(x, t) onomĹzetai gennătria sunĹrthsh twn poluwnÔmwn Legendre.

An paragwgÐsoume thn g(x, t) wc proc t, ja pĹroume thn anadromikă sqèsh (6.3) apì thn opoÐa xekinăsame. An, ìmwc, paragwgÐsoume th sunĹrthsh g(x, t) wc proc x brÐskoume kĹti kainoÔrgio: t 1 √ 1 − 2xt + t^2 1 1 − 2xt + t^2 = ∑ l P^′_l t^l → tg = ∑ l (1 − 2xt + t^2)P^′_l t^l →

→ ∑ l P_lt^{l+1} = ∑ l P^′_l t^l − 2x ∑ l P^′_l t^{l+1} + ∑ l P^′_l t^{l+2} →

→ ∑ l P_lt^{l+1} = ∑ l P^′_{l+1}t^{l+1} − 2x ∑ l P^′_l t^{l+1} + ∑ l P^′_{l−1}t^{l+1}. (6.11)

Apì thn teleutaÐa sqèsh sumperaÐnoume ìti

P_l = P^′_{l+1} − 2xP^′_l + P^′_{l−1}. (6.12)

6.2. GENN§HTRIA SUN§ARTHSH 123

ParagwgÐzontac thn anadromikă sqèsh (6.3) wc proc x brÐskoume: (l + 1)P^′_{l+1} = (2l + 1)P_l + (2l + 1)xP^′_l − lP^′_{l−1}. (6.13) ApaleÐfontac to xP^′_l metaxÔ twn (6.12) kai (6.13) brÐskoume thn eÔqrhsth sqèsh P^′_{l+1} − P^′_{l−1} = (2l + 1)P_l.

Mìno dÔo apì tic anadromikèc sqèseic eÐnai pragmatikĹ anexĹrthtec. DiĹforec Ĺllec qrăsimec anadromikèc sqèseic mporoÔn na paraqjoÔn apì tic prohgoÔmenec me grammikoÔc sunduasmoÔc. Shmeiÿnoume merikèc: P^′_{l+1} = (l + 1)P_l + xP^′_l , P^′_{l−1} = −lP_l + xP^′_l , (1 − x^2)P^′_l = lP_{l−1} − lxP_l, (1 − x^2)P^′_l = (l + 1)xP_l − (l + 1)P_{l+1}.

SunduĹzontac tic parapĹnw anadromikèc sqèseic kai tic paragÿgouc touc mporoÔme na epalhjeÔsoume ìti ja pĹroume akìma mia forĹ thn exÐswsh Legendre: (1 − x^2)P^{′′}_l − 2xP^′_l + l(l + 1)P_l = 0. (6.14) Ena jèma sto opoÐo h gennătria sunĹrthsh eÐnai qrăsimh eÐnai o upologismìc twn timÿn twn poluwnÔmwn Legendre se sugkekrimènec timèc tou x. Ja dÿsoume merikĹ qarakthristikĹ paradeÐgmata. EÐnai gnwstì ìti: g(−1, t) = ∑ l P_l(−1)t^l. AllĹ g(−1, t) =^{1√}_{1+2t+t2} =^1_{1+t} = ∑ l(−1)^lt^l. Ara ∑ l P_l(−1)t^l = ∑ l (−1)^lt^l → P_l(−1) = (−1)^l.

Parìmoia P_l(1) = 1. Ex Ĺllou g(0, t) = 1 √ 1 + t^2 = ∞∑ k=0 (−1)^k(2k − 1)!!

2^kk! t^{2k}, sunepÿc P_{2k+1}(0) = 0, P_{2k}(0) =^{(−1)k (2k−1)!!}_{(2k)!!} =^{(−1)k (2k−1)!!}_{2k k!} .

Shmeiÿnoume touc orismoÔc: N! ≡ 1 · 2 · 3 · 4 · . . . · N, (2N − 1)!! ≡ 1 · 3 · 5 · 7 · . . . · (2N − 1), (2N)!! ≡ 2 · 4 · 6 · 8 · . . . · (2N) = 2^N N!

H omotimÐa twn poluwnÔmwn Legendre ekfrĹzetai apì th sqèsh P_l(−x) = (−1)^lP_l(x).

Autì mporeÐ kaneÐc na to dei prìqeira apì th gennătria sunĹrthsh. XekinĹme apì thn paratărhsh ìti g(−x, t) = g(x, −t), kai sumperaÐnoume ìti: ∑ l P_l(−x)t^l = ∑ l P_l(x)(−t)^l → ∑ l P_l(−x)t^l = ∑ l P_l(x)(−1)^lt^l,

ap’ ìpou prokÔptei h sqèsh gia thn omotimÐa.

6.3 SeirĹ LEGENDRE

H orjogwniìthta prokÔptei apì th genikă jewrÐa twn Sturm kai Liouville: ∫_{+1} −1 dxP_{l1} (x)P_{l2} (x) = 2 2l_1 + 1 δ_{l1 l2} . O parĹgontac kanonikopoÐhshc èqei epilegeÐ aujaÐreta kai h sqèsh mporeÐ na apodeiqteÐ xekinÿntac apì ton tÔpo tou Rodrigues.

Me bĹsh ta parapĹnw mporeÐ kaneÐc eÔkola na brei touc suntelestèc a_l thc anĹptuxhc se seirĹ Legendre miac sunĹrthshc orismènhc sto diĹsthma [-1,+1]: An f(x) = ∞∑ l=0 a_lP_l(x), oi suntelestèc a_l dÐnontai apì th sqèsh:

a_l =

2l + 1 2 ∫_{+1} −1 dxf(x)P_l(x). H plhrìthta twn poluwnÔmwn Legendre, dhladă h epĹrkeiĹ touc gia thn anĹptuxh opoiasdăpote sunĹrthshc s’ autì to diĹsthma prokÔptei epÐshc apì thn ermiteianìthta tou antÐstoiqou diaforikoÔ telestă.

6.4 DeÔterh lÔsh thc exÐswshc tou LEGENDRE

H exÐswsh tou Legendre eÐnai deÔterhc tĹxhc kai èqei kai Ĺllh mia anexĹrthth lÔsh, ektìc apì ta poluÿnuma pou mìlic anaptÔxame. H lÔsh aută sumbolÐzetai me Q_l(x) kai lègetai sunĹrthsh tou Legendre. IkanopoieÐ thn exÐswsh, allĹ apeirÐzetai stic jèseic x = ±1. LambĹnontac upìyh ìti x = cos θ, blèpoume ìti oi apeirismoÐ sumbaÐnoun stic gwnÐec θ = 0 kai θ = π, dhladă stouc “pìlouc” kĹpoiac sfaÐrac. H genikă lÔsh thc exÐswshc tou Legendre grĹfetai me th morfă: f(x) = ∞∑ l=0 [a_lP_l(x) + b_lQ_l(x)].

An tÿra mac endiafèrei h sumperiforĹ thc lÔshc mac stouc pìlouc kai apaitoÔme (gia fusikoÔc lìgouc) h lÔsh aută na mhn apeirÐzetai, tìte upoqrewtikĹ jètoume touc suntelestèc b_l twn posotătwn Q_l(x) Ðsouc me to mhdèn. H mình perÐptwsh pou mporeÐ na eÐnai qrăsimh h apoklÐnousa lÔsh Q_l(x) eÐnai ìtan mac endiafèrei h lÔsh mìno s’ èna diĹsthma [θ_1, θ_2], ìpou θ_1 > 0 kai θ_2 < π, opìte den plhsiĹzoume thn epikÐndunh perioqă. S’ autăn thn (sqetikĹ spĹnia) perÐptwsh h deÔterh lÔsh eÐnai, ìqi aplĹ anektă, allĹ aparaÐthth.

6.5 Agÿgimh sfaÐra se omogenèc hlektrostatikì pedÐo

JewroÔme mia agÿgimh sfaÐra aktÐnac R me fortÐo Q mèsa se omogenèc hlektrostatikì pedÐo me èntash E, kai dieÔjunsh parĹllhlh me ton Ĺxona twn z. SÔmfwna me ìsa èqoume anaptÔxei

6.5. AG§WGIMH SFA§IRA SE OMOGEN§ES HLEKTROSTATIK§O PED§IO 125

sto kefĹlaio gia ton qwrismì twn metablhtÿn, h lÔsh thc ∇^2V = 0 sto qÿro èxw apì th sfaÐra eÐnai thc morfăc: V = ∞∑ l=0 [ a_lr^l + b_l r^{l+1} ] P_l(cos θ). (6.15)

(UpenjumÐzetai ìti tÐpota den exartĹtai apì thn azimoujiakă gwnÐa ϕ kai ìti h deÔterh lÔsh thc exÐswshc Legendre, h Q_l(cos θ) apeirÐzetai sta θ = 0 kai θ = π, Ĺra aporrÐptetai.) Gia na prosdiorÐsoume touc suntelestèc a_l kai b_l epikaloÔmaste tic oriakèc sunjăkec. Kat’ arqăn o suntelestăc a_0 eÐnai mia stajerĹ qwrÐc shmasÐa pou aplĹ kajorÐzei th stĹjmh ìpou to dunamikì eÐnai mhdèn, Ĺra mporeÐ na tejeÐ Ðsh me mhdèn apì thn arqă. MÐa Ĺllh apaÐthsh eÐnai to pedÐo na eÐnai omogenèc makriĹ apì th sfaÐra. Ena dunamikì pou parĹgei èna omogenèc hlektrikì pedÐo eÐnai to v(z) = −Ez. PrĹgmati: ⃗E = −⃗∇v(z) = Eẑ. Epomènwc, aută h sunjăkh grĹfetai: V (r → ∞) = v(z) = −Ez = −Er cos θ = −ErP_1(cos θ). UpenjumÐzoume ìti: V = ∞∑ l=1 a_lr^lP_l(cos θ) = a_1rP_1(cos θ) + ∞∑ l=2 a_lr^lP_l(cos θ),

ap’ ìpou gÐnetai fanerì ìti a_1 = −E kai ìti a_l = 0, gia l ≥ 2. H deÔterh oriakă sunjăkh ja mac prosdiorÐsei touc upìloipouc suntelestèc. PĹnw sthn agÿgimh sfaÐra to dunamikì prèpei na èqei mia stajeră timă, èstw V_0 :

V_0 = V (r = R) = −ERP_1(cos θ) + b_0 R + b_1 R^2

P_1(cos θ) + ∞∑ l=2 b_l R^{l+1} P_l(cos θ).

AfoÔ ta P_l(cos θ) eÐnai orjogÿnia, aută h isìthta sunepĹgetai ìti: b_0 R = V_0, b_1 R^2 − ER = 0, b_{l≥2} = 0. Dhladă oi mìnoi mh mhdenikoÐ ìroi sth seirĹ (6.15) eÐnai oi exăc:

a_1 = −E, b_0 = V_0R, b_1 = ER^3.

TelikĹ, loipìn, qrhsimopoiÿntac kai thn P_1(cos θ) = cos θ brÐskoume:

V (r, θ) = −ErP_1(cos θ) +

V_0R r + ER^3 r^2

P_1(cos θ) =

V_0R r − Er cos θ(1 − R^3 r^3 ). H posìthta V_0 mporeÐ na prosdioristeÐ wc exăc: ìtan den upĹrqei kajìlou hlektrostatikì pedÐo, to dunamikì thc fortismènhc agÿgimhc sfaÐrac ja dÐnetai af’ enìc apì th sqèsh V (r, θ) =^{V0 R}_r , af’ etèrou apì thn gnwstă èkfrash tou Coulomb^Q_{4πϵ0r} , opìte prokÔptei h tautopoÐhsh V_0 = Q 4πϵ_0R . Dhladă h telikă èkfrash gia to dunamikì eÐnai: V (r, θ) = Q 4πϵ_0r − Er cos θ ( 1 − R^3 r^3 ) . MporoÔme tèloc na upologÐsoume thn epifaneiakă puknìthta fortÐou, pou isoÔtai me ϵ_0 epÐ thn sunistÿsa tou hlektrikoÔ pedÐou pou eÐnai kĹjeth sthn agÿgimh epifĹneia: σ(θ) = ϵ_0 ( −^{∂V}_{∂r} | |_R) = Q 4πR^2 + 3ϵ0E cos θ. O prÿtoc prosjetèoc eÐnai h puknìthta fortÐou pou ofeÐletai sto fortÐo Q

kai eÐnai anexĹrthth thc Ôparxhc tou hlektrostatikoÔ pedÐou, enÿ o deÔteroc eÐnai h puknìthta tou fortÐou pou epĹgetai apì to pedÐo.

6.6 Sunarthmèna “poluÿnuma” LEGENDRE

Ta sunarthmèna “poluÿnuma” Legendre orÐzontai apì th sqèsh:

P_{lm}(x) ≡ (1 − x^2)^{m2} d^m dx^m P_l(x), (6.16)

ìpou P_l(x) eÐnai ta poluÿnuma Legendre. EÐnai eÔkolo apì ton orismì na deiqjeÐ ìti ikanopoioÔn thn exÐswsh: (1 − x^2) d^2P_{lm} dx^2 − 2x dP_{lm} dx + [ l(l + 1) − m^2 1 − x^2 ] P_{lm} = 0. (6.17)

H exÐswsh (6.17) emfanÐzetai polÔ suqnĹ se fusikèc efarmogèc, eidikĹ ìtan qrhsimopoioÔntai oi sfairikèc suntetagmènec. ProkÔptei katĹ ton qwrismì metablhtÿn twn exisÿsewn [∇^2 + V (r)]Ψ = 0, ìpou to V (r) exartĹtai mìno apì to mètro thc apìstashc r kai ìqi apì tic gwnÐec.

Shmeiÿnoume ìti h eidikă perÐptwsh m = 0 antistoiqeÐ sta poluÿnuma Legendre. Dhladă P_{l0}(x) ≡ P_l(x). Ta mh mhdenikĹ m antistoiqoÔn se mh tetrimènh exĹrthsh apì th gwnÐa ϕ, thn exp[±imϕ]. Antijètwc, h perÐptwsh m = 0 eÐnai merikìterh kai antistoiqeÐ sthn perÐptwsh ìpou tÐpote den exartĹtai apì thn azimoujiakă gwnÐa. Eqoume anaferjeÐ s’ autĹ ta jèmata se prohgoÔmeno kefĹlaio.

Sthn perÐptwsh m = 0 (kai se Ĺllec periptÿseic) to sunarthmèno “poluÿnumo” Legendre eÐnai prĹgmati poluÿnumo. GenikĹ ìmwc ta sunarthmèna “poluÿnuma” Legendre genikĹ den eÐnai poluÿnuma! Akribèstera, eÐnai poluÿnuma gia Ĺrtia m, enÿ gia perittĹ m eÐnai poluÿnuma pollaplasiasmèna epÐ thn parĹstash: √ 1 − x^2. Gia parĹdeigma, P_{11} = (1 − x^2)^{12} . Gi’ autìn to lìgo polloÐ suggrafeÐc protimoÔn na ta onomĹzoun “sunafeÐc sunartăseic tou Legendre”.

Apì ton orismì (6.16) twn sunarthmènwn “poluwnÔmwn” Legendre kai ton tÔpo (6.2) tou Rodrigues: P_l =^1_{2ll!}^{dl}_{dxl}^{dl}_{dxl} (x^2 − 1)^l gia ta aplĹ poluÿnuma tou Legendre, sunĹgoume ton tÔpo tou Rodrigues gia ta sunarthmèna “poluÿnuma” Legendre: P_{lm}(x) = 1 2^ll!

(1 − x^2)^{m2} d^{l+m} dx^{l+m} (x^2 − 1)^l.

S’ autìn ton tÔpo to m den eÐnai upoqrewtikĹ jetikì, ìpwc sthn (6.16). MporeÐ na paÐrnei kai arnhtikèc timèc, arkeÐ na isqÔei ìti l + m ≥ 0. Ex Ĺllou, an to m gÐnei pio megĹlo apì to +l, oi parĹgwgoi ja eÐnai tìso megĹlhc tĹxhc, pou ja mhdenÐsoun to apotèlesma. TelikĹ, loipìn, to m trèqei metaxÔ −l kai +l : −l ≤ m ≤ +m. ApodeiknÔontai epÐshc oi sqèseic: P_{l,−m}(x) = (−1)^m (l − m)! (l + m)! P_{lm}(x), P_{lm}(−x) = (−1)^{l+m}P_{lm}(x). O tÔpoc tou Rodrigues mac epitrèpei na paragĹgoume th sqèsh orjogwniìthtac: ∫_1 −1 dxP_{l1 m}(x)P_{l2 m}(x) = 2 2l_1 + 1

(l_1 + m)! (l_1 − m)! δ_{l1 l2} , pou uposthrÐzetai kai apì th genikă idiìthta twn idiodianusmĹtwn enìc ermiteianoÔ telestă. ParathroÔme ìti o deÐkthc m s’ aută th sqèsh eÐnai Ðdioc gia tic dÔo sunartăseic. Mìno aută

6.7. SFAIRIK§ES ARMONIK§ES 127

h sqèsh orjogwniìthtac eÐnai qrăsimh, giatÐ ta P_{lm}(cos θ) den emfanÐzontai mìna touc, allĹ pollaplasiasmèna me ta ekjetikĹ exp[±imϕ], upì th morfă twn sfairikÿn armonikÿn, ìpwc ja doÔme se lÐgo. H oloklărwsh sthn azimoujiakă gwnÐa ϕ upoqreÿnei touc dÔo deÐktec m na tautistoÔn. Oi anadromikèc sqèseic gi’ autĹ ta “poluÿnuma” brÐskontai apì tic antÐstoiqec twn poluwnÔmwn Legendre kĹnontac tic anagkaÐec paragwgÐseic. GrĹfoume merikèc: P_{l,m+1} − 2mx √ 1 − x^2

P_{lm} + [l(l + 1) − m(m − 1)]P_{l,m−1} = 0,

(2l + 1) √ 1 − x^2P_{lm} = P_{l+1,m+1} − P_{l−1,m+1}

= (l + m)(l + m − 1)P_{l−1,m−1} − (l − m + 1)(l − m + 2)P_{l+1,m−1}, √ 1 − x^2 dP_{lm} dx = 1 2 P_{l,m+1} − 1 2 (l + m)(l − m + 1)P_{l,m−1}. Shmeiÿnoume tèloc ìti h sunarthmènh exÐswsh Legendre èqei kai deÔterh lÔsh (ektìc thc P_{lm}(x)), thn Q_{lm}(x). ProkÔptei apì tic sunartăseic Legendre wc exăc:

Q_{lm}(x) ≡ (1 − x^2)^{m2} d^m dx^m Q_l(x) kai apeirÐzetai sta shmeÐa x = ±1. Oi parathrăseic pou eÐqan gÐnei sqetikĹ me th qrăsh thc Q_l(x) se problămata sunoriakÿn timÿn isqÔoun autoÔsiec kai gia tic sunartăseic Q_{lm}(x).

6.7 Sfairikèc armonikèc

Apì to qwrismì metablhtÿn se merikèc diaforikèc exisÿseic ìpwc h [∇^2 + V (r)]Ψ = 0, pou perièqoun dunamikĹ V (r) me sfairikă summetrÐa, prokÔptoun exisÿseic wc proc tic suntetagmènec θ kai ϕ pou den exartÿntai apì to sugkekrimèno dunamikì. Autì shmaÐnei ìti h gwniakă exĹrthsh eÐnai koină gia ìla ta dunamikĹ me sfairikă summetrÐa kai dÐdetai apì tic sfairikèc armonikèc sunartăseic: Y_{lm}(θ, ϕ) ≡ (−1)^m √ 2l + 1 4π (l − m)! (l + m)! P_{lm}(cos θ)e^{imϕ}. H orjogwniìthta apodeiknÔetai eÔkola me th boăjeia twn sqèsewn orjogwniìthtac twn sunarthmènwn “poluwnÔmwn” Legendre: ∫_{2π} 0 dϕ ∫_π 0 dθ sin θ[Y_{l1 m1} (θ, ϕ)]^∗Y_{l2m2} (θ, ϕ) =

= ∫_{2π} 0 dϕ ∫_{+1} −1 dx [ (−1)^{m1} √ 2l_1 + 1 4π (l_1 − m_1)! (l_1 + m_1)! P_{l1 m1} (x)e^{−im1 ϕ} ]

[ (−1)^{m2} √ 2l_2 + 1 4π (l_2 − m_2)! (l_2 + m_2)! P_{l2 m2} (x)e^{+im2 ϕ} ] =

= 2πδ_{m1m2} ∫_{+1} −1 dx(−1)^{2m1} [√ 2l_1 + 1 4π (l_1 − m_1)! (l_1 + m_1)!

P_{l1 m1} (x) ]

[√ 2l_2 + 1 4π (l_2 − m_2)! (l_2 + m_2)!

P_{l2 m1} (x) ] =

= 2πδ_{m1m2} 2 2l_1 + 1

(l_1 + m_1)! (l_1 − m_1)! δ_{l1l2} (√ 2l_1 + 1 4π (l_1 − m_1)! (l_1 + m_1)! )2 = δ_{l1 l2} δ_{m1m2} .

(Sthn poreÐa allĹxame to deÐkth tou sunarthmènou “poluwnÔmou” Legendre apì m_2 se m_1 ekmetalleuìmenoi thn parousÐa tou dèlta tou Kronecker δ_{m1m2} ). Dhladă telikĹ: ∫_{2π} 0 dϕ ∫_π 0 dθ sin θ[Y_{l1m1} (θ, ϕ)]^∗Y_{l2 m2} (θ, ϕ) = δ_{l1 l2} δ_{m1m2} .

Katalăxame, loipìn, se mia polÔ aplă sqèsh orjogwniìthtac gia tic sfairikèc armonikèc. OusiastikĹ mia tètoia aplă sqèsh gia tic sfairikèc armonikèc ătan o lìgoc pou briskìtan pÐsw apì touc arketĹ perÐergouc parĹgontec stic sqèseic orjogwniìthtac twn sunarthmènwn “poluwnÔmwn” Legendre: dhladă epelèghsan ekeÐnoi kĹpwc perÐplokoi, ÿste na katalăxoume se kĹti aplì gia tic sfairikèc armonikèc, pou qrhsimopoioÔntai pĹra polÔ suqnĹ.

Ja eisagĹgoume ènan polÔ qrăsimo sumbolismì pou sunhjÐzetai idiaÐtera se upologismoÔc Fusikăc. EÐdame ìti h oloklărwsh wc proc tic gwnÐec se sfairikèc suntetagmènec eÐnai thc morfăc: ∫_{2π} 0 dϕ ∫_π 0 dθ sin θf(cos θ, ϕ) = ∫_{2π} ϕ=0 dϕ ∫_{+1} x=−1 dxf(x, ϕ). Tic gwnÐec θ kai ϕ tic sumbolÐzoume sullogikĹ wc Ω, dhladă: ∫_{2π} 0 dϕ ∫_π 0 dθ sin θf(cos θ, ϕ) ≡ ∫ dΩf(Ω). EpÐshc h sunĹrthsh dèlta tou Dirac wc proc tic gwnÐec (blèpe to sqetikì parĹrthma) sumbolÐzetai:

δ(cos θ − cos θ_0)δ(ϕ − ϕ_0) ≡ δ(Ω − Ω_0).

Me ton sumbolismì autìn h sqèsh orjogwniìthtac gia tic sfairikèc armonikèc grĹfetai: ∫ dΩ[Y_{l1 m1} (Ω)]^∗Y_{l2 m2} (Ω) = δ_{l1 l2} δ_{m1m2} .

Oi sfairikèc armonikèc eÐnai plărec sÔsthma (bĹsh), dhladă opoiadăpote sunĹrthsh twn θ, ϕ mporeÐ na ekfrasteÐ san grammikìc sunduasmìc sfairikÿn armonikÿn:

f(Ω) = ∞∑ l=0 +l∑ m=−l α_{lm}Y_{lm}(Ω).

H anĹptuxh aută lègetai seirĹ tou Laplace. H plhrìthta prokÔptei apì to gegonìc ìti oi sfairikèc armonikèc eÐnai idiosunartăseic ermiteianoÔ telestă kai ekfrĹzetai se pio jemeliÿdec epÐpedo me th sqèsh:

δ(Ω − Ω^′) = ∞∑ l=0 +l∑ m=−l Y_{lm}(θ, ϕ)[Y_{lm}(θ^′, ϕ^′)]^∗.

6.8. PROSJETIK§O JE§WRHMA 129

Eqoume dhladă thn anĹlush thc “monĹdac” (dhladă thc sunĹrthshc dèlta pou eÐnai to monadiaÐo stoiqeÐo ston qÿro twn sunartăsewn) se Ĺjroisma ginomènwn idiosunartăsewn. An pollaplasiĹsoume aută th sqèsh me f(Ω^′) kai oloklhrÿsoume brÐskoume: ∫ dΩ^′δ(Ω − Ω^′)f(Ω^′) = ∞∑ l=0 +l∑ m=−l Y_{lm}(θ, ϕ) ∫_π 0 dθ^′ sin θ^′ ∫_{2π} 0 dϕ^′[Y_{lm}(θ^′, ϕ^′)]^∗f(θ^′, ϕ^′), dhladă

f(Ω) = ∞∑ l=0 +l∑ m=−l α_{lm}Y_{lm}(Ω), α_{lm} = ∫ dΩ^′[Y_{lm}(Ω^′)]^∗f(Ω^′).

6.8 Prosjetikì jeÿrhma

Mia exairetikĹ spoudaÐa idiìthta twn sfairikÿn armonikÿn eÐnai to legìmeno prosjetikì jeÿrhma:

P_l(cos Θ) = 4π 2l + 1 +l∑ m=−l [Y_{lm}(θ^′, ϕ^′)]^∗Y_{lm}(θ, ϕ), (6.18)

ìpou Θ eÐnai h gwnÐa pou sqhmatÐzoun oi kateujÔnseic (θ, ϕ) kai(θ^′, ϕ^′). H apìdeixă tou eÐnai polÔ makroskelăc kai den ja thn epiqeirăsoume. UpĹrqei mia pĹra polÔ aplă apìdeixh sto plaÐsio twn sunartăsewn Green.

(θ^′, ϕ^′) (θ, ϕ) Θ

6.9 Polupolikă anĹptuxh

Mia efarmogă twn sfairikÿn armonikÿn me jemeliÿdh shmasÐa gia th Fusikă eÐnai h polupolikă anĹptuxh. Ja perioristoÔme sthn perÐptwsh thc hlektrostatikăc. JewroÔme ìti jèloume na prosdiorÐsoume s’ èna shmeÐo paratărhshc me diĹnusma jèshc ⃗r (me polikèc suntetagmènec r, θ, ϕ), to dunamikì pou ofeÐletai se mia katanomă fortÐou h opoÐa ekteÐnetai se mia periorismènh perioqă tou qÿrou. Autèc oi phgèc qwrikĹ prosdiorÐzontai apì ta dianÔsmata jèshc ⃗r^′ (me polikèc suntetagmènec r^′, θ^′, ϕ^′) kai posotikĹ apì thn puknìthta fortÐou ρ(⃗r^′). Sunăjwc jewroÔme ìti to shmeÐo paratărhshc brÐsketai “makriĹ” apì tic “phgèc”.

Ac upojèsoume ìti h arqă twn axìnwn epilègetai kĹpou mèsa sto qÿro twn phgÿn, kai ìti apaitoÔme na isqÔei h sqèsh r^′ < r gia ìla ta ⃗r^′, gia na èqei nìhma h polupolikă anĹptuxh. Bèbaia, ja eÐnai pio qrăsimh sthn perioqă r^′ << r, allĹ h kat’ arqăn anĹptuxh ja isqÔei kai me thn asjenèsterh sunjăkh. AplĹ, an den isqÔei h isqură sunjăkh, qreiĹzetai na lĹbei kaneÐc upìyh perissìterouc ìrouc thc seirĹc, gia na petÔqei mia kală prosèggish tou dunamikoÔ.

⃗r^′ Θ ⃗r

⃗r − ⃗r^′

EÐnai gnwstì ìti, an qwrÐsoume thn perioqă twn phgÿn se apeirostèc perioqèc pou èqoun ìgko d^3r^′ kai perikleÐoun fortÐo dq(⃗r^′) = d^3r^′ρ(⃗r^′) to antÐstoiqo stoiqeiÿdec dunamikì sto shmeÐo ⃗r, pou apèqei apì thn phgă apìstash |⃗r − ⃗r^′|, den eÐnai parĹ to gnwstì dunamikì tou Coulomb: 1 4πϵ_0 dq(⃗r^′) |⃗r−⃗r^′ | AjroÐzontac s’ ìlec tic phgèc brÐskoume, loipìn, ìti to dunamikì ja dÐnetai apì th

sqèsh: V (r, θ, ϕ) = ∫ d^3r^′ 1 4πϵ_0 ρ(⃗r^′) |⃗r − ⃗r^′| . (6.19)

Epomènwc, to prìblhma eÐnai kat’ arqăn lumèno. H lÔsh eÐnai ìmwc dÔsqrhsth, me thn ènnoia ìti h oloklărwsh gÐnetai men ston qÿro twn phgÿn ⃗r^′, allĹ, mèsw tou paronomastă, paÐzei shmantikì rìlo kai to shmeÐo paratărhshc ⃗r. EÐnai epìmeno na anarwthjeÐ kaneÐc an upĹrqei kĹpoia pio eÔqrhsth èkfrash, toulĹqiston gia shmeÐa paratărhshc “èxw” apì thn katanomă fortÐou. Mia prÿth idèa èqei wc afethrÐa to dunamikì pou proèrqetai apì mia omoiìmorfa fortismènh sfaÐra. H kat’ arqăn lÔsh kai s’ autăn thn aplă perÐptwsh eÐnai h (6.19). Xèroume ìmwc ìti, an h arqă twn axìnwn epilegeÐ sto kèntro thc sfaÐrac, to dunamikì èxw apì th sfaÐra dÐnetai apì th sqèsh Q 4πϵ_0 1 r , ìpou Q eÐnai to sunolikì fortÐo thc sfaÐrac (to opoÐo prokÔptei apì mia oloklărwsh sto qÿro twn phgÿn, Q = ∫ d^3r^′ρ(⃗r^′), h opoÐa ìmwc den emplèkei to shmeÐo paratărhshc ⃗r). Aută h èkfrash eÐnai pragmatikĹ aplă.

Gia na epitÔqoume kĹti antÐstoiqo sth genikă perÐptwsh, parathroÔme ìti o paronomastăc sthn (6.19) mporeÐ na grafteÐ: |⃗r − ⃗r^′| = √ (⃗r − ⃗r^′)(⃗r − ⃗r^′) = √ r^2 + r^{′2} − 2rr^′ cos Θ,

ìpou èqoume sumbolÐsei me Θ th gwnÐa pou sqhmatÐzoun metaxÔ touc ta dÔo dianÔsmata, dhladă ousiastikĹ oi dÔo dieujÔnseic (θ, ϕ) kai (θ^′, ϕ^′). Sth sunèqeia grĹfoume ton paronomastă me th morfă r √ 1 + (_{r′} r )_2 − 2 (_{r′} r ) cos Θ, ÿste na ekmetalleutoÔme, ìpwc ja doÔme se lÐgo, thn upìjesh ìti to r eÐnai megalÔtero apì to r^′. ParathroÔme ìti h èkfrash^1_r√_{1+} (^{r′}_r )^2−2(^{r′}_r ) cos Θ tautÐzetai me th gennătria sunĹrthsh g(x, t) ≡^{1√}_{1−2xt+t2} twn poluwnÔmwn Legendre, an jèsoume t ≡^{r′}_r , x ≡ cos Θ. AfoÔ^{1√}_{1−2xt+t2} = ∑_∞ l=0 P_l(x)t^l, sumperaÐnoume ìti: 1 r √ 1 + (_{r′} r )_2 − 2 (_{r′} r ) cos Θ = ∞∑ l=0 r^{′l} r^{l+1} P_l(cos Θ).

Qrhsimopoiÿntac thn teleutaÐa sqèsh h èkfrash (6.19) gia to dunamikì gÐnetai: V (r, θ, ϕ) = 1 4πϵ_0 ∫ d^3r^′ρ(⃗r^′) ∞∑ l=0 r^{′l} r^{l+1} P_l(cos Θ).

6.9. POLUPOLIK§H AN§APTUXH 131

Efarmìzontac tÿra to ajroistikì jeÿrhma (6.18) prokÔptei ìti: V (r, θ, ϕ) = 1 4πϵ_0 ∫ d^3r^′ρ(⃗r^′) ∞∑ l=0 r^{′l} r^{l+1} 4π 2l + 1 +l∑ m=−l Y_{lm}(θ, ϕ)[Y_{lm}(θ^′, ϕ^′)]^∗

= 1 ϵ_0 ∞∑ l=0 +l∑ m=−l 1 r^{l+1} Y_{lm}(θ, ϕ) 1 2l + 1 ∫ d^3r^′ρ(⃗r^′)r^{′l}[Y_{lm}(θ^′, ϕ^′)]^∗.

To antikeÐmeno Q_{lm} ≡ ∫ d^3r^′ρ(⃗r^′)r^{′l}[Y_{lm}(θ^′, ϕ^′)]^∗

lègetai polupolikă ropă tĹxhc l thc katanomăc fortÐou. TelikĹ to dunamikì grĹfetai: V (⃗r) = 1 ϵ_0 ∞∑ l=0 +l∑ m=−l 1 r^{l+1} 1 2l + 1 Q_{lm}Y_{lm}(θ, ϕ). Aută eÐnai h polupolikă anĹptuxh tou dunamikoÔ. Shmeiÿnoume ìti oi polupolikèc ropèc eÐnai aplĹ arijmoÐ, opìte h exĹrthsh tou dunamikoÔ apì to shmeÐo paratărhshc eÐnai emfanăc. Prìkeitai mia seirĹ me ìrouc pou eÐnai ìlo kai ligìtero shmantikoÐ, ìso anebaÐnoume se tĹxh.

Eqei endiafèron na doÔme touc prÿtouc ìrouc autăc thc anĹptuxhc gia tuqaÐa katanomă fortÐou. Gia ton ìro l = 0 mac qreiĹzetai h èkfrash Y_{00}(θ, ϕ) =^{1√}_{4π} . Tìte Q_{00} =^{1√}_{4π} ∫ d^3r^′ρ(⃗r^′) = 1√ 4π Q, ìpou Q to sunolikì fortÐo thc katanomăc. O antÐstoiqoc ìroc sto dunamikì eÐnai o 1 ϵ_0 1 r Q_{00}Y_{00}(θ, ϕ) = 1 ϵ_0 1 r 1 √ 4π Q 1 √ 4π = 1 4πϵ_0 Q r , pou eÐnai to dunamikì Coulomb.

Gia ton ìro l = 1 mac qreiĹzontai oi ekfrĹseic:

Y_{10}(θ, ϕ) = √ 3 4π cos θ, Y_{1,±1}(θ, ϕ) = ∓ √ 3 8π sin θe^{±iϕ}. Tìte: Q_{10} = √ 3 4π ∫ d^3r^′ρ(⃗r^′)r^′ cos θ^′ = √ 3 4π ∫ dq(⃗r^′)z^′ ≡ √ 3 4π p_z, Q_{1,±1} = ∓ √ 3 8π ∫ d^3r^′ρ(⃗r^′)r^′ sin θ^′e^{∓iϕ} = = ∓ √ 3 8π ∫ dq(⃗r^′)(x^′ ∓ iy^′) ≡ ∓ √ 3 8π (p_x ∓ ip_y). Oi teleutaÐec ekfrĹseic deÐqnoun ìti ta megèjh pou prokÔptoun eÐnai sunartăseic twn sunistwsÿn thc gnwstăc hlektrikăc dipolikăc ropăc ⃗p ≡ ∫ dq(⃗r^′)⃗r^′. (Oi sunistÿsec x kai y ekfrĹzontai me touc sunduasmoÔc p_x ± ip_y). Oi antÐstoiqoi ìroi sto dunamikì eÐnai: 1 ϵ_0 1 r^2 1 3 [Q_{10}Y_{10} + Q_{11}Y_{11} + Q_{1−1}Y_{1−1}] =

= 1 3ϵ_0r^2 [√ 3 4π p_z √ 3 4π cos θ + ( − √ 3 8π (p_x − ip_y) ) ( − √ 3 8π ) sin θ(cos ϕ + i sin ϕ)

+ (√ 3 8π (p_x + ip_y) ) (√ 3 8π ) sin θ(cos ϕ − i sin ϕ) ] .

An kĹnoume tic prĹxeic ja katalăxoume sthn èkfrash 1 4πϵ_0r^2 ⃗p · r̂ gia th dipolikă suneisforĹ sto dunamikì.

ParathroÔme th qarakthristikă exĹrthsh^1_{r2} tou dunamikoÔ tou dipìlou (pou ja gÐnei exĹrthsh^1_{r3} an paragwgÐsei kaneÐc katĹllhla ÿste na pĹrei thn èntash tou antÐstoiqou hlektrikoÔ pedÐou). H dipolikă suneisforĹ, loipìn, eÐnai pio asjenikă apì thn prÿth (tou fortÐou, pou mporoÔme na to lème kai monìpolo kai sumperifèretai wc^1_r ). Epomènwc, se megĹlec apostĹseic kuriarqeÐ h suneisforĹ tou fortÐou. An, ìmwc, to sÔsthma èqei sunolikĹ mhdenikì hlektrikì fortÐo (ìpwc sthn perÐptwsh dÔo antÐjetwn fortÐwn se mikră apìstash metaxÔ touc) tìte h suneisforĹ tou fortÐou mhdenÐzetai kai stic megĹlec apostĹseic kuriarqeÐ pia h dipolikă suneisforĹ. Autì to prĹgma suneqÐzetai kai me tic anÿterec ropèc. H suneisforĹ thc ropăc tĹxhc l sumperifèretai wc^1_{rl+1} kai gÐnetai shmantikă mìno an ìlec oi ropèc me tĹxeic l = 0, 1, 2, . . . , l − 1 mhdenÐzontai.

Anafèroume akìmh ìti oi ropèc tĹxhc l èqoun 2l + 1 sunistÿsec kai lègontai 2^l-pola. EpÐ paradeÐgmati:

H ropă tĹxhc 0 èqei 1 sunistÿsa kai lègetai monìpolo (fortÐo). H ropă tĹxhc 1 èqei 3 sunistÿsec kai lègetai dÐpolo. H ropă tĹxhc 2 èqei 5 sunistÿsec kai lègetai tetrĹpolo. Parìmoia èqoume to oktĹpolo, to dekaexĹpolo klp.

6.10 ArmonikĹ poluÿnuma

MporoÔme na apodeÐxoume polÔ eÔkola ìti

∇^2[r^lY_{lm}(θ, ϕ)] = 0.

Poluÿnuma P (x, y, z), gia ta opoÐa isqÔei h sqèsh ∇^2P (x, y, z) = 0 lègontai armonikĹ poluÿnuma. H èkfrash r^lY_{lm}(θ, ϕ) eÐnai mia aplă èkfrash gia ta armonikĹ poluÿnuma stic treic diastĹseic.

6.11 Askăseic proc lÔsh

1. UpologÐste th dunamikă enèrgeia enìc atìmou udrogìnou sth jemeliÿdh katĹstash, ìpou h puknìthta fortÐou tou hlektronikoÔ nèfouc dÐnetai apì thn èkfrash: ρ = −q^1_{πa30} e^{− 2ra}0 . Ja agnoăsete thn allhlepÐdrash tou hlektronikoÔ nèfouc me ton eautì tou. Sth sunèqeia lÔste to antÐstoiqo prìblhma ìtan to hlektrìnio perigrĹfetai apì thn kumatosunĹrthsh ψ_{210}, pou antistoiqeÐ se puknìthta fortÐou ρ = −^{qr2}_{32πa50} e^{− ra0} cos^2 θ.

2. ApodeÐxte ìti P_l(cos θ) = (−1)^l r^{l+1} l! ∂^l ∂z^l ( 1 r ) . MporeÐte na sugkrÐnete thn anĹptuxh thc gennătriac sunĹrthshc me èna anĹptugma Taylor tou^1

√_{x2+y2+(z−δz)2} se dunĹmeic tou δz.

6.11. ASK§HSEIS PROS L§USH 133

3. Na deÐxete ìti èna poluÿnumo Legendre mporeÐ na grafteÐ wc Ĺjroisma:

P_l(cos θ) = ∑ a_{ln} cos nθ, ìpou oi suntelestèc a_{ln} eÐnai ìloi jetikoÐ. (Xekinăste apì th gennătria sunĹrthsh, thn opoÐa ja grĹyete me th morfă: g(cos θ, t) = (1 − t exp[iθ])^{− 12} (1 − t exp[−iθ])^{− 12} . ApodeÐxte wc pìrisma thn anisìthta: |P_l(cos θ)| ≤ 1.

4. BreÐte to hlektrostatikì dunamikì pou genniètai apì ènan omoiogenÿc fortismèno daktÔlio amelhtèou pĹqouc kai aktÐnac R. Ja ikanopoieÐtai pantoÔ h exÐswsh tou Laplace. Oi suntelestèc thc seirĹc prosdiorÐzontai sugkrÐnontac to apotèlesma me th lÔsh pĹnw ston Ĺxona tou kulÐndrou, pou mporeÐ na brejeÐ me stoiqeiÿdeic mejìdouc. H lÔsh aută eÐnai: V = q 4πϵ_0 1 (z^2 + R^2)^{1/2} = q 4πϵ_0z ∞∑ n=0 (−1)^n

(2n)!

2^{2n}(n!)^2 ( R z )_{2n} , z > R.

5. To plĹtoc skèdashc sunartăsei twn merikÿn kumĹtwn δ_l sthn Kbantikă Mhqanikă ekfrĹzetai apì ton tÔpo: f(θ) = λ 2π ∞∑ l=0 (2l + 1) exp[iδ_l] sin δ_lP_l(cos θ).

DeÐxte ìti gia thn olikă energì diatomă σ_{oλ} ≡ ∫ dΩ|f(θ)|^2 isqÔei h sqèsh: σ_{oλ} = 4π ( λ 2π )_{2 ∞}∑ l=0 (2l + 1) sin^2 δ_l.

6. BreÐte to dunamikì sto eswterikì miac sfaÐrac thc opoÐac to “bìreio hmisfaÐrio” brÐsketai se dunamikì V_0, enÿ to “nìtio hmisfaÐrio” se dunamikì −V_0.

7. Sto prìtupo ugrăc stagìnac o purănac tou atìmou jewreÐtai mia elafrÿc paramorfwmènh sfaÐra, thc opoÐac h aktÐna sunartăsei thc polikăc gwnÐac θ dÐnetai apì th sqèsh: r = r_0[1 + λP_2(cos θ)]. Na brejeÐ to embadìn thc sfaÐrac autăc me th morfă enìc ajroÐsmatoc pou perilambĹnei ìrouc mèqri λ^2. To stoiqeiÿdec embadìn isoÔtai me: dS = [ r^2 + (_{dr} dθ )_2]1/2 r sin θdθdϕ.

134 KEF§ALAIO 6. POLU§WNUMA LEGENDRE

KefĹlaio 7

Sunartăseic BESSEL

7.1 Eisagwgă: Kuklikă membrĹnh

Estw ìti prospajoÔme na prosdiorÐsoume thn kÐnhsh miac membrĹnhc pou eÐnai sterewmènh s’ ènan kuklikì aklìnhto odhgì kai h apomĹkrunsh Ψ(ρ, ϕ, t) se kĹje shmeÐo kai qronikă stigmă upakoÔei sthn kumatikă exÐswsh: ∇^2Ψ = 1 c^2

∂^2Ψ ∂t^2 . H sunjăkh ìti to Ĺkro eÐnai aklìnhto se kuklikì odhgì aktÐnac R grĹfetai

Ψ|_{ρ=R} = 0. (7.1)

Ex Ĺllou h arqikă apomĹkrunsh kai taqÔthta ekfrĹzontai wc exăc:

Ψ|_{t=0} = ψ_0(ρ, ϕ) (7.2) ∂Ψ ∂t | | | |_{t=0} = v^0(ρ, ϕ). (7.3)

H Laplasiană eÐnai didiĹstath gi’ autì to prìblhma:

∇^2 = 1 ρ ∂ ∂ρ ( ρ ∂ ∂ρ ) + 1 ρ^2

∂^2 ∂ϕ^2 . (7.4)

GrĹfoume thn kumatikă exÐswsh se polikèc suntetagmènec: 1 ρ ∂ ∂ρ ( ρ ∂Ψ ∂ρ ) + 1 ρ^2

∂^2Ψ ∂ϕ^2 = 1 c^2

∂^2Ψ ∂t^2 (7.5)

An proqwrăsoume ston qwrismì metablhtÿn Ψ(ρ, ϕ, t) = J(ρ)F (ϕ)T (t) katĹ ta gnwstĹ, katalăgoume se trÐa monodiĹstata problămata. Oi antÐstoiqec exisÿseic eÐnai oi exăc: 1 c^2

T^{′′} + λT = 0, (7.6)

F^{′′} + μF = 0, (7.7) 1 ρ d dρ ( ρ dJ dρ ) − μ ρ^2 J = −λJ, (7.8) ìpou λ kai μ eÐnai oi dÔo stajerèc pou proèkuyan katĹ thn anagwgă tou arqikoÔ problămatoc se monodiĹstata.

H stajerĹ μ eÐnai eÔkolo na prosdioristeÐ. H sunĹrthsh F (ϕ) pou perigrĹfei th gwniakă exĹrthsh, prèpei na ikanopoieÐ periodikèc oriakèc sunjăkec:

F (2π) = F (0), F^′(2π) = F^′(0). (7.9)

Autèc oi sunjăkec, ìpwc èqoume dei kai se Ĺllec periptÿseic, sunepĹgontai ìti h exÐswsh (7.7) èqei lÔseic sin mϕ, cos mϕ kai idiotimèc μ_m = m^2, ìpou o m eÐnai akèraioc. ParathroÔme ìti h exÐswsh (7.7) mazÐ me tic periodikèc oriakèc sunjăkec sunistoÔn èna prìblhma Sturm-Liouville, ìmwc oi oriakèc tou sunjăkec eÐnai miktèc, dhladă emplèkoun tic timèc thc sunĹrthshc (kai thc paragÿgou thc) se dÔo diaforetikĹ shmeÐa. Gia tètoiou eÐdouc oriakèc sunjăkec isqÔoun oi perissìterec idiìthtec twn lÔsewn kai idiotimÿn, allĹ èqoume to fainìmeno tou ekfulismoÔ, dhladă èqoume dÔo anexĹrthtec lÔseic gia to Ðdio m.

An antikatastăsoume to μ me to Ðso tou m^2 sthn exÐswsh (7.8) katalăgoume sthn exÐswsh:

ρ^2 d^2J_m dρ^2 + ρ dJ_m dρ + (λρ^2 − m^2)J_m = 0 (7.10)

me thn oriakă sunjăkh J_m(ρ = R) = 0. (7.11)

Eqoume prosjèsei ton deÐkth m sto sumbolismì thc lÔshc thc exÐswshc (7.10) gia na deÐxoume rhtĹ ìti exartĹtai apì autìn ton deÐkth. UpĹrqei mia epÐ plèon oriakă sunjăkh pou prèpei na epiblhjeÐ. H apomĹkrunsh Ψ den mporeÐ na eÐnai Ĺpeirh, prĹgma pou shmaÐnei ìti kai h J_m(ρ) den mporeÐ na apeirÐzetai ìtan upologisteÐ se opoiodăpote shmeÐo kai eidikìtera sto ρ = 0. Dhladă aută h oriakă sunjăkh eÐnai h |J_m(ρ = 0)| < ∞. (7.12)

H exÐswsh (7.10) mporeÐ epÐshc na grafteÐ me th morfă: d dρ ( ρ dJ_m dρ ) − m^2 ρ J_m + λρJ_m = 0. (7.13)

An sugkrÐnoume aută th morfă thc exÐswshc me th genikă exÐswsh enìc problămatoc Sturm- Liouville, dhladă thn d dx ( p(x) dy dx ) + q(x)y(x) + λw(x)y(x) = 0, (7.14)

ja katalăxoume sto sumpèrasma (me tic profaneÐc tautopoiăseic x → ρ, y(x) → J_m(ρ)) ìti: p(ρ) = ρ, q(ρ) = − m^2 ρ , w(ρ) = ρ. Blèpoume ìti to prìblhma Sturm-Liouville pou prèpei na epilujeÐ eÐnai problhmatikì gia mia seirĹ apì lìgouc. H sunĹrthsh q(ρ) apeirÐzetai ìtan ρ → 0, enÿ oi sunartăseic p(ρ) kai w(ρ) mhdenÐzontai s’ autì to shmeÐo. AutĹ ta gegonìta parabiĹzoun thn kajierwmènh sunjăkh ìti oi parastĹseic: p^′(ρ) p(ρ) , q^′(ρ) q(ρ) , w^′(ρ) w(ρ) prèpei na eÐnai peperasmènec sta dÔo Ĺkra tou pedÐou orismoÔ tou problămatoc, dhladă sthn perÐptwsă mac sto ρ = 0 (h sumperiforĹ sto ρ = R, pou eÐnai to Ĺllo Ĺkro, den parousiĹzei

7.2. EX§ISWSH BESSEL 137

tètoio prìblhma). Autìc eÐnai kai o lìgoc, ìpwc exhgoÔme sto kefĹlaio gia ta problămata Sturm-Liouville, pou h oriakă sunjăkh sto problhmatikì shmeÐo ρ = 0 eÐnai aplĹ ìti h lÔsh ekeÐ den prèpei na apeirÐzetai. KatĹ t’ Ĺlla isqÔoun oi idiìthtec pou eÐpame sto antÐstoiqo kefĹlaio. Dhladă, upĹrqei mia apeirÐa idiotimÿn λ, oi λ_{mn}, pou antistoiqoÔn se idiosunartăseic J^{(n)}m (ρ), tic opoÐec ja exetĹsoume argìtera kai oi opoÐec ikanopoioÔn thn exÐswsh kai tic oriakèc sunjăkec (7.11, 7.12). EpÐshc, gia kĹje sugkekrimèno m, oi idiosunartăseic eÐnai orjogÿniec upì thn ènnoia ìti: ∫_R 0 dρρJ^{(n1 )}_m (ρ)J^{(n2 )}_m (ρ) = 0, n_1 ≠ n_2. (7.15)

Opwc lèei h genikă jewrÐa, prèpei na qrhsimopoihjeÐ kai h sunĹrthsh bĹrouc w(ρ) = ρ mèsa sto oloklărwma.

7.2 ExÐswsh BESSEL

H exÐswsh (7.10) (ă h isodÔnamh morfă (7.13) thc exÐswshc), eÐnai h exÐswsh Bessel, pou ja mac apasqolăsei s’ autì to kefĹlaio. EÐnai mia apì tic exisÿseic pou emfanÐzontai polÔ suqnĹ se fusikĹ problămata, kurÐwc se ìsa emfanÐzoun kulindrikă summetrÐa. Kat’ arqăn prèpei na parathrăsoume ìti mporeÐ kaneÐc (periorizìmenoc sthn perÐptwsh λ > 0) na kĹnei thn allagă metablhtÿn ρ → z ≡ √ λρ, opìte h (7.10) gÐnetai:

z^2 d^2J_m dz^2 + z dJ_m dz + (z^2 − m^2)J_m = 0. (7.16)

An jèloume na eÐmaste apolÔtwc akribeÐc, h exÐswsh thn opoÐa melèthse o Bessel eÐnai akribÿc h (7.16) kai ìqi h (7.10). PĹntwc h praktikă metaxÔ twn Fusikÿn eÐnai na apokaloÔn opoiadăpote apì tic dÔo exisÿseic “exÐswsh tou Bessel”. H exÐswsh (7.16) eÐnai aploÔsterh (parathroÔme ìti leÐpei kĹje anaforĹ sto λ) kai sunăjwc lÔnei kaneÐc prÿta autăn. An eÐnai gnwstă h lÔsh J_m(z) thc (7.16), tìte h lÔsh thc (7.10) eÐnai h J_m( √ λρ). H diadikasÐa lÔshc thc exÐswshc (7.16) eÐnai gnwstă. H mèjodoc lègetai mèjodoc tou Frobenius kai sunÐstatai sthn anĹptuxh se seirĹ perÐ èna omalì shmeÐo thc diaforikăc exÐswshc ă perÐ èna kanonikì anÿmalo shmeÐo. (UpenjumÐzoume ìti, anaforikĹ me thn exÐswsh y^{′′}(z) + F_1(z)y^′(z) + F_2(z)y(z) = 0, to shmeÐo z_0 lègetai omalì, an ta ìria lim_{z→z0} F_1(z) kai lim_{z→z0} F_2(z) eÐnai peperasmèna. To z_0 lègetai kanonikì anÿmalo shmeÐo, an èna toulĹqiston apì ta parapĹnw ìria apeirÐzetai, allĹ ta ìria lim_{z→z0} (z − z_0)F_1(z) kai lim_{z→z0} (z − z_0)^2F_2(z) eÐnai peperasmèna).

Sthn perÐptwsh thc exÐswshc (7.16) tou Bessel, anaptÔssoume perÐ to shmeÐo z = 0, pou eÐnai èna kanonikì anÿmalo shmeÐo gia thn exÐswsh. To jeÿrhma tou Fuchs mac exasfalÐzei tìte ìti upĹrqei lÔsh upì th morfă seirĹc, opìte antikajistoÔme sthn exÐswsh (7.16) thn Ĺgnwsth sunĹrthsh J_m me th seirĹ z^s ∑ c_nz^n kai anazhtÿntac touc suntelestèc thc kĹje miac dÔnamhc tou z sth dunamoseirĹ prosdiorÐzoume touc Ĺgnwstouc suntelestèc c_n kai ton ekjèth s. To apotèlesma thc diadikasÐac eÐnai:

J_m(z) = ∞∑ l=0 (−1)^l l!(l + m)! (z 2 )_{2l+m} . (7.17)

ParathroÔme ìti, an o deÐkthc thc sunĹrthshc eÐnai −m (arnhtikìc), oi paronomastèc ja gÐnoun (l − m)! pou eÐnai gnwstì (apì tic legìmenec “sunartăseic GĹmma”, blèpe to sqetikì parĹrthma) ìti apeirÐzontai gia l ≤ m − 1, Ĺra oi antÐstoiqoi ìroi thc seirĹc mhdenÐzontai (afoÔ èqoun “Ĺpeiro paronomastă”) kai h seirĹ J_{−m} ≡ ∞∑ l=0 (−1)^l l!(l − m)! (z 2 )_{2l−m} = ∞∑ l=m (−1)^l l!(l − m)! (z 2 )_{2l−m}

arqÐzei na èqei mh mhdenikoÔc ìrouc apì to l = m kai èpeita. Me thn allagă metablhtăc l = l̃+m mporoÔme na xanagrĹyoume th seirĹ me th morfă: J_{−m}(z) = ∞∑ l̃=0

(−1)^{l̃+m} (l̃ + m)!l̃! ( z 2 )_{m+2}~_l .

SunoyÐzontac (kai paraleÐpontac to “kapellĹki” apì th boubă metablhtă pou ajroÐzetai) èqoume:

J_m(z) = ∞∑ l=0 (−1)^l l!(l + m)! ( z 2 )_{m+2l} , (7.18)

J_{−m}(z) = ∞∑ l=0 (−1)^{l+m} l!(l + m)! (z 2 )_{m+2l} = (−1)^mJ_m(z). (7.19)

Autèc oi sunartăseic lègontai sunartăseic Bessel prÿtou eÐdouc ă aplĹ sunartăseic Bessel.

7.3 Sunartăseic NEUMANN

H exÐswsh (7.16) tou Bessel eÐnai deÔterhc tĹxhc, epomènwc èqei kai deÔterh lÔsh, anexĹrthth apì tăn J_m(z) pou ădh brăkame. Mia prÿth skèyh pou ja mporoÔse kaneÐc na kĹnei gia na brei th deÔterh anexĹrthth lÔsh thc exÐswshc ja ătan na dokimĹsei thn J_{−m}(z). ApodeiknÔetai ìti, an o deÐkthc m den eÐnai akèraioc, h idèa prĹgmati apodÐdei. Omwc, apì tic ekfrĹseic (7.18) kai (7.19), pou apodeÐqthkan mìno gia akèraiouc m, eÐnai profanèc ìti s’ autăn thn perÐptwsh ja isqÔei h sqèsh: J_{−m}(z) = (−1)^mJ_m(z), Ĺra, gia akèraiouc m, h sunĹrthsh me ton antÐjeto deÐkth den eÐnai grammikĹ anexĹrthth apì thn arqikă. O trìpoc gia na pĹroume mia deÔterh anexĹrthth lÔsh gia ìlec tic periptÿseic eÐnai na sqhmatÐsoume thn parĹstash: N_μ(z) ≡ cos(μπ)J_μ(z) − J_{−μ}(z) sin(μπ)

(7.20)

Aută h parĹstash dÐnei prĹgmati mia deÔterh anexĹrthth lÔsh sthn sqetikĹ aploÔsterh perÐptwsh tou mh akèraiou deÐkth. Otan o deÐkthc eÐnai akèraioc, prèpei na ton proseggÐsoume paÐrnontac to ìrio μ → m. O paronomastăc ja teÐnei profanÿc sto mhdèn, ìpwc Ĺllwste kai o arijmhtăc, an lĹboume upìyh th sqèsh pou sundèei tic sunartăseic me antÐjetouc deÐktec. To ìrio eÐnai epomènwc mia aprosdiìristh morfă tou tÔpou^0 kai prèpei na efarmosteÐ o kanìnac tou de l’ Hospital: N_m(z) = 1 π [ ∂J_μ ∂μ − (−1)^m ∂J_{−μ} ∂μ ] μ=m . Oi sunartăseic autèc eÐnai epomènwc kalĹ orismènec gia opoiondăpote deÐkth, eÐnai anexĹrthtec lÔseic thc exÐswshc Bessel kai lègontai sunartăseic Neumann. MporeÐ na apodeiqteÐ ìti:

lim_{z→0} N_0(z) = 2 π ln z, lim_{z→0} N_μ(z) = −

(μ − 1)! π ( 2 z )_μ . (7.21)

7.4. GENN§HTRIA SUN§ARTHSH 139

(H parĹstash (μ − 1)! gia mh akèraio μ orÐzetai me th boăjeia twn sunartăsewn GĹmma). ParathroÔme ìti èqoume apeirismì sto ìrio z → 0, antÐjeta me thn perÐptwsh twn sunartăsewn Bessel. Autì shmaÐnei ìti sth genikă lÔsh thc exÐswshc Bessel, pou mporeÐ na ekfrasteÐ me thn parĹstash A_μJ_μ(z) + B_μN_μ(z), ta B_μ mporoÔn na eÐnai mh mhdenikĹ mìno se perÐptwsh pou den mac endiafèrei gia kĹpoio lìgo h sumperiforĹ sto mhdèn, gia parĹdeigma s’ ènan omoaxonikì kumatodhgì. Ja epanèljoume argìtera s’ autì to shmeÐo me parĹdeigma.

Tèloc anafèroume thn anĹptuxh thc sunĹrthshc Neumann se seirĹ:

N_m(z) = 2 π [ (log z 2 + γ)J_m(z) − 1 2 m−1∑ k=0 (m − k − 1)!(z/2)^{2k−m} k!

+ 1 2 ∞∑ k=0 (−1)^{k+1}[φ(k) + φ(k + m)] (z/2)^{2k+m} k!(m + k)! ] , (7.22)

ìpou φ(k) ≡ 1 +^1_2 +^1_3 + . . . +^1_k (ϕ(0) = 0) kai gia to γ, pou lègetai stajerĹ tou Euler, isqÔei to exăc: γ ≡ lim_{k→∞}[φ(k) − ln k] ≃ 0.577.

Shmeiÿnoume ìti oi sunartăseic Neumann lègontai enallaktikĹ kai sunartăseic Bessel deÔterou eÐdouc. KammiĹ forĹ oi J_m(z) kai N_m(z) lègontai kai kulindrikèc armonikèc, kat’ analogÐa me tic sfairikèc armonikèc. EpÐshc oi sunartăseic N_μ(z) tou Neumann sumbolÐzontai apì merikoÔc suggrafeÐc me to Y_μ(z).

7.4 Gennătria sunĹrthsh

Pollèc idiìthtec twn sunartăsewn Bessel me akèraio deÐkth prokÔptoun eÔkola apì th legìmenh gennătria sunĹrthsh. Aută h sunĹrthsh orÐzetai wc to Ĺjroisma: g(z, t) ≡ +∞∑ m=−∞ J_m(z)t^m. Dhladă oi sunartăseic Bessel eÐnai oi suntelestèc thc anĹptuxhc thc gennătriac sunĹrthshc se seirĹ Laurent. MporoÔme na broÔme kleistă analutikă èkfrash gia thn g(z, t) an jumhjoÔme thn èkfrash (7.17) gia thn J_m(z) se seirĹ. Tìte èqoume: g(z, t) = ∑ m [_∞ ∑ l=0 (−1)^l l!(l + m)! ( z 2 )_{2l+m} ] t^m. Me thn allagă metablhtăc n = l + m → m = n − l brÐskoume: g(z, t) = ∑ n ∞∑ l=0 (−1)^l l!n! ( z 2 )_{l+n} t^{n−l} = ∑ n 1 n! ( z 2 )_n t^n ∑ l (−1)^l l! ( z 2 )_l t^{−l}. ParathroÔme ìti h teleutaÐa èkfrash eÐnai to ginìmeno dÔo ekjetikÿn, afoÔ ∑ n 1 n! (z 2 )_n t^n = exp [ z 2 t ] , ∑ l (−1)^l l! (z 2 )_l t^{−l} = exp [ − z 2 1 t ] . Katalăgoume, loipìn, sthn telikă morfă gia th gennătria sunĹrthsh:

g(z, t) = exp [ z 2 ( t − 1 t )] . (7.23)

EpishmaÐnoume kai pĹli to shmantikì gegonìc ìti h gennătria sunĹrthsh sqetÐzetai me tic sunartăseic Bessel akèraiac tĹxhc.

Anadromikèc sqèseic Oi dÔo anexĹrthtec anadromikèc sqèseic pou sundèoun tic sunartăseic Bessel eÐnai eÔkolo na prokÔyoun apì th gennătria sunĹrthsh me paragwgÐseic. Opwc eÐdame h gennătria sunĹrthsh g(z, t) exartĹtai apì tic dÔo anexĹrthtec metablhtèc z kai t. ParagwgÐzontac wc proc kĹje mÐa apì tic dÔo autèc metablhtèc brÐskoume dÔo sqèseic. Oi sqèseic autèc apodeiknÔetai ìti eÐnai oi monadikèc anexĹrthtec. To plăjoc Ĺllwn sqèsewn pou emfanÐzontai sth bibliografÐa eÐnai sunduasmoÐ autÿn twn dÔo. O lìgoc sundèetai me to gegonìc ìti h exÐswsh Bessel eÐnai deÔterhc tĹxhc, sunepÿc prìsjetec paragwgÐseic thc gennătriac sunĹrthshc, pou ja eisagĹgoun paragÿgouc twn sunartăsewn Bessel tĹxhc anÿterhc thc prÿthc, ja anĹgontai se sqèseic pou èqoun ădh brejeÐ ă se paragÿgouc touc. EpÐ paradeÐgmati, h exÐswsh tou Bessel dÐnei th dunatìthta na ekfrĹsoume th deÔterh parĹgwgo sunartăsei thc prÿthc paragÿgou kai thc Ðdiac thc sunĹrthshc: J^{′′}_μ = ( μ^2 z^2 − 1 ) J_μ(z) − J^′_μ(z) z . ProqwroÔme tÿra sthn apìdeixh twn anadromikÿn sqèsewn. ParagwgÐzontac th gennătria sunĹrthsh wc proc t èqoume diadoqikĹ: ∂g ∂t = z 2 ( 1 + 1 t^2 ) e^{z2 (t− 1t )} = ∑ mJ_m(z)t^{m−1} →

→ z 2 ( 1 + 1 t^2 ) ∑ J_m(z)t^m = ∑ mJ_m(z)t^{m−1} → → z 2 ∑ J_m(z)t^m + z 2 ∑ J_m(z)t^{m−2} = ∑ mJ_m(z)t^{m−1} → → z 2 ∑ J_{m−1}(z)t^{m−1} + z 2 ∑ J_{m+1}(z)t^{m−1} = ∑ mJ_m(z)t^{m−1}. Exisÿnontac Ðsec dunĹmeic tou t sumperaÐnoume ìti:

J_{m+1}(z) + J_{m−1}(z) = 2 z mJ_m(z). H paragÿgish thc gennătriac sunĹrthshc wc proc z dÐnei: 1 2 ( t − 1 t ) ∑ J_m(z)t^m = ∑ J^′_m(z)t^m, h opoÐa parìmoia dÐnei to apotèlesma:

J_{m−1}(z) − J_{m+1}(z) = 2J^′_m(z).

Eqoume apodeÐxei tic dÔo basikèc anadromikèc sqèseic gia tic sunartăseic Bessel. Apì autèc mporoÔme eÔkola na apodeÐxoume ìlec tic Ĺllec. GrĹfoume merikèc:

J_{m−1}(z) = m z J_m(z) + J^′_m(z),

J_{m+1}(z) = m z J_m(z) − J^′_m(z), d dz [z^mJ_m(z)] = z^mJ_{m−1}(z).

H teleutaÐa eÐnai polÔ qrăsimh gia upologismoÔc oloklhrwmĹtwn.

7.5. OLOKLHRWTIK§H ANAPAR§ASTASH 141

GenikeÔseic

Oi anadromikèc sqèseic pou brăkame apodeÐqjhkan mìno gia tic sunartăseic Bessel J_m(z) me akèraio deÐkth m. ApodeiknÔetai (me th qrăsh oloklhrwmĹtwn sto migadikì epÐpedo) ìti isqÔoun gia tuqìnta deÐkth kajÿc kai ìti tic Ðdiec anadromikèc sqèseic upakoÔoun kai oi sunartăseic Neumann. GrĹfoume tic anadromikèc sqèseic me th genikìterh morfă touc:

J_{μ+1}(z) + J_{μ−1}(z) =^2_z μJ_μ(z), N_{μ+1}(z) + N_{μ−1}(z) =^2_z μN_μ(z) J_{μ−1}(z) − J_{μ+1}(z) = 2J^′_μ(z), N_{μ−1}(z) − N_{μ+1}(z) = 2N^′_μ(z) J_{μ−1}(z) =^μ_z J_μ(z) + J^′_μ(z), N_{μ−1}(z) =^μ_z N_μ(z) + N^′_μ(z) J_{μ+1}(z) =^μ_z J_μ(z) − J^′_μ(z), N_{μ+1}(z) =^μ_z N_μ(z) − N^′_μ(z) d dz [z^μJ_μ(z)] = z^μJ_{μ−1}(z),^d_{dz} [z^μN_μ(z)] = z^μN_{μ−1}(z)

(7.24)

Tèloc, apodeiknÔoume ìti èna tuqaÐo zeugĹri anexĹrthtwn anadromikÿn sqèsewn, epÐ paradeÐgmati to zeugĹri J^′_μ(z) = J_{μ−1}(z) −^μ_z J_μ(z) kai J^′_μ(z) = −J_{μ+1}(z) +^μ_z J_μ(z), odhgeÐ prĹgmati sthn exÐswsh Bessel. ParagwgÐzontac thn prÿth prokÔptei h sqèsh: J^{′′}_μ (z) = J^′_{μ−1}(z) +^μ_{z2} J_μ −^μ_z J^′_μ. Qrhsimopoiÿntac th deÔterh, me th morfă J^′_{μ−1}(z) = −J_μ(z) +^{μ−1}_z J_{μ−1}(z), h sqèsh grĹfetai: J^{′′}_μ (z) = [−J_μ(z) +^{μ−1}_z J_{μ−1}(z)] +^μ_{z2} J_μ(z) −^μ_z J^′_μ(z). QrhsimopoioÔme pĹli thn prÿth sqèsh me th morfă J_{μ−1}(z) = J^′_μ(z) +^μ_z J_μ(z) gia na apaleÐyoume to J_{μ−1}(z) kai katalăgoume sthn J^{′′}_μ (z) = −J_μ(z) +^{μ−1}_z (J^′_μ(z) +^μ_z J_μ(z)) +^μ_{z2} J_μ(z) −^μ_z J^′_μ(z). H Ĺlgebra dÐnei telikĹ J^{′′}_μ (z) = (_{μ2} z^2 − 1 ) J_μ(z) −^{J ′μ (z)}_z , opìte, anadiatĹssontac elafrĹ touc ìrouc tou apotelèsmatoc brÐskoume ìti h J_μ(z) ikanopoieÐ thn exÐswsh

z^2J^{′′}_μ (z) + zJ^′_μ(z) + (z^2 − μ^2)J_μ(z) = 0,

pou den eÐnai Ĺllh apì thn exÐswsh Bessel. FusikĹ, me ta Ðdia akribÿc bămata mporoÔme na deÐxoume ìti kai h N_μ(z) ikanopoieÐ thn exÐswsh Bessel, afoÔ ikanopoieÐ tic Ðdiec anadromikèc sqèseic.

7.5 Oloklhrwtikă anaparĹstash

Xekinÿntac apì th gennătria sunĹrthsh (7.23) kai jètontac t = e^{iθ} brÐskoume ìti exp [ z 2 ( e^{iθ} − e^{−iθ} )] = J_0(z) + ∞∑ l=1 [ J_{2l}(z)e^{i2lθ} + J_{−2l}(z)e^{−i2lθ} ]

+ ∞∑ l=1 [ J_{2l−1}(z)e^{i(2l−1)θ} + J_{−(2l−1)}(z)e^{−i(2l−1)θ} ]

Eqoume anadiatĹxei th seirĹ xeqwrÐzontac touc Ĺrtiouc ìrouc apì touc perittoÔc. M’ autìn ton trìpo mporoÔme na ekmetalleutoÔme th sqèsh J_{−m}(z) = (−1)^mJ_m(z) pou èqoume ădh sunantăsei. H sqèsh mĹc lèei ìti J_{−2l}(z) = J_{2l}(z) kai J_{−(2l+1)}(z) = −J_{2l+1}(z). Dhladă prokÔptei to apotèlesma:

exp[iz sin θ] = J_0(z) + 2 ∞∑ l=1 J_{2l}(z) cos[2lθ] + 2i ∞∑ l=1 J_{2l−1}(z)sin[(2l − 1)θ].

Ena polÔ shmantikì paraproðìn thc mejìdou pou akoloujoÔme eÐnai ta legìmena anaptÔgmata tou Jacobi, pou eÐnai, aplĹ, to pragmatikì kai to fantastikì mèroc thc pio pĹnw sqèshc:

cos[z sin θ] = J_0(z) + 2 ∞∑ l=0 J_{2l}(z) cos[2lθ], (7.25)

sin[z sin θ] = 2 ∞∑ l=0 J_{2l+1}(z)sin[(2l + 1)θ]. (7.26)

Omwc to dexiì mèloc twn (7.25) kai (7.26) den eÐnai parĹ to anĹptugma Fourier tou aristeroÔ mèlouc twn pio pĹnw exisÿsewn, opìte oi suntelestèc eÐnai gnwstoÐ: 2 π ∫_π 0 cos(z sin θ) cos mθdθ = { 2J_m(z), gia Ĺrtia m (kai mhdèn), 0, gia perittĹ m.

(7.27) 2 π ∫_π 0 sin(z sin θ) sin mθdθ = { 0, gia Ĺrtia m (kai mhdèn), 2J_m(z), gia perittĹ m.

(7.28)

Epomènwc, ajroÐzontac ta dÔo teleutaÐa apotelèsmata katĹ mèlh sunĹgoume ìti: 2 π ∫_π 0 dθ [cos(z sin θ) cos(mθ) + sin(z sin θ) sin(mθ)] = 2J_m(z)

kai autì gia kĹje m, Ĺrtio ă perittì. Dhladă, telikĹ, h oloklhrwtikă anaparĹstash twn sunartăsewn Bessel me akèraio deÐkth eÐnai h exăc:

J_m(z) = 1 π ∫_π 0 dθ [cos(z sin θ − mθ)] . (7.29)

H anaparĹstash aută eÐnai idiaÐtera qrăsimh. Gia parĹdeigma, apì autăn brÐskei kaneÐc th sumperiforĹ twn sunartăsewn gia megĹlec timèc tou orÐsmatoc. EidikĹ to J_0(z), pou eÐnai mia sunĹrthsh pou emfanÐzetai suqnĹ, grĹfetai:

J_0(z) = 1 π ∫_π 0 dθcos(zsinθ) = 1 2π ∫_{2π} 0 dθcos(zsinθ) = 1 2π ∫_{2π} 0 dθe^{izsinθ} = 1 2π ∫_{2π} 0 dθe^{izcosθ}. 7.6 Orjogwniìthta

Gia to jèma thc orjogwniìthtac jewroÔme thn exÐswsh (7.10), ìpou antikajistoÔme th stajerĹ √ λ me thn k : ρ^2 d^2J_μ(kρ) dρ^2 + ρ dJ_μ(kρ) dρ + (k^2ρ^2 − μ^2)J_μ(kρ) = 0

me tic oriakèc sunjăkec (7.11): J_μ(kρ)|_{ρ=R} = 0, kai (7.12): |J_μ(kρ)|_{ρ=0}| < ∞. Shmeiÿnoume ìti èqoume qrhsimopoiăsei ton deÐkth μ, pou mporeÐ na pĹrei opoiadăpote timă, antÐ tou m pou upodhlÿnei akèraia timă. H sunjăkh (7.12) aplĹ periorÐzei th lÔsh stic sunartăseic Bessel (me thn ènnoia ìti apokleÐei tic sunartăseic Neumann). An oi rÐzec thc exÐswshc J_μ(z) = 0 eÐnai oi ξ_{μn}, eÐnai fanerì ìti h oriakă sunjăkh (7.11) mporeÐ na ikanopoihjeÐ, an apaităsoume h

7.6. ORJOGWNI§OTHTA 143

parĹstash kR na isoÔtai me ξ_{μn}, gia kĹpoio n. Autì deÐqnei ìti to k den mporeÐ na eÐnai opoiodăpote, allĹ paÐrnei tic sugkekrimènec timèc k_{μn} =^{ξμn}_R , opìte h arqikă idiotimă λ ja gÐnei antÐstoiqa λ_{μn} ≡ k^2_{μn} = (_{ξμn} R )_2

. H antÐstoiqh idiosunĹrthsh eÐnai h J_μ(k_{μn}ρ) = J_μ(ξ_{μn}^ρ_R ). Blèpoume ìti èqoume th lÔsh tou problămatoc idiotimÿn pou jèsame sthn arqă thc paragrĹfou. Apì th genikă jewrÐa Sturm-Liouville xèroume ìti idiosunartăseic pou antistoiqoÔn se diaforetikèc idiotimèc eÐnai orjogÿniec wc proc to eswterikì ginìmeno (J^{(n1)}μ , J^{(n2)}μ ) ≡ ∫_R 0 dρρJ_μ(ξ_{μn1}^ρ_R )J_μ(ξ_{μn2}^ρ_R ), ìpou o sumbolismìc J^{(n)}_μ èqei piĹ sugkekrimèno nìhma: J^{(n)}_μ ≡ J_μ(ξ_{μn}^ρ_R ). Omwc h genikă jewrÐa den prosdiorÐzei to oloklărwma I ≡ ∫_R 0 dρρ [ J_μ ( ξ_{μn} ρ R )]_2 . To epìmeno jèma mac ja eÐnai autìc akribÿc o upologismìc.

Gia na upologÐsoume to oloklărwma, pollaplasiĹzoume thn exÐswsh Bessel me thn sunĹrthsh 2^{dJμ(kρ)}_{dρ} , ìpou k ≡^{ξμn}_R : 2ρ^2 dJ_μ(kρ) dρ d^2J_μ(kρ) dρ^2 + 2ρ ( dJ_μ(kρ) dρ )_2 + 2(k^2ρ^2 − μ^2)J_μ(kρ) dJ_μ(kρ) dρ = 0 →

→ ρ^2 d [(_{dJμ(kρ)} dρ )_2] dρ + dρ^2 dρ ( dJ_μ(kρ) dρ )_2

+ (k^2ρ^2 − μ^2) d [J_μ(kρ)]^2 dρ = 0.

Prosjètontac kai afairÿntac mia katĹllhlh posìthta, mporoÔme na emfanÐsoume mia olikă parĹgwgo: d dρ [ ρ^2 ( dJ_μ(kρ) dρ )_2] + d[(k^2ρ^2 − μ^2)[J_μ(kρ)]^2] dρ − 2k^2ρ[J_μ(kρ)]^2 = 0 →

→ 2k^2 ∫_R 0 dρρ[J_μ(kρ)]^2 = ∫_R 0 dρ d[ρ^2 (_{dJμ(kρ)} dρ )_2

+ (k^2ρ^2 − μ^2)[J_μ(kρ)]^2] dρ =

= R^2 ( dJ_μ(kρ) dρ | | | |_{ρ=R} )_2

+ (k^2R^2 − μ^2)[J_μ(kR)]^2

− [0 + (0 − μ^2)J^2_μ(0)] .

AllĹ J_μ(0) = 0 me th monadikă exaÐresh tou J_0(0), Ĺra μJ_μ(0) = 0. Ex Ĺllou, isqÔei h isìthta J_μ(kR) = 0, opìte to oloklărwma pou jèloume dÐnetai apì th sqèsh: ∫_R 0 dρρJ^2_μ = 1 2k^2 R^2 ( dJ_μ(kρ) dρ | | |_{ρ=R} )_2 .

Me th boăjeia thc anadromikăc sqèshc J^′_μ(z) =^μ_z J_μ(z) − J_{μ+1}(z) brÐskoume ìti^{dJμ(kρ)}_{dρ} | | |_{ρ=R} = kJ^′_μ(kR) = kJ^′_μ (_{ξμn} R R ) = kJ^′_μ(ξ_{μn}) = −kJ_{μ+1}(ξ_{μn}) kai h teleutaÐa parĹstash dÐnei: ∫_R 0 dρρJ^2_μ(kρ) = R^2 2 [J_{μ+1}(ξ_{μn})]^2.

Sunepÿc h sqèsh orjogwniìthtac eÐnai: ∫_R 0 dρρJ_μ ( ξ_{μn1} ρ R ) J_μ ( ξ_{μn2} ρ R ) = R^2 2 [J_{μ+1}(ξ_{μn})]^2δ_{n1n2} . (7.30)

Shmeiÿnoume ìti to μ prèpei na eÐnai megalÔtero apì −1.

Mia shmantikă paratărhsh anafèretai stic paragwgÐseic twn sunartăsewn Bessel: Oi parĹgwgoi pou emfanÐzontai stic anadromikèc sqèseic ìpwc tic anaptÔxame sthn antÐstoiqh parĹgrafo eÐnai parĹgwgoi wc proc to ìrisma kρ thc sunĹrthshc. Se ìsa prohgăjhkan s’ autăn thn parĹgrafo emfanÐsthkan apokleistikĹ parĹgwgoi wc proc to ρ (kai ìqi wc proc to ìrisma kρ). EpimeÐname sth diĹkrish grĹfontac tic paragÿgouc me th morfă^d_{dρ} , ÿste na eÐnai safăc h metablhtă wc proc thn opoÐa paragwgÐzoume. To apotèlesma eÐnai na emfanÐzontai dunĹmeic tou k :^{dJμ(kρ)}_{dρ} = kJ^′_μ(kρ), ìpou me ton tìno ennoeÐtai h sunhjismènh paragÿgish wc proc to sunolikì ìrisma kρ.

7.7 SeirĹ BESSEL

Opwc èqoume exhgăsei, h genikă jewrÐa Sturm-Liouville mac exasfalÐzei ìti oi idiosunartăseic pou brăkame apoteloÔn plărec sÔsthma gia to prìblhmĹ mac, dhladă opoiadăpote sunĹrthsh f(ρ) pou mhdenÐzetai gia ρ = R mporeÐ na anaptuqjeÐ sthn legìmenh seirĹ Bessel: f(ρ) = ∞∑ n=1 c_{μn}J_μ ( ξ_{μn} ρ R ) . (7.31)

Oi suntelestèc mporoÔn na brejoÔn me th sunhjismènh praktikă (pollaplasiĹzontac kai ta dÔo mèlh thc isìthtac me katĹllhlouc parĹgontec kai oloklhrÿnontac, ÿste na emfanistoÔn eswterikĹ ginìmena twn sunartăsewn Bessel, pou eÐnai orjogÿniec, kai axiopoiÿntac th sqèsh (7.30) thc prohgoÔmenhc paragrĹfou): c_{μn} = 2 R^2[J_{μ+1}(ξ_{μn})]^2 ∫_R 0 dρρJ_μ ( ξ_{μn} ρ R ) f(ρ). Shmeiÿnoume ìti sth seirĹ (7.31) ekeÐno pou ajroÐzetai eÐnai to n. EÐnai polÔ shmantikă h paratărhsh ìti to μ mporeÐ na eÐnai otidăpote (arkeÐ na eÐnai megalÔtero apì −1). Dhladă èqoume Ĺpeirec seirèc Bessel (mÐa giĹ kĹje timă tou μ) giĹ kĹje sugkekrimènh sunĹrthsh f(ρ)!

7.8 Timèc gia polÔ mikrĹ ă polÔ megĹla orÐsmata

Gia ta mikrĹ orÐsmata twn J_μ(z) arkeÐ na kratăsoume kĹpoiouc arqikoÔc ìrouc apì thn anĹptuxh se seirĹ. Gia parĹdeigma, an o m eÐnai jetikìc akèraioc:

lim_{z→0} J_m(z) = (z 2 )_m [ 1 m! − 1 (m + 1)! ( z 2 )_2 + 1 2(m + 2)! ( z 2 )_4 + . . . ] . (7.32)

Eqoume ădh dÿsei pio pĹnw th sumperiforĹ twn sunartăsewn Neumann gia mikrì ìrisma:

lim_{z→0} N_0(z) = 2 π ln z, lim_{z→0} N_m(z) = −

(m − 1)! π ( 2 z )_m , m = 1, 2, 3, . . . (7.33)

Gia ta megĹla orÐsmata katafeÔgoume sthn oloklhrwtikă anaparĹstash sto migadikì epÐpedo. ApodeiknÔetai ìti:

lim_{z→∞} J_μ(z) = √ 2 πz cos [ z − ( μ + 1 2 ) π 2 ] , (7.34)

lim_{z→∞} N_μ(z) = √ 2 πz sin [ z − ( μ + 1 2 ) π 2 ] . (7.35)

7.9. SUNART§HSEIS HANKEL 145

7.9 Sunartăseic HANKEL

Oi sunartăseic Hankel prÿtou kai deÔterou eÐdouc eÐnai oi dÔo antÐstoiqoi grammikoÐ sunduasmoÐ:

H^{(1)}_μ (z) ≡ J_μ(z) + iN_μ(z), H^{(2)}_μ (z) ≡ J_μ(z) − iN_μ(z). (7.36)

Sto mhdèn autèc oi sunartăseic apeirÐzontai, afoÔ perièqoun thn sunĹrthsh Neumann pou apeirÐzetai, ikanopoioÔn tic Ðdiec anadromikèc sqèseic me tic J_μ(z) kai N_μ(z) kai h sumperiforĹ touc gia megĹla orÐsmata mporeÐ na paraqjeÐ eÔkola apì tic (7.34) kai (7.35):

lim_{z→∞} H^{(1)}_μ (z) = √ 2 πz exp ( +i [ z − ( μ + 1 2 ) π 2 ]) , (7.37)

lim_{z→∞} H^{(2)}_μ (z) = √ 2 πz exp ( −i [ z − ( μ + 1 2 ) π 2 ]) , (7.38)

Autèc oi sunartăseic eÐnai qrăsimec gia thn perigrafă odeuìntwn (kulindrikÿn) kumĹtwn. EpÐ paradeÐgmati h èkfrash H^{(1)}μ (kρ) exp[−iωt] gia megĹlec apostĹseic ρ >>^1_k teÐnei sthn parĹstash: exp [ −i ( μ + 1 2 ) π 2 ] √ 2 πkρ exp [+i (kρ − ωt)] (7.39)

Aută h morfă perièqei ton qarakthristikì sunduasmì kρ−ωt enìc odeÔontoc kÔmatoc. O prÿtoc parĹgontac eÐnai mia “fĹsh” qwrÐc idiaÐterh shmasÐa, enÿ o parĹgontac kĹtw apì thn tetragwnikă rÐza mac deÐqnei ìti to kulindrikì kÔma pou perigrĹfei aută h sqèsh exasjeneÐ ìso apomakrunìmaste apì ton Ĺxona tou kulÐndrou. To teleutaÐo èqei na kĹnei me th diatărhsh thc enèrgeiac pou ekpèmpetai sto qÿro. H èntash thc aktinobolÐac tou ekpempomènou kÔmatoc eÐnai anĹlogh proc to mètro tou migadikoÔ arijmoÔ (7.39) sto tetrĹgwno: N^2_{πkρ} ìpou N eÐnai mia stajerĹ analogÐac. Autì prèpei na pollaplasiasteÐ me to embadìn 2πρL thc parĹpleurhc epifĹneiac enìc kulÐndrou me aktÐna ρ kai Ôyoc L gia na brejeÐ h enèrgeia pou ekpèmpetai anĹ monĹda qrìnou se èna tmăma kulÐndrou me Ôyoc L : N^2_{πkρ} 2πρL = 4NL. ParathroÔme ìti o deÔteroc parĹgontac thc (7.39) èqei akribÿc th morfă pou qreiĹzetai, ÿste h olikă ekpempìmenh enèrgeia anĹ monĹda qrìnou na mhn exartĹtai apì thn aktÐna ρ sthn opoÐa gÐnetai o upologismìc.

O grammikìc sunduasmìc autÿn twn eidikÿn sunartăsewn jumÐzei èntona touc antÐstoiqouc grammikoÔc sunduasmoÔc exp[±i(kx − ωt)] = cos(kx − ωt) ± i sin(kx − ωt). Kai s’ autăn thn perÐptwsh ta ekjetikĹ endeÐknuntai gia thn perigrafă odeuìntwn kumĹtwn, enÿ ta hmÐtona kai sunhmÐtona perigrĹfoun kalÔtera ta stĹsima kÔmata. Blèpoume edÿ ekdhlÿseic miac analogÐac pou kalì eÐnai na èqei kaneÐc upìyh sqetikĹ me tic sunartăseic pou èqoume dei wc edÿ s’ autì to kefĹlaio:

• Oi sunartăseic Bessel J_μ(z) antistoiqoÔn sta sunhmÐtona cos z.

• Oi sunartăseic Neumann N_μ(z) antistoiqoÔn sta hmÐtona sin z.

• Oi sunartăseic Hankel H^{(1,2)}_μ (z) antistoiqoÔn sta ekjetikĹ exp(±iz).

Bèbaia, autèc oi antistoiqÐec eÐnai entelÿc diaisjhtikèc kai apoktoÔn nìhma mìno metĹ ap’ ìsa eÐpame gia th sumperiforĹ se megĹla orÐsmata. Prèpei pĹnta na jumìmaste kai touc upìloipouc parĹgontec kai kurÐwc ton polÔ shmantikì parĹgonta me thn tetragwnikă rÐza.

7.10 Kuklikă membrĹnh, sunèqeia kai tèloc

Exhgăsame ădh sthn prÿth parĹgrafo autoÔ tou kefalaÐou ìti h lÔsh gia thn apomĹkrunsh thc membrĹnhc eÐnai Ĺjroisma ginomènwn twn exăc sunartăsewn: twn J_m( √ λρ) kai N_m( √ λρ) gia thn aktinikă sunistÿsa, twn sin mϕ kai cos mϕ gia th gwnÐa, kai twn sin( √ λct) kai cos( √ λct) gia to qrìno. AllĹ o suntelestăc tou N_m( √ λρ) prèpei na eÐnai mhdèn, ÿste na apofÔgoume ton apeirismì thc lÔshc sto mhdèn kai prèpei epÐshc √ λ ≡ k =^{ξmn}_R , ÿste na èqoume mhdenismì thc apomĹkrunshc sthn perifèreia thc membrĹnhc. Ara h genikă lÔsh ja eÐnai thc morfăc: Ψ(ρ, ϕ, t) = ∑ m,n J_m ( ξ_{mn} ρ R ) [a_m cos mϕ + b_m sin mϕ] [ d_{mn} cos ( ξ_{mn} R ct ) + f_{mn} sin ( ξ_{mn} R ct )]

= ∑ m,n J_m ( ξ_{mn} ρ R ) [ A_{mn} cos mϕ cos ( ξ_{mn} R ct ) + B_{mn} cos mϕ sin ( ξ_{mn} R ct )

+C_{mn} sin mϕ cos ( ξ_{mn} R ct ) + D_{mn} sin mϕ sin ( ξ_{mn} R ct )] (7.40)

Tÿra prèpei na ikanopoiăsoume tic arqikèc sunjăkec. Gia thn apomĹkrunsh isqÔei:

Ψ(ρ, ϕ, t = 0) = ψ_0(ρ, ϕ) = ∑ J_m ( ξ_{mn} ρ R ) [A_{mn} cos mϕ + C_{mn} sin mϕ],

enÿ gia thn taqÔthta: ∂Ψ ∂t | | | |_{t=0} = v^0(ρ, ϕ) = ∑ ( ξ_{mn}c R ) J_m ( ξ_{mn} ρ R ) [B_{mn} cos mϕ + D_{mn} sin mϕ].

Apì tic seirèc autèc, qrhsimopoiÿntac tic sunhjismènec teqnikèc, mporoÔme na broÔme touc suntelestèc A_{mn}, B_{mn}, C_{mn}, D_{mn} kai na prosdiorÐsoume plărwc th lÔsh. Oi telikèc ekfrĹseic eÐnai: A_{mn} = P ∫_{2π} 0 dϕ ∫_R 0 dρρψ_0(ρ, ϕ)J_m ( ξ_{mn} ρ R ) cos mϕ,

B_{mn} ξ_{mn}c R = P ∫_{2π} 0 dϕ ∫_R 0 dρρv_0(ρ, ϕ)J_m ( ξ_{mn} ρ R ) cos mϕ, C_{mn} = P ∫_{2π} 0 dϕ ∫_R 0 dρρψ(ρ, ϕ)J_m ( ξ_{mn} ρ R ) sin mϕ, D_{mn} ξ_{mn}c R = P ∫_{2π} 0 dϕ ∫_R 0 dρρv(ρ, ϕ)J_m ( ξ_{mn} ρ R ) sin mϕ, ìpou P ≡ 2 πR^2[J_{m+1}(ξ_{mn})]^2 . Gia thn eÔresh tou P qrhsimopoiăjhkan oi sqèseic: ∫_R 0 dρρ ∫_{2π} 0 dϕJ_M ( ξ_{MN} ρ R ) cos MϕJ_m ( ξ_{mn} ρ R ) cos mϕ

= δ_{Mm}δ_{Nn} πR^2 2 [J_{M+1}(ξ_{MN} )]^2,

7.11. DUNAMIK§O SE KEN§O K§ULINDRO 147

∫_R 0 dρρ ∫_{2π} 0 dϕJ_M ( ξ_{MN} ρ R ) sin MϕJ_m ( ξ_{mn} ρ R ) sin mϕ

= δ_{Mm}δ_{Nn} πR^2 2 [J_{M+1}(ξ_{MN} )]^2,

kai ∫_R 0 dρρ ∫_{2π} 0 dϕJ_M ( ξ_{MN} ρ R ) sin MϕJ_m ( ξ_{mn} ρ R ) cos mϕ = 0.

Shmeiÿnoume kai tic eidikèc periptÿseic: C_{0n} = D_{0n} = 0. EpÐ plèon, gia ta A_{0n} kai B_{0n} to P paÐrnei thn timă^1

πR^2 [J_{m+1}(ξ_{mn})]^2 .

7.11 Dunamikì se kenì kÔlindro

Autì to prìblhma eÐnai mia elafrĹ genÐkeush tou problămatoc thc membrĹnhc. ZhteÐtai na brejeÐ to dunamikì s’ ènan kenì kÔlindro tou opoÐou h parĹpleurh epifĹneia kai h kĹtw bĹsh eÐnai geiwmènec, enÿ h pĹnw bĹsh brÐsketai se gnwstì dunamikì V (ρ, ϕ, z = H) = f(ρ, ϕ). Mèsa ston kÔlindro to dunamikì upakoÔei thn exÐswsh Laplace. O qwrismìc twn metablhtÿn thc exÐswshc se kulindrikèc suntetagmènec me thn apaÐthsh na ikanopoioÔntai oi omogeneÐc oriakèc sunjăkec kai na mhn upĹrqoun apeirismoÐ stic jèseic ìpou ρ = 0 odhgeÐ sth lÔsh: V (ρ, ϕ, z) = ∑ m,n J_m ( ξ_{mn} ρ R ) [a_{mn} cos mϕ + b_{mn} sin mϕ] sinh ( ξ_{mn} z R ) .

EpibĹllontac thn mh omogenă sunjăkh prosdiorÐzoume touc suntelestèc: V (ρ, ϕ, z = H) = f(ρ, ϕ) =

= ∑ m,n J_m ( ξ_{mn} ρ R ) [a_{mn} cos mϕ + b_{mn} sin mϕ] sinh ( ξ_{mn} H R )

opìte

a_{mn} = P ∫_{2π} 0 dϕ ∫_R 0 dρρf(ρ, ϕ)J_m ( ξ_{mn} ρ R ) cos mϕ kai b_{mn} = P ∫_{2π} 0 dϕ ∫_R 0 dρρf(ρ, ϕ)J_m ( ξ_{mn} ρ R ) sin mϕ, ìpou P ≡ 2 πR^2 sinh ( ξ_{mn}^H_R ) [J_{m+1}(ξ_{mn})]^2 . Oi eidikèc periptÿseic èqoun akribÿc ìpwc sthn prohgoÔmenh perÐptwsh (thc membrĹnhc).

7.12 Omoaxonikìc kumatodhgìc

JewroÔme kulindrikì omoaxonikì kumatodhgì me aktÐnec r kai R > r, mèsa sto opoÐo odeÔoun hlektromagnhtikĹ kÔmata me suqnìthta ω katĹ ton Ĺxona twn z. H hlektrikă sunistÿsa prèpei na mhdenÐzetai sta eswterikĹ toiqÿmata kai sto eswterikì tou kumatodhgoÔ na upakoÔei sthn kumatikă exÐswsh pou, afoÔ èqoume mìno mÐa suqnìthta, metapÐptei sthn exÐswsh tou Helmholtz:

(∇^2 + k^2)E = 0 (7.41)

me k =^ω_c . To idiaÐtero s’ autì to parĹdeigma eÐnai ìti mac endiafèrei mìno h perioqă r < ρ < R, epomènwc potè den plhsiĹzoume thn perioqă ρ = 0, ìpou oi sunartăseic Neumann apeirÐzontai. Dhladă, edÿ, den upĹrqei lìgoc na tic apokleÐsei kaneÐc kai summetèqoun sth lÔsh isìtima me tic sunartăseic Bessel. QwrÐzontac tic metablhtèc se kulindrikèc suntetagmènec eÐnai eÔkolo na epalhjeÔsei kaneÐc ìti h èkfrash E = ∑ mn [A_{mn}J_m (q_{mn}ρ) + B_{mn}N_m (q_{mn}ρ)] [C_m cos mϕ + D_m sin mϕ] e^{i(kz−ωt)}

ikanopoieÐ thn exÐswsh (7.41) kai paristĹnei èna kÔma pou odeÔei sthn kateÔjunsh ẑ. Eqoume upojèsei ìti oi idiotimèc q_{mn} eÐnai diakritèc. H apaÐthsh na mhdenÐzetai to E sta toiqÿmata odhgeÐ stic sunjăkec: A_{mn}J_m (q_{mn}r) + B_{mn}N_m (q_{mn}r) = 0, A_{mn}J_m (q_{mn}R) + B_{mn}N_m (q_{mn}R) = 0. To sÔsthma eÐnai omogenèc, Ĺra gia na èqoume mh tetrimènh lÔsh gia touc suntelestèc A_{mn}, B_{mn} prèpei h orÐzousa twn suntelestÿn na mhdenÐzetai: J_m (q_{mn}r) N_m (q_{mn}R) − J_m (q_{mn}R) N_m (q_{mn}r) = 0. Aută h sunjăkh eÐnai ènac periorismìc pĹnw stic idiotimèc. Akribèstera, mìno ta q_{mn} pou ikanopoioÔn aută th sqèsh eÐnai apodektĹ kai apì edÿ prokÔptei h “kbĹntwsh” twn idiotimÿn. EpishmaÐnoume ìti oi idiotimèc den eÐnai Ðsec me^{ξmn}_R ă^{ξmn}_r , ìpwc stic periptÿseic pou exetĹsame mèqri tÿra, ìpou apokleÐontan oi sunartăseic Neumann, allĹ me kĹti pio sÔnjeto. Gia autèc tic timèc twn q_{mn}, to sÔsthma mac dÐnei to phlÐko twn suntelestÿn kai h lÔsh (me th boăjeia thc B_{mn} = − J_m(q_{mn}r) N_m(q_{mn}r) A_{mn} grĹfetai: E = ∑ mn [ J_m (q_{mn}ρ) − J_m (q_{mn}r) N_m (q_{mn}r) N_m (q_{mn}ρ) ]

[P_{mn} cos mϕ + Q_{mn} sin mϕ] e^{i(kz−ωt)}, ìpou èqoume jèsei P_{mn} ≡ A_{mn}C_m, Q_{mn} ≡ A_{mn}D_m. An èqoume thn prìsjeth plhroforÐa ìti sthn arqă tou kumatodhgoÔ èqoume E(ρ, ϕ, z = 0, t) = f(ρ, ϕ) exp[−iωt] (gnwstă sunĹrthsh), tìte mporoÔme na broÔme me tic gnwstèc teqnikèc touc suntelestèc P_{mn} kai Q_{mn}.

7.13. K§ULINDROS ME TIS B§ASEIS TOU SE MHDENIK§H JERMOKRAS§IA 149

7.13 KÔlindroc me tic bĹseic tou se mhdenikă jermokrasÐa

Aută h efarmogă eÐnai eisagwgă se mian Ĺllh kathgorÐa sunartăsewn Bessel. JewroÔme thn katanomă jermokrasÐac gia ènan kÔlindro se jermikă isorropÐa tou opoÐou oi bĹseic brÐskontai se mhdenikă jermokrasÐa, enÿ h parĹpleurh epifĹneiĹ èqei th gnwstă jermokrasÐa Θ(ρ = R, ϕ, z) = f(ϕ, z). H jermokrasÐa mèsa ston kÔlindro dièpetai apì thn exÐswsh

∇^2Θ = 0. (7.42)

EÐnai bolikì na qrhsimopoiăsoume kulindrikèc suntetagmènec kai na proqwrăsoume ston qwrismì metablhtÿn Θ(ρ, ϕ, z) = f(ρ) exp[±imϕ] sin[^{nπz}_H ]. Eqoume axiopoiăsei dhladă th gnÿsh ìti oi lÔseic wc proc th gwnÐa eÐnai ta fantastikĹ ekjetikĹ me akèraio m (ă isodÔnama ta sin mϕ kai cos mϕ) kai ìti oi lÔseic wc proc z eÐnai ta hmÐtona, pou qarakthrÐzontai apì ton akèraio n. Antikajistÿntac autăn th dokimastikă sunĹrthsh sthn exÐswsh ∇^2Θ =^1_ρ^∂_{∂ρ} ( ρ^{∂Θ}_{∂ρ} ) +^1_{ρ2}^{∂2 Θ}_{∂ϕ2} +

∂^2Θ ∂z^2 = 0 brÐskoume gia th sunĹrthsh f(ρ) thn exÐswsh:

ρ^2 d^2f dρ^2 + ρ df dρ + ( − (nπ H )_2 ρ^2 − m^2 ) f = 0. EisĹgoume tÿra to sumbolismì k ≡^{nπ}_H , opìte h exÐswsh grĹfetai:

ρ^2 d^2f dρ^2 + ρ df dρ + ( −k^2ρ^2 − m^2 ) f = 0. (7.43)

Aută h exÐswsh moiĹzei me thn exÐswsh Bessel kai lègetai tropopoihmènh exÐswsh Bessel. H mình, allĹ shmantikă, diaforĹ brÐsketai sto prìshmo tou ìrou k^2ρ^2.

7.14 Tropopoihmènec sunartăseic BESSEL

Mia skèyh gia th lÔsh thc exÐswshc (7.43) eÐnai ìti an jèsei kaneÐc ρ = −iρ̃ h exÐswsh metatrèpetai sthn ρ̃^{2 d2f}_{dρ̃2} + ρ̃^{df}_{dρ̃} + ( +k^2ρ̃^2 − m^2 ) f = 0, pou eÐnai akribÿc h exÐswsh Bessel, me genikă lÔsh thn A_mJ_m(kρ̃) + B_mN_m(kρ̃) = A_mJ_m(ikρ) + B_mN_m(ikρ). Epomènwc, mporoÔme na broÔme th lÔsh qrhsimopoiÿntac tic sunartăseic Bessel kai Neumann allĹ me fantastikì ìrisma. Aută h skèyh brÐsketai sth bĹsh tou orismoÔ twn tropopoihmènwn sunartăsewn Bessel. Sthn ousÐa eÐnai oi sunartăseic me fantastikì ìrisma pou perigrĹyame prin. O akribăc orismìc touc eÐnai o akìloujoc: I_μ(z) ≡ i^{−μ}J_μ(iz), K_μ(z) ≡ π 2 i^{μ+1}H^{(1)}_μ (iz). (7.44)

Shmeiÿnoume ìti h deÔterh tropopoihmènh sunĹrthsh Bessel orÐzetai me bĹsh th sunĹrthsh Hankel kai ìqi th sunĹrthsh Neumann, ìpwc ja ătan, Ðswc, fusikìtero.

Oi anadromikèc sqèseic gia tic tropopoihmènec sunartăseic Bessel prokÔptoun apì tic anadromikèc sqèseic (7.24) gia tic J_μ(z) kai N_μ(z) se sunduasmì me touc orismoÔc (7.44). GrĹfoume tic anexĹrthtec:

I_{μ−1}(z) − I_{μ+1}(z) =^2_z μI_μ(z), K_{μ−1}(z) − K_{μ+1}(z) =^2_z μK_μ(z) I_{μ+1}(z) + I_{μ−1}(z) = 2I^′_μ(z), K_{μ+1}(z) + K_{μ−1}(z) = 2K^′_μ(z)

(7.45)

Mia epÐ plèon paratărhsh eÐnai ìti, me thn Ðdia ènnoia pou h sunĹrthsh Bessel antistoiqeÐ se sunhmÐtono (blèpe parathrăseic sthn parĹgrafo gia tic sunartăseic Hankel), h tropopoihmènh sunĹrthsh I_μ(z) antistoiqeÐ se uperbolikì sunhmÐtono (autì eÐnai antanĹklash tou gegonìtoc ìti to sunhmÐtono me fantastikì ìrisma metatrèpetai se uperbolikì sunhmÐtono). EpÐshc, afoÔ h sunĹrthsh Hankel antistoiqeÐ se ekjetikì me fantastikì ekjèth, h sunĹrthsh K_μ(z) antistoiqeÐ se ekjetikì me pragmatikì ekjèth. AutĹ antikatoptrÐzontai sth sumperiforĹ gia megĹla orÐsmata (èqoume epÐ plèon lĹbei upìyh ìti to cosh z sumperifèretai gia megĹla z san^{exp[z]}_2 ):

lim_{z→∞} I_μ(z) = √ 1 2πz exp[z], lim_{z→∞} K_μ(z) = √ π 2z exp[−z]. (7.46)

Gia mikrĹ orÐsmata èqoume: lim_{z→0} I_m(z) = 1 m! (z 2 )_m , lim_{z→∞} K_{m(≠0)}(z) =

(m − 1)! 2 (z 2 )_{−m} , lim_{z→0} K_0(z) = ln z. (7.47)

7.15 Sfairikèc sunartăseic BESSEL

An prospajăsei kaneÐc na qwrÐsei tic metablhtèc gia thn

∇^2Ψ + k^2Ψ = 0

(exÐswsh tou Helmholtz) se sfairikèc suntetagmènec: Ψ(r, θ, ϕ) = R(r)P (θ)F (ϕ), to kommĹti me tic gwnÐec ja dÿsei tic sfairikèc armonikèc, pou exetĹzontai sto antÐstoiqo kefĹlaio, enÿ to aktinikì kommĹti ja dÿsei gia to R(r) thn exÐswsh

r^2R^{′′} + 2rR^′ + [k^2r^2 − l(l + 1)]R = 0. (7.48)

Aută h exÐswsh moiĹzei me th Bessel, ìmwc ston suntelestă thc prÿthc paragÿgou èqei ènan parĹgonta 2, pou den upĹrqei sthn Bessel. Autì diorjÿnetai eÔkola. An jèsoume R(r) =^{Z(r)√}_r , ja katalăxoume se mia exÐswsh gia to Z pou eÐnai akribÿc mia exÐswsh Bessel:

r^2Z^{′′} + rZ^′ + [ k^2r^2 − ( l + 1 2 )_2]

Z = 0. (7.49)

Oi lÔseic thc teleutaÐac exÐswshc eÐnai gnwstèc: eÐnai h J_{l+} 1_2 (kr) kai h N_{l+} 1_2 (kr). Dhladă oi lÔseic thc exÐswshc (7.48) gia th sunĹrthsh R(r) dÐnontai apì tic ekfrĹseic:

J_{l+} 1_2 (kr) √ r , N_{l+} 1_2 (kr) √ r . (7.50)

Me to parapĹnw skeptikì orÐzoume tic sfairikèc sunartăseic Bessel, Neumann kai Hankel me tic akìloujec sqèseic: j_l(z) ≡ √ π 2z J_{l+} 1_2 (z), n_l(z) ≡ √ π 2z N_{l+} 1_2 (z), (7.51)

h^{(1)}_l (z) ≡ j_l(z) + in_l(z), h^{(2)}_l (z) ≡ j_l(z) − in_l(z). (7.52)

7.15. SFAIRIK§ES SUNART§HSEIS BESSEL 151

Oi sunartăseic autèc lÔnoun thn aktinikă exÐswsh

z^2y^{′′} + 2zy^′ + [z^2 − l(l + 1)]y = 0,

pou prokÔptei apì to qwrismì metablhtÿn sthn exÐswsh tou Helmholtz, me thn tautopoÐhsh z → kρ. KatagrĹfoume tic kuriìterec idiìthtèc touc, pou prokÔptoun eÔkola apì tic antÐstoiqec twn kulindrikÿn sunartăsewn Bessel me hmiperittì deÐkth.

7.15.1 AnĹptuxh se seirĹ

j_l(z) = 2^lz^l ∞∑ n=0 (−1)^n(n + l)! n!(2n + 2l + 1)!

z^{2n} (7.53)

n_l(z) =

(−1)^{l+1} 2^lz^{l+1} ∞∑ n=0 (−1)^n(n − l)! n!(2n − 2l)! z^{2n}. (7.54)

EidikĹ gia l = 0 eÐnai eÔkolo na dei kaneÐc ìti oi dÔo seirèc gÐnontai:

j_0(z) = ∞∑ n=0 (−1)^n (2n + 1)!

z^{2n} = 1 z [ z − z^3 3! + z^5 5! − . . . ] = sin z z ,

n_0(z) = − 1 z ∞∑ n=0 (−1)^n (2n)!

z^{2n} = − 1 z [ 1 − z^2 2! + z^4 4! − . . . ] = − cos z z . GenikĹ apodeiknÔontai oi tÔpoi tou Rayleigh:

j_l(z) = z^l ( − 1 z d dz )_l sin z z , (7.55)

n_l(z) = −z^l ( − 1 z d dz )_l cos z z . (7.56)

7.15.2 Asumptwtikèc morfèc gia polÔ mikrĹ kai polÔ megĹla orÐsmata

Gia z → 0 arkeÐ na pĹroume touc prÿtouc ìrouc thc seirĹc:

lim_{z→0} j_l(z) = z^l (2l + 1)!!

, lim_{z→0} n_l(z) = −

(2l − 1)!! z^{l+1} (7.57)

H morfă gia megĹla orÐsmata mporeÐ na brejeÐ apì tic antÐstoiqec twn kulindrikÿn sunartăsewn Bessel kai Neumann. To apotèlesma eÐnai:

lim_{z→∞} j_l(z) = 1 z sin ( z − lπ 2 ) , lim_{z→∞} n_l(z) = 1 z cos ( z − lπ 2 ) . (7.58)

Apì autèc prokÔptei h asumptwtikă sumperiforĹ twn sfairikÿn sunartăsewn Hankel:

lim_{z→∞} h^{(1)}_l (z) = 1 z exp [ i ( z − lπ 2 )] ,

lim_{z→∞} h^{(2)}_l (z) = 1 z exp [ −i ( z − lπ 2 )] . (7.59)

Opwc eÐpame kai se prohgoÔmenh parĹgrafo, oi (kulindrikèc) sunartăseic Hankel qrhsimeÔoun gia thn perigrafă (kulindrikÿn) odeuìntwn kumĹtwn. Entelÿc antÐstoiqa, oi sfairikèc sunartăseic Hankel qrhsimeÔoun gia thn perigrafă sfairikÿn odeuìntwn kumĹtwn. Kai pĹli, h enèrgeia pou aktinoboleÐtai eÐnai anĹlogh me to tetrĹgwno tou mètrou thc sunĹrthshc pou perigrĹfei to kÔma, dhladă thc^1_{kr} exp [ i ( kr −^{lπ}_2 ) − iωt ] . Ja isoÔtai sunepÿc me N^1_{k2 r2} . Opwc kai sthn perÐptwsh twn kulindrikÿn sunartăsewn Hankel, to k =^{2π}_λ eÐnai o kumatikìc arijmìc. An pollaplasiĹsoume autăn thn èkfrash me to embadìn 4πr^2 thc sfaÐrac aktÐnac r, ja broÔme thn enèrgeia^{4πN}_{k2} pou pernĹei apì thn epifĹneia thc sfaÐrac anĹ monĹda qrìnou. Blèpoume ìti h sfairikă sunĹrthsh Hankel èqei thn katĹllhlh exĹrthsh apì thn aktÐna, ÿste h sunolikă enèrgeia na mhn exartĹtai apì thn timă thc aktÐnac, ìpou gÐnetai o upologismìc, kai h enèrgeia pou pernĹei anĹ monĹda qrìnou apì kĹpoia sfaÐra na isoÔtai me thn antÐstoiqh enèrgeia pou pernĹei apì mia sfaÐra diaforetikăc aktÐnac. Dhladă exasfalÐzetai ìti den qĹnetai oÔte dhmiourgeÐtai enèrgeia metaxÔ twn dÔo sfairikÿn epifaneiÿn. Epomènwc gÐnetai sebastă h fusikă apaÐthsh thc diatărhshc thc enèrgeiac, ìpwc kai sthn perÐptwsh tou kulindrikoÔ kÔmatoc.

7.15.3 Anadromikèc sqèseic d dz [ z^{l+1}j_l(z) ] = z^{l+1}j_{l−1}(z)^d_{dz} [ z^{l+1}n_l(z) ] = z^{l+1}n_{l−1}(z) d dz [ z^{−l}j_l(z) ] = −z^{−l}j_{l+1}(z)^d_{dz} [ z^{−l}n_l(z) ] = −z^{−l}n_{l+1}(z), j_{l+1}(z) + j_{l−1}(z) =^{2l+1}_z j_l(z) n_{l+1}(z) + n_{l−1}(z) =^{2l+1}_z n_l(z)

(7.60)

Tèloc h orjogwniìthta twn sfairikÿn sunartăsewn Bessel dÐnetai apì th sqèsh: ∫_R 0 dρρ^2j_l ( ξ_{ln1} ρ R ) j_l ( ξ_{ln2} ρ R ) = R^3 2 [j_{l+1}(ξ_{ln1} )]^2δ_{n1 n2} , (7.61)

ìpou ξ_{ln} eÐnai oi rÐzec thc sfairikăc sunĹrthshc Bessel j_l(z).

7.15.4 Tropopoihmènec sfairikèc sunartăseic BESSEL

Opwc eÐdame, oi kulindrikèc sunartăseic Bessel dÐnoun th jèsh touc stic tropopoihmènec sunartăseic Bessel ìtan epiqeirhjeÐ h lÔsh thc tropopoihmènhc exÐswshc Helmholtz se kulindrikèc suntetagmènec. Oi tropopoihmènec sunartăseic Bessel sundèontai me tic arqikèc ìtan oi arqikèc upologistoÔn gia fantastikì ìrisma. TeleÐwc anĹloga prĹgmata sumbaÐnoun ìtan prospajăsei kaneÐc na lÔsei thn tropopoihmènh exÐswsh Helmholtz se sfairikèc suntetagmènec. Ja emfanistoÔn oi tropopoihmènec sfairikèc sunartăseic Bessel, ă sfairikèc sunartăseic Bessel me fantastikì ìrisma.

7.16 Exisÿseic pou anĹgontai sthn exÐswsh BESSEL

Ja apodeÐxoume to akìloujo exairetikĹ qrăsimo apotèlesma:

Jeÿrhma H genikă lÔsh thc exÐswshc:

z^2y^{′′}(z) + (1 − 2α)xy^′(z) + [ β^2γ^2z^{2γ} + α^2 − μ^2γ^2 ] y(z) = 0 (7.62)

eÐnai h:

y(z) = Az^αJ_μ(βz^γ ) + Bz^αN_μ(βz^γ ). (7.63)

7.16. EXIS§WSEIS POU AN§AGONTAI STHN EX§ISWSH BESSEL 153

Apìdeixh Ja qreiasteÐ mia allagă thc exarthmènhc metablhtăc kai mÐa thc anexĹrththc. ArqÐzoume apì thn exarthmènh: y(z) = z^αu(z) → y^′(z) = αz^{α−1}u(z) + z^αu^′(z) → y^{′′}(z) = α(α − 1)z^{α−2}u(z) + 2αz^{α−1}u^′(z) + z^αu^{′′}(z). Antikajistÿntac sthn arqikă exÐswsh prokÔptei h exÐswsh pou prèpei na ikanopoieÐ h u(z) :

z^2u^{′′}(z) + zu^′(z) + [ (βγz^γ )^2 − μ^2γ^2 ] u(z) = 0. (7.64)

Tÿra allĹzoume thn anexĹrthth metablhtă: t ≡ z^γ →^{du}_{dz} =^{du}_{dt}^{dt}_{dz} = γz^{γ−1 du}_{dt} . EpÐshc:^{d2u}_{dz2} = d dz ( γz^{γ−1 du}_{dt} ) = γ(γ −1)z^{γ−2 du}_{dt} +γz^{γ−1 d2u}_{dt2}^{dt}_{dz} = γ(γ −1)z^{γ−2 du}_{dt} +γ^2z^{2γ−2 d2u}_{dt2} . Antikajistÿntac sthn exÐswsh (7.64) katalăgoume telikĹ sthn exÐswsh:

t^2 d^2u dt^2 + t du dt + [(βt)^2 − μ^2]u = 0, (7.65)

pou eÐnai h exÐswsh Bessel. H genikă lÔsh thc (7.65) eÐnai h: u(t) = AJ_μ(βt) + BN_μ(βt) = AJ_μ(βz^γ ) + BN_μ(βz^γ ). Epomènwc h sunĹrthsh y(z) = z^αu(z) ja dÐnetai telikĹ apì th sqèsh:

y(z) = Az^αJ_μ(βz^γ ) + Bz^αN_μ(βz^γ ). (7.66)

Autì to jeÿrhma mac dÐnei th lÔsh olìklhrhc oikogèneiac diaforikÿn exisÿsewn, me arketèc endiafèrousec upoperiptÿseic. Ja doÔme merikĹ paradeÐgmata.

1. To prÿto parĹdeigma eÐnai h gnwstă exÐswsh tou armonikoÔ talantwtă y^{′′} + k^2y = 0.

FusikĹ h lÔsh eÐnai gnwstă (y = c_1 cos kz + c_2 sin kz). To anafèroume mìno kai mìno gia na bebaiwjoÔme ìti paÐrnoume to gnwstì apotèlesma. H exÐswsh (7.62) metapÐptei sthn exÐswsh tou armonikoÔ talantwtă, an α =^1_2 , β = k, γ = 1, μ =^1_2 . Ara h lÔsh ja eÐnai h y = Az^{1/2}J 1_2 (kz) + Bz^{1/2}N 1_2 (kz). Epeidă, ìmwc, J 1_2 kz =^{2√}_{πkz} sin kz, N 1_2 (kz) = −^{2√}_{πkz} cos kz, h lÔsh grĹfetai y = A^{2√}_{πk} sin kz − B^{2√}_{πk} cos kz. Dhladă, prĹgmati, anaparĹgoume th gnwstă lÔsh.

2. To epìmeno parĹdeigma to èqoume ădh sunantăsei kai èqoume brei th lÔsh. EÐnai h exÐswsh r^2R^{′′} + 2rR^′ + [k^2r^2 − l(l + 1)]R = 0, dhladă h sfairikă exÐswsh Bessel. EÐdame ìti h lÔsh eÐnai mia sunĹrthsh Bessel ă Neumann me tĹxh l +^1_2 diairemènh me thn tetragwnikă rÐza tou r. Sth glÿssa tou jewrămatoc pou meletĹme h exÐswsh (7.62) metapÐptei sthn exÐswsh pou exetĹzoume, an α = −^1_2 , β = k, γ = 1, μ = l +^1_2 . Ara h lÔsh eÐnai h y = Ar^{− 12} J_{l+} 1_2 (kr) + Br^{− 12} N_{l+} 1_2 (kr), dhladă h lÔsh pou brăkame kai prohgoumènwc.

3. H exÐswsh pou ja exetĹsoume tÿra eÐnai polÔ megĹlhc shmasÐac gia thn Optikă kai onomĹzetai exÐswsh tou Airy: y^{′′} − zy = 0. EÐnai eÔkolo na doÔme ìti h exÐswsh (7.62) metapÐptei sthn exÐswsh tou Airy, an α =^1_2 , β =^{2i}_3 , γ =^3_2 , μ =^1_3 . Ara oi lÔseic eÐnai oi grammikoÐ sunduasmoÐ: y = Az^{1/2}J 1_3 (^{2i}_3 z^{32} ) + Bz^{1/2}N 1_3 (^{2i}_3 z^{32} ). IsodÔnama mporeÐ kaneÐc na qrhsimopoiăsei th morfă y = Cz^{1/2}J 1_3 (^{2i}_3 z^{32} ) + Dz^{1/2}J_− 1_3 (^{2i}_3 z^{32} ), afoÔ o deÐkthc den eÐnai akèraioc. H sqèsh I_μ(z) = i^{−μ}J_μ(iz) mac upodeiknÔei ìti èqoume èna grammikì sunduasmì twn I_+ 1_3 (^2_3 z^{32} ) kai I_− 1_3 (^2_3 z^{32} ). H kajierwmènh morfă twn lÔsewn eÐnai oi legìmenec sunartăseic tou Airy, Ai(z) = z^{1/2} 3 [ I_− 1_3 ( 2 3 z^{32} ) − I_+ 1_3 ( 2 3 z^{32} )]

Bi(z) = z^{1/2} √ 3 [ I_− 1_3 ( 2 3 z^{32} ) + I_+ 1_3 ( 2 3 z^{32} )] . ParathroÔme ìti èqoume prĹgmati anaparagĹgei thn kajierwmènh lÔsh.

4. Ja èljoume tÿra se mia polÔ gnwstă exÐswsh, pou sunăjwc antimetwpÐzetai diaforetikĹ sta stoiqeiÿdh biblÐa diaforikÿn exisÿsewn. Prìkeitai gia th exÐswsh tou Riccati:

y^′ + ay^2 = bx^n. (7.67)

EÐnai, dhladă, mia mh grammikă diaforikă exÐswsh prÿthc tĹxhc. Omwc, me to metasqhmatismì y(x) = 1 a u^′(x) u(x) → y^′(x) = − 1 a u^{′2}(x) u^2(x) + 1 a u^{′′}(x) u(x) , h exÐswsh paÐrnei th morfă u^{′′} − abx^nu = 0. Aută h exÐswsh eÐnai thc morfăc (7.62), an oi parĹmetroi epilegoÔn wc exăc: α =^1_2 , β = 2 √ −ab n+2 , γ =^{n+2}_2 , μ =^1_{n+2} . Ara h lÔsh gia thn u(x) eÐnai gnwstă: u(x) = √ x [ AJ 1_{n+2} (√ −ab 2 n + 2 x^{n+22} ) + BN 1_{n+2} (√ −ab 2 n + 2 x^{n+22} )] . An qrhsimopoihjeÐ o sumbolismìc^1_{n+2} ≡ l +^1_2 h lÔsh grĹfetai me th morfă: u(x) = A √ xJ_{l+} 1_2 (√ −ab(2l + 1)x^{12l+1} )

+B √ xN_{l+} 1_2 (√ −ab(2l + 1)x^{12l+1} ) , kai fusikĹ y =^1_a^{u′}_u . Xekinÿntac apì aută th morfă mporeÐ kaneÐc na dei eÔkola pìte h lÔsh mporeÐ na ekfrasteÐ me stoiqeiÿdeic sunartăseic. Gia parĹdeigma, ìtan o l eÐnai akèraioc, h lÔsh ekfrĹzetai me hmÐtona kai sunhmÐtona.

7.17 Sqèsh LEGENDRE me BESSEL

Sto ìrio twn megĹlwn timÿn gia touc akèraiouc l h sunarthmènh exÐswsh Legendre (6.17):

(1 − x^2) d^2P_{lm} dx^2 − 2x dP_{lm} dx + [ l(l + 1) − m^2 1 − x^2 ] P_{lm} = 0. mporeÐ na anaqjeÐ se exÐswsh Bessel. To prÿto băma eÐnai h allagă metablhtÿn z ≡ l √ 1 − x^2 → dz dx = − lx √ 1 − x^2 . Autèc oi sqèseic mac bohjoÔn na ekfrĹsoume tic paragÿgouc wc proc x sunartăsei twn antÐstoiqwn wc proc z : dP_{lm} dx = dP_{lm} dz dz dx = − lx √ 1 − x^2 dP_{lm} dz , d^2P_{lm} dx^2 = d dx [ − lx √ 1 − x^2 dP_{lm} dz ] = − d dx [ − lx √ 1 − x^2 ] dP_{lm} dz −

− lx √ 1 − x^2 [ d^2P_{lm} dz^2 dz dx ] → d^2P_{lm} dx^2 = − l (1 − x^2)^{3/2} dP_{lm} dz + l^2x^2 1 − x^2 d^2P_{lm} dz^2

AntikajistoÔme autèc tic sqèseic sthn exÐswsh (6.17) kai katalăgoume sthn

l^2x^2 d^2P_{lm} dz^2 + 2lx^2 − l √ 1 − x^2 dP_{lm} dz + [ l(l + 1) − m^2 1 − x^2 ] P_{lm} = 0. Qrhsimopoiÿntac th sqèsh x^2 = 1 −^{z2}_{l2} (pou prokÔptei apì ton orismì tou z) gia na ekfrĹsoume ìla ta enapomènonta x sunartăsei tou z, katalăgoume sthn exÐswsh: ( 1 − z^2 l^2 ) d^2P_{lm} dz^2 + 1 −^{2z2}_{l2} z dP_{lm} dz + [ 1 + 1 l − m^2 z^2 ] P_{lm} = 0 (7.68)

ParathroÔme ìti h exÐswsh (7.68) eÐnai isodÔnamh me thn (6.17), afoÔ mèqri stigmăc den kĹname kammiĹ prosèggish. Tÿra ja axiopoiăsoume to gegonìc ìti oi akèraioi l jewroÔntai polÔ megĹloi, ja pĹroume dhladă to ìrio l → ∞. H exÐswsh (7.68) ja metapèsei sthn: d^2P_{lm} dz^2 + 1 z dP_{lm} dz + [ 1 − m^2 z^2 ] P_{lm} = 0, pou grĹfetai kai me th morfă:

z^2 d^2P_{lm} dz^2 + z dP_{lm} dz + ( z^2 − m^2 ) P_{lm} = 0, kai den eÐnai Ĺllh apì thn exÐswsh Bessel. QreiĹzetai prosoqă ston trìpo me ton opoÐo paÐrnoume to ìrio: afănoume to l na pĹei sto Ĺpeiro, enÿ frontÐzoume to z na paramènei peperasmèno, enÿ to |x| teÐnei ìlo kai pio polÔ sto 1, sÔmfwna me th sqèsh orismoÔ tou z. Katalăgoume, loipìn, ìti ja isqÔei h sqèsh: lim_{l→∞} P_{lm} (√ 1 − z^2 l^2 ) = cJ_m(z),

ìpou to c eÐnai kĹpoia stajerĹ. Shmeiÿnoume tèloc ìti, antÐstoiqa, ta Q_{lm} (√ 1 −^{z2}_{l2} ) ja teÐnoun sthn c^′N_m(z).

7.18 Askăseic proc lÔsh

1. Ena tÔmpano èqei sqăma kuklikoÔ tomèa me Ĺnoigma gwnÐac α kai aktÐna R. H membrĹnh tou tumpĹnou eÐnai aklìnhta sterewmènh sta Ĺkra. Estw ìti gia t = 0 h arqikă taqÔthta kai epitĹqunsh dÐnontai apì tic sqèseic:

Ψ(ρ, ϕ, t = 0) = 0, ∂Ψ ∂t | | | |_{t=0} = f(ρ, ϕ), ìpou f(ρ, ϕ) gnwstă sunĹrthsh.

(1) Na brejeÐ h lÔsh pou perigrĹfei thn kÐnhsh thc membrĹnhc me autèc tic oriakèc sunjăkec, xekinÿntac apì to gegonìc ìti h kÐnhsă thc dièpetai apì thn kumatikă exÐswsh:

∇^2Ψ = 1 c^2

∂^2Ψ ∂t^2 , ìpou c dosmènh stajerĹ.

(2) ExeidikeÔste sthn perÐptwsh ìpou α =^{2π}_3 kai

f(ρ, ϕ) = u_0J_q(k_N ρ) sin 3ϕ 2 . (a) PoiĹ eÐnai h tĹxh q thc sunĹrthshc Bessel; (b) ApodeÐxte ìti h stajerĹ k_N ikanopoieÐ thn exÐswsh: k_N R = tan(k_N R).

2. Sto kefĹlaio twn metasqhmatismÿn Fourier (sthn parĹgrafo gia thn perÐjlash Fraunhofer) eÐqame katalăxei ìti h perÐjlash apì kuklikì Ĺnoigma kajorÐzetai apì thn posìthta pou dÐnetai sthn exÐswsh (2.31): F_{⃗K⊥} [ϵ(⃗r^′)] = Λ 4π^2 ∫_R 0 dr^′r^′ ∫_{2π} 0 dϕ^′ exp[−ikr^′ sin θ cos(ϕ^′ − ϕ)].

Na oloklhrwjeÐ o upologismìc (pou perilambĹnei sunartăseic Bessel.) 3. ApodeÐxte epagwgikĹ ìti:

J_m(z) = (−1)^mz^m ( 1 z d dz )_m J_0(x), m = 1, 2, 3, . . .

4. (a) Na epalhjeujeÐ h sqèsh tou Rayleigh:

exp[ikr cos θ] = ∞∑ l=0 (2l + 1)i^lj_l(kr)P_l(cos θ),

pou ekfrĹzei thn anĹlush enìc epÐpedou kÔmatoc se Ĺjroisma sfairikÿn kumĹtwn. (Upìdeixh: paragwgÐste kai ta dÔo mèlh thc exÐswshc wc proc r kai sth sunèqeia qrhsimopoiăste anadromikèc sqèseic gia na antikatastăsete ta cos θP_l(cos θ) kai j^′_l .) (b) DeÐxte ìti j_l(kr) = 1 2i^l ∫_1 −1 dxP_l(x) exp[ikrx]. 5. H diaforikă energìc diatomă s’ èna peÐrama skèdashc dÐnetai apì th sqèsh:^{dσ}_{dΩ} = |f(θ)|^2, ìpou to f(θ) isoÔtai me: f(θ) = − ik 2π ∫_{2π} 0 dϕ ∫_R 0 dρρ exp[ikρ sin θ sin ϕ]. Na upologisteÐ apì autĹ ta dedomèna h diaforikă energìc diatomă.

6. (a) An B_{μ1}(x) kai B_{μ2}(x) eÐnai dÔo grammikĹ anexĹrthtec lÔseic thc exÐswshc Bessel x^2B^{′′}_μ + zB^′_μ + (x^2 − μ^2)B_μ = 0, na apodeiqjeÐ h sqèsh:

B_{μ1}(x)B^′_{μ2}(x) − B^′_{μ1}(x)B_{μ2}(x) = K_μ x , ìpou h K_μ eÐnai stajerĹ. Upìdeixh: orÐzousa Wronski. (b) UpologÐste th stajerĹ K_μ sthn perÐptwsh pou oi dÔo lÔseic eÐnai oi J_μ(x) kai N_μ(x).

7. Na brejeÐ h elĹqisth enèrgeia pou mporeÐ na èqei èna swmatÐdio mĹzac μ pou kineÐtai se sfairikì doqeÐo aktÐnac a. Ta toiqÿmata tou doqeÐou jewroÔntai aklìnhta (V = +∞). Upìdeixh: H elĹqisth enèrgeia antistoiqeÐ se mhdenikă stroformă.

8. Ena anthqeÐo Helmholtz èqei sfairikì sqăma (aktÐnac a) kai perièqei èna stĹsimo kÔma, pou (profanÿc) ikanopoieÐ thn kumatikă exÐswsh. H oriakă sunjăkh eÐnai:^{∂ψ}_{∂r} | | |_{r=a} = 0.

Na brejeÐ h elĹqisth suqnìthta, an h taqÔthta tou ăqou jewrhjeÐ dedomènh. Upìdeixh: H elĹqisth enèrgeia antistoiqeÐ se mhdenikă stroformă.

9. Na epalhjeujeÐ h sqèsh tou Poisson::

j_l(z) = z^l 2^{l+1}l! ∫_π 0 dθ cos(z cos θ) sin^{2l+1} θ.

Upìdeixh: Iswc fanoÔn qrăsimec oi sunartăseic Băta kai GĹmma (blèpe to sqetikì ParĹrthma).

10. Na apodeiqjeÐ ìti ta oloklhrÿmata Fresnel

F_1(t) ≡ ∫_t 0 dx cos(x^2), F_2(t) ≡ ∫_t 0 dx sin(x^2)

mporoÔn na ekfrastoÔn wc exăc:

F_1(t) = 1 2 ∫_t2 0 dyj_{−1}(y) √ y, F_2(t) = 1 2 ∫_t2 0 dyj_0(y) √ y. Sth sunèqeia na apodeiqjoÔn oi isìthtec: 1 2 ∫_z 0 dyj_{−1}(y) √ y = √ z ∞∑ l=0 j_{2l}(z), 1 2 ∫_z 0 dyj_0(y) √ y = √ z ∞∑ l=0 j_{2l+1}(z).

Upìdeixh: oi isìthtec autèc mporoÔn na apodeiqjoÔn, an apodeiqjoÔn prÿta oi antÐstoiqec isìthtec gia tic paragÿgouc.

158 KEF§ALAIO 7. SUNART§HSEIS BESSEL

KefĹlaio 8

PoluwnumikĹ problămata STURM-LIOUVILLE

8.1 Eisagwgă

JewroÔme to prìblhma Sturm-Liouville pou perigrĹfetai apì thn exÐswsh idiotimÿn L̂(x)u(x) ≡ [ α(x) d^2 dx^2 + β(x) d dx + γ(x) ] u(x) = −λu(x) kai epibĹlloume thn epÐ plèon apaÐthsh oi idiosunartăseic pou antistoiqoÔn stic idiotimèc λ_n eÐnai ta poluÿnuma U_n(x) bajmoÔ n : L̂(x)U_n(x) = −λ_nU_n(x), n = 0, 1, 2, 3, . . . Me autèc tic proüpojèseic oi pijanèc sunartăseic α(x), β(x), γ(x) periorÐzontai jeamatikĹ. Gia na to doÔme, ja grĹyoume analutikĹ thn exÐswsh:

α(x)U^{′′}_n (x) + β(x)U^′_n(x) + γ(x)U_n(x) = −λ_nU_n(x)

gia n = 0, 1, 2 :

α(x)U^{′′}_0 (x) + β(x)U^′_0(x) + γ(x)U_0(x) = −λ_0U_0(x),

α(x)U^{′′}_1 (x) + β(x)U^′_1(x) + γ(x)U_1(x) = −λ_1U_1(x),

α(x)U^{′′}_2 (x) + β(x)U^′_2(x) + γ(x)U_2(x) = −λ_2U_2(x).

UpenjumÐzoume ìti to U_0(x) eÐnai mhdenikoÔ bajmoÔ, dhladă mia stajerĹ, Ĺra U^′_0(x) = 0, U^{′′}_0 (x) = 0. Sunepÿc, h prÿth exÐswsh dÐnei th sqèsh γ(x)U_0(x) = −λ_0U_0(x) → γ(x) = −λ_0 ≡ γ_0. H sunĹrthsh γ(x) isoÔtai me kĹpoia idiotimă, Ĺra eÐnai mia stajerĹ, thn opoÐa sumbolÐzoume me γ_0. Gia na exetĹsoume th deÔterh exÐswsh, ja qrhsimopoiăsoume th sqèsh U^{′′}_1 (x) = 0 pou isqÔei gia th sunĹrthsh prÿtou bajmoÔ U_1(x). To apotèlesma eÐnai h exÐswsh β(x)U^′_1(x) + γ(x)U_1(x) = −λ_1U_1(x) → β(x) = −^{λ1+γ(x)}_U ′_{1 (x)} U_1(x). H sunĹrthsh β(x) eÐnai ginìmeno tou U_1(x), pou eÐnai prÿtou bajmoÔ, me to klĹsma pou eÐnai sunduasmìc stajerÿn, dhladă eÐnai mia grammikă sunĹrthsh: β(x) = β_0 + β_1x. H trÐth exÐswsh prosdiorÐzei th sunĹrthsh pou apomènei: α(x) = −^{λ2+γ(x)}_U ′′_2 U_2(x) − β(x)^{U ′2}_U ′′_0 . O prÿtoc ìroc eÐnai ginìmeno miac stajerĹc epÐ to U_2(x), pou eÐnai deutèrou bajmoÔ. O deÔteroc ìroc eÐnai ginìmeno dÔo prwtobĹjmiwn ìrwn, twn β(x) kai^{U ′2}_U ′′_0 . SunolikĹ h α(x) eÐnai deÔterou bajmoÔ: α(x) = α_0 + α_1x + α_2x^2. O periorismìc tou qÿrou twn sunartăsewn ìpou mporeÐ na kinoÔntai ta α(x), β(x), γ(x) prokeimènou na upĹrqoun poluwnumikèc idiosunartăseic eÐnai ădh entupwsiakìc, afoÔ oi sunartăseic α(x), β(x), γ(x) periorÐzontai se poluÿnuma deÔterou, prÿtou kai mhdenikoÔ bajmoÔ antÐstoiqa. MporeÐ dhladă kaneÐc na diatrèxei ìla ta poluwnumikĹ sustămata Sturm-Liouville aplĹ epitrèpontac stic èxi paramètrouc α_0, α_1, α_2, β_0, β_1, γ_0 na pĹroun tuqaÐec pragmatikèc timèc.

Omwc o periorismìc eÐnai akìma megalÔteroc. Mia shmantikă paratărhsh èqei wc exăc: Estw ìti eÐnai gnwstèc oi (poluwnumikèc) idiosunartăseic U_n(x) pou antistoiqoÔn se idiotimèc λ_n. Tìte eÐnai eÔkolo na deÐ kaneÐc ìti ston telestă C_1 + C_2L̂(C_3x + C_4) antistoiqoÔn oi idiosunartăseic U_n(C_3x+C_4) kai oi idiotimèc C_1 −C_2λ_n. Sthn pragmatikìthta epomènwc, ta poluwnumikĹ sustămata Sturm-Liouville qarakthrÐzontai apì 6 − 4 = 2 (to polÔ) anexĹrthtec paramètrouc, epeidă oi allagèc pou sqetÐzontai me tic 4 paramètrouc C_1, C_2, C_3, C_4 eÐnai tetrimènec. MporoÔme na qrhsimopoioÔme tètoiouc metasqhmatismoÔc gia na metatrèpoume èna tuqaÐo sÔsthma se aploÔsterh morfă. To prÿto pou ja kĹnoume ja eÐnai na frontÐsoume na mhdenÐsoume m’ autìn ton trìpo to γ_0. Epomènwc, apì edÿ kai sto exăc, γ(x) ≡ γ_0 = 0. DiakrÐnoume periptÿseic. To kritărio eÐnai an o bajmìc thc sunĹrthshc α(x) eÐnai 0, 1 ă 2.

8.1.1 An h α(x) eÐnai stajerĹ

An to α(x) eÐnai mia stajerĹ α_0, èqoume gia th sunĹrthsh bĹrouc th sqèsh: w(x) = c α_0 exp [∫ dx β_1x + β_0 α_0 ] = c α_0 exp [ β_1x^2 2α_0 + β_0x α_0 + K α_0 ] =

= c α_0 exp [ K − β^2_0 2α_0β_1 ] exp [ β_1 2α_0 ( x + β_0 β_1

)_2] . Oi timèc twn c, K eÐnai aujaÐretec, enÿ twn α_0, β_0, β_1 rujmÐzontai apì tic paramètrouc C_1, C_2, C_3, C_4. MporoÔme na epilèxoume katĹllhla tic paramètrouc ÿste h sunĹrthsh bĹrouc na pĹrei thn eÔqrhsth morfă w(x) = exp[−x^2], dhladă epilègoume:

α_0 = 1, α_1 = 0, α_2 = 0, β_0 = 0, β_1 = −2.

Ta antÐstoiqa poluÿnuma U_n(x) sumbolÐzontai me H_n(x) kai lègontai poluÿnuma tou Hermite.

8.1.2 An h α(x) eÐnai grammikă

MporoÔme na kĹnoume touc mh ousiÿdeic metasqhmatismoÔc kai na petÔqoume h grammikă α(x) = α_0 + α_1x na pĹrei th morfă α(x) = x. SumperaÐnoume ìti w(x) = 1 x exp[ ∫ dx β_0 + β_1x x ] = 1 x exp[β_0 ln x + β_1x] = x^{β0−1} exp[β_1x].

Epilègoume β_1 = −1, β_0 > 0. (H epilogă aută eÐnai aplĹ mia qrăsimh sÔmbash. Gia parĹdeigma, an dialègame to β_1 na eÐnai jetikì, h parĹstash w(x)α(x) ja mhdenizìtan sto −∞ kai ja apeirizìtan sto +∞, antÐjeta apì thn twrină mac sÔmbash, allĹ autì den ja eÐqe ousiÿdh shmasÐa.) Omwc h sunĹrthsh bĹrouc wc èqei ja apeirÐzetai sto x → −∞. Epilègoume loipìn na periorÐsoume to diĹsthma orismoÔ tou problămatoc sto diĹsthma [0, +∞) epilègontac: w(x) = { x^se^{−x}, x ≥ 0, w(x) = 0, x < 0. Eqoume qrhsimopoiăsei to sumbolismì s ≡ β_0 − 1. Dhladă oi diĹforec stajerèc èqoun epilegeÐ wc exăc:

α_0 = 0, α_1 = 1, α_2 = 0, β_0 = s + 1, β_1 = −1.

Ta antÐstoiqa poluÿnuma U_n(x) sumbolÐzontai L^s_n(x) kai lègontai sunarthmèna poluÿnuma tou Laguerre tĹxhc s.

8.1.3 An h α(x) eÐnai deutèrou bajmoÔ

ApodeiknÔetai ìti, an oi rÐzec tou triwnÔmou α_0 +α_1x+α_2x^2 = 0 eÐnai migadikèc, sthn poreÐa den ja mporèsoume na ikanopoiăsoume thn oriakă sunjăkh w(x)α(x)[f^∗ (x)g^′(x) − f^{∗′}(x)g(x)]|^{+∞}_{−∞} = 0 gia poluÿnuma f(x), g(x) arketĹ megĹlou bajmoÔ. Gia thn mình perÐptwsh pou upĹrqei lÔsh, dhladă ìtan oi rÐzec eÐnai pragmatikèc, frontÐzoume na fèroume thn α(x) sth morfă 1 − x^2. Oi mìnec parĹmetroi pou apomènoun eÐnai oi β_0 kai β_1. Tic ekfrĹzoume sunartăsei dÔo Ĺllwn (autì eÐnai mia aplă sÔmbash): β_0 = q − p, β_1 = −(q + p + 2). Me autèc tic proüpojèseic eÐnai eÔkolo na doÔme ìti^{β(x)}_{α(x)} =^{q+1}_{1+x} −^{p+1}_{1−x} kai h sunĹrthsh bĹrouc dÐnetai apì th sqèsh: w(x) =^1_{α(x)} exp [∫ dx^{β(x)}_{α(x)} ] =^1_{1−x2} exp [∫ dx (_{q+1} 1+x −^{p+1}_{1−x} )] = (1 + x)^q (1 − x)^p. Eqoume kai edÿ prìblhma me thn oriakă sunjăkh (ìpwc kai sthn perÐptwsh twn migadikÿn rizÿn), giatÐ to w(x)α(x) sto Ĺpeiro phgaÐnei san dÔnamh tou x kai to ginìmeno twn poluwnÔmwn apì èna bajmì kai pĹnw ja kĹnoun thn parĹstash w(x)α(x)[f^∗ (x)g^′(x) − f^{∗′}(x)g(x)] na apeirÐzetai. Omwc edÿ, antÐjeta me thn perÐptwsh twn migadikÿn rizÿn, h w(x) mhdenÐzetai sta x = ±1, opìte mporoÔme na periorÐsoume to pedÐo orismoÔ tou problămatoc sto diĹsthma [−1, +1], epibĹllontac sth sunĹrthsh bĹrouc na mhdenÐzetai èxw apì autì: w(x) = { (1 + x)^q (1 − x)^p, −1 ≤ x ≤ +1, w(x) = 0, |x| > 1. Aută h epilogă lÔnei, profanÿc, to prìblhma me thn oriakă sunjăkh. SunoyÐzoume tic epilogèc pou èqoun gÐnei gia tic stajerèc:

α_0 = 1, α_1 = 0, α_2 = −1, β_0 = q − p, β_1 = −(q + p + 2).

Ta poluÿnuma pou prokÔptoun lègontai poluÿnuma tou Jacobi me deÐktec p kai q, sumbolÐzontai: J^{(p,q)}_n (x) kai orÐzontai sto diĹsthma [−1, +1].

Eidikèc periptÿseic poluwnÔmwn Jacobi

1. p = q = m, ìpou o m eÐnai akèraioc kai m > −1. Tìte w(x) = (1 − x^2)^m kai ta poluÿnuma G^m_n (x) ≡ J^{(m,m)}_n (x) pou prokÔptoun lègontai upersfairikĹ poluÿnuma Gegenbauer. Stic periptÿseic ìpou p = q (ìpwc edÿ) parathroÔme ìti β_0 = 0, prĹgma pou sunepĹgetai giĹ ton telestă th sqèsh L̂(x) = L̂(−x). Aută h idiìthta (mazÐ me to gegonìc ìti oi idiosunartăseic den eÐnai ekfulismènec) sunepĹgetai ìti

G^m_n (−x) = (−1)^nG^m_n (x).

Aută eÐnai h polÔ shmantikă idiìthta thc omotimÐac. H pio pĹnw sqèsh sunepĹgetai ìti an to n eÐnai Ĺrtio, to poluÿnumo ja èqei mìno touc Ĺrtiouc ìrouc, enÿ an to n eÐnai perittì, mìno touc perittoÔc. Mia epÐshc shmantikă paratărhsh eÐnai ìti ta poluÿnuma Gegenbauer sundèontai stenìtata me ta sunarthmèna “poluÿnuma” Legendre. H akribăc sqèsh, thn opoÐa ja suzhtăsoume se lÐgo, eÐnai:

G^m_{l−m}(x) = (1 − x^2)^{− m2} P_{lm}(x).

2. p = q = −^1_2 . S’ autăn thn perÐptwsh w(x) = (1 − x^2)^{− 12} kai ta poluÿnuma T_n(x) ≡ J^{(− 12 ,− 12 )} n (x) lègontai poluÿnuma tou Chebyshev. Kai autĹ èqoun sugkekrimènh omotimÐa. AutĹ ta poluÿnuma eÐnai polÔ qrăsima sthn arijmhtikă anĹlush, prĹgma pou ofeÐletai sthn idiìthta thc orjogwniìthtac. Enac enallaktikìc orismìc touc eÐnai o akìloujoc: T_n(x) = N cos(n arccos x), ìpou to N eÐnai mia stajerĹ.

3. p = q = 0. Aută h aplă perÐptwsh antistoiqeÐ sta gnwstĹ mac poluÿnuma Legendre. H sunĹrthsh bĹrouc prokÔptei Ðsh me th monĹda, ìpwc akribÿc ja perimèname. Kai edÿ èqoume omotimÐa: P_l(−x) = (−1)^lP_l(x).

8.1.4 Parathrăseic

Sta prohgoÔmena eÐdame ìti ta poluwnumikĹ problămata Sturm - Liouville perilambĹnoun metaxÔ twn lÔseÿn touc pollĹ gnwstĹ orjogÿnia poluÿnuma. GenikĹ, sthn perÐptwsh pou h α(x) eÐnai deuterobĹjmia, dhladă èqei ìlouc touc ìrouc thc, ta poluÿnuma pou prokÔptoun qarakthrÐzontai apì dÔo paramètrouc, tic p kai q, ìpwc èqoume ădh exhgăsei. Aută eÐnai h mègisth eleujerÐa pou èqei kaneÐc sthn kataskeuă poluwnumikÿn susthmĹtwn Sturm - Liouville. Sthn perÐptwsh thc grammikăc α(x) èqoume mia sunjăkh pou mac periorÐzei thn eleujerÐa: kĹtw apì opoiondăpote metasqhmatismì, o suntelestăc tou deuterobĹjmiou ìrou sthn α(x) prèpei na mhdenÐzetai. Autìc eÐnai o lìgoc gia ton opoÐo s’ autăn thn perÐptwsh èqoume mìno mÐa parĹmetro (thn s twn sunarthmènwn poluwnÔmwn Laguerre) pou qarakthrÐzei ta diĹfora poluÿnuma. Tèloc, an h α(x) eÐnai stajerĹ èqoume profanÿc dÔo periorismoÔc, opìte den upĹrqei kammiĹ eleujerÐa. PrĹgmati, ta poluÿnuma tou Hermite den èqoun kanèna deÐkth (an exairèsoume to bajmì touc).

Me bĹsh tic sunartăseic bĹrouc pou prosdiorÐsame, grĹfoume kai tic sqèseic orjogwniìthtac gia kĹje perÐptwsh, me thn proüpìjesh ìti n_1 ≠ n_2. Gia ta poluÿnuma Hermite: ∫_{+∞} −∞ dxe^{−x2} H_{n1} (x)H_{n2} (x) = 0.

Gia ta sunarthmèna poluÿnuma Laguerre: ∫_{+∞} 0 dxx^se^{−x}L^s_{n1} L^s_{n2} (x) = 0. Gia ta poluÿnuma Jacobi: ∫_{+1} −1 dx(1 + x)^q (1 − x)^pJ^{(p,q)}_{n1} (x)J^{(p,q)}_{n2} (x) = 0.

8.1.5 Exisÿseic kai idiotimèc

MporoÔme na prosdiorÐsoume tic idiotimèc pou antistoiqoÔn sta poluÿnuma exisÿnontac touc suntelestèc tou x^n sthn exÐswsh:

(α_2x^2 + α_1x + α_0)(x^n + . . .)^{′′} + (β_1x + β_0)(x^n + . . .)^′ + γ_0(x^n + . . .) = −λ_n(x^n + . . .). UpenjumÐzoume ìti γ_0 = 0 kai parathroÔme ìti èqoume aplopoiăsei ton suntelestă tou x^n stic idiosunartăseic, mia kai den paizei kanèna rìlo sto parìn epiqeÐrhma. H exÐswsh twn suntelestÿn tou x^n dÐnei:

λ_n = −n[α_2(n − 1) + β_1].

ExeidikeÔoume stic idiaÐterec periptÿseic.

Gia ta poluÿnuma Hermite èqoume α_2 = 0, β_1 = −2, opìte: λ_n = 2n. Gia ta sunarthmèna poluÿnuma Laguerre èqoume α_2 = 0, β_1 = −1, opìte: λ_n = n. Gia ta poluÿnuma Jacobi èqoume α_2 = −1, β_1 = −(p + q + 2), opìte: λ_n = n(n + p + q + 1).

Gia tic eidikèc periptÿseic twn Jacobi brÐskoume:

1. Gia thn perÐptwsh p = q = m (Gegenbauer): λ_n = n[n + 2m + 1]. 2. Gia thn perÐptwsh p = q = −^1_2 (Chebyshev): λ_n = n^2. 3. Gia thn perÐptwsh p = q = 0 (Legendre): λ_n = n(n + 1).

Tÿra èqoume prosdiorÐsei katĹ perÐptwsh tic sunartăseic α(x), β(x), γ(x) kai tic idiotimèc λ_n, opìte mporoÔme na grĹyoume analutikĹ thn exÐswsh L̂(x)U_n(x) = −λ_nU_n(x) kai na broÔme thn exÐswsh pou ikanopoieÐ to kĹje eÐdoc poluwnÔmou.

Ta poluÿnuma Hermite ikanopoioÔn thn exÐswsh: d^2H_n(x) dx^2 − 2x dH_n(x) dx + 2nH_n(x) = 0, −∞ ≤ x < +∞. Ta sunarthmèna poluÿnuma Laguerre ikanopoioÔn thn exÐswsh: x d^2L^s_n(x) dx^2 + (−x + s + 1) dL^s_n(x) dx + nL^s_n(x) = 0, 0 ≤ x < +∞. Ta poluÿnuma Jacobi ikanopoioÔn thn exÐswsh:

(1 − x^2) d^2J^{(p,q)}_n (x) dx^2 + [−(p + q + 2)x + (q − p)] dJ^{(p,q)}_n (x) dx +n(n + p + q + 1)J^{(p,q)}_n (x) = 0, −1 ≤ x ≤ +1.

Opwc exhgăsame, h teleutaÐa exÐswsh èqei tic upoperiptÿseic thc:

(1) Thn upoperÐptwsh Gegenbauer:

(1 − x^2) d^2G^m_n (x) dx^2 − (2m + 1)x dG^m_n (x) dx + n(n + 2m + 1)G^m_n (x) = 0.

(2) Th upoperÐptwsh Chebyshev:

(1 − x^2) d^2T_n(x) dx^2 − x dT_n(x) dx + n^2T_n(x) = 0.

(3) Thn upoperÐptwsh Legendre:

(1 − x^2) d^2P_n(x) dx^2 − 2x dP_n(x) dx + n(n + 1)P_n(x) = 0.

Edÿ ja kĹnoume mia shmantikă paratărhsh. An sthn exÐswsh Gegenbauer o deÐkthc n pĹrei thn timă l − m, to poluÿnumo ja ikanopoieÐ thn exÐswsh

(1 − x^2) d^2G^m_{l−m}(x) dx^2 − (2m + 1)x dG^m_{l−m}(x) dx + n(n + 2m + 1)G^m_{l−m}(x) = 0.

An antikatastăsoume G^m_{l−m}(x) = (1 − x^2)^{− m2} P_{lm}(x),

ja broÔme thn exÐswsh pou prèpei na ikanopoieÐ to P_{lm}(x) :

(1 − x^2) d^2P_{lm}(x) dx^2 − 2x dP_{lm}(x) dx + [ l(l + 1) − m^2 1 − x^2 ] P_{lm}(x) = 0. Omwc aută eÐnai h sunarthmènh exÐswsh Legendre kai ta P_{lm}(x) den eÐnai Ĺlla apì ta sunarthmèna “poluÿnuma” Legendre. Dhladă, kai autèc oi sunartăseic perilambĹnontai stic lÔseic twn poluwnumikÿn susthmĹtwn Sturm - Liouville.

8.2 TÔpoc tou RODRIGUES

Ja dÿsoume ènan tÔpo, me th boăjeia tou opoÐou mporeÐ kaneÐc na prosdiorÐzei ta orjogÿnia poluÿnuma sta opoÐa anaferjăkame stic prohgoÔmenec paragrĹfouc. Lègetai tÔpoc tou Rodrigues kai eÐnai polÔ gnwstìc gia ta poluÿnuma tou Legendre. Iswc eÐnai ligìtero gnwstì ìti upĹrqei mia ekdoqă tou pou isqÔei gia opoiadăpote poluÿnuma Sturm - Liouville.

An h diaforikă exÐswsh pou dièpei to prìblhma eÐnai h

α(x)U^{′′}_n (x) + β(x)U^′_n(x) + γ(x)U_n(x) = λ_nU_n(x)

kai w(x) =^c_{α(x)} exp [∫ dx^{β(x)}_{α(x)} ] eÐnai h antÐstoiqh sunĹrthsh bĹrouc, ta poluÿnuma U_n(x) dÐnontai apì ton tÔpo:

U_n(x) = K_n 1 w(x) d^n dx^n {[α(x)]^nw(x)}, ìpou to K_n eÐnai mia aujaÐreth pollaplasiastikă stajerĹ.

ExeidikeÔoume tÿra ton tÔpo stic periptÿseic pou èqoume exetĹsei: (1) Hermite:

H_n(x) = (−1)^n exp[x^2] d^n dx^n {exp[−x^2]},

8.3. EFARMOG§ES 165

(2) Laguerre:

L^s_n(x) = K_nx^{−s} exp[x] d^n dx^n {x^{n+s} exp[−x]}, (3) Jacobi:

U^{(p,q)}_n (x) = K_n 1 (1 + x)^p(1 − x)^q d^n dx^n {(1 + x)^{p+n}(1 − x)^{q+n}}.

H epilogă thc stajerĹc gia ta poluÿnuma Laguerre diafèrei apì suggrafèa se suggrafèa. Gia thn kĹje mia apì tic upoperiptÿseic twn poluwnÔmwn Jacobi h stajerĹ epilègetai diaforetikĹ.

8.3 Efarmogèc

Ta arqikĹ kai ta sunarthmèna “poluÿnuma” Legendre ta èqoume ădh sunantăsei. Ja kĹnoume tÿra kĹpoia sqìlia gia tic fusikèc efarmogèc twn poluwnÔmwn Hermite kai Laguerre.

8.3.1 Kbantikìc armonikìc talantwtăc

JewroÔme kbantikì swmatÐdio me mĹza m pou kineÐtai se dunamikì armonikoÔ talantwtă me klasikă idiosuqnìthta ω : V (x) =^1_2 mω^2x^2. H exÐswsh tou Schrödinger grĹfetai: − h̄^2 2m ψ^{′′} + 1 2 mω^2x^2ψ = Eψ → ψ^{′′} + 2m h̄^2 ( E − 1 2 mω^2x^2 ) ψ = 0. DokimĹzoume mia lÔsh thc morfăc ψ = exp[−qx^2]u me thn elpÐda h exÐswsh gia thn u na eÐnai aploÔsterh. Antikajistÿntac brÐskoume:

d^2u dx^2 − 4qx du dx + [( 4q^2 − ( mω h̄ )_2) x^2 + ( 2mE h̄^2 − 2q )] u = 0. Epilègoume q =^{mω}_{2h̄} , opìte h exÐswsh gÐnetai:

d^2u dx^2 − 2 mω h̄ x du dx + 2m h̄^2 ( E − h̄ω 2 ) u = 0. An tÿra kĹnoume thn allagă thc anexĹrththc metablhtăc: x = rξ → du dx = 1 r du dξ → d^2u dx^2 = 1 r^2 d^2u dξ^2 ja katalăxoume sthn: d^2u dξ^2 − 2 mω h̄ ξ du dξ + 2m h̄^2 ( E − h̄ω 2 ) u = 0. H epilogă r = √_{h̄} mω ja dÿsei thn exÐswsh: u^{′′}(ξ) − 2ξu^′(ξ) + 2 h̄ω ( E − h̄ω 2 ) u(ξ) = 0. Shmeiÿnoume ìti oi tìnoi sumbolÐzoun paragwgÐseic wc proc ξ. EpÐshc axÐzei na epishmĹnoume ìti h metablhtă ξ eÐnai adiĹstath, antÐjeta proc thn x pou èqei monĹdec măkouc. Omwc h teleutaÐa sqèsh den eÐnai parĹ h exÐswsh tou Hermite:

H^{′′}_n (ξ) − 2ξH^′_n(ξ) + 2nH_n(ξ) = 0,

Ĺra^2_{h̄ω} ( E −^{h̄ω}_2 ) = 2n → E = (n +^1_2 )h̄ω. ApodeiknÔetai ìti, gia na mhn apeirÐzetai h lÔsh se kĹpoia ìria, to n pou emfanÐzetai sthn teleutaÐa exÐswsh prèpei na eÐnai akèraioc. Apì autì to qarakthristikì prokÔptei ìti oi idiotimèc thc enèrgeiac ja eÐnai diakritèc kai ìti oi antÐstoiqec idiosunartăseic ja eÐnai:

ψ_n(x) = N_nH_n(ξ) exp[−qx^2] = N_nH_n (√ mω h̄ x ) exp [ − mω 2h̄ x^2 ] , ìpou to N_n eÐnai mia stajerĹ kanonikopoÐhshc. Epomènwc ta poluÿnuma tou Hermite paÐzoun ousiÿdh rìlo sthn anĹlush tou kbantikoÔ armonikoÔ talantwtă.

8.3.2 Atomo tou udrogìnou

JewroÔme thn kÐnhsh tou hlektronÐou sto pedÐo Coulomb tou purăna tou atìmou tou udrogìnou, o opoÐoc jewreÐtai akÐnhtoc. SÔmfwna kai me ìsa èqoume pei sto kefĹlaio perÐ qwrismoÔ twn metablhtÿn, h exÐswsh tou Schrödinger, afoÔ kĹnoume to qwrismì metablhtÿn kai jewrăsoume thn aktinikă sunistÿsa pou antistoiqeÐ se troqiakă stroformă l eÐnai h exăc: − h̄^2 2m 1 r^2

(r^2R^′)^′ + V (r)R + l(l + 1)h̄^2 2mr^2 R = ER. To dunamikì mporeÐ na grafteÐ kai me th morfă V (r) = − e^2 4πϵ_0r = − h̄^2 2m 2 a_0r , ìpou h posìthta a_0 ≡^{4πϵ0h̄2}_{me2} lègetai aktÐna tou Bohr. EpÐshc, h olikă enèrgeia E eÐnai mia arnhtikă posìthta, afoÔ anaferìmaste se dèsmiec katastĹseic. Mia posìthta pou ja qrhsimopoihjeÐ polÔ sth sunèqeia eÐnai h μ^2 ≡ −^{2mE}_{h̄2} . Me touc sumbolismoÔc autoÔc h exÐswsh tou Schrödinger grĹfetai me th morfă

(r^2R^′)^′ + 2r a_0

R − l(l + 1)R − μ^2r^2R = 0. (8.1)

ExetĹzoume tic oriakèc morfèc thc exÐswshc:

1. Otan r → 0 h exÐswsh aplopoieÐtai sthn (r^2R^′)^′ − l(l + 1)R = 0 pou lÔnetai apì tic R = r^l kai R = r^{−(l+1)}. Mìno h prÿth lÔsh eÐnai omală, Ĺra fusikĹ paradektă, sto r → 0. Ara lim_{r→0} R(r) = r^l.

2. Otan r → ∞ ja èqoume thn proseggistikă exÐswsh (r^2R^′)^′ −μ^2r^2R = 0. Gia na th lÔsoume antikajistoÔme: R =^f_r → (r^2R^′)^′ = rf^{′′}, opìte h proseggistikă exÐswsh gÐnetai: rf^{′′} − μ^2rf = 0 → f^{′′} − μ^2f = 0 → f ∼ exp[±μr]. Mìno h lÔsh exp[−μr] eÐnai apodektă apì fusikă pleurĹ, opìte:

lim_{r→∞} R(r) = exp[−μr] r . MporeÐ kaneÐc na deÐxei eÔkola ìti, ektìc apì thn f(r) = exp[−μr], kai h f(r) = g(r) exp[−μr] ikanopoieÐ thn exÐswsh f(r) sto ìrio r → ∞, arkeÐ oi parĹgwgoi thc sunĹrthshc g(r) na eÐnai polÔ mikrìterec apì thn Ðdia thn g(r) sto Ðdio ìrio. Tètoiec sunartăseic eÐnai ta poluÿnuma me dunĹmeic tou r, pou ja emfanistoÔn sth sunèqeia. To sumpèrasma apì autăn thn paratărhsh eÐnai ìti to ousiÿdec qarakthristikì thc sumperiforĹc thc sunĹrthshc sto Ĺpeiro eÐnai to ekjetikì (ìqi to^1_r ).

8.4. ASK§HSEIS PROS L§USH 167

Oi oriakèc morfèc thc lÔshc upobĹlloun thn idèa thc antikatĹstashc R(r) = r^l exp[−μr]L(r). H exÐswsh (8.1) ja metatrapeÐ sthn: r d^2L(r) dr^2 + [2l + 2 − 2μr] dL(r) dr + [ 2 a_0

− 2(l + 1)μ ] L(r) = 0. To teleutaÐo băma ja eÐnai h allagă anexĹrththc metablhtăc: x ≡ 2μr → dL dr = 2μ dL dx → d^2L dr^2 = (2μ)^2 d^2L dx^2 . H exÐswsh ja pĹrei th morfă x d^2L(x) dx^2 + [2l + 2 − x] dL(x) dx + [ 1 μa_0 − (l + 1) ] L(x) = 0. Aută ìmwc eÐnai h (sunarthmènh) exÐswsh tou Laguerre: x d^2L^s_N (x) dx^2 + [s + 1 − x] dL^s_N (x) dx + NL^s_N (x) = 0,

efìson gÐnoun oi tautopoiăseic: N = 1 μa_0 − (l + 1), s + 1 = 2l + 2.

Kai pĹli, apodeiknÔetai ìti, gia na apofeuqjoÔn apeirismoÐ stic lÔseic, o^1_{μa0} − (l + 1) prèpei na eÐnai jetikìc akèraioc, Ĺra kai^1_{μa0} = n, ìpou o n eÐnai akèraioc kai den eÐnai Ĺlloc apì ton gnwstì mac kÔrio kbantikì arijmì. H sqèsh μ =^1_{na0} sunepĹgetai ìti μ^2 ≡ −^{2mE}_{h̄2} = 1 n^2a^2_0 → E = − h̄^2 2ma^2_0 1 n^2 . Eqoume loipìn anaparagĹgei th gnwstă exĹrthsh thc enèrgeiac apì

ton kÔrio kbantikì arijmì. EpÐ plèon, oi tautopoiăseic pou kĹname sunepĹgontai tic sqèseic s = 2l + 1, N = n − l − 1, μ =^1_{na0} . Ara, h lÔsh gia thn aktinikă sunistÿsa ìtan h troqiakă stroformă eÐnai l dÐnetai apì th sqèsh:

R(r) ∼ r^l exp[−μr]L^s_N (2μr) = r^l exp [ − r na_0 ] [ L^{2l+1}_{n−l−1} ( 2r na_0 )] . Opwc eÐdame, loipìn, ta sunarthmèna poluÿnuma tou Laguerre paÐzoun polÔ spoudaÐo rìlo sthn eÔresh twn idiosunartăsewn kai twn idiotimÿn thc enèrgeiac gia to Ĺtomo tou udrogìnou. Ena apì ta sumperĹsmata pou mporeÐ kaneÐc na bgĹlei eÐnai ìti to n − l − 1 den mporeÐ na gÐnei arnhtikì, epomènwc, gia dedomèno n, to l mporeÐ na paÐrnei tic timèc apo 0 mèqri n − 1, katĹ ta gnwstĹ.

8.4 Askăseic proc lÔsh

1. Jewrăste to kanonikopoihmèno aktinikì mèroc thc kumatosunĹrthshc tou udrogonoeidoÔc atìmou: R_{nl}(r) = [ N^3 (n − l − 1)! 2n(n + l)! ]_{1/2} exp [ − Nr 2 ] (Nr)^lL^{2l+1}_{n−l−1}(Nr), N ≡ 2Z na_0 .

Na upologisteÐ h mèsh timă < r >= ∫_∞ 0 drr^2[rR_{nl}(r)R_{nl}(r)] thc apìstashc tou hlektronÐou apì ton purăna. Upìdeixh: Ja faneÐ qrăsimh h anadromikă sqèsh:

(2N + s + 1 − x)L^s_N (x) = (N + s)L^s_{N−1}(x) + (N + 1)L^s_{N+1}(x) gia ta poluÿnuma Laguerre.

2. H kumatosunĹrthsh tou tridiĹstatou armonikoÔ talantwtă (V (r) =^1_2 μω^2r^2) mporeÐ na grafteÐ se sfairikèc suntetagmènec, ìpwc kĹname gia to Ĺtomo tou udrogìnou. Ja emfanistoÔn pĹli oi idiotimèc twn sfairikÿn armonikÿn sthn aktinikă exÐswsh. DeÐxte ìti, an grĹyete R(r) = r^l exp[−^{βr2}_2 ]f(r), ìpou β =^{μω}_{h̄} , h sunĹrthsh f(r) ja ikanopoieÐ thn sunarthmènh exÐswsh tou Laguerre kai ja eÐnai anĹlogh tou poluwnÔmou: L^{l+ 12}_{12 (n−l−1)}(βr^2), ìpou n kĹpoioc akèraioc.

KefĹlaio 9

Mh omogenă problămata

9.1 Eisagwgă

Eqoume ădh perigrĹyei mia mèjodo (tou qwrismoÔ twn metablhtÿn) gia th lÔsh Merikÿn Diaforikÿn Exisÿsewn (MDE). H mèjodoc èqei ton sobarì periorismì ìti den efarmìzetai ap’ eujeÐac se mh omogenă problămata. Meqri tÿra frontÐsame ta problămata pou antimetwpÐsame na eÐnai omogenă, qwrÐc na to anafèroume rhtĹ.

Ac xekinăsoume m’ ènan orismì. Ena prìblhma lègetai omogenèc ìtan isqÔei to exăc: an h sunĹrthsh Ψ eÐnai lÔsh tou problămatoc, h sunĹrthsh cΨ eÐnai epÐshc lÔsh (to c eÐnai mia stajerĹ). Ena parĹdeigma omogenoÔc prìblhmatoc eÐnai to exăc: y^{′′}(x) + k^2y(x) = 0, y(0) = 0, y(L) = 0. Ena prìblhma mporeÐ na mhn eÐnai omogenèc basikĹ gia dÔo lìgouc:

• Endèqetai h diaforikă exÐswsh na èqei “deÔtero mèloc”, dhladă na èqei ènan ìro f(x) pou eÐnai anexĹrthtoc apì thn Ĺgnwsth sunĹrthsh. Gia parĹdeigma h exÐswsh mporeÐ na eÐnai h: y^{′′}(x) + k^2y(x) = f(x). EÐnai profanèc ìti, an broÔme kĹpoia lÔsh y(x) h cy(x) den ikanopoieÐ thn exÐswsh. En prokeimènw, loipìn, h phgă tou problămatoc eÐnai h mh omogenăc exÐswsh.

• Endèqetai oi oriakèc sunjăkec na eÐnai thc morfăc y(0) = a, y(L) = b, ìpou toulĹqiston èna apì ta a, b eÐnai mh mhdenikì. Tìte, akìma kai an h exÐswsh eÐnai omogenăc kai èqoume brei th lÔsh y(x) h cy(x) pĹli den lÔnei to prìblhma, giatÐ den ikanopoieÐ tic oriakèc sunjăkec. Tÿra h phgă tou problămatoc eÐnai oi mh omogeneÐc oriakèc sunjăkec.

Bèbaia, eÐnai dunatìn èna prìblhma na qĹsei thn omogèneiĹ tou epeidă èqei kai ta dÔo stoiqeÐa pou anafèrame, allĹ mejodologikĹ bohjĹei na èqei kaneÐc upìyh tou autìn to diaqwrismì. Opwc ja doÔme, ta dÔo problămata den eÐnai anexĹrthta metaxÔ touc. Mia mh omogèneia pou ofeÐletai p.q. se mh omogeneÐc oriakèc sunjăkec mporeÐ na allĹxei me ènan metasqhmatismì se èna isodÔnamo prìblhma me omogeneÐc oriakèc sunjăkec allĹ me mh omogenă ìro sthn exÐswsh kai antÐstrofa.

Ja exetĹsoume th lÔsh mh omogenÿn problhmĹtwn pou dièpontai eÐte apì thn kumatikă exÐswsh eÐte apì thn exÐswsh diĹqushc. Ta mh omogenă problămata pou dièpontai apì tic exisÿseic Laplace, Helmholtz ă tropopoihmènh Helmholtz den antimetwpÐzontai me genikèc mejìdouc, allĹ me diĹfora teqnĹsmata (epÐ paradeÐgmati, mporeÐ kaneÐc na dei sto prÿto kefĹlaio to mh omogenèc prìblhma me thn katanomă jermokrasÐac se orjogÿnia plĹka.)

9.2 ExÐswsh diĹqushc

To prìblhma diatupÿnetai wc exăc: ψ_{xx}(x, t) − κψ_t(x, t) = f(x, t), ψ(x, t = 0) = g(x), α_1ψ_x(0, t) + β_1ψ(0, t) = n_1(t), α_2ψ_x(L, t) + β_2ψ(L, t) = n_2(t). (9.1)

Eqoume, dhladă, perioristeÐ s’ èna prìblhma se mia mìno qwrikă diĹstash, me mh omogeneÐc oriakèc sunjăkec sta shmeÐa x = 0 kai x = L kai me mh omogenă arqikă sunjăkh (sto t = 0). Ex Ĺllou, h Ðdia h exÐswsh eÐnai mh omogenăc, afoÔ èqei “deÔtero mèloc”, thn sunĹrthsh f(x, t).

H idèa gia thn antimetÿpish tètoiwn problhmĹtwn eÐnai na broÔme ènan trìpo na metatrèyoume tic mh omogeneÐc (qwrikèc) oriakèc sunjăkec se omogeneÐc. O lìgoc pou epidiÿkoume omogeneÐc oriakèc sunjăkec sto qÿro eÐnai ìti epitrèpoun na lÔsoume m’ ènan sqetikĹ aplì trìpo to prìblhma idiotimÿn pou ja prokÔyei. O metasqhmatismìc pou mporeÐ na kĹnei autì to prĹgma eÐnai o exăc: ψ(x, t) = y(x, t) + w(x, t). Dhladă h Ĺgnwsth sunĹrthsh ψ(x, t) grĹfetai me th morfă ajroÐsmatoc miac nèac Ĺgnwsthc sunĹrthshc y(x, t) kai miac sunĹrthshc w(x, t) pou ja epilegeÐ me to monadikì kritărio na dhmiourgăsoume omogeneÐc oriakèc sunjăkec. Sugkekrimèna, an antikatastăsoume thn ψ(x, t) me to Ðso thc stic dÔo oriakèc sunjăkec, ja broÔme tic oriakèc sunjăkec pou ja ikanopoieÐ h nèa Ĺgnwsth sunĹrthsh:

α_1y_x(0, t) + β_1y(0, t) = n_1(t) − α_1w_x(0, t) − β_1w(0, t),

α_2y_x(L, t) + β_2y(L, t) = n_2(t) − α_2w_x(L, t) − β_2w(L, t).

ApaitoÔme autèc oi oriakèc sunjăkec na gÐnoun omogeneÐc, dhladă ta dexiĹ mèlh na mhdenistoÔn, epilègontac katĹllhla thn w(x, t) :

α_1w_x(0, t) + β_1w(0, t) = n_1(t),

α_2w_x(L, t) + β_2w(L, t) = n_2(t).

Jètoume w(x, t) = w_1(x)n_1(t) + w_2(x)n_2(t)

kai oi prohgoÔmenec sunjăkec grĹfontai:

α_1[w^′_1(x)|_{x=0}n_1(t) + w^′_2(x)|_{x=0}n_2(t)] + β_1[w_1(x)|_{x=0}n_1(t) + w_2(x)|_{x=0}n_2(t)] = n_1(t),

α_2[w^′_1(x)|_{x=L}n_1(t) + w^′_2(x)|_{x=L}n_2(t)] + β_2[w_1(x)|_{x=L}n_1(t) + w_2(x)|_{x=L}n_2(t)] = n_2(t).

Stic ekfrĹseic autèc oi suntelestèc twn n_1(t) kai n_2(t) prèpei na mhdenÐzontai, opìte prokÔptoun oi sqèseic:

α_1w^′_1(x)|_{x=0} + β_1w_1(x)|_{x=0} = 1,

α_1w^′_2(x)|_{x=0} + β_1w_2(x)|_{x=0} = 0,

α_2w^′_1(x)|_{x=L} + β_2w_1(x)|_{x=L} = 0,

9.2. EX§ISWSH DI§AQUSHS 171

α_2w^′_2(x)|_{x=L} + β_2w_2(x)|_{x=L} = 1.

H akribăc morfă twn w_1(x), w_2(x) exartĹtai apì tic timèc twn stajerÿn α_1, α_2, β_1, β_2. Omwc mporeÐ na dei kaneÐc ìti autèc oi sunartăseic de qreiĹzetai na eÐnai kĹti pio perÐploko apì poluÿnuma deÔterou bajmoÔ. An grĹyoume w_k(x) = c_{k2}x^2 + c_{k1}x + c_{k0}, k = 1, 2 kai antikatastăsoume, ja prokÔyei èna sÔsthma arketĹ eÔkolo sth lÔsh tou. Stic pio pollèc periptÿseic, pĹntwc, de qreiĹzetai kaneÐc na kĹnei tìsh prospĹjeia. EÐnai dunatìn na mantèyei mia lÔsh ap’ eujeÐac. H lÔsh pĹntwc den eÐnai monadikă.

Eqontac prosdiorÐsei tic w_1(x), w_2(x), Ĺra kai thn w(x, t), mporoÔme na grĹyoume thn exÐswsh pou ikanopoieÐ h y(x, t), aplĹ, antikajistÿntac sthn exÐswsh (9.1) thn ψ(x, t) me to Ðso thc: y_{xx}(x, t) − κy_t(x, t) = f(x, t) − [w_{xx}(x, t) − κw_t(x, t)] ≡ F (x, t). Ex Ĺllou, h arqikă sunjăkh gia thn ψ(x, t) ja metatrapeÐ se arqikă sunjăkh gia thn y(x, t) : y(x, 0) = g(x) − w(x, 0) ≡ G(x). Dhladă to arqikì prìblhma gia thn ψ(x, t) èqei metatrapeÐ sto akìloujo prìblhma gia thn y(x, t) : y_{xx}(x, t) − κy_t(x, t) = F (x, t), α_1y_x(0, t) + β_1y(0, t) = 0, α_2y_x(L, t) + β_2y(L, t) = 0, y(x, 0) = G(x). (9.2) MetĹ apì autì to prÿto stĹdio, jewroÔme èna bohjhtikì prìblhma sunoriakÿn timÿn “empneusmèno” apì to (9.2):

X^{′′}(x) + λX(x) = 0, α_1X^′(0) + β_1X(0) = 0, α_2X^′(L) + β_2X(L) = 0 (9.3) To prìblhma autì eÐnai genikĹ aplì sth lÔsh tou. Estw ìti brÐskoume tic idiotimèc tou λ_n kai tic antÐstoiqec idiosunartăseic X_n(x). To epìmeno băma eÐnai na anaptÔxoume tic sunartăseic pou èqoun apomeÐnei sth bĹsh twn X_n(x) : F (x, t) = ∑ n f_n(t)X_n(x), y(x, t) = ∑ n y_n(t)X_n(x), G(x) = ∑ n g_nX_n(x). AntikatĹstash autÿn twn anaptugmĹtwn sto prìblhma (9.2) dÐnei tic sqèseic: ∑ n y_n(t)X^{′′}_n − κ ∑ n y^′_n(t)X_n(x) = ∑ n f_n(t)X_n(x), ∑ n y_n(t)|_{t=0}X_n(x) = ∑ n g_nX_n(x). Oi omogeneÐc qwrikèc oriakèc sunjăkec èqoun ikanopoihjeÐ autìmata, afoÔ tic ikanopoioÔn ta X_n(x). Epeidă ta X_n(x) sunapoteloÔn èna sÔnolo anexĹrthtwn orjogÿniwn dianusmĹtwn tou dianusmatikoÔ qÿrou twn sunartăsewn, mporoÔme na sumperĹnoume, qrhsimopoiÿntac kai th sqèsh: X^{′′}_n (x) = −λ_nX_n(x), ìti prèpei: λ_ny_n(t) + κy^′_n(t) = −f_n(t), y_n(t)|_{t=0} = g_n.

Dhladă, ìpwc blèpoume, dialègontac ta X_n(x) katĹllhla, èqoume katorjÿsei na ikanopoiăsoume tic (omogeneÐc, pia) oriakèc sunjăkec kai mènei mìno mia aplă grammikă diaforikă exÐswsh wc proc to qrìno mazÐ me thn arqikă sunjăkh pou qreiĹzetai. BrÐskontac ta y_n(t) èqoume piĹ lÔsei kai to arqikì mh omogenèc prìblhma.

9.3 Kumatikă ExÐswsh

PĹnw sta Ðdia akribÿc bămata ja epilÔsoume èna mh omogenèc kumatikì prìblhma, to opoÐo diatupÿnetai wc exăc: ψ_{xx}(x, t) − 1 c^2 ψ_{tt}(x, t) = f(x, t), ψ(x, t)|_{t=0} = g(x), ∂ψ ∂t | | | |_{t=0} = h(x),

α_1ψ_x(0, t) + β_1ψ(0, t) = n_1(t), α_2ψ_x(L, t) + β_2ψ(L, t) = n_2(t). (9.4)

Eqoume dhladă èna prìblhma entelÿc antÐstoiqo me to prohgoÔmeno. H mình diaforĹ eÐnai ìti èqoume sthn exÐswsh deÔterh qronikă parĹgwgo antÐ gia prÿth kai thn aparaÐthth prìsjeth arqikă sunjăkh (pou apì fusikă Ĺpoyh antistoiqeÐ sthn arqikă taqÔthta).

To prÿto băma, gia thn metatropă twn mh omogenÿn oriakÿn sunjhkÿn se omogeneÐc eÐnai akribÿc to Ðdio, ìpwc prohgoumènwc, qwrÐc kammiĹ apolÔtwc allagă. (ψ(x, t) = y(x, t) + w(x, t) klp.) Eqontac prosdiorÐsei thn w(x, t), mporoÔme na grĹyoume thn exÐswsh pou ikanopoieÐ h y(x, t) aplĹ antikajistÿntac sthn exÐswsh (9.4) thn ψ(x, t) me to Ðso thc: y_{xx}(x, t) − 1 c^2 y_{tt}(x, t) = f(x, t) − [ w_{xx}(x, t) − 1 c^2 w_{tt}(x, t) ] ≡ F (x, t). Ex Ĺllou oi arqikèc sunjăkec gia thn ψ(x, t) ja metatrapoÔn se arqikèc sunjăkec gia thn y(x, t) : y(x, 0) = g(x) − w(x, 0) ≡ G(x), ∂ψ ∂t | | |_{t=0} = h(x) − ∂w ∂t | | |_{t=0} ≡ H(x). To bohjhtikì prìblhma sunoriakÿn timÿn eÐnai to Ðdio, ìpwc prohgoumènwc:

X^{′′}(x) + λX(x) = 0, α_1X^′(0) + β_1X(0) = 0, α_2X^′(L) + β_2X(L) = 0, (9.5)

kai dÐnei ta Ðdia λ_n kai X_n(x). Proqwrÿntac stic anaptÔxeic F (x, t) = ∑ n f_n(t)X_n(x), y(x, t) = ∑ n y_n(t)X_n(x)

G(x) = ∑ n g_nX_n(x), H(x) = ∑ n h_nX_n(x) brÐskoume: λ_ny_n(t) + 1 c^2 y^{′′}_n(t) = −f_n(t), y_n(t)|_{t=0} = g_n, y^′_n(t)|_{t=0} = h_n.

H diaforikă exÐswsh ègine deÔterhc tĹxhc wc proc to qrìno kai apèkthse Ĺllh mia arqikă sunjăkh, katĹ t’ Ĺlla ìmwc to prìblhma den Ĺllaxe ousiastikĹ.

9.4. QORD§H ME EXANAGKASM§ENH K§INHSH 173

9.4 Qordă me exanagkasmènh kÐnhsh

Ja dÿsoume tÿra èna parĹdeigma thc mejìdou pou anaptÔxame. JewroÔme qordă măkouc L thc opoÐac to èna Ĺkro (èstw to Ĺkro sto x = L) eÐnai sterewmèno s’ ènan toÐqo, enÿ anagkĹzoume me to qèri mac to Ĺllo thc Ĺkro (sto x = 0) na ekteleÐ mia hmitonikă kÐnhsh me plĹtoc A kai suqnìthta ω. Estw ìti th qronikă stigmă t = 0 h qordă èqei sqăma pou perigrĹfetai apì thn apomĹkrunsh B sin^{πx}_L kai arqikă taqÔthta mhdèn. Jèloume na prosdiorÐsoume thn apomĹkrunsh kĹje shmeÐou thc qordăc se opoiadăpote qronikă stigmă t > 0.

To prìblhma diatupÿnetai wc exăc: ψ_{xx}(x, t) − 1 c^2 ψ_{tt}(x, t) = 0, ψ(0, t) = A sin ωt, ψ(L, t) = 0, ψ(x, t)|_{t=0} = B sin πx L , ∂ψ ∂t | | |_{t=0} = 0. (9.6)

SugkrÐnontĹc to me to genikì prìblhma (9.4), diapistÿnoume ìti eÐnai arketĹ aploÔstero, giatÐ diĹforec sunartăseic kai suntelestèc èqoun epilegeÐ Ðsoi me to mhdèn. Blèpoume amèswc ìti èqoume mia mh omogenă oriakă sunjăkh: thn ψ(0, t) = A sin ωt. YĹqnoume gia mia w(x, t), tètoia ÿste h antÐstoiqh y(x, t) ≡ ψ(x, t) − w(x, t) na èqei omogeneÐc oriakèc sunjăkec. Mia katĹllhlh tètoia sunĹrthsh eÐnai h w(x, t) = A(1 −^x_L ) sin ωt, Ĺra y(x, t) = ψ(x, t) − A(1 −^x_L ) sin ωt. EÐnai eÔkolo na dei kaneÐc ìti oi oriakèc sunjăkec gia thn sunĹrthsh y(x, t) eÐnai omogeneÐc: y(0, t) = 0, y(L, t) = 0. H kumatikă exÐswsh (pou ătan omogenăc gia thn ψ(x, t)) apoktĹ deÔtero mèloc gia thn y(x, t) : y_{xx}(x, t) − 1 c^2 y_{tt}(x, t) = − ω^2 c^2 A ( 1 − x L ) sin ωt ≡ F (x, t). (9.7) Oi arqikèc sunjăkec grĹfontai:

y(x, t)|_{t=0} = B sin πx L ≡ G(x), ∂y ∂t | | | |_{t=0} = −ωA ( 1 − x L ) ≡ H(x) kai oi oriakèc sunjăkec: y(0, t) = 0, y(L, t) = 0. To prìblhma idiotimÿn eÐnai:

X^{′′}_n (x) + λ_nX_n(x) = 0, X_n(0) = 0, X_n(L) = 0,

ap’ ìpou blèpoume eÔkola ìti

X_n(x) ∼ sin nπx L , λ_n = n^2π^2 L^2 . ProqwroÔme sthn anĹptuxh: F (x, t) ≡ − ω^2 c^2 A ( 1 − x L ) sin ωt = ∑ n f_n(t) sin nπx L , (9.8)

y(x, t) = ∑ n y_n(t) sin nπx L (9.9) y(x, 0) = ∑ n y_n(t)|_{t=0} sin nπx L = G(x) = B sin πx L = ∑ n g_n sin nπx L , (9.10) ∂y ∂t | | |_{t=0} = ∑ n y^′_n(t)|_{t=0} sin nπx L = H(x) = −ωA ( 1 − x L ) = ∑ n h_n sin nπx L . (9.11)

ParathroÔme ìti gia to parìn prìblhma isqÔei ìti F (x, t) =^ω_{c2} H(x) sin ωt kai autì sunepĹgetai ìti f_n =^ω_{c2} h_n sin ωt, Ĺra: F (x, t) = ∑ n ω c^2 h_nX_n(x) sin ωt. Antikajistÿntac sthn exÐswsh (9.7) brÐskoume: −λ_ny_n(t) − 1 c^2 y^{′′}_n(t) = ω c^2 h_n sin ωt. Ex Ĺllou oi (9.10) kai (9.11) dÐnoun:

y_n(t)|_{t=0} = g_n, y^′_n(t)|_{t=0} = h_n.

H telikă morfă thc exÐswshc eÐnai: y^{′′}_n(t) + ( nπc L )_2

y_n(t) = −ωh_n sin ωt. (9.12)

H lÔsh thc exÐswshc (9.12) eÐnai to Ĺjroisma thc genikăc lÔshc thc omogenoÔc kai miac eidikăc lÔshc thc plărouc. ProqwroÔme sthn eÔresh thc eidikăc lÔshc: antikajistÿntac sth jèsh thc Ĺgnwsthc sunĹrthshc thn dokimastikă lÔsh M_n sin ωt brÐskoume mia algebrikă exÐswsh wc proc M_n, thc opoÐac h lÔsh eÐnai: M_n =^{ωhn}_{ω2−(} nπc_{L )2} . (Shmeiÿnoume edÿ ìti h perÐptwsh to ω na isoÔtai me^{nπc}_L gia kĹpoio n apaiteÐ idiaÐterh antimetÿpish kai ja exetasteÐ qwristĹ sto tèloc). Ara, h genikă lÔsh thc plărouc exÐswshc (9.12) eÐnai telikĹ h akìloujh:

y_n(t) = c_{1n} cos nπct L + c_{2n} sin nπct L + ωh_n ω^2 − (^{nπc}_L )^2 sin ωt. H exÐswsh y_n(t)|_{t=0} = g_n sunepĹgetai th sqèsh c_{1n} = g_n. Ex Ĺllou, h exÐswsh y^′_n(t)|_{t=0} = h_n sunepĹgetai th sqèsh c_{2n} =^L_{nπc} [ 1 −^{ω2}

ω^2−(^{nπc}_L )^2 ] h_n. Oi suntelestèc g_n kai h_n mporoÔn na prosdioristoÔn apì tic exisÿseic (9.10) kai (9.11): g_n = Bδ_{n1}, h_n = − 2ωA L ∫_L 0 dx(1 − x L ) sin nπx L = − 2ωA nπ . Sunepÿc oi suntelestèc c_{1n} kai c_{2n} dÐnontai apì tic ekfrĹseic:

c_{1n} = Bδ_{n1},

c_{2n} = − 2LωA π^2n^2c [ 1 − ω^2 ω^2 − (^{nπc}_L )^2 ] , kai h sunĹrthsh y(x, t) dÐnetai apì th sqèsh: y(x, t) = B cos πct L sin πx L − 2ωAL π^2c ∞∑ n=1 1 n^2 [ 1 − 1 1 − (^{nπc}_{ωL} )^2 ] sin nπct L sin nπx L

9.5. ASK§HSEIS PROS L§USH 175

− 2A π sin ωt ∞∑ n=1 1 n [ 1 1 − (^{nπc}_{ωL} )^2 ] sin nπx L . H sunĹrthsh ψ(x, t) isoÔtai telikĹ me: ψ(x, t) = y(x, t) + A(1 − x L ) sin ωt. ParathroÔme ìti sth lÔsh mac emfanÐzontai paronomastèc, pou mhdenÐzontai an sumbeÐ to ω na isoÔtai me^{nπc}_L . Prìkeitai gia mia akìma emfĹnish tou fainomènou tou suntonismoÔ. S’ autăn thn perÐptwsh h eidikă lÔsh thc exÐswshc (9.12) apodeiknÔetai ìti eÐnai h sunĹrthsh −^{hn}_2 t cos ωt, kai oi suntelestèc c_{1n} kai c_{2n} prokÔptoun metĹ apì prĹxeic paraplăsiec me tic prohgoÔmenec: c_{1n} = g_n kai c_{2n} =^{3Lhn}_{2nπc} .

9.5 Askăseic proc lÔsh

1. Na lujeÐ h exÐswsh Ψ_{tt} = v^2Ψ_{xx} + v^2π L sin( 2vπt L ) an upìkeitai stic arqikèc kai oriakèc sunjăkec: Ψ_x(0, t) = 0, Ψ_x(L, t) = 0, Ψ(x, 0) = 0, Ψ_t(x, 0) = 2v cos(^{2πx}_L ). To sÔsthma perigrĹfei mia qordă pou ekteÐnetai apì to 0 wc to L me exwterikă diègersh kai dosmènh arqikă taqÔthta kai apomĹkrunsh.

2. Na lujeÐ h exÐswsh: x^2ψ^{′′} + xψ^′ − ψ = ( x L )_2 sin ( x L ) an h ψ(x) upìkeitai stic sunjăkec: ψ(2πL) = 2π, ψ^′(2πL) = 0. Upìdeixh: Mèjodoc “metabolăc twn stajerÿn” tou Lagrange.

3. Na lujeÐ h exÐswsh ψ^{′′} + λψ = x me tic sunjăkec ψ(0) = ψ(π) = 0. UpĹrqei pĹntote lÔsh;

Upìdeixh: LÔste prÿta to omogenèc prìblhma idiotimÿn. Mia analogÐa me ta grammikĹ algebrikĹ sustămata kai thn Ôparxh lÔshc gi’ autĹ (se susqètish me th lÔsh tou antÐstoiqou omogenoÔc sustămatoc) eÐnai diafwtistikă.

4. Estw ìti katĹ th lÔsh thc qordăc me exanagkasmènh kÐnhsh dialègei kaneÐc w(x, t) = A ( 1 − (_x L )_2) sin ωt antÐ gia thn epilogă w(x, t) = A(1−^x_L ) sin ωt pou ègine sthn antÐstoiqh parĹgrafo. Na epalhjeuteÐ ìti aută h epilogă eÐnai ex Ðsou kală kai na lujeÐ apì thn arqă to parĹdeigma xekinÿntac apì autăn thn w(x, t).

176 KEF§ALAIO 9. MH OMOGEN§H PROBL§HMATA

KefĹlaio 10

PARARTHMATA

178 KEF§ALAIO 10. PARARTHMATA

ParĹrthma Aþ

DianusmatikoÐ telestèc se diĹforec suntetagmènec

Se ì,ti akoloujeÐ, to ψ(⃗r) paristĹnei mia bajmwtă sunĹrthsh, enÿ h ⃗A(⃗r) mia dianusmatikă sunĹrthsh, h opoÐa anaptÔssetai se sunistÿsec wc exăc:

⃗A = A_xx̂ + A_yŷ + A_zẑ = A_rr̂ + A_θθ̂ + A_ϕϕ̂ = A_ρρ̂ + A_ϕϕ̂ + A_zẑ,

gia orjogÿniec, sfairikèc kai kulindrikèc suntetagmènec antÐstoiqa. Me “kapellĹki” sumbolÐzontai ta monadiaÐa dianÔsmata katĹ măkoc twn diafìrwn suntetagmènwn.

Aþ.1 Orjogÿniec suntetagmènec ⃗∇ψ = x̂ ∂ψ ∂x + ŷ ∂ψ ∂y + ẑ ∂ψ ∂z , ⃗∇ · ⃗A = ∂A^x ∂x + ∂A_y ∂y + ∂A_z ∂z , ⃗∇ × ⃗A = x̂ ( ∂A_z ∂y − ∂A_y ∂z ) + ŷ ( ∂A_x ∂z − ∂A_z ∂x ) + ẑ ( ∂A_y ∂x − ∂A_x ∂y ) ,

∇^2ψ =

∂^2ψ ∂x^2 + ∂^2ψ ∂y^2 + ∂^2ψ ∂z^2 . Aþ.2 Sfairikèc suntetagmènec ⃗∇ψ = r̂ ∂ψ ∂r + θ̂ 1 r ∂ψ ∂θ + ϕ̂ 1 r sin θ ∂ψ ∂ϕ , ⃗∇ · ⃗A = 1 r^2 ∂ ∂r (r^2A_r) + 1 r sin θ ∂ ∂θ (sin θA_θ) + 1 r sin θ ∂A_ϕ ∂ϕ , ⃗∇ × ⃗A = r̂ 1 r sin θ [ ∂ ∂θ (sin θA_ϕ) − ∂A_θ ∂ϕ ] + θ̂ [ 1 r sin θ ∂A_r ∂ϕ − 1 r ∂ ∂r (rA_ϕ) ] +

180 PAR§ARTHMA Aþ. DIANUSMATIKO§I TELEST§ES

+ϕ̂ 1 r [ ∂ ∂r (rA_θ ) − ∂A_r ∂θ ] , ∇^2ψ = 1 r^2 ∂ ∂r ( r^2 ∂ψ ∂r ) + 1 r^2 sin θ ∂ ∂θ ( sin θ ∂ψ ∂θ ) + 1 r^2 sin^2 θ

∂^2ψ ∂ϕ^2 . Aþ.3 Kulindrikèc suntetagmènec ⃗∇ψ = ρ̂ ∂ψ ∂ρ + θ̂ 1 ρ ∂ψ ∂ϕ + ϕ̂ ∂ψ ∂z , ⃗∇ · ⃗A = 1 ρ ∂ ∂ρ (ρA_ρ) + 1 ρ ∂A_ϕ ∂ϕ + ∂A_z ∂z , ⃗∇ × ⃗A = ρ̂ 1 ρ [ ∂A_z ∂ϕ − ∂A_ϕ ∂z ] + ϕ̂ [ ∂A_ρ ∂z − ∂A_z ∂ρ ] + ẑ 1 ρ [ ∂ ∂ρ (ρA_ϕ) − ∂A_ρ ∂ϕ ] , ∇^2ψ = 1 ρ ∂ ∂ρ ( ρ ∂ψ ∂ρ ) + 1 ρ^2

∂^2ψ ∂ϕ^2 + ∂^2ψ ∂z^2 . Shmantikă tautìthta: 1 r^2 ∂ ∂r ( r^2 ∂ψ ∂r ) = 1 r ∂^2 ∂r^2 (rψ).

ParĹrthma Bþ

SunĹrthsh dèlta

H sunĹrthsh dèlta sunăjwc orÐzetai me tic sqèseic:

δ(x − x_0) = 0, x ≠ x_0, ∫_{+∞} −∞ dxf(x)δ(x − x_0) = f(x_0), ìpou x_0 eÐnai èna stajerì shmeÐo tou Ĺxona twn x kai f(x) mia tuqaÐa sunĹrthsh. Mia eidikă perÐptwsh eÐnai h perÐptwsh f(x) = 1, opìte to oloklărwma prèpei na eÐnai: ∫_{+∞} −∞ dxδ(x − x_0) = 1. H diaisjhtikă eikìna eÐnai ìti prìkeitai gia mia sunĹrthsh pou eÐnai mhdèn pantoÔ, ektìc apì to shmeÐo x_0, ìpou h timă thc eÐnai Ĺpeirh, ÿste na mporèsei to oloklărwma na pĹrei thn timă f(x_0).

EÐnai emfaneÐc oi logikèc adunamÐec autoÔ tou prÿtou orismoÔ. Mia kalÔterh prosèggish eÐnai na kataskeuĹsei kaneÐc mia akoloujÐa sunartăsewn, thc opoÐac to ìrio na anaparĹgei me kĹpoion trìpo tic idiìthtec thc sunĹrthshc dèlta. H akribăc morfă twn sunartăsewn den èqei idiaÐterh shmasÐa. H idèa eÐnai na jewrăsei kaneÐc mia prÿth sunĹrthsh δ_1(x), h opoÐa eÐnai sqetikĹ entopismènh perÐ to x = 0 kai èqei katĹllhlec timèc, ÿste ∫_{+∞} −∞ dxδ_1(x) = 1. Oi epìmenec sunartăseic (δ_n(x), n = 2, 3, 4, . . .) prèpei na eÐnai ìlo kai pio entopismènec perÐ to mhdèn, allĹ na paÐrnoun ìlo kai pio megĹlec timèc, ÿste to oloklărwma na eÐnai monĹda, anexĹrthta apì to gegonìc ìti oi mă mhdenikèc timèc ekteÐnontai se ìlo kai mikrìtero diĹsthma. DiaisjhtikĹ, prospajoÔme na èqoume sunartăseic me ìlo kai mikrìtero “plĹtoc” kai ìlo kai megalÔtero “Ôyoc”, pou na perikleÐoun to Ðdio pĹnta embadìn anĹmesa sth grafikă touc parĹstash kai ton Ĺxona twn x. Perimènei kaneÐc ìti h oriakă sunĹrthsh ja eÐnai mhdèn sqedìn pantoÔ kai ja èqei oloklărwma monĹda, dhladă ja eÐnai h sunĹrthsh dèlta:

δ(x) = lim_{n→∞} δ_n(x).

(Periorizìmaste gia lìgouc aplìthtac sthn perÐptwsh x_0 = 0, qwrÐc na blĹptetai h genikìthta).

Eqoun qrhsimopoihjeÐ diĹforec tètoiec sunartăseic. DÐnoume merikĹ paradeÐgmata:

δ_n(x) =

0, x < −^1_{2n} n, −^1_{2n} < x <^1_{2n} 0, x >^1_{2n} δ_n(x) = n π 1 1 + n^2x^2

δ_n(x) = sin nx πx = 1 2π ∫_{+n} −n dk exp[ikx] Den èqoume akìmh kĹnei kĹpoio ousiastikì băma, giatÐ to ìrio lim_{n→∞} δ_n(x) den upĹrqei gia kammiĹ apì autèc tic sunartăseic (ă Ĺllec parìmoiec). EkeÐno pou kĹnoume eÐnai ìti jewroÔme tic δ_n(x) wc mia akoloujÐa kanonikopoihmènwn sunartăsewn (me thn ènnoia ìti ∫_{+∞} −∞ dxδ_n(x) = 1) kai, antÐ na exetĹsoume to problhmatikì ìrio twn δ_n(x), sugkentrÿnoume thn prosoqă mac sto ìrio twn oloklhrwmĹtwn M_n ≡ ∫_{+∞} −∞ dxf(x)δ_n(x). ApodeiknÔetai ìti prĹgmati: lim_{n→∞} M_n = f(0).

Aută h poreÐa den èqei majhmatikĹ problămata. H diaforĹ apì thn prohgoÔmenh prosèggish eÐnai ìti den qreiĹzetai na jewrăsei kaneÐc to exwtikì antikeÐmeno pou lègetai ìrio thc seirĹc twn δ_n(x). Ja to ekfrĹsoume kĹpwc diaforetikĹ. Prohgoumènwc isqurizìmaste ìti:

f(0) = ∫_{+∞} −∞ dxf(x) [ lim_{n→∞} δ_n(x) ] , enÿ tÿra ìti: f(0) = lim_{n→∞} [∫_{+∞} −∞ dxf(x)δ_n(x) ] . H diaforĹ eÐnai ìti h prÿth exÐswsh proüpojètei èna antikeÐmeno (to ìrio) pou den upĹrqei, enÿ h deÔterh den èqei tètoiec apaităseic. Tÿra pou èqoume kai tic dÔo ekfrĹseic mazÐ mporoÔme na doÔme pio kajarĹ thn arqă tou problămatoc. H deÔterh èkfrash mporeÐ na paraqjeÐ apì thn prÿth enallĹssontac tic diadikasÐec tou orÐou kai thc oloklărwshc. Edÿ akribÿc brÐsketai to leptì shmeÐo: autèc oi dÔo prĹxeic den metatÐjentai.

Otan loipìn milĹme gia thn sunĹrthsh dèlta, prèpei na èqoume upìyh ìlh th diadikasÐa twn orÐwn pou anaptÔxame. Par’ ìl’ autĹ, formalistikĹ mporeÐ kaneÐc na qeirÐzetai th sunĹrthsh dèlta san mia sunhjismènh sunĹrthsh. Parajètoume merikèc idiìthtèc thc: δ(x) = 1 2π ∫_{+∞} −∞ dk exp[ikx], δ(−x) = δ(x), δ^′(−x) = −δ^′(x), xδ(x) = 0, xδ^′(x) = −δ(x), δ(f(x)) = ∑ k δ(x − x_k) |f^′(x_k )| . Sthn teleutaÐa sqèsh h Ĺjroish gÐnetai stic rÐzec x_k thc f(x) : f(x_k) = 0.

H sunĹrthsh dèlta èqei mèqri tÿra oristeÐ se mia diĹstash, thn x. H genÐkeush se dÔo ă treic diastĹseic eÐnai polÔ aplă:

δ(⃗r − ⃗r_0) = δ(x − x_0)δ(y − y_0)δ(z − z_0)

se orjogÿniec suntetagmènec.

Ena shmantikì qarakthristikì pou ìmwc den anafèretai sqedìn potè eÐnai ìti, apì th skopiĹ tou FusikoÔ, h sunĹrthsh dèlta èqei monĹdec. Gia monodiĹstato qÿro to diaforikì dx sto oloklărwma ∫_{+∞} −∞ dxδ(x − x_0) = 1 èqei monĹdec măkouc opìte h sunĹrthsh dèlta prèpei na èqei monĹdec antÐstrofou măkouc, ÿste to telikì apotèlesma na eÐnai o adiĹstatoc arijmìc 1. Gia qÿro N diastĹsewn h sunĹrthsh dèlta èqei monĹdec^1_{LN} , ìpou me L sumbolÐzoume kĹpoia monĹda măkouc.

Bþ.1 SunĹrthsh dèlta se kampulìgrammec suntetagmènec

H sunĹrthsh dèlta eÐnai idiaÐtera aplă se orjogÿniec suntetagmènec. Omwc, polÔ suqnĹ, to prìblhma pou antimetwpÐzoume perigrĹfetai kalÔtera se sfairikèc ă kulindrikèc suntetagmènec. Gia na broÔme thn èkfrash thc dèlta stic suntetagmènec autèc, ja xekinăsoume apì tic orjogÿniec suntetagmènec kai ja epikalesjoÔme tic idiìthtec tou metasqhmatismoÔ tou stoiqeÐou ìgkou katĹ thn allagă suntetagmènwn. Gia ènan monodiĹstato qÿro o metasqhmatismìc apì to x sto x^′ = f(x) sunepĹgetai thn metatropă tou monodiĹstatou stoiqeÐou “ìgkou” dx sto dx^′, ìpou dx =^{dx}_{dx′} dx^′ ≡ Jdx^′. SumbolÐsame thn parĹgwgo me J, epeidă eÐnai mia stoiqeiÿdhc morfă autoÔ pou lègetai Iakwbiană tou metasqhmatismoÔ. PrĹgmati, sthn perÐptwsh tou tridiĹstatou qÿrou h aplă sqèsh pou eÐdame ja metatrapeÐ sthn: dxdydz = Jdx^′dy^′dz^′, an o metasqhmatismìc eÐnai: (x, y, z) → (x^′, y^′, z^′). O Iakwbianìc pÐnakac (tou opoÐou h apìluth timă thc orÐzousac eÐnai to J : J = |det(M)|) orÐzetai wc:

M ≡ ∂x ∂x^′ ∂x ∂y^′ ∂x ∂z^′ ∂y ∂x^′ ∂y ∂y^′ ∂y ∂z^′ ∂z ∂x^′ ∂z ∂y^′ ∂z ∂z^′ Oso gia thn sunĹrthsh dèlta, upenjumÐzoume ìti h basikă sqèsh orismoÔ thc eÐnai h ∫ d^3rδ(⃗r − ⃗r_0) = ∫ d^3r^′δ(⃗r^′ − ⃗r^′_0) = 1.

Perimènoume ìti h sunĹrthsh dèlta se kampulìgrammec suntetagmènec ja eÐnai anĹlogh me to ginìmeno δ(x^′ −x^′_0)δ(y^′ −y^′_0)δ(z^′ −z^′_0) epÐ kĹpoia prosdioristèa sunĹrthsh D(x^′_0, y^′_0, z^′_0). QrhsimopoioÔme touc sumbolismoÔc [⃗r → (x, y, z), ⃗r_0 → (x_0, y_0, z_0)] gia tic orjogÿniec suntetagmènec kai [⃗r^′ → (x^′, y^′, z^′), ⃗r^′_0 → (x^′_0, y^′_0, z^′_0)] gia tic kampulìgrammec suntetagmènec. Antikajistÿntac to stoiqeÐo ìgkou kai th sunĹrthsh dèlta me ta Ðsa touc brÐskoume: 1 = ∫ dxdydzδ(⃗r − ⃗r_0) =

= ∫ dx^′dy^′dz^′J(x^′, y^′, z^′)D(x^′_0, y^′_0, z^′_0)δ(x^′ − x^′_0)δ(y^′ − y^′_0)δ(z^′ − z^′_0) =

= J(x^′_0, y^′_0, z^′_0)D(x^′_0, y^′_0, z^′_0).

Katalăgoume loipìn sth sqèsh:

D(x^′_0, y^′_0, z^′_0) = 1 J(x^′_0, y^′_0, z^′_0) , sunepÿc:

δ(⃗r^′ − ⃗r^′_0) = 1 J(x^′_0, y^′_0, z^′_0) δ(x^′ − x^′_0)δ(y^′ − y^′_0)δ(z^′ − z^′_0).

SunoptikĹ dhladă, to stoiqeÐo ìgkou metasqhmatÐzetai me thn Iakwbiană kai h sunĹrthsh dèlta me to antÐstrofo thc Iakwbianăc, ÿste sto ginìmeno autoÐ oi prìsjetoi parĹgontec na aplopoioÔntai kai to apotèlesma na eÐnai pĹli h monĹda.

Oi ekfrĹseic twn orjogÿniwn suntetagmènwn sunartăsei twn sfairikÿn èqoun wc exăc:

x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ,

opìte h Iakwbiană metĹ tic prĹxeic isoÔtai me

J = r^2 sin θ,

to stoiqeÐo ìgkou metatrèpetai sto: r^2 sin θdrdθdϕ kai h sunĹrthsh dèlta grĹfetai: 1 r^2 sin θ δ(r − r_0)δ(θ − θ_0)δ(ϕ − ϕ_0).

SqetikĹ me tic monĹdec, parathroÔme ìti oi sunartăseic δ(θ − θ_0) kai δ(ϕ − ϕ_0) eÐnai adiĹstatec, enÿ h δ(r − r_0) èqei monĹdec antÐstrofou măkouc. Ara, to ginìmeno twn dèlta mazÐ me ton parĹgonta^1_{r2 sin θ} èqei telikĹ diastĹseic antÐstrofou măkouc ston kÔbo, ìpwc ja èprepe, afoÔ kinoÔmaste stic treic diastĹseic. Mia deÔterh paratărhsh eÐnai ìti, sÔmfwna me th sqèsh δ(f(x)) = ∑ k δ(x−x_k ) |f^′(x_k )| , pou anafèrame parapĹnw, mporeÐ na apodeiqjeÐ ìti δ(cos θ − cos θ0) = δ(θ−θ_0) sin θ_0 , opìte h prohgoÔmenh sqèsh gia thn dèlta mporeÐ na grafteÐ kai me th morfă: 1 r^2 δ(r − r_0)δ(cos θ − cos θ_0)δ(ϕ − ϕ_0).

Oi ekfrĹseic twn orjogÿniwn suntetagmènwn sunartăsei twn kulindrikÿn suntetagmènwn èqoun wc exăc: x = ρ cos ϕ, y = ρ sin ϕ, z = z, opìte h Iakwbiană metĹ tic prĹxeic isoÔtai me J = ρ, to stoiqeÐo ìgkou metatrèpetai sto: ρdρdϕdz kai h sunĹrthsh dèlta grĹfetai: 1 ρ δ(ρ − ρ_0)δ(ϕ − ϕ_0)δ(z − z_0).

An parablèyei kaneÐc th suntetagmènh z, pou den allĹzei apì tic orjogÿniec stic kulindrikèc suntetagmènec, bgĹzoume to sumpèrasma ìti stic dÔo diastĹseic to stoiqeÐo ìgkou stic polikèc suntetagmènec eÐnai ρdρdϕ kai h sunĹrthsh dèlta grĹfetai: 1 ρ δ(ρ − ρ_0)δ(ϕ − ϕ_0).

186 PAR§ARTHMA Bþ. SUN§ARTHSH D§ELTA

ParĹrthma Gþ

Sunartăseic Băta kai GĹmma

Gþ.1 SunĹrthsh GĹmma

O orismìc thc sunĹrthshc GĹmma katĹ ton Euler èqei wc exăc: Γ(z) ≡ ∫_∞ 0 dt exp[−t]t^{z−1}. Apì ton orismì exupakoÔetai ìti to pragmatikì mèroc tou z eÐnai jetikì. MporeÐ kaneÐc eÔkola me paragontikèc oloklhrÿseic na deÐxei ìti:

Γ(z) = (z − 1)Γ(z − 1).

H apeujeÐac oloklărwsh dÐnei Γ(1) = 1, opìte Γ(2) = (2−1)Γ(1) = 1, Γ(3) = (3−1)Γ(3−1) = 2, . . . kai genikĹ, gia fusikoÔc arijmoÔc n :

Γ(n) = (n − 1)!

H sunĹrthsh GĹmma sundèetai loipìn stenĹ me to paragontikì. Omwc to ìrisma thc sunĹrthshc GĹmma den eÐnai upoqrewtikĹ akèraioc, opìte h Γ(z) dÐnei mia genÐkeush tou paragontikoÔ gia opoiondăpote jetikì pragmatikì arijmì. Gia thn epèktash se arnhtikĹ orÐsmata xekinĹme apì th sqèsh: Γ(z − 1) =

Γ(z) z − 1 . Bèbaia, h sqèsh èqei apodeiqjeÐ mìno gia z > 1 kai den isqÔei gia tic mikrìterec timèc. AplĹ thn jewroÔme dedomènh kai orÐzoume th sunĹrthsh gia arnhtikĹ orÐsmata me bĹsh th sqèsh aută. H sunĹrthsh Γ(z) èqei aploÔc pìlouc stouc arnhtikoÔc akeraÐouc. Mia polÔ endiafèrousa idiìthtĹ thc eÐnai h prosèggish tou Stirling:

Γ(z + 1) ≃ √ 2πz^{z+ 12} exp[−z].

Enac endiafèrwn enallaktikìc orismìc prokÔptei apì ton arqikì, me thn allagă metablhtăc t = y^2 → dt = 2ydy. To apotèlesma eÐnai:

Γ(z) = 2 ∫_∞ 0 dy exp[−y^2]y^{2z−1}.

Gia z =^1_2 apì aută thn isìthta prokÔptei ìti Γ(^1_2 ) = √ π. Xekinÿntac apì thn teleutaÐa sqèsh mporoÔme na broÔme to paragontikì arijmÿn thc morfăc n +^1_2 , ìpou o n eÐnai akèraioc.

188 PAR§ARTHMA Gþ. SUNART§HSEIS B§HTA KAI G§AMMA

Gþ.2 SunĹrthsh Băta

H sunĹrthsh Băta orÐzetai me th sqèsh: B(m, n) = B(n, m) ≡ ∫_1 0 dss^{m−1}(1 − s)^{n−1}. H allagă metablhtÿn s = sin^2 θ sunepĹgetai ìti: B(m, n) = 2 ∫ π_2 0 dθ sin^{2m−1} θ cos^{2n−1} θ.

H sunĹrthsh Băta mporeÐ na ekfrasteÐ me ginìmena twn GĹmma. PrĹgmati: Γ(m)Γ(n) = ∫_∞ 0 du exp[−u]u^{m−1} ∫_∞ 0 dv exp[−v]v^{n−1}. Me thn allagă metablhtăc: u = xs, v = x(1 − s) (me Iakwbiană J = x) h parĹstash gÐnetai:

Γ(m)Γ(n) = ∫_∞ 0 dx ∫_1 0 dsx exp[−xs]x^{m−1}s^{m−1} exp[−x(1 − s)]x^{n−1}(1 − s)^{n−1} = = ∫_∞ 0 dx exp[−x]x^{m+n−1} ∫_1 0 dss^{m−1}(1 − s)^{n−1}. Omwc, ex orismoÔ, h prÿth parĹstash isoÔtai me Γ(m + n), enÿ h deÔterh me B(m, n). Dhladă: Γ(m)Γ(n) = Γ(m + n)B(m, n), opìte: B(m, n) = Γ(m)Γ(n) Γ(m + n) .

ParĹrthma Dþ

PÐnakac metasqhmatismÿn

LAPLACE

Dþ.1 MetasqhmatismoÐ LAPLACE

DÐnoume sth sunèqeia merikĹ apì ta pio qrăsima zeugĹria metasqhmatismÿn Laplace. AristerĹ

eÐnai o metasqhmatismìc kai dexiĹ h arqikă sunĹrthsh. L_s[f] ≡ f̃(s) f(t) 1 s^n t^{n−1} (n−1)! 1 (s−c)^m t^{m−1} exp[ct] (m−1)! b s^2 +b^2 sin bt s s^2 +b^2 cos bt 1 s √ s+c erf ( √ ct) √ c 1 √ s^2 +ω^2 J0(ωt) 1 √ s^2 −ω^2 I0(ωt) ( √ s^2 +ω^2−s)^m √ s^2+ω^2 ω mJ_m(ωt) (s− √ s^2−ω^2 )^m √ s^2−ω^2 ω mI_m(ωt) exp[−c √ s] √ s exp[−c^2/(4t)] √ πt exp[−c √ s]^{c exp[−c2/(4t)]} 2 √ πt^3 1−exp[−c √ s] s erf[^c_2^√_t ] ln (_{s+a} s+b )_{exp[−bt]−exp[−at]} t −^{γ+ln s}_s (γ = 0.577) ln t

−^{ln s}_s −(ln t + γ)

arctan(^ω_s )^{sin(ωt)}_t exp[−cs] δ(t − c) exp[−cs] s Θ(t − c)

190 PAR§ARTHMA Dþ. P§INAKAS METASQHMATISM§WN LAPLACE

ParĹrthma Eþ

Eidikèc sunartăseic

Eþ.1 Poluÿnuma HERMITE

Ta prÿta poluÿnuma Hermite eÐnai ta exăc: H_0(x) = 1, H_1(x) = 2x, H_2(x) = 4x^2 − 2, H_3(x) = 8x^3 − 12x, H_4(x) = 16x^4 − 48x^2 + 12, H_5(x) = 32x^5 − 160x^3 + 120x, H_6(x) = 64x^6 − 480x^4 + 720x^2 − 120.

Eþ.2 ArqikĹ kai sunarthmèna poluÿnuma LAGUERRE

Ta arqikĹ poluÿnuma Laguerre (dhladă me s = 0) eÐnai ta exăc: L_0(x) = 1, L_1(x) = −x + 1, 2!L_2(x) = x^2 − 4x + 2, 3!L_3(x) = −x^3 + 9x^2 − 18x + 6, 4!L_4(x) = x^4 − 16x^3 + 72x^2 − 96x + 24, 5!L_5(x) = −x^5 + 25x^4 − 200x^3 + 600x^2 − 600x + 120, 6!L_6(x) = x^6 − 36x^5 + 450x^4 − 2400x^3 + 5400x^2 − 4320x + 720.

AutĹ mporoÔn na prokÔyoun apì to Ĺjroisma:

L_n(x) = n∑ m=0 (−1)^{n−m} n!x^{n−m} (n − m)!(n − m)!m! .

Ta sunarthmèna poluÿnuma Laguerre prokÔptoun apì ta arqikĹ mèsw tou tÔpou: L^s_n(x) = (−1)^s d^s dx^s [L_{n+s}(x)], apì ton opoÐon prokÔptei to Ĺjroisma:

L^s_n(x) = n∑ m=0 (−1)^m (n + s)!x^m (n − m)!(s + m)!m! . Eþ.3 ArqikĹ kai sunarthmèna “poluÿnuma” LEGENDRE

Ta prÿta arqikĹ poluÿnuma tou Legendre eÐnai ta exăc:

P_0(x) = 1, P_1(x) = x, P_2(x) = 1 2 (3x^2 − 1), P_3(x) = 1 2 (5x^3 − 3x), P_4(x) = 1 8 (35x^4 − 30x^2 + 3).

Ta prÿta sunarthmèna “poluÿnuma” tou Legendre eÐnai ta exăc:

P_{11}(x) = (1 − x^2)^{1/2} = sin θ, P_{21}(x) = 3x(1 − x^2)^{1/2} = 3 sin θ cos θ, P_{22}(x) = 3(1 − x^2) = 3 sin^2 θ, P_{31}(x) = 3 2 (5x^2 − 1)(1 − x^2)^{1/2} = 3 2 sin θ(5 cos^2 θ − 1), P_{32}(x) = 15x(1 − x^2) = 15 sin^2 θ cos θ, P_{33}(x) = 15(1 − x^2)^{3/2} = 15 sin^3 θ, P_{41}(x) = 5 2 (7x^3 − 3x)(1 − x^2)^{1/2} = 5 2 sin θ(7 cos^3 θ − 3 cos θ), P_{42}(x) = 15 2 (7x^2 − 1)(1 − x^2) = 15 2 sin^2 θ(7 cos^2 θ − 1), P_{43}(x) = 105x(1 − x^2)^{3/2} = 105 sin^3 θ cos θ, P_{44}(x) = 105(1 − x^2)^2 = 105 sin^4 θ.

Qrhsimopoiăsame to gegonìc ìti h metablhtă x sumbolÐzei to cos θ. Dÿsame mìno ta P_{lm} pou antistoiqoÔn se jetikĹ m. Gia m = 0 ta sunarthmèna “poluÿnuma” tou Legendre anĹgontai sta arqikĹ: P_{l0} ≡ P_l, ta opoÐa parajèsame mìlic prohgoumènwc. Oso gia ta arnhtikĹ m, mporoÔme na ta broÔme apì ta antÐstoiqa me jetikĹ m, bĹsei thc sqèshc: P_{l,−m}(x) = (−1)^m (l − m)! (l + m)! P_{lm}(x). Gia parĹdeigma: P_{2,−1}(x) = (−1)^1_{3!} P_{21}(x) = −^1_2 x(1 − x^2)^{1/2} = −^1_2 sin θ cos θ.

Eþ.4. SFAIRIK§ES ARMONIK§ES 193

Eþ.4 Sfairikèc armonikèc

Oi prÿtec sfairikèc armonikèc eÐnai oi exăc:

Y_{00}(θ, ϕ) = 1 √ 4π ,

Y_{11}(θ, ϕ) = − √ 3 8π sin θ exp[iϕ],

Y_{10}(θ, ϕ) = √ 3 4π cos θ, Y_{1,−1}(θ, ϕ) = √ 3 8π sin θ exp[−iϕ], Y_{22}(θ, ϕ) = √ 5 96π 3 sin^2 θ exp[2iϕ],

Y_{21}(θ, ϕ) = − √ 5 24π 3 sin θ cos θ exp[iϕ],

Y_{20}(θ, ϕ) = √ 5 4π ( 3 2 cos^2 θ − 1 2 ) ,

Y_{2,−1}(θ, ϕ) = √ 5 24π 3 sin θ cos θ exp[−iϕ], Y_{2,−2}(θ, ϕ) = √ 5 96π 3 sin^2 θ exp[−2iϕ].

Eþ.5 Udrogonoeidèc Ĺtomo

Oi idiokatastĹseic enèrgeiac enìc udrogonoeidoÔc atìmou me atomikì arijmì Z dÐnontai apì tic sqèseic: Ψ = ψ_{nlm}(r, θ, ϕ) exp [ − iE_nt h̄ ] . Ta E_n eÐnai oi idiotimèc thc enèrgeiac kai ta n, l, m oi gnwstoÐ treic kbantikoÐ arijmoÐ. DÐnoume sth sunèqeia ta prÿta ψ_{nlm}. To a_0 pou emfanÐzetai eÐnai h aktÐna tou Bohr:

a_0 ≡

4πϵ_0h̄^2 μq^2 , ìpou μ eÐnai h mĹza tou hlektronÐou kai q to stoiqeiÿdec hlektrikì fortÐo. O genikìc tÔpoc eÐnai:

ψ_{nlm} = 2 n^2 ( Z a_0

)_{3/2} √ (n − l − 1)! [(n + l)!]^3 ( 2Zr na_0 )_l L^{2l+1}_{n−l−1} ( 2Zr na_0 ) exp [ − Zr na_0 ] Y_{lm}(θ, ϕ), ìpou me L^s_N (x) sumbolÐzontai ta sunarthmèna poluÿnuma Laguerre. O genikìc tÔpoc exidikeÔetai wc exăc gia touc pio mikroÔc kbantikoÔc arijmoÔc:

ψ_{100} = 2 ( Z a_0 )_{3/2} exp [ − Zr a_0 ] Y_{00}(θ, ϕ) ψ_{200} = 1 √ 8 ( Z a_0

)_{3/2} ( 2 − Zr a_0 ) exp [ − Zr 2a_0 ] Y_{00}(θ, ϕ)

ψ_{210} = 1 √ 24 ( Z a_0 )_{3/2} Zr a_0 exp [ − Zr 2a_0 ] Y_{10}(θ, ϕ)

ψ_{21±1} = 1 √ 24 ( Z a_0 )_{3/2} Zr a_0 exp [ − Zr 2a_0 ] Y_{1±1}(θ, ϕ)

ψ_{300} = 2 81 √ 3 ( Z a_0

)_{3/2} ( 27 − 18Zr a_0 + 2Z^2r^2 a^2_0 ) exp [ − Zr 3a_0 ] Y_{00}(θ, ϕ)

ψ_{310} = 4 81 √ 6 ( Z a_0

)_{3/2} ( 6 − Zr a_0 ) Zr a_0 exp [ − Zr 3a_0 ] Y_{10}(θ, ϕ)

ψ_{31±1} = 4 81 √ 6 ( Z a_0

)_{3/2} ( 6 − Zr a_0 ) Zr a_0 exp [ − Zr 3a_0 ] Y_{1±1}(θ, ϕ)

ψ_{320} = √ 8 81 √ 15 ( Z a_0 )_{3/2} Z^2r^2 a^2_0 exp [ − Zr 3a_0 ] Y_{20}(θ, ϕ)

ψ_{32±1} = √ 8 81 √ 15 ( Z a_0 )_{3/2} Z^2r^2 a^2_0 exp [ − Zr 3a_0 ] Y_{2±1}(θ, ϕ)

ψ_{32±2} = √ 8 81 √ 15 ( Z a_0 )_{3/2} Z^2r^2 a^2_0 exp [ − Zr 3a_0 ] Y_{2±2}(θ, ϕ) ShmeÐwsh: Sta parapĹnw upojèsame ìti h mĹza tou purăna teÐnei sto Ĺpeiro. An jewreÐtai peperasmènh (ìpwc eÐnai h realistikă perÐptwsh), to a_0 prèpei na antikatastajeÐ pantoÔ me to ( 1 +^μ_M ) a_0, ìpou μ kai M oi mĹzec tou hlektronÐou kai tou purăna antÐstoiqa.

ParĹrthma ˚þ

Exisÿseic HlektromagnhtismoÔ

DÔnamh Lorentz: ⃗F = q( ⃗E + ⃗v × ⃗B). ˚þ.1 Exisÿseic tou MAXWELL sto kenì ⃗∇ · ⃗E = ρ ϵ_0 ⃗∇ × ⃗E = − ∂ ⃗B ∂t ⃗∇ · ⃗B = 0

⃗∇ × ⃗B = μ_0 ⃗J + μ_0ϵ_0 ∂ ⃗E ∂t ˚þ.2 Exisÿseic tou MAXWELL sthn Ôlh ⃗∇ · ⃗D = ρ_{ϵλ}

⃗∇ × ⃗E = − ∂ ⃗B ∂t ⃗∇ · ⃗B = 0

⃗∇ × ⃗H = ⃗J_{ϵλ} + ∂ ⃗D ∂t OrismoÐ: ⃗D ≡ ϵ_0 ⃗E + ⃗P , ⃗H ≡ 1 μ_0 ⃗B − ⃗M.

196 PAR§ARTHMA ˚þ. EXIS§WSEIS HLEKTROMAGNHTISMO§U

Eqoume sumbolÐsei me ρ_{ϵλ}, ⃗J_{ϵλ} thn puknìthta fortÐou kai reÔmatoc antÐstoiqa twn eleÔjerwn fortÐwn.

Gia grammikĹ mèsa: ⃗P = ϵ_0χ_E ⃗E, ⃗D = ϵ ⃗E, ⃗M = χ_M ⃗H, ⃗H = 1 μ ⃗B, ìpou ϵ ≡ ϵ_0(1 + χ_E ) kai μ ≡ μ_0(1 + χ_M ). Oi stajerèc χ_E kai ϵ lègontai dihlektrikă epidektikìthta kai dihlektrikă stajerĹ tou mèsou antÐstoiqa. Oi stajerèc χ_M kai μ lègontai magnhtikă epidektikìthta kai diaperatìthta tou mèsou antÐstoiqa.

˚þ.3 Sunjăkec se diaqwristikèc epifĹneiec.

A. DihlektrikĹ (upojètoume ìti den upĹrqei eleÔjero fortÐo sth diaqwristikă epifĹneia):

D_{⊥1} = D_{⊥2}, ⃗E_{‖1} = ⃗E_{‖2},

pou gia grammikĹ dihlektrikĹ grĹfontai isodÔnama me th morfă:

ϵ_1E_{⊥1} = ϵ_2E_{⊥2}, 1 ϵ_1

⃗D_{‖1} = 1 ϵ_2 ⃗D_{‖2}. To hlektrostatikì dunamikì eÐnai pĹnta suneqèc, allĹ oi parĹgwgoÐ tou èqoun tic asunèqeiec pou prokÔptoun apì tic antÐstoiqec tou hlektrostatikoÔ pedÐou. Oi ènnoiec “parĹllhlo” kai “kĹjeto” anafèrontai sth diaqwristikă epifĹneia.

B. MagnhtikĹ ulikĹ (upojètoume ìti den upĹrqei eleÔjero reÔma sth diaqwristikă epifĹneia):

B_{⊥1} = B_{⊥2}, ⃗H_{‖1} = ⃗H_{‖2},

pou gia grammikĹ ulikĹ grĹfontai isodÔnama me th morfă:

μ_1H_{⊥1} = μ_2H_{⊥2}, 1 μ_1

⃗B_{‖1} = 1 μ_2 ⃗B_{‖2}.