Perieqìmena

1 ANALUTIKH DUNAMIKH 3 1.1 Lagkranziană diatÔpwsh . . . . . . . . . . . . . . . . . . . . . 3 1.1.1 Sunjăkec pĹnw stic genikeumènec suntetagmènec . . . . 6 1.2 Qamiltoniană diatÔpwsh . . . . . . . . . . . . . . . . . . . . . 7 1.3 AgkÔlec Poisson . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 TAUTOTIKA SWMATIDIA 11

3 DEUTERH KBANTWSH 17 3.1 Metatopismènoc kbantikìc talantwtăc . . . . . . . . . . . . . 17 3.2 Grammikă alusÐda . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2.1 KanonikoÐ trìpoi talĹntwshc . . . . . . . . . . . . . . 21 3.2.2 KbĹntwsh thc grammikăc alusÐdac . . . . . . . . . . . 25 3.3 Suneqèc ìrio . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.3.1 Klasikă alusÐda . . . . . . . . . . . . . . . . . . . . . 29 3.3.2 Kbantikă alusÐda . . . . . . . . . . . . . . . . . . . . . 32 3.4 KbĹntwsh thc exÐswshc Schrödinger . . . . . . . . . . . . . . . 34 3.4.1 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.5 Dunamikèc metablhtèc . . . . . . . . . . . . . . . . . . . . . . 40 3.6 KbĹntwsh thc exÐswshc Schrödingerme statistikă Fermi . . . . 42 3.7 SusqetismoÐ se aèria Bosekai Fermi . . . . . . . . . . . . . . . 45 3.7.1 Fermiìnia . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.7.2 Mpozìnia . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.8 SÔndesh me ta tautotikĹ swmatÐdia . . . . . . . . . . . . . . . 55

4 ASKHSEIS 57

2 PERIEQ§OMENA

KefĹlaio 1

ANALUTIKH DUNAMIKH

1.1 Lagkranziană diatÔpwsh

EpanalambĹnoume kĹpoia stoiqeÐa analutikăc dunamikăc pou eÐnai qrăsima sthn anĹptuxh jemĹtwn pou ja mac apasqolăsoun argìtera. Sth diatÔpwsh tou Lagrange gÐnetai apokleistikă qrăsh twn genikeumènwn suntetagmènwn q_1, q_2, . . . , q_n, pou eÐnai isĹrijmec me touc bajmoÔc eleujerÐac kai sundèontai me tic orjogÿniec kartesianèc suntetagmènec me tic sqèseic:

x_ν = x_ν (q_1, q_2, . . . , q_n, t)

y_ν = y_ν (q_1, q_2, . . . , q_n, t)

z_ν = z_ν (q_1, q_2, . . . , q_n, t)

ă, piì sunoptikĹ: ⃗r_ν = ⃗r_ν (q_1, q_2, . . . , q_n). O deÐkthc ν upodhlÿnei ta diĹfora swmatÐdia pou sunapoteloÔn to sÔsthma, pou èqei n bajmoÔc eleujerÐac. Gia parĹdeigma, jewroÔme to diplì ekkremèc pou eÐnai periorismèno na kineÐtai sto epÐpedo xy. An jèlame na to perigrĹyoume me orjogÿniec suntetagmènec, ja qreiazìmaste ta x_1, y_1, x_2 kai y_2.

(x_2, y_2)

(x_1, y_1) θ_1 l_1

θ_2 l_2

4 KEF§ALAIO 1. ANALUTIKH DUNAMIKH

MporoÔme ìmwc na qrhsimopoiăsoume wc genikeumènec suntetagmènec tic gwnÐec θ_1 kai θ_2 twn dÔo nhmĹtwn me thn katakìrufo kai na ekfrĹsoume tic orjogÿniec suntetagmènec me tic sqèseic:

x_1 = l_1 cos θ_1

y_1 = l_1 sin θ_1 x_2 = l_1 cos θ_1 + l_2 cos θ_2 y_2 = l_1 sin θ_1 + l_2 sin θ_2 O deÔteroc nìmoc tou NeÔtwna gia to swmatÐdio ν grĹfetai: m_ν ∂^2⃗r_ν ∂t^2 = ⃗F_ν . EÐnai eÔkolo n’ apodeiqteÐ ìti gia thn kinhtikă enèrgeia T = ∑ ν 1 2 m_ν ( ∂⃗r_ν ∂t )_2

isqÔoun oi idiìthtec: ∂T ∂q_a = ∑ ν m_ν ( ∂⃗r_ν ∂t ) ( ∂^2⃗r_ν ∂q_a∂t ) , ∂T ∂q̇_a = ∑ ν m_ν ( ∂⃗r_ν ∂t ) ( ∂⃗r_ν ∂q_a ) . (1.1)

O nìmoc tou NeÔtwna sunepĹgetai ìti: m_ν ( ∂^2⃗r_ν ∂t^2 ) · ( ∂⃗r_ν ∂q_a ) = ⃗F_ν · ( ∂⃗r_ν ∂q_a ) →

→ m_ν d dt ( ∂⃗r_ν ∂t · ∂⃗r_ν ∂q_a ) − m_ν ( ∂⃗r_ν ∂t ) · ( ∂^2⃗r_ν ∂q_a∂t ) = ⃗F_ν · ( ∂⃗r_ν ∂q_a ) → → ∑ ν d dt ( m_ν ∂⃗r_ν ∂t · ∂⃗r_ν ∂q_a ) − ∑ ν m_ν ( ∂⃗r_ν ∂t ) · ( ∂^2⃗r_ν ∂q_a∂t ) = ∑ ν ⃗F_ν · ( ∂⃗r_ν ∂q_a ) . Qrhsimopoiÿntac tic sqèseic (1.1) h teleutaÐa sqèsh gÐnetai: d dt ( ∂T ∂q̇_a ) − ∂T ∂q_a = ∑ ν ⃗F_ν · ( ∂⃗r_ν ∂q_a ) . (1.2)

Autèc oi sqèseic eÐnai mia prÿth morfă twn exisÿsewn Lagrange. H èkfrash p_a ≡^{∂T}_{∂q̇a} lègetai genikeumènh ormă, enÿ to deÔtero mèloc f_a ≡ ∑ ν ⃗F_ν · (_{∂⃗rν} ∂q_a ) lègetai genikeumènh dÔnamh.

1.1. LAGKRANZIAN§H DIAT§UPWSH 5

Sth sunèqeia ja jewrăsoume th spoudaÐa eidikă perÐptwsh pou h dÔnamh parĹgetai apì dunamikì: ⃗F_ν = −⃗∇_ν V. H genikeumènh dÔnamh gÐnetai: ∑ ν ⃗F_ν · ( ∂⃗r_ν ∂q_a ) = − ∑ ν ⃗∇_ν V · ( ∂⃗r_ν ∂q_a ) =

= − ∑ ν [ ∂V ∂x_ν ∂x_ν ∂q_a + ∂V ∂x_ν ∂x_ν ∂q_a + ∂V ∂x_ν ∂x_ν ∂q_a ] = − ∂V ∂q_a . M’ autì to dedomèno, h sqèsh (1.2) grĹfetai: d dt ( ∂T ∂q̇_a ) − ∂T ∂q_a = − ∂V ∂q_a → d dt ( ∂(T − V ) ∂q̇_a ) − ∂(T − V ) ∂q_a = 0,

ìpou èqoume upojèsei ìti to dunamikì exartĹtai mìno apì tic suntetagmènec q_a kai ìqi apì tic genikeumènec taqÔthtec q̇_a. OrÐzoume th sunĹrthsh L ≡ T − V pou onomĹzetai Lagkranziană sunĹrthsh kai oi exisÿseic tou Lagrange paÐrnoun thn pio sunhjismènh touc morfă: d dt ( ∂L ∂q̇_a ) − ∂L ∂q_a = 0. (1.3)

ParĹdeigma: Gia to aplì ekkremèc h kinhtikă enèrgeia eÐnai: T =^1_2 mv^2 = 1 2 m(lθ̇)^2 kai h dunamikă enèrgeia: V = mg(l − l cos θ), ìpou θ eÐnai h gwnÐa pou sqhmatÐzei to năma me thn katakìrufo. H Lagkranziană eÐnai, loipìn: L = T − V =^1_2 m(lθ̇)^2 − mg(l − l cos θ). Xekinÿntac apì tic parathrăseic ìti ∂L ∂θ = −mgl sin θ,^{∂L}_{∂θ̇} = ml^2θ̇ efarmìzoume thn exÐswsh (1.3) kai brÐskoume:

ml^2θ̈ + mgl sin θ = 0 → θ̈ + g l sin θ = 0,

pou gia mikrèc gwnÐec apomĹkrunshc metapÐptei sth gnwstă: θ̈ +^g_l θ = 0. Apì pleurĹc orologÐac to θ eÐnai h genikeumènh suntetagmènh, to^{∂L}_{∂θ̇} = ml^2θ̇ = ml(lθ̇) = mlv, dhladă h genikeumènh ormă den eÐnai Ĺllh apì th stroformă. H genikeumènh dÔnamh isoÔtai me −^{∂V}_{∂θ} = mgl sin θ, pou eÐnai h probolă thc dÔnamhc katĹ măkoc thc troqiĹc.

6 KEF§ALAIO 1. ANALUTIKH DUNAMIKH

1.1.1 Sunjăkec pĹnw stic genikeumènec suntetagmènec

An upĹrqoun (dÔo, èstw) sqèseic pou sundèoun tic genikeumènec suntetagmènec metaxÔ touc, kai pou mporoÔn na graftoÔn me th morfă: [ n∑ a=1 A_adq_a + Adt = 0, n∑ a=1 B_adq_a + Bdt = 0] ⇔

⇔ [ n∑ a=1 A_aq̇_a + A = 0, n∑ a=1 B_aq̇_a + B = 0],

oi genikeumènec suntetagmènec den eÐnai pia anexĹrthtec kai oi exisÿseic (1.2) prèpei na tropopoihjoÔn stic: d dt ( ∂T ∂q̇_a ) − ∂T ∂q_a = ∑ ν ⃗F_ν · ( ∂⃗r_ν ∂q_a ) + λ_1A_a + λ_2B_a, a = 1, . . . , n.

EpÐshc, oi exisÿseic (1.3) pou anafèrontai se diathrhtikĹ sustămata, tropopoioÔntai stic: d dt ( ∂L ∂q̇_a ) − ∂L ∂q_a = λ_1A_a + λ_2B_a, a = 1, . . . , n.

Oi stajerèc λ_1 kai λ_2 eÐnai pollaplasiastèc Lagrange kai oi parastĹseic λ_1A_a kai λ_2B_a eÐnai oi genikeumènec dunĹmeic pou apaitoÔntai gia na epiblhjoÔn oi periorismoÐ. Ac epikentrÿsoume sthn teleutaÐa morfă twn exisÿsewn kai ac jewrăsoume èna swmatÐdio se barutikì pedÐo pou kineÐtai upoqrewtikĹ s’ èna paraboloðdèc ek peristrofăc me exÐswsh

x^2 + y^2 ≡ ρ^2 = az → 2ρdρ − adz = 0.

H Lagkranziană ja grafteÐ se kulindrikèc suntetagmènec: L = 1 2 m ( ρ̇^2 + ρ^2ϕ̇^2 + ż^2 ) − mgz. EÐnai profanèc ìti

q_1 = ρ, q_2 = ϕ, q_3 = z, A_1 = 2ρ, A_2 = 0, A_3 = −a

kai ìti èqoume mìno ènan periorismì, Ĺra mac qreiĹzetai mìno to λ_1. Oi exisÿseic kÐnhshc d dt ( ∂L ∂q̇_a ) − ∂L ∂q_a = λ_1A_a, a = 1, 2, 3

1.2. QAMILTONIAN§H DIAT§UPWSH 7

eÐnai: d dt ( ∂L ∂ρ̇ ) − ∂L ∂ρ = λ_12ρ, d dt ( ∂L ∂ϕ̇ ) − ∂L ∂ϕ = 0, d dt ( ∂L ∂ż ) − ∂L ∂z = −aλ_1, pou metĹ tic prĹxeic gÐnontai: m ( ρ̈ − ρϕ̇^2 ) = 2λ_1ρ, m d dt (ρ^2θ̇) = 0, mz̈ = −mg − λ_1a. O periorismìc ρ^2 = az sunepĹgetai thn 2ρρ̇ − aż = 0, pou, mazÐ me tic exisÿseic kÐnhshc, sunapoteleÐ tic tèssereic exisÿseic pou eÐnai aparaÐthtec gia ton prosdiorismì twn tessĹrwn agnÿstwn ρ, ϕ, z kai λ_1.

1.2 Qamiltoniană diatÔpwsh

Xekinÿntac apì ton orismì twn genikeumènwn ormÿn p_a ≡^{∂T}_{∂q̇a} mporeÐ kaneÐc (toulĹqiston kat’ arqăn) na ekfrĹsei tic genikeumènec taqÔthtec q̇_a sunartăsei twn apomakrÔnsewn q_a kai twn genikeumènwn ormÿn p_a. OrÐzoume ton metasqhmatismì Legendre thc Lagkranzianăc, pou ja ton lème Qamiltoniană sunĹrthsh, me th sqèsh: H(p_a, q_a, t) ≡ n∑ a=1 p_aq̇_a − L(q_a, q̇_a, t). EpishmaÐnoume ìti oi genikeumènec taqÔthtec tou dexioÔ mèlouc prèpei na antikatastajoÔn ìpwc exhgăsame lÐgo prin, opìte, an kai sto dexiì mèloc emfanÐzontai oi genikeumènec taqÔthtec, h Qamiltoniană telikĹ eÐnai sunĹrthsh twn genikeumènwn ormÿn, twn apomakrÔnsewn kai endeqomènwc tou qrìnou.

H Qamiltoniană prosfèrei mia enallaktikă diatÔpwsh thc klasikăc mhqanikăc. Gia na to doÔme, jewroÔme to diaforikì thc H : dH = ∑ a dp_aq̇_a + ∑ a p_adq̇_a − ∑ a ∂L ∂q_a dq_a − ∑ a ∂L ∂q̇_a dq̇_a − ∂L ∂t dt. O orismìc thc genikeumènhc ormăc deÐqnei ìti o deÔteroc kai o tètartoc ìroc tou dexioÔ mèlouc allhloanairoÔntai. EpÐ plèon, oi exisÿseic tou Lagrange

8 KEF§ALAIO 1. ANALUTIKH DUNAMIKH

grĹfontai:^{∂L}_{∂qa} =^d_{dt} (_{∂L} ∂q̇_a ) =^{dpa}_{dt} ≡ ṗ_a. H èkfrash gia to diaforikì grĹfetai, loipìn: dH = ∑ a q̇_adp_a − ∑ a ṗ_adq_a − ∂L ∂t dt. Ex Ĺllou, an lĹboume up’ ìyh ìti oi anexĹrthtec metablhtèc thc Qamiltonianăc eÐnai oi p_a, q_a kai t, to diaforikì grĹfetai enallaktikĹ me th morfă: dH = ∑ a ∂H ∂p_a dp_a + ∑ a ∂H ∂q_a dq_a + ∂H ∂t dt, opìte, sugkrÐnontac tic dÔo ekfrĹseic gia to diaforikì sunĹgoume tic sqèseic: q̇_a = ∂H ∂p_a , ṗ_a = − ∂H ∂q_a (1.4)

kai^{∂H}_{∂t} = −^{∂L}_{∂t} . Oi exisÿseic (1.4) lègontai exisÿseic tou Hamilton kai eÐnai mia isodÔnamh diatÔpwsh me th Lagkranziană. ApodeiknÔetai ìti, gia diathrhtikĹ sustămata, isqÔei: H = T + V. Gia to parĹdeigma tou aploÔ ekkremoÔc h lagkranziană, ìpwc èqoume ădh pei eÐnai: L = T − V =^1_2 m(lθ̇)^2 − mg(l − l cos θ) kai h suzugăc ormă p_θ ≡ ∂L ∂θ̇ = ml^2θ̇ → θ̇ =^{pθ}_{ml2} . ’Ara: H ≡ p_θθ̇ − L = (ml^2θ̇)θ̇ −^1_2 m(lθ̇)^2 + mg(l − l cos θ) =^1_2 ml^2θ̇^2 +mg(l−l cos θ). Bèbaia, ìpwc eÐpame, h Qamiltoniană prèpei na ekfrĹzetai wc sunĹrthsh thc apomĹkrunshc θ kai thc suzugoÔc ormăc p_θ, opìte antikajistoÔme to θ̇ me to Ðso tou^{pθ}_{ml2} kai katalăgoume sthn telikă èkfrash: H = p^2_θ 2ml^2 + mg(l − l cos θ). O kinhtikìc ìroc eÐnai thc morfăc^{L2}_{2I} , afoÔ p_θ = L, dhladă h stroformă, kai ml^2 = I, dhladă h ropă adrĹneiac perÐ to shmeÐo exĹrthshc. Oi exisÿseic tou QĹmilton dÐnoun: θ̇ = ∂H ∂p_θ = p_θ ml^2 , ṗ_θ = − ∂H ∂θ = −mgl sin θ. Prìkeitai gia dÔo exisÿseic prÿthc tĹxhc wc proc to qrìno, apì tic opoÐec eÐnai eÔkolo na katalăxoume sthn isodÔnamh exÐswsh Lagrange: arkeÐ na antikatastăsoume sth deÔterh exÐswsh tou QĹmilton to p_θ ìpwc dÐnetai apì thn prÿth:^d_{dt} (ml^2θ̇) = −mgl sin θ → θ̈ +^g_l sin θ = 0.

1.3. AGK§ULES POISSON 9

1.3 AgkÔlec Poisson

An èqoume dÔo posìthtec F kai G pou exartÿntai apì tic apomakrÔnseic q_a, tic suxugeÐc ormèc p_a kai to qrìno t, h agkÔlh Poisson orÐzetai wc exăc: [F, G] = ∑ a ( ∂F ∂p_a ∂G ∂q_a − ∂F ∂q_a ∂G ∂p_a ) . ApodeiknÔetai ìti isqÔoun oi idiìthtec:

[F, G] = −[G, F ], [F_1 + F_2, G] = [F_1, G] + [F_2, G], [F, [G, H]] + [G, [H, F ]] + [H, [F, G]] = 0, [A, BC] = [A, B]C + B[A, C], [F, q_r] = ∂F ∂p_r , [F, p_r] = − ∂F ∂q_r . ’Iswc h pio spoudaÐa idiìthtĹ touc eÐnai ìti, gia opoiadăpote sunĹrthsh f(q_a, p_a, t) isqÔei: df dt = ∂f ∂t + [H, f]. (1.5)

PrĹgmati: df dt = ∂f ∂t + ∑ a ( ∂f ∂q_a ∂q_a ∂t + ∂f ∂p_a ∂p_a ∂t ) = = ∂f ∂t + ∑ a ( ∂f ∂q_a ∂H ∂p_a − ∂f ∂p_a ∂H ∂q_a ) ≡ ∂f ∂t + [H, f], ìpou qrhsimopoiăsame tic exisÿseic tou QĹmilton: ∂q_a ∂t ≡ q̇_a = ∂H ∂p_a , ∂p_a ∂t ≡ ṗ_a = − ∂H ∂q_a . To 1925 o Dirac paratărhse ìti oi diĹforec sqèseic thc kbantikăc mhqanikăc eÐnai dunatìn na prokÔyoun an kaneÐc antikatastăsei tic agkÔlec Poisson me touc antÐstoiqouc metajètec diĹ ih̄ : [A, B]_{P oisson} ⇒ [A, B] ih̄ . ’Ena prÿto parĹdeigma eÐnai h klasikă sqèsh [x_i, p_j] = δ_{ij} pou me thn antikatĹstash pou perigrĹyame dÐnei thn^{[xi,pj ]}_{ih̄} = δ_{ij} → [x_i, p_j] = ih̄δ_{ij} , pou eÐnai h basikă sqèsh sthn opoÐa basÐzetai h kbantikă mhqanikă. ’Allo shmantikì parĹdeigma eÐnai h sqèsh (1.5), ìpwc diamorfÿnetai gia mia posìthta F (q_a, p_a)

10 KEF§ALAIO 1. ANALUTIKH DUNAMIKH

pou den exartĹtai rhtĹ apì to qrìno. H klasikă exÐswsh kÐnhshc (1.5) grĹfetai:^{dF}_{dt} = [H, F ], kai me thn antikatĹstash [H, F ] →^{[Ĥ,F̂ ]}_{ih̄} paÐrnoume thn antÐstoiqh kbantikă exÐswsh kÐnhshc gia ton telestă F̂ : dF̂ dt = ih̄[Ĥ, F̂ ], pou den eÐnai tÐpot’ Ĺllo apì thn exÐswsh gia thn kÐnhsh tou kbantikoÔ telestă F̂ sthn eikìna tou Heisenberg. H kbantikă exÐswsh eÐnai genikìterh apì thn klasikă, me thn ènnoia ìti isqÔei kai gia telestèc ìpwc to spin, pou den èqoun klasikì anĹlogo.

KefĹlaio 2

TAUTOTIKA SWMATIDIA

Gia lìgouc plhrìthtac dÐnoume s’ autì to kefĹlaio mia stoiqeiÿdh perigrafă twn tautotikÿn swmatidÐwn sthn kbantikă mhqanikă. Sthn klasikă mhqanikă mporeÐ kaneÐc na diakrÐnei dÔo panomoiìtupa swmatÐdia, lìgou qĹrin parakoloujÿntac tic diakritèc troqièc touc. Sthn Kbantikă Mhqanikă autì den eÐnai pia dunatì, lìgw thc epikĹluyhc twn dÔo kumatosunartăsewn. ’Ara, to mìno pou mporeÐ na eipwjeÐ me axiopistÐa eÐnai ìti èna swmatÐdio brÐsketai sthn katĹstash 1 kai èna sthn katĹstash 2, qwrÐc na prosdiorÐzetai poio apì ta dÔo brÐsketai sthn kĹje mia. Autì katalăgei sthn arqă ìti duì kbantikèc katastĹseic dÔo swmatidÐwn pou diafèroun mìno wc proc thn enallagă dÔo tautotikÿn swmatidÐwn prèpei na eÐnai fusikĹ isodÔnamec. Autì sunepĹgetai ìti oi dÔo antÐstoiqec kumatosunartăseic prèpei na diafèroun mìno katĹ ènan pollaplasiastikì parĹgonta λ. An ξ_1 kai ξ_2 sumbolÐzoun to sÔnolo twn suntetagmènwn pou qarakthrÐzoun ta dÔo swmatÐdia, tìte gia thn kumatosunĹrthsă touc ja isqÔei: Ψ(ξ_2, ξ_1) = λΨ(ξ_1, ξ_2). An tÿra enallĹxoume gia mia epÐ plèon forĹ ta dÔo swmatÐdia ja isqÔei h epiprìsjeth sqèsh: Ψ(ξ_1, ξ_2) = λΨ(ξ_2, ξ_1), opìte Ψ(ξ_2, ξ_1) = λ^2Ψ(ξ_2, ξ_1), dhladă λ = ±1. Autì shmaÐnei ìti eÐte h kumatosunĹrthsh ja eÐnai summetrikă:

Ψ(ξ_2, ξ_1) = +Ψ(ξ_1, ξ_2), (2.1)

pou sumbaÐnei gia swmatÐdia me akèraio spin pou lègontai mpozìnia, eÐte antisummetrikă:

Ψ(ξ_2, ξ_1) = −Ψ(ξ_1, ξ_2), (2.2)

pou sumbaÐnei gia swmatÐdia me hmiperittì spin pou lègontai fermiìnia. Ac jewrăsoume tÿra èna sÔsthma N tautotikÿn swmatidÐwn, twn opoÐwn h amoibaÐa allhlepÐdrash mporeÐ na amelhjeÐ. Oi kumatosunartăseic pou antistoiqoÔn se katastĹseic enìc swmatidÐou eÐnai oi ψ_k, k = 1, 2, 3, . . . , pou

12 KEF§ALAIO 2. TAUTOTIKA SWMATIDIA

epilègontai na sunapoteloÔn èna orjokanonikì sÔnolo. To jèma pou tÐjetai eÐnai pÿc na ekfrasteÐ h kumatosunĹrthsh tou sustămatoc sunartăsei twn ψ_k. Ac perioristoÔme kat’ arqăn se èna sÔsthma dÔo mpozonÐwn pou to èna brÐsketai sthn katĹstash ψ_{k1} kai to Ĺllo sthn ψ_{k2} , pou upojètoume ìti eÐnai diaforetikèc metaxÔ touc. H kumatosunĹrthsh tou sustămatoc ja dÐnetai apì èna Ĺjroisma ginomènwn, sth sugkekrimènh perÐptwsh:

Ψ_S(ξ_1, ξ_2) = 1 √ 2 [ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) + ψ_{k2} (ξ_1)ψ_{k1} (ξ_2)].

O parĹgontac^{1√}_2 èqei tejeÐ gia lìgouc kanonikopoÐhshc. EÐnai profanèc ìti h sunĹrthsh eÐnai summetrikă (2.1) katĹ thn enallagă twn swmatidÐwn.^1 H Ψ_S(ξ_1, ξ_2) profanÿc ikanopoieÐ thn exÐswsh tou Schrödinger, afoÔ h allhlepÐdrash twn swmatidÐwn metaxÔ touc eÐnai amelhtèa kai epomènwc h Qamiltoniană eÐnai aplĹ to Ĺjroisma twn dÔo epÐ mèrouc Qamiltonianÿn. Pio sugkekrimèna Ĥ(ξ_1, ξ_2) = Ĥ_{ξ1} + Ĥ_{ξ2} ,

ìpou mia pijană morfă ja mporoÔse na eÐnai:

Ĥ_{ξ1} = − h̄^2 2m ∂^2 ∂ξ^2_1

+ V (ξ_1), Ĥ_{ξ2} = − h̄^2 2m ∂^2 ∂ξ^2

+ V (ξ_2).

IsqÔei ìti

Ĥ(ξ_1, ξ_2)[ψ_{k1} (ξ_1)ψ_{k2} (ξ_2)] = [Ĥ_{ξ1} + Ĥ_{ξ2} ][ψ_{k1} (ξ_1)ψ_{k2} (ξ_2)] =

= [Ĥ_{ξ1} ψ_{k1} (ξ_1)]ψ_{k2} (ξ_2) + ψ_{k1} (ξ_1)[Ĥ_{ξ2} ψ_{k2} (ξ_2)] =

= [E_{k1} ψ_{k1} (ξ_1)]ψ_{k2} (ξ_2) + ψ_{k1} (ξ_1)[E_{k2} ψ_{k2} (ξ_2)] = (E_{k1} + E_{k2} )[ψ_{k1} (ξ_1)ψ_{k2} (ξ_2)],

dhladă h sunĹrthsh ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) eÐnai idiosunĹrthsh thc olikăc Qamiltonianăc Ĥ(ξ_1, ξ_2) me idiotimă E_{k1} + E_{k2} . To Ðdio akribÿc isqÔei, profanÿc kai gia thn ψ_{k2} (ξ_1)ψ_{k1} (ξ_2), Ĺra kai gia ton grammikì sunduasmì touc Ψ_S (ξ_1, ξ_2).

An perigrĹfoume fermiìnia, prèpei na sqhmatÐsoume ton antisummetrikì sunduasmì, dhladă thn kumatosunĹrthsh

Ψ_A(ξ_1, ξ_2) = 1 √ 2 [ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) − ψ_{k2} (ξ_1)ψ_{k1} (ξ_2)]. (2.3)

1Prèpei na tonÐsoume ìti sta parapĹnw èqoume kĹnei th siwphlă upìjesh ìti k_1 ≠ k_2. Sthn antÐjeth perÐptwsh (k_2 = k_1) h kumatosunĹrthsh eÐnai aplĹ Ψ_S (ξ_1, ξ_2) = ψ_{k1} (ξ_1)ψ_{k1} (ξ_2) (qwrÐc suntelestă kanonikopoÐhshc).

ParathroÔme ìti s’ autăn thn kumatosunĹrthsh enswmatÿnetai h apagoreutikă arqă tou Pauli: an jewrăsoume ìti ta dÔo fermiìnia brÐskontai sthn Ðdia kbantikă katĹstash (k_2 = k_1) eÐnai fanerì ìti Ψ(ξ_1, ξ_2) = 0, dhladă autì to endeqìmeno èqei mhdenikă pijanìthta.

’Ena endiafèron erÿthma eÐnai to akìloujo: an dÔo fermiìnia (p.q. hlektrìnia) eÐnai polÔ apomakrusmèna metaxÔ touc, ja perÐmene kaneÐc ìti h kumatosunĹrthsh tou enìc ja èprepe na perigrĹfei eparkÿc thn kbantikă katĹstash tou swmatidÐou. Pÿc sumbibĹzetai autì me thn apaÐthsh h kumatosunĹrthsh pou perigrĹfei ta dÔo swmatÐdia na eÐnai antisummetrikă; H apĹnthsh eÐnai ìti kat’ arqăn prèpei na qrhsimopoieÐtai h antisummetrikă kumatosunĹrthsh (2.3). EpÐ plèon, upĹrqoun ta dedomèna ìti

ψ_{k1} (ξ)ψ_{k2} (ξ) = ψ^∗_{k1} (ξ)ψ_{k2} (ξ) = ψ_{k1} (ξ)ψ^∗_{k2} (ξ) = ψ^∗_{k1} (ξ)ψ^∗_{k2} (ξ) = 0.

Autì gÐnetai katanohtì an skefteÐ kaneÐc ìti, an to ξ brÐsketai sthn perioqă ìpou h kumatosunĹrthsh ψ_{k1} (ξ) èqei shmantikĹ megĹlh timă, h ψ_{k2} (ξ) ja eÐnai kontĹ sto mhdèn, opìte to antÐstoiqo ginìmeno eÐnai kontĹ sto mhdèn (antÐstoiqa prĹgmata ja isqÔoun an enallĹxoume ta k_1 kai k_2). Aută eÐnai h èkfrash tou gegonìtoc ìti ta dÔo hlektrìnia eÐnai apomakrusmèna kai kalĹ diaqwrismèna metaxÔ touc. H pijanìthta P (x) to swmatÐdio na brejeÐ sth jèsh ξ isoÔtai me to Ĺjroisma dÔo pijanotătwn: thc pijanìth- tac ∫ dξ_2Ψ^∗_A(ξ, ξ_2)Ψ_A(ξ, ξ_2) to swmatÐdio 1 na brejeÐ sto ξ, anexĹrthta tou poÔ brÐsketai to swmatÐdio 2 kai thc pijanìthtac ∫ dξ_1Ψ^∗_A(ξ_1, ξ)Ψ_A(ξ_1, ξ) to swmatÐdio 2 na brejeÐ sto ξ, anexĹrthta tou poÔ brÐsketai to swmatÐdio 1. Dhladă:

P (ξ) = ∫ dξ_2Ψ^∗_A(ξ, ξ_2)Ψ_A(ξ, ξ_2) + ∫ dξ_1Ψ^∗_A(ξ_1, ξ)Ψ_A(ξ_1, ξ) = = 1 2 ∫ dξ_2[ψ_{k1} (ξ)ψ_{k2} (ξ_2) − ψ_{k2} (ξ)ψ_{k1} (ξ_2)]^∗[ψ_{k1} (ξ)ψ_{k2} (ξ_2) − ψ_{k2} (ξ)ψ_{k1} (ξ_2)]+ + 1 2 ∫ dξ_1[ψ_{k1} (ξ_1)ψ_{k2} (ξ) − ψ_{k2} (ξ_1)ψ_{k1} (ξ)]^∗[ψ_{k1} (ξ_1)ψ_{k2} (ξ) − ψ_{k2} (ξ_1)ψ_{k1} (ξ)] = = 1 2 ∫ dξ_2[ψ^∗_{k1} (ξ)ψ^∗_{k2} (ξ_2)ψ_{k1} (ξ)ψ_{k2} (ξ_2) − ψ^∗_{k1} (ξ)ψ^∗_{k2} (ξ_2)ψ_{k2} (ξ)ψ_{k1} (ξ_2)−

−ψ^∗_{k2} (ξ)ψ^∗_{k1} (ξ_2)ψ_{k1} (ξ)ψ_{k2} (ξ_2) + ψ^∗_{k2} (ξ)ψ^∗_{k1} (ξ_2)ψ_{k2} (ξ)ψ_{k1} (ξ_2)] + 1 2 ∫ dξ_1[ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ)ψ_{k1} (ξ_1)ψ_{k2} (ξ) − ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ)ψ_{k2} (ξ_1)ψ_{k1} (ξ)−

−ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ)ψ_{k1} (ξ_1)ψ_{k2} (ξ) + ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ)ψ_{k2} (ξ_1)ψ_{k1} (ξ)].

14 KEF§ALAIO 2. TAUTOTIKA SWMATIDIA

Lìgw tou ìti oi kumatosunartăseic den èqoun epikĹluyh to apotèlesma aplopoieÐtai sto:

P (ξ) = 1 2 ∫ dξ_2[ψ^∗_{k1} (ξ)ψ^∗_{k2} (ξ_2)ψ_{k1} (ξ)ψ_{k2} (ξ_2) + ψ^∗_{k2} (ξ)ψ^∗_{k1} (ξ_2)ψ_{k2} (ξ)ψ_{k1} (ξ_2)]

+ 1 2 ∫ dξ_1[ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ)ψ_{k1} (ξ_1)ψ_{k2} (ξ) + ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ)ψ_{k2} (ξ_1)ψ_{k1} (ξ)] = = 1 2 [ψ^∗_{k1} (ξ)ψ_{k1} (ξ) + ψ^∗_{k2} (ξ)ψ_{k2} (ξ)] + 1 2 [ψ^∗_{k2} (ξ)ψ_{k2} (ξ) + ψ^∗_{k1} (ξ)ψ_{k1} (ξ)] =

= ψ^∗_{k1} (ξ)ψ_{k1} (ξ) + ψ^∗_{k2} (ξ)ψ_{k2} (ξ).

Autì to apotèlesma èqei to exăc nìhma: an to shmeÐo ξ eÐnai sthn perioqă ìpou mìno h ψ_{k1} (ξ) eÐnai shmantikă, tìte automĹtwc ψ_{k2} (ξ) = 0 kai P (ξ) = ψ^∗_{k1} (ξ)ψ_{k1} (ξ). AntÐstoiqa prĹgmata isqÔoun an eÐmaste sthn perioqă ìpou ψ_{k1} (ξ) = 0. ’Ara, an den upĹrqei epikĹluyh twn kumatosunartăsewn, tìte prĹgmati oi kumatosunartăseic tou kajenìc swmatidÐou xeqwristĹ dÐnoun eparkă perigrafă tou swmatidÐou sthn antÐstoiqh perioqă.

MÐa akìmh shmantikă paratărhsh eÐnai ìti h qrăsh thc antisummetrikăc sunĹrthshc èqei metrăsima apotelèsmata sta parathrăsima megèjh. Ac jewrăsoume ìti h Qamiltoniană, ektìc apì ta mèrh Ĥ_{ξ1} kai Ĥ_{ξ2} , èqei kai mia asjenă allhlepÐdrash metaxÔ twn hlektronÐwn 1 kai 2 (èstw thn hlektrostatikă Ĺpwsh Coulomb V (ξ_1, ξ_2) metaxÔ touc), thn opoÐa mporoÔme na qeiristoÔme wc diataraqă, opìte ja qreiasteÐ na upologÐsoume thn anamenìmenh timă thc: < V >≡ ∫ dξ_1dξ_2Ψ^∗_A(ξ_1, ξ_2)V (ξ_1, ξ_2)Ψ_A(ξ_1, ξ_2) =

= 1 2 ∫ dξ_1dξ_2[ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ_2)−ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ_2)]V (ξ_1, ξ_2)[ψ_{k1} (ξ_1)ψ_{k2} (ξ_2)−ψ_{k2} (ξ_1)ψ_{k1} (ξ_2)] = = 1 2 ∫ dξ_1dξ_2ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ_2)V (ξ_1, ξ_2)ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) − 1 2 ∫ dξ_1dξ_2ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ_2)V (ξ_1, ξ_2)ψ_{k2} (ξ_1)ψ_{k1} (ξ_2) − 1 2 ∫ dξ_1dξ_2ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ_2)V (ξ_1, ξ_2)ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) + 1 2 ∫ dξ_1dξ_2ψ^∗_{k2} (ξ_1)ψ^∗_{k1} (ξ_2)V (ξ_1, ξ_2)ψ_{k2} (ξ_1)ψ_{k1} (ξ_2).

An upojèsoume ìti V (ξ_2, ξ_1) = V (ξ_1, ξ_2), tìte o prÿtoc ìroc isoÔtai me ton tètarto kai o deÔteroc me ton trÐto, ìpwc mporoÔme na doÔme. Gia parĹdeigma, metonomĹzontac tic (boubèc) metablhtèc oloklărwshc: ∫ dξ_1dξ_2ψ^∗_{k1} (ξ_1)ψ^∗_{k2} (ξ_2)V (ξ_1, ξ_2)ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) = = ∫ dξ_2dξ_1ψ^∗_{k1} (ξ_2)ψ^∗_{k2} (ξ_1)V (ξ_2, ξ_1)ψ_{k1} (ξ_2)ψ_{k2} (ξ_1),

pou isoÔtai me ton tètarto ìro, lìgw thc summetrÐac tou dunamikoÔ. TelikĹ: < V >= I_D − I_E , I_D ≡ ∫ dξ_1dξ_2|ψ_{k1} (ξ_1)|^2|ψ_{k2} (ξ_2)|^2V (ξ_1, ξ_2), I_E ≡ ∫ dξ_1dξ_2ψ^∗_{k1} (ξ_1)ψ_{k1} (ξ_2)ψ^∗_{k2} (ξ_2)ψ_{k2} (ξ_1)V (ξ_1, ξ_2).

H deÔterh suneisforĹ I_E lègetai oloklărwma antallagăc kai ofeÐletai sthn anagkaiìthta qrăshc thc kumatosunĹrthshc me kajorismènh summetrÐa.

H genÐkeush se perissìtera twn dÔo swmatÐdia eÐnai aplă. Sthn perÐptwsh twn mpozonÐwn h kumatosunĹrthsh pou perigrĹfei N mpozìnia me thn prìsjeth plhroforÐa ìti apì touc deÐktec {k_1, k_2, . . .} oi N_1 brÐskontai sthn katĹstash 1, oi N_2 thn katĹstash 2 kai oÔtw kajexăc, dÐnetai apì thn èkfrash:

Ψ_{N1N2...}(ξ_1, ξ_2, . . .) = √ N_1!N_2! . . . N! ∑ ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) . . . ψ_{kN} (ξ_N ).

To Ĺjroisma eÐnai pĹnw stic metajèseic twn deiktÿn k_1, k_2, . . . , pou eÐnai N! N_1!N_2!... ton arijmì.

MporeÐ kaneÐc eÔkola na epalhjeÔsei ìti gia N = 2 h parapĹnw sqèsh dÐnei

Ψ_{1,1,...}(ξ_1, ξ_2) = √ 1!1! 2! [ψ_{k1} (ξ_1)ψ_{k2} (ξ_2) + ψ_{k2} (ξ_1)ψ_{k1} (ξ_2)],

gia thn perÐptwsh pou oi k_1 kai k_2 eÐnai diaforetikèc, kai

Ψ_{2,0,...}(ξ_1, ξ_2, . . .) = √ 2!0! 2! ψ_{k1} (ξ_1)ψ_{k1} (ξ_2),

sthn perÐptwsh k_2 = k_1, dhladă sumfwneÐ plărwc me ì,ti exhgăsame prohgoumènwc.

16 KEF§ALAIO 2. TAUTOTIKA SWMATIDIA

Gia thn perÐptwsh twn N fermionÐwn h kumatosunĹrthsh dÐnetai apì th sqèsh:

Ψ(ξ_1, ξ_2, . . .) = 1 √ N! ψ_{k1} (ξ_1) ψ_{k1} (ξ_2) . . . ψ_{k1} (ξ_N ) ψ_{k2} (ξ_1) ψ_{k2} (ξ_2) . . . ψ_{k2} (ξ_N ) . . . . . . . . . . . . ψ_{kN} (ξ_1) ψ_{kN} (ξ_2) . . . ψ_{kN} (ξ_N ) .

Kai pĹli, eÔkola mporeÐ kaneÐc na elègxei ìti, gia N = 2 h orÐzousa metapÐptei sthn (2.3). FusikĹ, anaforikĹ me fermiìnia, ta N_k paÐrnoun mìno tic timèc 0 kai 1, opìte o parĹgontac kanonikopoÐhshc eÐnai aploÔsteroc.

KefĹlaio 3

DEUTERH KBANTWSH

3.1 Metatopismènoc kbantikìc talantwtăc

Ja parajèsoume orismènec parathrăseic sqetikèc m’ ènan kbantikì armonikì talantwtă pou ufÐstatai, ektìc apì th dÔnamh epanaforĹc kai mia stajeră dÔnamh, pou aplĹ metajètei to shmeÐo isorropÐac. H qronoanexĹrthth exÐswsh tou Schrödinger eÐnai: ( − h̄^2 2m d^2 dx^2 + 1 2 mω^2x^2 − √ 2γh̄ω √mω h̄ x ) ψ = Eψ. (3.1)

’Otan γ = 0 h exÐswsh metapÐptei sthn exÐswsh tou sunhjismènou kbantikoÔ armonikoÔ talantwtă. O grammikìc ìroc èqei grafteÐ me sqetikĹ perÐplokh epilogă stajerÿn, ÿste na aplopoihjeÐ metĹ, ìpwc ja doÔme amèswc. KĹnoume thn allagă metablhtÿn x = √_{h̄} mω ξ, E = h̄ωϵ, opìte h exÐswsh (3.1) grĹfetai: ( − h̄^2 2m mω h̄ d^2 dξ^2 + 1 2 mω^2 h̄ mω ξ^2 − √ 2γh̄ωξ ) ψ = h̄ωϵψ ⇒

⇒ ( − 1 2 d^2 dξ^2 + 1 2 ξ^2 − √ 2γξ ) ψ = ϵψ. (3.2)

Oi posìthtec ξ, ϵ kai γ eÐnai adiĹstatec. H teleutaÐa exÐswsh mporeÐ na grafteÐ kai me th morfă: ( − 1 2 d^2 dξ^2 + 1 2 (ξ − √ 2γ)^2 − γ^2 ) ψ = ϵψ.

18 KEF§ALAIO 3. DEUTERH KBANTWSH

EÐnai safèc apì autăn thn èkfrash ìti to shmeÐo isorropÐac, pou eÐnai to elĹqisto tou dunamikoÔ^1_2 (ξ − √ 2γ)^2 − γ^2, èqei metatopisteÐ apì to mhdèn sto shmeÐo √ 2γ. EpÐshc h timă tou dunamikoÔ sto elĹqisto den einai mhdèn, allĹ −γ^2, opìte kai h enèrgeia (p.q. thc jemeliÿdouc katĹstashc) eÐnai mikrìterh apì tou arqikoÔ armonikoÔ talantwtă katĹ γ^2. Autì èqei sobarèc sunèpeiec wc proc ton orismì tou “kenoÔ” thc jewrÐac. To “kenì” allĹzei kajÿc metabĹlletai to γ, giatÐ to “kenì” eÐnai ex orismoÔ h katĹstash me thn qamhlìterh enèrgeia.

Ja lÔsoume to prìblhma me th mèjodo twn telestÿn dhmiourgÐac kai katastrofăc. Empneìmenoi apì ton mh metatopismèno armonikì talantwtă orÐzoume touc telestèc

b_0 = 1 √ 2 (ξ + ip_ξ) , b^†_0 = 1 √ 2 (ξ − ip_ξ) , kai antikajistÿntac p_ξ = −i^d_{dξ} brÐskoume telikĹ:

b_0 = 1 √ 2 ( ξ + d dξ ) , b^†_0 = 1 √ 2 ( ξ − d dξ ) . (3.3)

Autèc oi sqèseic mporoÔn na antistrafoÔn me to apotèlesma: ξ = 1 √ 2 ( b_0 + b^†_0 ) , d dξ = 1 √ 2 ( b_0 − b^†_0 ) . (3.4)

Antikajistÿntac tic (3.4) sthn (3.2) brÐskoume: − 1 2 [ 1 √ 2 ( b_0 − b^†_0 ) ]_2 + 1 2 [ 1 √ 2 ( b_0 + b^†_0 ) ]_2 − √ 2γ 1 √ 2 ( b_0 + b^†_0 ) ψ = ϵψ. Sth sunèqeia prèpei na gÐnoun oi algebrikèc prĹxeic (lambĹnontac upìyh ìti ta b^†_0b_0 kai b_0b^†_0 den eÐnai Ðdia, opìte prèpei na diathroÔme th seirĹ ìpwc akribÿc prokÔptei) kai to apotèlesma eÐnai: [ b^†_0b_0 + 1 2 − γ(b_0 + b^†_0) ] ψ = ϵψ ⇒ [b^†_0b_0 − γ(b_0 + b^†_0)]ψ = ( ϵ − 1 2 ) ψ ≡ ϵ^′ψ (3.5)

Gia γ = 0 h lÔsh thc exÐswshc tou SchrödingereÐnai h

ψ_{0n} = 1 √ n! (b^†_0)^n|0 >, b_0|0 >= 0,

3.1. METATOPISM§ENOS KBANTIK§OS TALANTWT§HS 19 ìpou |0 > eÐnai to kenì s’ autăn thn perÐptwsh kai h antÐstoiqh enèrgeia eÐnai ϵ^′_{0n} = n ⇒ ϵ_{0n} = n + 1 2 . H exÐswsh (3.5) mporeÐ na aplopoihjeÐ me to metasqhmatismì b_0 = b + γ, b^†_0 = b^† + γ.

To apotèlesma thc antikatĹstashc eÐnai: [b^†b − γ^2]ψ = ϵ^′ψ ≡ (ϵ̃ − γ^2)ψ Dhladă to prìblhma anĹgetai sth lÔsh thc exÐswshc b^†b|ψ >= ϵ̃|ψ > . (3.6) H lÔsh thc exÐswshc (3.6) akoloujeÐ to sqăma thc perÐptwshc γ = 0 : an orÐsoume to kenì |G > thc jewrÐac me th sqèsh b|G >= 0, (3.7) oi sunartăseic |ψ_n >= 1 √ n! (b^†)^n|G > antistoiqoÔn se enèrgeiec ϵ̃_n = n, n = 0, 1, 2, . . . , opìte ϵ_n = ϵ^′_n + 1 2 = ϵ̃_n − γ^2 + 1 2 = n − γ^2 + 1 2 . H sqèsh (3.7) sunepĹgetai th sqèsh (b_0 − γ)|G >= 0 ⇒ b_0|G >= γ|G > . (3.8) UpenjumÐzoume ìti to arqikì kenì |0 > orizìtan me th sqèsh b_0|0 >= 0. To kainoÔrio kenì |G > prèpei na ikanopoieÐ thn exÐswsh (3.8), dhladă prèpei na eÐnai idiokatĹstash tou telestă katastrofăc! ’Ara den eÐnai dunatìn na eÐnai katĹstash me kajorismèno arijmì kbĹntwn, ìpwc, gia parĹdeigma, h ψ_n > . An dokimĹsoume th morfă |G >= f(b^†_0)|0 >, ìpou h f(b^†_0) prèpei na prosdiorisjeÐ, h exÐswsh (3.8) gia to |G > grĹfetai

b_0f(b^†_0)|0 >= γf(b^†_0)|0 >⇒ b_0f(b^†_0)|0 > −f(b^†_0)b_0|0 >= γf(b^†_0)|0 >⇒

20 KEF§ALAIO 3. DEUTERH KBANTWSH

⇒ [b_0, f(b^†_0)]|0 >= γf(b^†_0)|0 >, (3.9) ìpou emfanÐsame ton ìro f(b^†_0)b_0|0 >, pou eÐnai profanÿc mhdèn kai den allĹzei to apotèlesma. Gia ton upologismì tou metajèth apodeiknÔetai ìti [b_0, (b^†_0)^n] = n(b^†_0)^{n−1}, dhladă o metajèthc leitourgeÐ formalistikĹ wc parĹgwgoc ([x^n]^′ = nx^{n−1}), ìtan dra se dunĹmeic tou b^†_0. AnaptÔssontac thn tuqaÐa sunĹrthsh f(b^†_0) se seirĹ Maclaurin mporeÐ eÔkola na apodeiqjeÐ ìti

[b_0, f(b^†_0)] =

∂f(b^†_0) ∂b^†_0 . H exÐswsh (3.9) mporeÐ na ikanopoihjeÐ, an brejeÐ sunĹrthsh f(b^†_0) pou na ikanopoieÐ th sqèsh

[b_0, f(b^†_0)] = γf(b^†_0) ⇒

∂f(b^†_0) ∂b^†_0 = γf(b^†_0),

opìte f(b^†_0) = ce^{γb†0} kai |G >= ce^{γb†0} |0 > . O parĹgontac c èqei na kĹnei me thn kanonikopoÐhsh. ApodeiknÔetai ìti c = exp [ −^{γ2}_2 ] , opìte telikĹ: |G >= exp [ − γ^2 2 ] e^{γb†0} |0 > . Oi diegermènec katastĹseic eÐnai plèon eÔkolo na prosdiorisjoÔn: |ψ_n >= 1 √ n! (b^†)^n|G >= 1 √ n! exp [ − γ^2 2 ] (b^†_0 − γ)^ne^{γb†0} |0 > . EÐnai fanerì ìti autì pou apokaloÔme kenì den eÐnai h apousÐa kbĹntwn: antÐjeta, to |G > eÐnai gemĹto apì kbĹnta. To shmantikì ston orismì tou kenoÔ eÐnai ìti eÐnai h katĹstash qamhlìterhc enèrgeiac. Oi idiokatastĹseic tou telestă katastrofăc lègontai sÔmfwnec katastĹseic kai eÐnai prwtarqikăc shmasÐac kurÐwc sthn kbantikă optikă.

3.2 Grammikă alusÐda

JewroÔme N swmatÐdia me mĹza m pou to kajèna sundèetai me to prohgoÔmeno kai to epìmenì tou me elatăria stajerĹc K. Sthn katĹstash isorropÐac to măkoc twn elathrÐwn eÐnai a kai oi apomakrÔnseic apì th jèsh isorropÐac eÐnai fusikĹ q_l = 0, l = 1, 2, 3, . . . , N. Gia mia tuqaÐa diĹtaxh oi apomakrÔnseic triÿn diadoqikÿn swmatidÐwn qarakthrÐzontai apì tic

3.2. GRAMMIK§H ALUS§IDA 21

metatopÐseic q_{l−1}, q_l, q_{l+1}, kai h dÔnamh pou askeÐtai sto swmatÐdio l eÐnai K(q_{l+1} − q_l) − K(q_l − q_{l−1}), opìte h exÐswsh kÐnhshc grĹfetai:

mq̈_l = K(q_{l+1} − 2q_l + q_{l−1}) ⇒

∂^2q_l ∂t^2 = K m (q_{l+1} − 2q_l + q_{l−1}). (3.10)

3.2.1 KanonikoÐ trìpoi talĹntwshc

MporeÐ kaneÐc na mantèyei arketĹ eÔkola th lÔsh thc exÐswshc (3.10) an jumhjeÐ ìti h lÔsh thc kumatikăc exÐswshc^{∂2q}_{∂t2} = c^{2 ∂2q}_{∂x2} epitugqĹnetai dokimĹzontac th morfă q = P e^{±ikx}e^{±iωt}. An aută h dokimastikă lÔsh antikatastajeÐ sthn kumatikă exÐswsh ja prokÔyei h sqèsh ω = ±ck, dhladă h sqèsh diasporĹc. Me thn paratărhsh ìti to la ja pĹrei th jèsh tou x gia th grammikă alusÐda mporoÔme na anazhtăsoume lÔsh gia thn (3.10) pou na èqei th morfă q_l = P e^{±ikla}e^{±iωt}. AntikatĹstash sthn exÐswsh (3.10) ja dÿsei th sqèsh diasporĹc

ω^2 = 2K m (1 − cos ka) ⇒ ω = 2 √ K m | | | | |sin ka 2 | | | | | . (3.11)

’Eqoume epilèxei na kratăsoume mìno to jetikì prìshmo gia to ω kai oi tuqìn arnhtikèc timèc na sumperilhfjoÔn rhtĹ (p.q. me th morfă e^{±iωt}, pou emfanÐsame prohgoumènwc). Mia idiìthta pou aporrèei apì thn (3.11) kai pou ja qrhsimopoihjeÐ polÔ sth sunèqeia eÐnai h

ω_{−k} = ω_k. (3.12)

ParathroÔme ìti sto ìrio ka → 0 h sqèsh diasporĹc metapÐptei sthn ω = √_{Ka2} m k, dhladă mia grammikă sqèsh, ìpwc sthn perÐptwsh thc qordăc. To fusikì nìhma eÐnai ìti h qordă eÐnai mia kală prosèggish thc grammikăc alusÐdac sto ìrio pou to măkoc hremÐac twn elathrÐwn eÐnai polÔ mikrìtero apì to măkoc kÔmatoc.

H genikă lÔsh gia thn apomĹkrunsh q_l ja eÐnai h upèrjesh:

q_l = ∑ k [ A_ke^{ikla}e^{−iωkt} + A^∗_ke^{−ikla}e^{iωk t} + C_ke^{ikla}e^{iωkt} + C^∗_k e^{−ikla}e^{−iωkt} ] (3.13)

Oi suntelestèc èqoun epilegeÐ me tètoion trìpo ÿste h apomĹkrunsh q_l na eÐnai pragmatikìc arijmìc. Oi ìroi me suntelestèc A_k, A^∗_k antiproswpeÔoun kÔmata pou odeÔoun proc ta dexiĹ, enÿ oi ìroi me suntelestèc C_k, C^∗_k antiproswpeÔoun kÔmata pou odeÔoun proc ta aristerĹ. Sth sunèqeia ja meletăsoume mìno kÔmata pou odeÔoun proc ta dexiĹ, dhladă ja jewrăsoume ìti

22 KEF§ALAIO 3. DEUTERH KBANTWSH

C_k = C^∗_k = 0. H genÐkeush den parousiĹzei kammiĹ duskolÐa. KĹti pou prèpei na dieukrinisteÐ eÐnai to Ĺjroisma pĹnw sta k( ∑ k). Upojètoume ìti isqÔoun periodikèc oriakèc sunjăkec: q_{l+N} = q_l gia ìla ta l. Autì sunepĹgetai tic sqèseic e^{±ik(l+N)} = e^{±ikl} ⇒ e^{±ikN} = 1 ⇒ ⇒ k = n 2π Na , n = { −p + 1, . . . , p − 1, p, N = 2p, −p, −p + 1, . . . , p − 1, p, N = 2p + 1, (3.14) ìpou o n eÐnai akèraioc kai to pedÐo timÿn tou diaforopoieÐtai elafrĹ, anĹloga me to an o N eÐnai Ĺrtioc ă perittìc arijmìc. Autèc oi diaforèc den paÐzoun kanèna rìlo an to N eÐnai megĹlo, ìpwc sunăjwc. ’Ara to ∑ k paÐrnei èna sugkekrimèno nìhma: eÐnai to Ĺjroisma pĹnw sta antÐstoiqa n.

JewroÔme, loipìn thn èkfrash

q_l = ∑ k [ A_ke^{ikla}e^{−iωkt} + A^∗_ke^{−ikla}e^{iωkt} ] (3.15)

kai thn antÐstoiqh èkfrash gia thn ormă p_l = mq̇_l : p_l = im ∑ k [ −ω_kA_ke^{ikla}e^{−iωkt} + ω_kA^∗_ke^{−ikla}e^{iωkt} ] (3.16)

OrÐzoume B_k ≡ A_ke^{−iωkt} ⇒ B^∗_k ≡ A^∗_ke^{+iωkt}, en ìyei thc qrăshc thc eikìnac tou Schrödinger, ìpou oi telestèc eÐnai qronikĹ anexĹrthtoi kai h qronikă exĹrthsh metafèretai stic kumatosunartăseic. Oi exisÿseic (3.15, 3.16) paÐrnoun th morfă q_l = ∑ k [ B_ke^{ikla} + B^∗_k e^{−ikla} ] , (3.17) p_l = im ∑ k [ −ω_kB_ke^{ikla} + ω_kB^∗_ke^{−ikla} ] . (3.18)

EÐnai eÔkolo na dei kaneÐc ìti

q_l = ∑ k B_ke^{ikla} + ∑ k B^∗_ke^{−ikla} = ∑ k B_ke^{ikla} + ∑ k^′ B^∗_{−k}′ e^{ik′la}, me thn allagă metablhtăc k^′ = −k. MporoÔme tèloc na apaleÐyoume ton tìno apì th boubă metablhtă kai na broÔme mia qrăsimh parallagă thc (3.15):

q_l = ∑ k [B_k + B^∗_{−k}]e^{ikla}. (3.19)

3.2. GRAMMIK§H ALUS§IDA 23

Parìmoia bămata mporoÔme na kĹnoume xekinÿntac apì thn (3.18), allĹ ja qreiasteÐ na epikalestoÔme thn idiìthta (3.12): ω_{−k} = ω_k. To apotèlesma ja eÐnai: p_l = ∑ k [−imω_kB_k + imω_kB^∗_{−k}]e^{ikla}. (3.20) ParathroÔme ìti oi (3.19, 3.20) eÐnai anaptÔgmata Fourier, opìte mporoÔn na antistrafoÔn kai na upologÐsoume tic posìthtec mèsa stic tetrĹgwnec agkÔlec. Ja qreiasteÐ h sqèsh orjogwniìthtac N∑ l=1 e^{ikla}e^{−ik′la} = Nδ_{kk}′ . (3.21) An, gia parĹdeigma, pollaplasiĹsoume thn (3.19) dexiĹ kai aristerĹ me thn parĹstash e^{−ik′la} kai ajroÐsoume s’ ìla ta l, ja broÔme: N∑ l=1 q_le^{−ik′la} = ∑ k [B_k+B^∗_{−k}] N∑ l=1 e^{ikla}e^{−ik′la} = ∑ k [B_k+B^∗_{−k}]Nδ_{kk}′ = N[B_k′ +B^∗_{−k}′ ], opìte, anadiatĹssontac elafrĹ kai apaleÐfontac ton tìno brÐskoume th sqè- sh: B_k + B^∗_{−k} = 1 N N∑ l=1 q_le^{−ikla}. (3.22) Parìmoia, allĹ xekinÿntac apì thn (3.20) brÐskoume: B_k − B^∗_{−k} = i Nmω_k N∑ l=1 p_le^{−ikla}. (3.23) MporoÔme, loipìn, na epilÔsoume:

B_k = 1 2N N∑ l=1 ( q_l + i mω_k p_l ) e^{−ikla}, (3.24)

B^∗_k = 1 2N N∑ l=1 ( q_l − i mω_k p_l ) e^{+ikla}. (3.25) (Sthn teleutaÐa sqèsh kĹname ap’ eujeÐac to băma na jèsoume ìpou −k to k, ÿste na broÔme to B^∗_k apì to B^∗_{−k}). Oi pio èmpeiroi anagnÿstec ja èqoun prosèxei ìti oi ekfrĹseic autèc moiĹzoun arketĹ me tic ekfrĹseic orismoÔ twn telestÿn dhmiourgÐac kai katastrofăc ston kbantikì armonikì talantwtă.

24 KEF§ALAIO 3. DEUTERH KBANTWSH

Bèbaia, edÿ periorizìmaste akìma sthn klasikă jewrÐa, allĹ ìtan proqwrăsoume sthn kbĹntwsh oi suntelestèc B_k kai B^∗_k ja sqetisjoÔn prĹgmati me telestèc dhmiourgÐac kai katastrofăc.

Ja exetĹsoume tÿra to Ðdio prìblhma stic diatupÿseic tou Lagrange kai tou Hamilton, ÿste na eÐmaste ètoimoi gia thn kbĹntwsh thc jewrÐac. H kinhtikă enèrgeia thc grammikăc alusÐdac eÐnai: T = ∑_N l=1 1 2 mq̇_l^2, enÿ h dunamikă thc enèrgeia eÐnai V = ∑ l 1 2 K(q_l − q_{l+1})^2. Dhladă h lagkranziană eÐnai: L = T − V = N∑ l=1 1 2 mq̇_l^2 − N∑ l=1 1 2 K(q_l − q_{l+1})^2. (3.26)

H suzugăc ormă brÐsketai eÔkola apì ton orismì: p_l ≡^{∂L}_{∂q̇l} = mq̇_l. H qamiltoniană eÐnai H = ∑_N l=1 p_lq̇_l − L. MetĹ tic prĹxeic kai thn antikatĹstash q̇_l =^{pl}_m h telikă èkfrash eÐnai: H = N∑ l=1 1 2m p^2_l + N∑ l=1 1 2 K(q_l − q_{l+1})^2, (3.27)

dhladă to Ĺjroisma thc kinhtikăc kai thc dunamikăc enèrgeiac.

H qamiltoniană H mporeÐ na ekfrasteÐ kai sunartăsei twn posotătwn B_{±k}, B^∗_{±k}, an ta p_l kai q_l antikatastajoÔn sthn (3.27) me th boăjeia twn (3.19, 3.20). ApodeiknÔetai ìti oi epÐ mèrouc ìroi eÐnai Ðsoi me: N∑ l=1 p^2_l = Nm^2 ∑ k ω^2_k(B_kB^∗_k + B^∗_{−k}B_{−k} − B^∗_k B^∗_{−k} − B_kB_{−k}) (3.28) N∑ l=1 (q_l−q_{l+1})^2 = 2N ∑ k (B_kB^∗_k+B^∗_{−k}B_{−k}+B^∗_k B^∗_{−k}+B_kB_{−k})(1−cos ka), (3.29)

opìte h qamiltoniană grĹfetai: H = Nm^2 2m ∑ k ω^2_k(B_kB^∗_k + B^∗_{−k}B_{−k} − B^∗_kB^∗_{−k} − B_kB_{−k})+

+ 1 2 K2N ∑ k (B_kB^∗_k + B^∗_{−k}B_{−k} + B^∗_kB^∗_{−k} + B_kB_{−k})(1 − cos ka) = = N 2 ∑ k mω^2_k(B_kB^∗_k + B^∗_{−k}B_{−k}) + N ∑ k (B_kB^∗_k + B^∗_{−k}B_{−k})K(1 − cos ka)− − N 2 ∑ k mω^2_k(B^∗_kB^∗_{−k} + B_kB_{−k}) + N ∑ k (B^∗_k B^∗_{−k} + B_kB_{−k})(1 − cos ka) (3.30)

3.2. GRAMMIK§H ALUS§IDA 25

Tèloc, h sqèsh diasporĹc (3.11) me thn prÿth thc morfă: ω^2_k =^{2K}_m (1 − cos ka) deÐqnei ìti oi dÔo prÿtoi ìroi eÐnai Ðsoi, Ĺra aplĹ h suneisforĹ touc diplasiĹzetai, enÿ oi dÔo teletaÐoi allhloexoudeterÿnontai. TelikĹ: H = N 2 [ ∑ k 2mω^2_kB^∗_k B_k + ∑ k 2mω^2_kB^∗_{−k}B_{−k}] =

= N[ ∑ k mω^2_kB^∗_kB_k + ∑ k^′ mω^2_kB^∗_k′ B_k′ ], ìpou qrhsimopoiăsame pĹli thn allagă metablhtăc k^′ = −k. Sth deÔterh Ĺjroish mporoÔme na apaleÐyoume ton tìno sth boubă metablhtă, opìte H = ∑ k (Nmω^2_k)(B^∗_kB_k + B_kB^∗_k ) = ∑ k (Nmω^2_k)(2B^∗_kB_k). (3.31)

Ja epishmĹnoume tic omoiìthtec (allĹ kai tic diaforèc!) autăc thc klasikăc èkfrashc me thn èkfrash Ĥ = ∑ k h̄ω_k 2 (b^†_kb_k + b_kb^†_k)

thc kbantikăc mhqanikăc gia th qamiltoniană N asÔzeuktwn metaxÔ touc kbantikÿn armonikÿn talantwtÿn. UpĹrqei profanÿc mia diaforĹ sthn kanonikopoÐhsh (thn opoÐa ja rujmÐsoume sthn epìmenh parĹgrafo) allĹ h ousiastikă diaforĹ ègkeitai profanÿc sto gegonìc ìti to Ĺjroisma B^∗_kB_k + B_kB^∗_k dÐnei aplĹ to 2B^∗_kB_k pou emfanÐzetai telikĹ sthn exÐswsh, enÿ den sumbaÐnei to Ðdio me to Ĺjroisma b^†_kb_k + b_kb^†_k, to opoÐo, an to epexergasteÐ kaneÐc me th boăjeia twn sqèsewn metĹjeshc, ja dÿsei 2b^†_kb_k +^1_2 , ìpou to^1_2 ja suneisfèrei sthn perÐfhmh enèrgeia mhdenikoÔ shmeÐou tou kbantikoÔ armonikoÔ talantwtă.

3.2.2 KbĹntwsh thc grammikăc alusÐdac

H kbĹntwsh gÐnetai me thn kajierwmènh mèjodo thc epibolăc sqèsewn metĹjeshc stic apomakrÔnseic q_l kai tic suzugeÐc ormèc touc p_l :

[q_m, q_n] = 0, [p_m, p_n] = 0, [q_m, p_n] = ih̄δ_{mn}. (3.32)

Autèc oi sqèseic sunepĹgontai antÐstoiqec sqèseic metĹjeshc metaxÔ twn b_k kai b^†_k, sta opoÐa ja metallaqjoÔn ta B_k kai B^∗_k . Oi sqèseic (3.24) kai (3.25) grĹfontai:

B_k = 1 2N N∑ l=1 ( q_l + i mω_k p_l ) e^{−ikla}, (3.33)

26 KEF§ALAIO 3. DEUTERH KBANTWSH

B^†_k = 1 2N N∑ l=1 ( q_l − i mω_k p_l ) e^{ikla}. (3.34) Ja upologÐsoume ton metajèth [B_{k1} , B^†_{k2} ] :

[B_{k1} , B^†_{k2} ] = 1 4N^2 ∑ l_1,l_2 [ q_{l1} + i mω_{k1} p_{l1} , q_{l2} − i mω_{k2} p_{l2} ] e^{−ik1l1a}e^{ik2l2a} =

= 1 4N^2 ∑ l_1,l_2 {[ q_{l1} , − i mω_{k2} p_{l2} ] + [ i mω_{k1} p_{l1} , q_{l2} ]} e^{−ik1l1a}e^{ik2l2a} =

= 1 4N^2 ∑ l_1,l_2 {( − i mω_{k2} ) (ih̄δ_{l1l2} ) + ( i mω_{k1} ) (−ih̄δ_{l1l2} ) } e^{−ik1l1a}e^{ik2l2a} =

= 1 4N^2 ∑ l {( h̄ mω_{k1} + h̄ mω_{k2} )} e^{−i(k1−k2)la} =

= 1 4N^2 ( ∑ l e^{−i(k1−k2)la} ) ( h̄ mω_{k1} + h̄ mω_{k2} ) =

= 1 4N^2 Nδ_{k1k2} ( h̄ mω_{k1} + h̄ mω_{k2} ) = h̄ 2Nmω_{k1} δ_{k1k2} . Oi upìloipoi metajètec ([B_{k1} , B_{k2} ], [B^†_{k1} , B^†_{k2} ]) eÐnai tetrimènoi, dhladă mhdenikoÐ. ’Ara to apotèlesma eÐnai, sugkentrwtikĹ:

[B_{k1} , B_{k2} ] = 0, [B^†_{k1} , B^†_{k2} ] = 0, [B_{k1} , B^†_{k2} ] = h̄ 2Nmω_{k1} δ_{k1k2} . (3.35)

OrÐzoume tÿra nèouc telestèc wc exăc: b_k ≡ √ 2Nmω_k h̄ B_k, b^†_k ≡ √ 2Nmω_k h̄ B^†_k. (3.36)

Autìc o orismìc aplopoieÐ tic sqèseic metĹjeshc:

[b_{k1} , b_{k2} ] = 0, [b^†_{k1} , b^†_{k2} ] = 0, [b_{k1} , b^†_{k2} ] = δ_{k1k2} . (3.37)

Oi exisÿseic (3.19) kai (3.20) mporoÔn na graftoÔn kai sunartăsei twn nèwn telestÿn: q_l = ∑ k √ h̄ 2Nmω_k [b_k + b^†_{−k}]e^{ikla}, (3.38)

3.2. GRAMMIK§H ALUS§IDA 27

p_l = −i ∑ k

√ h̄mω_k 2N [b_k − b^†_{−k}]e^{ikla}. (3.39) GrĹfoume, tèloc, kai tic antÐstrofec sqèseic:

b_k = N∑ l=1 (√ mω_k 2h̄N q_l + i √ 1 2h̄mNω_k p_l ) e^{−ikla}, (3.40)

b^†_k = N∑ l=1 (√ mω_k 2h̄N q_l − i √ 1 2h̄mNω_k p_l ) e^{ikla}. (3.41) Me th boăjeia twn sqèsewn (3.27), (3.40) kai (3.41) mporoÔme na broÔme thn kbantikă qamiltoniană. ’Opwc èqoume ădh anafèrei prin, ekeÐno pou diaforopoieÐ autìn ton upologismì apì ton antÐstoiqo thc prohgoÔmenhc paragrĹfou eÐnai h anĹgkh na kratăsei kaneÐc th seirĹ twn telestÿn. To apotèlesma eÐnai: Ĥ = ∑ k h̄ω_k 2 (b^†_kb_k + b_kb^†_k) = ∑ k h̄ω_k ( b^†_kb_k + 1 2 ) . (3.42)

ParathroÔme thn emfĹnish thc enèrgeiac mhdenikoÔ shmeÐou kai tou telestă arÐjmhshc b^†_kb_k, opìte h anamenìmenh timă thc qamiltonianăc Ĥ ja èqei akribÿc th morfă thc enèrgeiac pou ja perÐmene kaneÐc gia èna sÔsthma asÔzeuktwn talantwtÿn.

Oi idiokatastĹseic |Φ > thc qamiltonianăc (Ĥ|Φ >= E|Φ >) dÐnontai apì th sqèsh |Φ >= ∏ k 1 √ n_k!

(b^†_k)^{nk} |0 >, (3.43)

ìpou h katĹstash tou kenoÔ orÐzetai wc sunăjwc: b_k|0 >= 0. An, p.q., |Φ >= b^†_K |0 >, h antÐstoiqh enèrgeia ja eÐnai E =< Φ|Ĥ|Φ >=< 0|b_K ∑ k h̄ω_k ( b^†_kb_k + 1 2 ) b^†_K |0 >=

= ∑ k h̄ω_k < 0|b_K ( b^†_kb_k + 1 2 ) b^†_K |0 > . ’Omwc < 0|b_K b^†_K |0 >=< 0|[b_K , b^†_K ]|0 >= 1

28 KEF§ALAIO 3. DEUTERH KBANTWSH kai < 0|b_K b^†_kb_kb^†_K |0 >=< 0|(δ_{kK} + b^†_kb_K )(δ_{kK} + b^†_K b_k)|0 >= = δ_{kK} δ_{kK} + δ_{kK} < 0|b^†_kb_K |0 > +δ_{kK} < 0|b^†_K b_k|0 > + + < 0|b^†_kb_K b^†_K b_k|0 >= δ_{kK} , afoÔ oi treic teleutaÐoi ìroi èqoun ton telestă katastrofăc na energeÐ sto kenì. ’Ara E = ∑ k h̄ω_k ( δ_{kK} + 1 2 ) = h̄ω_K + ∑ k 1 2 h̄ω_k. Dhladă h enèrgeia eÐnai to Ĺjroisma thc enèrgeiac tou kbĹntou pou èqei diegerjeÐ kai twn energeiÿn mhdenikoÔ shmeÐou ìlwn twn pijanÿn kumatarijmÿn. An to N gÐnei Ĺpeiro, ja eÐnai antÐstoiqa Ĺpeirh kai h enèrgeia mhdenikoÔ shmeÐou. ShmasÐa èqoun bèbaia mìno diaforèc energeiÿn.

’Enac qrăsimoc telestăc eÐnai o N̂ ≡ ∑ k b^†_kb_k, (3.44)

pou lègetai telestăc arÐjmhshc. MporeÐ na apodeiqjeÐ ìti oi idiokatastĹseic |Φ > thc enèrgeiac eÐnai kai idiokatastĹseic tou N̂ kai n =< Φ|N̂|Φ >= ∑ k n_k. EÐnai dunatìn na apodeÐxei kaneÐc ìti katastĹseic me diaforetikì arijmì kbĹntwn eÐnai orjogÿniec metaxÔ touc. Kat’ akoloujÐan oi anamenìmenec timèc twn telestÿn dhmiourgÐac kai katastrofăc eÐnai mhdèn: h katĹstash b_K |Φ > èqei èna kbĹnto ligìtero apì thn katĹstash |Φ >, opìte < Φ|b_K |Φ >= 0, kai me thn Ðdia logikă < Φ|b^†_K |Φ >= 0. EgeÐretai, loipìn, h aporÐa, pÿc ftĹnei kaneÐc sto klasikì ìrio, afoÔ autèc oi anamenìmenec timèc mhdenÐzontai. H apĹnthsh eÐnai ìti oi fusikèc katastĹseic den eÐnai thc morfăc twn |Φ > tic opoÐec anafèrame prohgoumènwc, allĹ eÐnai oi legìmenec sÔmfwnec katastĹseic, pou anafèrame sthn parĹgrafo gia ton metatopismèno armonikì talantwtă. ’Ena parĹdeigma sÔmfwnhc katĹstashc eÐnai h

|Φ_{k0} >= exp [ − |β|^2 2 ] e^{βb†k}0 |0 >, β = γe^{−iωk0 t}. EÐnai eÔkolo na deÐxei kaneÐc ìti b_k|Φ_{k0} >= δ_{kk0} β|Φ_{k0} >,

3.3. SUNEQ§ES §ORIO 29

dhladă ìti h katĹstash |Φ_{k0} > eÐnai idiokatĹstash tou telestă katastrofăc: autìc eÐnai akribÿc o orismìc thc sÔmfwnhc katĹstashc. ApodeiknÔontai oi qrăsimec idiìthtec:

< Φ_{k0} |b_k|Φ_{k0} >= βδ_{kk0} , < Φ_{k0} |b^†_k|Φ_{k0} >= β^∗δ_{kk0} .

MporoÔme na upologÐsoume thn anamenìmenh timă thc apomĹkrunshc qrhsimopoiÿntac kai th sqèsh (3.38), dhladă thn q_l = ∑ k √_{h̄} 2Nmω_k [bk + b † −k]e^{ikla} : < Φ_{k0} |q_l|Φ_{k0} >= ∑ k √ h̄ 2Nmω_k [< Φ_{k0} |b_k|Φ_{k0} > + < Φ_{k0} |b^†_{−k}|Φ_{k0} >]e^{ikla} =

= ∑ k √ h̄ 2Nmω_k [βδ_{kk0} + β^∗δ_{−kk0} ]e^{ikla} = √ h̄ 2Nmω_{k0} [βe^{ik0la} + β^∗e^{−ik0la}]. H antikatĹstash β = γe^{−iωk}0^t (upojètontac gia aplìthta ìti to γ eÐnai pragmatikì^. an den eÐnai, aplĹ ja suneisfèrei mia diaforĹ fĹshc) ja mac dÿsei to apotèlesma:

< Φ_{k0} |q_l|Φ_{k0} >= 2γ √ h̄ 2Nmω_{k0} cos(k_0la − ω_{k0} t),

pou èqei th morfă kÔmatoc me kumatikì arijmì k_0 pou odeÔei proc ta dexiĹ, enÿ h anamenìmenh timă thc Ðdiac posìthtac se katastĹseic me kajorismèno arijmì kbĹntwn eÐnai mhdèn, ìpwc brăkame lÐgo prin. Blèpoume ìti oi sÔmfwnec katastĹseic èqoun klasikì ìrio, se antÐjesh me tic katastĹseic me kajorismèno arijmì kbĹntwn, pou den èqoun.

3.3 Suneqèc ìrio

3.3.1 Klasikă alusÐda

Ja exetĹsoume tÿra to ìrio thc grammikăc alusÐdac katĹ to opoÐo jewroÔme ìti ta swmatÐdia gÐnontai ìlo kai pio pollĹ (N → ∞), enÿ h apìstasă touc a mikraÐnei, ètsi ÿste to fusikì măkoc L = Na na diathreÐtai stajerì. H diakrită alusÐda m’ aută th diadikasÐa ja metapèsei se suneqă qordă. H mĹza m twn sfairidÐwn prèpei na teÐnei sto mhdèn. O lìgoc eÐnai ìti to phlÐko μ =^m_a ja metapèsei sth grammikă puknìthta thc qordăc, opìte, gia na eÐnai peperasmèno to phlÐko sto ìrio a → 0, prèpei kai o arijmhtăc m na teÐnei epÐshc sto mhdèn. SqetikĹ me th stajerĹ elathrÐou upenjumÐzoume ìti,

30 KEF§ALAIO 3. DEUTERH KBANTWSH

an sundèsoume se seirĹ dÔo elatăria măkouc a kai stajerĹc K, prokÔptei elatărio măkouc 2a kai stajerĹc^K_2 . Dhladă to ginìmeno Ka paramènei analloÐwto katĹ th diadikasÐa thc metĹbashc se mhdenikă apìstash. ApaitoÔme, loipìn, autăn thn idiìthta, dhladă to s = Ka na eÐnai stajerì, kajÿc a → 0, dhladă to K prèpei na teÐnei antÐstoiqa sto Ĺpeiro. SunoptikĹ, to suneqèc ìrio ekfrĹzetai me tic sqèseic: N → ∞, a → 0, K → ∞, m → 0, (3.45) enÿ oi posìthtec pou diathroÔntai stajerèc katĹ th diadikasÐa tou orÐou eÐnai oi exăc: Na = L, Ka = s, m a = μ. (3.46)

Sth sunèqeia prèpei na dieukrinÐsoume ìti o sunduasmìc la ja antikatastajeÐ me th suneqă metablhtă x kai oi bajmoÐ eleujerÐac q_l(t) ja antikatastajoÔn me tic sunartăseic q_l(t) ≡ q(la, t) = q(x, t). H klasikă exÐswsh kÐnhshc (3.10),dhladă h ∂^2q_l ∂t^2 = K m (q_{l+1} − 2q_l + q_{l−1}),

mporeÐ na proseggisteÐ s’ autì to ìrio wc exăc: q_{l+1} = q((l + 1)a, t) = q(x + a, t) ≃ q(x, t) + a ∂q(x, t) ∂x + a^2 2 ∂^2q(x, t) ∂x^2 , q_{l+1} = q((l − 1)a, t) = q(x − a, t) ≃ q(x, t) − a ∂q(x, t) ∂x + a^2 2 ∂^2q(x, t) ∂x^2 , 2q_l = q(la, t) = 2q(x, t). Apì tic teleutaÐec exisÿseic prokÔptei ìti

q_{l+1} − 2q_l + q_{l−1} ≃ a^2 ∂^2q(x, t) ∂x^2 , opìte h klasikă exÐswsh kÐnhshc proseggÐzetai apì thn ∂^2q(x, t) ∂t^2 = Ka^2 m ∂^2q(x, t) ∂x^2 . Sth sunèqeia, prokeimènou na pĹroume to ìrio, kĹnoume tic antikatastĹseic K =^s_a , m = μa : ∂^2q(x, t) ∂t^2 = s a a^2 μa ∂^2q(x, t) ∂x^2 ⇒ ∂^2q(x, t) ∂t^2 = s μ ∂^2q(x, t) ∂x^2 . (3.47)

3.3. SUNEQ§ES §ORIO 31

Dhladă katalăxame sthn klasikă kumatikă exÐswsh. Ex Ĺllou h lagkranziană (3.26), dhladă h L = N∑ l=1 1 2 mq̇_l^2 − N∑ l=1 1 2 K(q_l − q_{l+1})^2,

ja proseggisteÐ diadoqikĹ apì tic ekfrĹseic: L = ∑ x 1 2 (μa) ( ∂q(x, t) ∂t )_2 − ∑ x 1 2 s a (q(x, t) − q(x + a, t))^2 ≃

≃ a ∑ x 1 2 μ ( ∂q(x, t) ∂t )_2 − ∑ x 1 2 s a^2 ( −a ∂q(x, t) ∂x )_2 =

= a ∑ x 1 2 μ ( ∂q(x, t) ∂t )_2 − ∑ x 1 2 s ( ∂q(x, t) ∂x )_2 . (’Eqoume qrhsimopoiăsei thn prosèggish q(x, t) − q(x + a, t) ≃ −a^{∂q}_{∂x} ). To Ĺjroisma sta x pou emfanÐzetai sta ajroÐsmata uponoeÐ Ĺjroish sta diakritĹ shmeÐa x = la. ’Otan pĹroume to ìrio, to a pou pollaplasiĹzei thn agkÔlh ja paÐxei to rìlo tou diaforikoÔ dx kai h ìlh parĹstash ja metatrapeÐ se oloklărwma: L = ∫_L 0 dx 1 2 μ ( ∂q(x, t) ∂t )_2 − 1 2 s ( ∂q(x, t) ∂x )_2 . ’Opwc sunhjÐzetai gia suneqă sustămata, sumbolÐzoume thn parĹstash mèsa sthn agkÔlh me L kai na thn onomĹzoume lagkranziană puknìthta: L = 1 2 μ ( ∂q(x, t) ∂t )_2 − 1 2 s ( ∂q(x, t) ∂x )_2 , L = ∫_L 0 dxL. (3.48) An tropopoiăsoume thn troqiĹ katĹ δq, h drĹsh ja allĹxei katĹ: δS = ∫ dt ∫_L 0 dxδL(q, q_x, q_t) = ∫ dt ∫_L 0 dx [ ∂L ∂q δq + ∂L ∂q_x δq_x + ∂L ∂q_t δq_t ] =

= ∫ dt ∫_L 0 dxδL = ∫ dt ∫_L 0 dx [ ∂L ∂q δq + ∂L ∂q_x ∂_x(δq) + ∂L ∂q_t ∂_t(δq) ] .

32 KEF§ALAIO 3. DEUTERH KBANTWSH

Me paragontikèc oloklhrÿseic, afoÔ oi epifaneiakoÐ ìroi den ja suneisfèroun, ja katalăxoume sth sqèsh: δS = ∫ dt ∫_L 0 dx [ ∂L ∂q − ∂_x ( ∂L ∂q_x ∂_x ) − ∂_t ( ∂L ∂q_t ∂_t )] δq kai h sunjăkh δS = 0 sunepĹgetai tic exisÿseic Euler-Lagrange gia suneqă sustămata: ∂ ∂x ( ∂L ∂q_x ) + ∂ ∂t ( ∂L ∂q_t ) = ∂L ∂q . (3.49)

H lagkranziană puknìthta prèpei na dÐnei thn exÐswsh kÐnhshc, pou eÐdame ìti prèpei na eÐnai h kumatikă exÐswsh (3.47). Ac to epalhjeÔsoume: ∂ ∂x ( ∂L ∂q_x ) + ∂ ∂t ( ∂L ∂q_t ) = ∂L ∂q ⇒

⇒ ∂ ∂x (−sq_x) + ∂ ∂t (μq_t) = 0 ⇒ sq_{xx} = μq_{tt}, ìpwc ja èprepe.

H suzugăc ormă eÐnai π ≡ ∂L ∂q_t = μq_t = mq_t a = p a . kai orÐzetai mia qamiltoniană puknìthta H ≡ πq_t − L = 1 2μ π^2 + s 2 q^2_x. (3.50)

ParathroÔme ìti to π eÐnai to ìrio, ìqi akribÿc thc ormăc p_l, allĹ thc parĹstashc^{pl}_a (blèpe kai thn epìmenh parĹgrafo).

3.3.2 Kbantikă alusÐda

H kbĹntwsh tou sustămatoc pou mìlic perigrĹyame mporeÐ na gÐnei epibĹllontac tic katĹllhlec sqèseic metĹjeshc stic metablhtèc jèshc kai ormăc. Kat’ arqăn parathroÔme ìti h sqèsh (3.38):

q_l = ∑ k √ h̄ 2Nmω_k [b_k + b^†_{−k}]e^{ikla},

3.3. SUNEQ§ES §ORIO 33

pou perigrĹfei th jèsh thc (kbantismènhc) diakrităc alusÐdac sunartăsei twn b_k kai b^†_{−k}, mporeÐ na metagrafeÐ qwrÐc problămata sto ìrio a → 0, dhladă èqei peperasmèno suneqèc ìrio. ArkeÐ na gÐnoun oi sunhjismènec antikatastĹseic: la = x, N =^L_a , m = μa. To apotèlesma, metĹ thn Ĺlgebra, ja eÐnai: q(x) = ∑ k √ h̄ 2Lμω_k [b_k + b^†_{−k}]e^{ikx}, k = n 2π L . (3.51)

Oi timèc pou paÐrnei o akèraioc n exakoloujoÔn na dÐnontai apì tic sqèseic (3.14). AfoÔ h q_l èqei peperasmèno suneqèc ìrio, to Ðdio ja sumbaÐnei kai me th qronikă tou parĹgwgo q̇_l. H suzugăc ormă gia th diakrită alusÐda dÐdetai apì th sqèsh p_l = mq̇_l, h opoÐa, ìmwc, èqei tetrimèno suneqèc ìrio: sugkekrimèna, to ìrio eÐnai mhdèn, lìgw tou mhdenismoÔ thc mĹzac m kajÿc a → 0. Gia na pĹroume kĹpoia posìthta pou na sqetÐzetai me thn ormă kai na èqei mh tetrimèno ìrio sto suneqèc, jewroÔme thn posìthta p_l a = m a q̇_l = μq̇_l = −i 1 a ∑ k √ h̄mω_k 2N [b_k − b^†_{−k}]e^{ikla}. To ìrio eÐnai h posìthta: π(x) = −i ∑ k

√ h̄μω_k 2L [b_k − b^†_{−k}]e^{ikx}, k = n 2π L . (3.52)

H antistrofă twn sqèsewn autÿn eÐnai aplă. H mình diaforĹ apì th diakrită perÐptwsh eÐnai ìti h sqèsh orjogwniìthtac tropopoieÐtai elafrĹ kai antÐ thc (3.21):_N ∑ l=1 e^{i(k−k′)la} = Nδ_{kk}′ prèpei na qrhsimopoihjeÐ h ∫_L 0 dxe^{i(k−k′)x} = Lδ_{kk}′ . Oi prĹxeic ja dÿsoun:

b_k = ∫_L 0 dx (√ μω_k 2h̄L q(x) + i √ 1 2h̄μLω_k π(x) ) e^{−ikx}, (3.53)

b^†_k = ∫_L 0 dx (√ μω_k 2h̄L q(x) − i √ 1 2h̄μLω_k π(x) ) e^{ikx}. (3.54)

34 KEF§ALAIO 3. DEUTERH KBANTWSH

Oi sqèseic metĹjeshc (3.37):

[b_{k1} , b^†_{k2} ] = 0, [b^†_{k1} , b^†_{k2} ] = 0, [b_{k1} , b^†_{k2} ] = δ_{k1k2}

sunepĹgontai tic sqèseic

[q(x), q(x^′)] = 0, [p(x), p(x^′)] = 0, [q(x), p(x^′)] = ih̄δ(x − x^′). (3.55)

Ja mporoÔse kaneÐc na xekinăsei epibĹllontac tic sqèseic (3.55), opìte me thn antÐstrofh poreÐa ja proèkuptan oi sqèseic metĹjeshc gia ta b_k kai ta b^†_k. Oi prĹxeic pou kĹname sth diakrită kbantikă alusÐda metagrĹfontai qwrÐc sobarèc metatropèc sthn suneqă kbantikă alusÐda. KatagrĹfoume kĹpoia endiafèronta apotelèsmata: H qamiltoniană ekfrĹzetai kai sthn prokeimènh perÐptwsh wc: H = ∑ k h̄ω_k ( b^†_kb_k + 1 2 . ) . Oi idiokatastĹseic thc qamiltonianăc ja eÐnai kai edÿ oi

|Φ_n >= ∏ k 1 √ n_k! (b^†_k)^{nk} |0 >, b_k|0 >= 0, enÿ parìmoia metagrĹfontai kai oi sÔmfwnec katastĹseic. Gia parĹdeigma mporeÐ kaneÐc na apodeÐxei th sqèsh

< Φ_{k0} |q(x)|Φ_{k0} >= 2γ √ h̄ 2Lμω_{k0} cos(k_0x − ω_{k0} t),

ìpou eÐnai emfanèc ìti prokÔptei kÔma pou odeÔei proc ta dexiĹ.

ParathroÔme ìti, an kai păgame sto suneqèc ìrio, h metablhtă k exakoloujeÐ na paÐrnei diakritèc timèc. Autì ofeÐletai sto ìti èqoume perioristeÐ se qordă peperasmènou măkouc L. An jewrăsoume to ìrio L → ∞, h metablhtă k ja pĹrei suneqeÐc timèc.

3.4 KbĹntwsh thc exÐswshc Schrödinger

JewroÔme thn exÐswsh Schrödinger Ĥψ = ih̄∂ψ ∂t , Ĥ ≡ − h̄^2 2m ∇^2 + V, (3.56)

3.4. KB§ANTWSH THS EX§ISWSHS SSHRÖDINGER 35

h opoÐa èqei tic idiosunartăseic

ψ_μ(x, t) = ϕ_μ(x) exp [ − iE_μt h̄ ] , Ĥϕ_μ(x) = − h̄^2 2m ∇^2ϕ_μ(x)+V ϕ_μ(x) = E_μϕ_μ(x),

kai h genikă lÔsh thc qronoanexĹrththc exÐswshc ja dÐnetai apì tic sqèseic: ψ(x) = ∑ μ b_μϕ_μ(x), ψ^∗(x) = ∑ μ b^∗_μϕ^∗_μ(x), ìpou h qronikă exĹrthsh èqei enswmatwjeÐ sta b_μ kai b^∗_μ. FusikĹ h kumatosunĹrthsh Ψ(x, t) perigrĹfei thn kbantikă katĹstash tou sustămatoc sto opoÐo anaferìmaste, allĹ sthn prokeimènh perÐptwsh ja to jewrăsoume kat’ arqăn wc èna klasikì pedÐo, ja to kbantÿsoume sth sunèqeia kai ja diereunăsoume tic sunèpeiec autăc thc legìmenhc deÔterhc kbĹntwshc. Ja doÔme ìti o nèoc formalismìc ja anadeÐxei pio anĹglufa ta swmatidiakĹ qarakthristikĹ kai ìti prosfèretai gia thn perigrafă katastĹsewn me pollĹ swmatÐdia. Odhgìc mac sth diadikasÐa kbĹntwshc ja eÐnai h kbĹntwsh thc suneqoÔc qordăc pou ègine stic prohgoÔmenec paragrĹfouc.

Kat’ arqăn eÐnai eÔkolo na diapistÿsoume ìti h lagkranziană puknìthta L = ψ^∗ ( ih̄ ∂ψ ∂t + h̄^2 2m ∇^2ψ − V ψ ) (3.57)

anaparĹgei thn exÐswsh (3.56). PrĹgmati: d dt ( ∂L ∂ψ^∗_t ) = ∂L ∂ψ^∗ ⇒ 0 = ih̄ ∂ψ ∂t + h̄^2 2m ∇^2ψ − V ψ. H suzugăc ormă eÐnai π ≡ ∂L ∂ψ_t = ih̄ψ^∗ (3.58)

kai h qamiltoniană puknìthta: H = πψ_t − L = ψ^∗ [ − h̄^2 2m ∇^2 + V ] ψ = ψ^∗Ĥψ. (3.59)

H qamiltoniană eÐnai: H ≡ ∫ d^3xH = ∫ d^3xψ^∗Ĥψ = ∫ d^3x ∑ μ b^∗_μϕ^∗_μ(x)Ĥ ∑ ν b_ν ϕ_ν (x) =

36 KEF§ALAIO 3. DEUTERH KBANTWSH = ∑ μ,ν b^∗_μb_ν ∫ d^3xϕ^∗_μϕ_ν = ∑ μ,ν E_ν b^∗_μb_ν δ_{μν} = ∑ μ E_μb^∗_μb_μ. (3.60) H kbĹntwsh sunÐstatai, ìpwc kai sth suneqă qordă, sthn epibolă twn kanìnwn metĹjeshc:

[Ψ(x), Ψ(x^′)] = 0, [Π(x), Π(x^′)] = 0, [Ψ(x), Π(x^′)] = ih̄δ(x − x^′). (3.61) H exÐswsh Π(x) = ih̄Ψ^†(x) epitrèpei thn epanadiatÔpwsh twn sqèsewn metĹjeshc me th morfă:

[Ψ(x), Ψ(x^′)] = 0, [Ψ^†(x), Ψ^†(x^′)] = 0, [Ψ(x), Ψ^†(x^′)] = δ(x − x^′). (3.62) Qrhsimopoiÿntac ta anaptÔgmata Ψ(x) = ∑ μ b_μϕ_μ(x), Ψ^†(x) = ∑ μ b^†_μϕ^∗_μ(x) (3.63)

katalăgoume stic sqèseic metĹjeshc twn b_μ kai b^†_μ : [b_μ, b_ν ] = 0, [b^†_μ, b^†_ν ] = 0, [b_μ, b^†_ν ] = δ_{μν} . (3.64) H qamiltoniană eÐnai o telestăc H = ∫ d^3xΨ^†ĤΨ kai anaptÔssontac ta Ψ kai Ψ^† katalăgoume na thn ekfrĹsoume wc: H = ∑ μ E_μb^†_μb_μ. (3.65)

ParathroÔme th rhtă emfĹnish thc swmatidiakăc eikìnac: oi energeiakèc stĹjmec E_μ eÐnai dunatìn na katalambĹnontai apì ènan arijmì kbĹntwn ă swmatidÐwn, pou katametroÔntai apì ton telestă arÐjmhshc b^†_μb_μ. Oi idiosunartăseic thc qamiltonianăc (H|Φ >= E|Φ >) mporoÔn na graftoÔn me th sunhjismènh morfă: |Φ >= ∏ μ 1 √ n_μ!

(b^†_μ)^{nμ} |0 >, b_μ|0 >= 0. (3.66)

’Ena endiafèron erÿthma eÐnai poiì eÐnai to fusikì nìhma twn telestÿn Ψ^†(x_0) = ∑ μ b^†_μϕ^∗_μ(x_0). H apĹnthsh eÐnai ìti dhmiourgoÔn èna swmatÐdio sth jèsh x_0. H apìdeixh eÐnai aplă:

< x|Ψ^†(x_0)|0 >= ∑ μ < x|b^†_μ|0 > ϕ^∗_μ(x_0) = ∑ μ ϕ_μ(x)ϕ^∗_μ(x_0) = δ(x − x_0),

3.4. KB§ANTWSH THS EX§ISWSHS SSHRÖDINGER 37

dhladă h kumatosunĹrthsh thc katĹstashc Ψ^†(x_0)|0 > eÐnai entelÿc entopismènh sth jèsh x_0. H teleutaÐa isìthta ∑ μ ϕ_μ(x)ϕ^∗_μ(x_0) = δ(x − x_0) den eÐnai parĹ h sqèsh plhrìthtac tou sunìlou idiosunartăsewn ϕ_μ(x).

3.4.1 Efarmogèc

1: Telestăc puknìthtac Anaferìmenoi sth gnwstă èkfrash ρ = ψ^∗ψ thc sunhjismènhc Kbantikăc Mhqanikăc gia thn puknìthta pijanìthtac orÐzoume ton telestă puknìthtac ρ̂ ≡ Ψ^†Ψ kai exetĹzoume thn anamenìmenh timă tou se mia katĹstash |Φ >: ρ̄ ≡< Φ|Ψ^†Ψ|Φ > . JewroÔme ìti to |Φ > eÐnai h katĹstash enìc swmatidÐou |Φ >= b^†_λ|0 >⇐⇒< Φ| =< 0|b_λ, ìpou to λ antistoiqeÐ sthn energeiakă stĹjmh E_λ. Ja epikalestoÔme ta anaptÔgmata (3.63) kai ja katalăxoume sthn isìthta: ρ̄ ≡< 0|b_λΨ^†Ψb^†_λ|0 >= ∑ μ,ν < 0|b_λb^†_μb_ν b^†_λ|0 > ϕ^∗_μ(x)ϕ_ν (x). Mènei na upologisteÐ h anamenìmenh timă < 0|b_λb^†_μb_ν b^†_λ|0 > .

’Ena polÔ shmantikì sqìlio èqei na kĹnei me touc upologismoÔc anamenomènwn timÿn. ’Estw ìti èqei kaneÐc èna ginìmeno telestÿn dhmiourgÐac kai katastrofăc, to b_{m1} b^†_{n1} b^†_{n2} b_{m2} b^†_{n3} . ’Otan qreiasteÐ na upologistoÔn anamenìmenec timèc sto kenì, eÐnai polÔ qrăsimo na prospajăsei kaneÐc, qrhsimopoiÿntac tic sqèseic metĹjeshc, na metafèrei ìlouc touc telestèc dhmiourgÐac sta aristerĹ opoioudăpote telestă katastrofăc. Sto sugkekrimèno parĹdeigma, mia paradektă diĹtaxh ja ătan h b^†_{n1} b^†_{n2} b^†_{n3} b_{m1} b_{m2} . Mia tètoiou eÐdouc diĹtaxh twn twn telestÿn lègetai fusikă diĹtaxh (normal ordering).

EpÐ tou prokeimènou ja qrhsimopoiăsoume tic sqèseic b_ρb^†_σ = δ_{ρσ} + b^†_σb_ρ, ÿste na petÔqoume th fusikă diĹtaxh thc parĹstashc b_λb^†_μb_ν b^†_λ :

(b_λb^†_μ)(b_ν b^†_λ) = (δ_{λμ} + b^†_μb_λ)(δ_{λν} + b^†_λb_ν ) =

= δ_{λμ}δ_{λν} + δ_{λμ}b^†_λb_ν + δ_{λμ}b^†_μb_λ + b^†_μb_λb^†_λb_ν =

= δ_{λμ}δ_{λν} + δ_{λμ}b^†_λb_ν + δ_{λμ}b^†_μb_λ + b^†_μ(1 + b^†_λb_λ)b_ν =

= δ_{λμ}δ_{λν} + δ_{λμ}b^†_λb_ν + δ_{λμ}b^†_μb_λ + b^†_μb_ν + b^†_μb^†_λb_λb_ν .

H qrhsimìthta thc fusikăc diĹtaxhc ja gÐnei profanăc tÿra amèswc. ’Eqei na kĹnei me tic idiìthtec b_ρ|0 >= 0, < 0|b^†_ρ = 0. BĹsei twn idiotătwn autÿn, to apotèlesma gia thn anamenìmenh timă eÐnai: < 0|b_λb^†_μb_ν b^†_λ|0 >=< 0|δ_{λμ}δ_{λν} +δ_{λμ}b^†_λb_ν +δ_{λμ}b^†_μb_λ+b^†_μb_ν +b^†_μb^†_λb_λb_ν |0 >= δ_{λμ}δ_{λν} , (3.67)

38 KEF§ALAIO 3. DEUTERH KBANTWSH ìpou, ìpwc faÐnetai eÔkola, oi anamenìmenec timèc ginomènwn se fusikă diĹtaxh mhdenÐzontai. Antikajistÿntac blèpoume ìti h anamenìmenh timă tou telestă puknìthtac isoÔtai me: ρ̄ = ϕ^∗_λ(x)ϕ_λ(x), to opoÐo eÐnai to apotèlesma pou ja brÐskame sthn stoiqeiÿdh kbantikă mhqanikă. Par’ ìl’ autĹ sth nèa glÿssa me ènan telestă puknìthtac mporoÔme na perigrĹyoume diĹforec fusikèc katastĹseic. Gia parĹdeigma, an èqoume sÔsthma dÔo swmatidÐwn me kajorismènec enèrgeiec |Φ >= b^†_{λ1} b^†_{λ2} |0 >, λ_1 ≠ λ_2, anĹloga bămata ja mac fèroun sthn èkfrash ϕ^∗_{λ1} ϕ_{λ1} + ϕ^∗_{λ2} ϕ_{λ2} .

2: Telestăc jèshc Kai pĹlin empneìmenoi apì thn stoiqeiÿdh kbantikă mhqanikă orÐzoume ton telestă jèshc x̂ ≡ ∫ dxΨ^†xΨ, ìpou ta Ψ^† kaiΨ eÐnai telestèc. To endiafèron fusikì mègejoc eÐnai h anamenìmenh timă autoÔ tou telestă se miĹ katĹstash |Φ >, ìpwc kai prin: x̄ ≡ ∫ dx < Φ|Ψ^†xΨ|Φ > . Epilègoume thn Ðdia katĹstash ìpwc sto prohgoÔmeno parĹdeigma, ÿste na ekmetalleutoÔme ta ètoima apotelèsmata: |Φ >= b^†_λ|0 >⇐⇒< Φ| =< 0|b_λ. H anamenìmenh timă eÐnai, loipìn: x̄ = ∑ μ,ν < 0|b_λb^†_μb_ν b^†_λ|0 > ∫ dxϕ^∗_μ(x)xϕ_ν (x) = = ∑ μ,ν δ_{λμ}δ_{λν} ∫ dxϕ^∗_μ(x)xϕ_ν (x) = ∫ dxϕ^∗_λ(x)xϕ_λ(x), dhladă autì pou eÐnai gnwstì apì th stoiqeiÿdh kbantikă mhqanikă tou enìc swmatidÐou.

3: Exwterikì pedÐo H dunamikă enèrgeia lìgw allhlepÐdrashc twn swmatidÐwn me exwterikì pedÐo ja grafìtan sthn kbantikă mhqanikă wc: ∫ dxψ^∗V ψ.

3.4. KB§ANTWSH THS EX§ISWSHS SSHRÖDINGER 39

JewroÔme ton antÐstoiqo telestă:

V̂ = ∫ dxΨ^∗V Ψ kai anazhtoÔme thn anamenìmenh timă tou sthn Ðdia katĹstash |Φ >= b^†_λ|0 >:

V̄ = ∫ dx < Φ|Ψ^†V (x)Ψ|Φ >= ∑ μ,ν < 0|b_λb^†_μb_ν b^†_λ|0 > ∫ dxϕ^∗_μ(x)V (x)ϕ_ν (x) =

= ∑ μ,ν δ_{λμ}δ_{λν} ∫ dxϕ^∗_μ(x)V (x)ϕ_ν (x) = ∫ dxϕ^∗_λ(x)V (x)ϕ_λ(x), sÔmfwna me ta anamenìmena.

4: Dunamikă enèrgeia allhlepÐdrashc H dunamikă enèrgeia pou den ofeÐletai sthn epenèrgeia kĹpoiou exwterikoÔ pedÐou, allĹ sthn allhlepÐdrash twn swmatidÐwn metaxÔ touc eÐnai sqetikĹ perÐplokh. Sthn kbantikă mhqanikă ja jewroÔsame dÔo stoiqeiÿdeic ìgkouc d^3r kai d^3r^′ me antÐstoiqec puknìthtec fortÐou qψ^∗(⃗r)ψ(⃗r)d^3r kai qψ^∗(⃗r^′)ψ(⃗r^′)d^3r^′, opìte h dunamikă enèrgeia allhlepÐdrashc ja eÐnai:

V̄ = 1 2 ∫ d^3rd^3r^′qψ^∗(⃗r)ψ(⃗r) k |⃗r − ⃗r^′| qψ^∗(⃗r^′)ψ(⃗r^′), ìpou to k exartĹtai apì tic monĹdec (p.q.^1_{4πϵ0} sto sÔsthma SI). Ja èlege kaneÐc ìti arkeÐ na antikatastajoÔn oi kumatosunartăseic ψ^∗ kai ψ me touc antÐstoiqouc telestèc Ψ^† kai Ψ. Kat’ arqăn eÐnai swstă idèa, allĹ tÐjetai amèswc to prìblhma thc akriboÔc diĹtaxhc mèsa sto ginìmeno, afoÔ oi telestèc den metatÐjentai pĹnta metaxÔ touc. EpÐ tou prokeimènou mac kajodhgeÐ h aplă paratărhsh ìti h allhlepÐdrash Coulomb prèpei na mhdenÐzetai ìtan jewrăsoume thn anamenìmenh timă se katastĹseic tou enìc mìno swmatidÐou. Epilègoume ton telestă:

V̂ = 1 2 ∫ d^3rd^3r^′Ψ^†(⃗r)Ψ^†(⃗r^′) kq^2 |⃗r − ⃗r^′| Ψ(⃗r^′)Ψ(⃗r). An upologÐsoume thn anamenìmenh timă tou sthn katĹstash |Φ_1 >= b^†_λ|0 >⇐⇒< Φ_1| =< 0|b_λ ja diapistÿsoume ìti prĹgmati mhdenÐzetai. An proqwrăsoume sthn katĹstash |Φ_2 >= b^†_{λ1} b^†_{λ2} |0 >⇐⇒< Φ_2| =< 0|b_{λ2} b_{λ1} , λ_1 ≠ λ_2,

40 KEF§ALAIO 3. DEUTERH KBANTWSH

ja katalăxoume sthn èkfrash:

V̂ = ∫ d^3rd^3r^′ kq^2 |⃗r − ⃗r^′| [ϕ^∗_{λ1} (⃗r)ϕ_{λ1} (⃗r)ϕ^∗_{λ2} (⃗r^′)ϕ_{λ2} (⃗r^′)+ϕ^∗_{λ1} (⃗r)ϕ_{λ2} (⃗r)ϕ^∗_{λ2} (⃗r^′)ϕ_{λ1} (⃗r^′)].

ParathroÔme ìti, ektìc apì to eujÔ oloklărwma, emfanÐzetai kai to legìmeno oloklărwma antallagăc, pou ofeÐletai sto gegonìc ìti èqoume tautotikĹ swmatÐdia.

3.5 Dunamikèc metablhtèc

JewroÔme kat’ arqăn mia prosjetikă posìthta pou anafèretai s’ èna kai mìno swmatÐdio, ìpwc h kinhtikă enèrgeia. H kinhtikă enèrgeia, loipìn, enìc sunìlou swmatidÐwn apì ta opoÐa N_k brÐskontai sthn kbantikă katĹstash k pou èqei enèrgeia T^′_k eÐnai, profanÿc, ∑ k N_kT^′_k. H metagrafă tou telestă thc kinhtikăc enèrgeiac sth glÿssa thc deÔterhc kbĹntwshc eÐnai aplă: arkeÐ na antikatastăsei kaneÐc ton arijmì N_k me ton telestă a^†_ka_k gia na katalăxei se mia prÿth èkfrash gia thn kinhtikă enèrgeia: T̂ = ∑ T^′_ka^†_ka_k. Ta T^′_k eÐnai aplĹ arijmoÐ. ’Omwc den èqoume brei akìmh thn pio genikă èkfrash gia thn kinhtikă enèrgeia. O lìgoc eÐnai ìti upojèsame ìti oi katastĹseic k èqoun sugkekrimènh kinhtikă enèrgeia, prĹgma pou den eÐnai aparaÐthto. An allĹxoume tic katastĹseic apì tic k pou perigrĹfontai apì tic ϕ_k(r) se kĹpoiec Ĺllec, oi telestèc dhmiourgÐac a^†_k kai katastrofăc a_k ja allĹxoun se b^†_l kai b_l, pou ja sundèontai me touc palioÔc me metasqhmatismì omoiìthtac:

a^†_k = ∑ m c^∗_{km}b^†_m, a_k = ∑ n c_{kn}b_n. (3.68)

Sunartăsei twn nèwn telestÿn dhmiourgÐac kai katastrofăc h kinhtikă enèrgeia ja grĹfetai: T̂ = ∑ k T^′_k ∑ m,n c_{kn}c^∗_{km}b^†_mb_n = ∑ m,n ∑ k T^′_kc_{kn}c^∗_{km}b^†_mb_n, dhladă T̂ = ∑ m,n T^m_n b^†_mb_n, T^m_n ≡ ∑ k T^′_kc_{kn}c^∗_{km}. (3.69)

Ta T^m_n èqoun genikĹ mh mhdenikĹ stoiqeÐa gia opoiesdăpote timèc twn m kai n.

3.5. DUNAMIK§ES METABLHT§ES 41

Ac proqwrăsoume tÿra sthn perÐptwsh thc dunamikăc enèrgeiac, pou mporeÐ na grafteÐ wc Ĺjroisma se zeugĹria swmatidÐwn. Ac jewrăsoume ìti N_k swmatÐdia brÐskontai sthn katĹstash k kai allhlepidroÔn me N_l swmatÐdia pou brÐskontai sthn katĹstash l. Upojètoume proc to parìn ìti oi katastĹseic k kai l eÐnai diaforetikèc. H dunamikă enèrgeia kĹje zeugarioÔ eÐnai (èstw) V^′_{kl} kai upĹrqoun^{NkNl}_2 zeugĹria. Sunepÿc autì to kommĹti thc dunamikăc enèrgeiac isoÔtai me^1_2 ∑ k≠l NkNlV ′ kl =^1_2 ∑ k,l(1−δ_{kl})N_kN_lV^′_{kl}. (DiairoÔme me to 2 giatÐ kĹje zeugĹri swmatidÐwn metriètai dÔo forèc). Gia thn perÐptwsh k = l h dunamikă enèrgeia kĹje zeugarioÔ eÐnai V^′_{kk} kai upĹrqoun^{Nk(Nk−1)}_2 zeugĹria, me antÐstoiqh suneisforĹ ∑ k N_k(N_k −1)

2 V^′_{kk} = ∑ k,l δ_{kl}^{Nk(Nl−1)}_2 V^′_{kl}. Su- mperasmatikĹ h dunamikă enèrgeia grĹfetai: 1 2 ∑ k,l (1 − δ_{kl})N_kN_lV^′_{kl} + 1 2 ∑ k δ_{kl}N_k(N_l − 1)V^′_{kl} =

= 1 2 ∑ k,l [N_kN_l − δ_{kl}N_k]V^′_{kl} = 1 2 ∑ k,l P_{kl}V^′_{kl}, P_{kl} ≡ N_kN_l − δ_{kl}N_k. Apì aută thn èkfrash h metagrafă tou telestă thc dunamikăc enèrgeiac sth glÿssa thc deÔterhc kbĹntwshc eÐnai sqetikĹ aplă: arkeÐ na antikatastăsoume touc arijmoÔc N_k kai N_l me touc antÐstoiqouc telestèc arÐjmhshc a^†_ka_k kai a^†_l a_l. O arijmìc P_{kl} ja metatrapeÐ ston telestă katanomăc zeugariÿn P̂_{kl}, o opoÐoc, mĹlista paÐrnei mia polÔ aplă morfă:

P̂_{kl} ≡ a^†_k(a_ka^†_l )a_l −δ_{kl}a^†_ka_k = a^†_k(δ_{kl} +a^†_l a_k)a_l −δ_{kl}a^†_ka_k = a^†_ka^†_l a_ka_l = a^†_ka^†_l a_la_k.

(To teleutaÐo băma den ătan aparaÐthto gia thn mpozonikă perÐptwsh, allĹ protimăsame na grĹyoume to apotèlesma ètsi mìno kai mìno gia na pĹroume thn Ðdia èkfrash me autăn pou prokÔptei sthn fermionikă perÐptwsh). Dhladă h dunamikă enèrgeia grĹfetai me th morfă 1 2 ∑ k,l V^′_{kl}a^†_ka^†_l a_la_k. Ja protimăsoume pĹli na dÿsoume th genikìterh èkfrash pou ja prokÔyei an antikatastăsoume touc telestèc a^†_k, a^†_l , a_l, a_k sunartăsei twn b^†_q, b^†_r, b_s, b_t me bĹsh tic exisÿseic (3.68). To apotèlesma eÐnai:

V̂ = 1 2 ∑ q,r,s,t V^{qr}_{st} b^†_qb^†_rb_sb_t, (3.70)

42 KEF§ALAIO 3. DEUTERH KBANTWSH

ìpou V^{qr}_{st} = ∑ k,l c^∗_{qk}c^∗_{rl}c_{sl}c_{tk}V^′_{kl}. UpĹrqei ènac polÔ parastatikìc trìpoc na parousiĹsei kaneÐc grafikĹ thn èkfrash (3.70). EkeÐno pou faÐnetai na kĹnei o telestăc thc dunamikăc enèrgeiac eÐnai na paÐrnei ta dÔo swmatÐdia pou brÐskontai stic katastĹseic s kai t, na ta exafanÐzei mèsa apì thn allhlepÐdrash V^{qr}_{st} kai na gennĹ sth jèsh touc dÔo “nèa” swmatÐdia stic katastĹseic q kai r. MporoÔme, loipìn, na parastăsoume ta dÔo swmatÐdia s kai t wc “eiserqìmena” sth diadikasÐa, ìpwc faÐnetai sto sqăma, kai ta dÔo Ĺlla swmatÐdia q kai r wc “exerqìmena”. To diĹgramma pou deÐqnoume edÿ eÐnai to prÿto deÐgma twn perÐfhmwn diagrammĹtwn tou Feynman. Asfalÿc eÐnai pĹra polÔ aplopoihmèno, deÐqnei ìmwc kĹpoiec pleurèc thc anaparĹstashc perÐplokwn parastĹsewn me sqetikĹ eÔlhpta diagrĹmmata.

s q r

t V^{qr}_{st}

3.6 KbĹntwsh thc exÐswshc Schrödinger me statistikă Fermi

JewroÔme kai pĹli thn exÐswsh Schrödinger Ĥψ_s = ih̄∂ψ^s ∂t , Ĥ ≡ − h̄^2 2m ∇^2 + V, (3.71)

h opoÐa èqei tic idiosunartăseic ψ_{μs}(x, t) = ϕ_{μs}(x) exp [ − iE_μt h̄ ] , Ĥϕ_{μs}(x) = − h̄^2 2m ∇^2ϕ_{μs}(x)+V ϕ_{μs}(x) = E_μϕ_{μs}(x), kai h genikă lÔsh thc qronoanexĹrththc exÐswshc ja dÐnetai apì tic sqèseic: ψ_{μs}(x) = ∑ μ,s a_{μs}ϕ_μ(x), ψ^∗_{μs}(x) = ∑ μ,s a^∗_{μs}ϕ^∗_{μs}(x),

3.6. KB§ANTWSH THS EX§ISWSHS SSHRÖDINGER ME STATISTIK§H FERMI43

ìpou h qronikă exĹrthsh èqei enswmatwjeÐ sta a_{μs} kai a^∗_{μs}. JewroÔme to Ψ_s(x, t) wc èna pedÐo proc kbĹntwsh. H diaforĹ apì th diadikasÐa pou perigrĹfetai sthn parĹgrafo 3.4 eÐnai ìti jèloume oi telestèc dhmiourgÐac kai katastrofăc na perigrĹfoun swmatÐdia pou upakoÔoun th statistikă Fermi- Dirac. Eidikìtera autì shmaÐnei ìti den eÐnai dunatìn dÔo tètoia swmatÐdia na èqoun touc Ðdiouc kbantikoÔc arijmoÔc (arqă tou Pauli), opìte an efarmìsoume sto kenì |0 > dÔo forèc ton telestă dhmiourgÐac Ψ^†_s(x) enìc swmatidÐou sto shmeÐo x me spin s prèpei na pĹroume mhdèn: (Ψ^†_s(x))^2|0 >= 0. Aută h sqèsh mporeÐ na epiblhjeÐ, an apaităsoume, antÐ gia th sqèsh [Ψ^†_s(x), Ψ^†_s′ (x^′)] = 0, th sqèsh {Ψ^†_s(x), Ψ^†_s′ (x^′)} ≡ Ψ^†_s(x)Ψ^†_s′ (x^′) + Ψ^†_s′ (x^′)Ψ^†_s(x) = 0. Edÿ emfanÐzetai to antikeÐmeno {A, B} ≡ AB + BA, pou onomĹzoume anti-metajèth (me thn paÔla endiĹmesa, gia na to xeqwrÐzoume apì ton metajèth [A, B] ≡ AB − BA). H kbĹntwsh me anti-metajètec eÐnai qarakthristikă thc statistikăc Fermi-Dirac. Aută ja eÐnai h mình diaforĹ apì thn kbĹntwsh thc paragrĹfou 3.4.

Kat’ arqăn eÐnai eÔkolo na diapistÿsoume ìti h lagkranziană puknìthta L = ∑ s [ ψ^∗_s ( ih̄ ∂ψ_s ∂t + h̄^2 2m ∇^2ψ_s − V ψ_s )] (3.72)

anaparĹgei thn exÐswsh (3.71). PrĹgmati: d dt ( ∂L ∂(∂_tψ^∗_s ) ) = ∂L ∂ψ^∗_s ⇒ 0 = ih̄ ∂ψ_s ∂t + h̄^2 2m ∇^2ψ_s − V ψ_s. H suzugăc ormă eÐnai π_s ≡ ∂L ∂(∂_tψ_s) = ih̄ψ^∗_s (3.73)

kai h qamiltoniană puknìthta: H = ∑ s [π_s∂_tψ_s] − L = ∑ s ψ^∗_s [ − h̄^2 2m ∇^2 + V ] ψ_s = ∑ s ψ^∗_sĤψ_s. (3.74)

H qamiltoniană eÐnai: H ≡ ∫ d^3xH = ∫ d^3x ∑ s ψ^∗_sĤψ_s = ∫ d^3x ∑ s ∑ μ a^∗_{μs}ϕ^∗_μ(x)Ĥ ∑ μ^′ a_μ′_sϕ_μ′ (x) =

= ∑ s ∑ μ,μ^′ a^∗_{μs}a_μ′_s ∫ d^3xϕ^∗_μĤϕ_μ′ = ∑ s ∑ μ,μ^′ E_μ′ a^∗_{μs}a_μ′_sδ_{μμ}′ = ∑ s ∑ μ E_μa^∗_{μs}a_{μs}. (3.75)

44 KEF§ALAIO 3. DEUTERH KBANTWSH

H kbĹntwsh sunÐstatai, ìpwc eÐpame, sthn epibolă twn kanìnwn antimetĹjeshc:

{Ψ_s(x), Ψ_s′ (x^′)} = 0, {Π_s(x), Π_s′ (x^′)} = 0, {Ψ_s(x), Π_s′ (x^′)} = ih̄δ_{ss}′ δ(x−x^′). (3.76) H exÐswsh Π_s(x) = ih̄Ψ^†_s(x)

epitrèpei thn epanadiatÔpwsh twn sqèsewn anti-metĹjeshc me th morfă:

{Ψ_s(x), Ψ_s′ (x^′)} = 0, {Ψ^†_s(x), Ψ^†_s′ (x^′)} = 0, {Ψ_s(x), Ψ^†_s′ (x^′)} = δ_{ss}′ δ(x − x^′). (3.77) Qrhsimopoiÿntac ta anaptÔgmata

Ψ_s(x) = ∑ μ,s a_{μs}ϕ_μ(x), Ψ^†_s(x) = ∑ μ,s a^†_{μs}ϕ^∗_μ(x) katalăgoume stic sqèseic anti-metĹjeshc twn a_{μs} kai a^†_{μs} : {a_{μs}, a_μ′_s′ } = 0, {a^†_{μs}, a^†_μ′_s′ } = 0, {a_{μs}, a^†_μ′_s′ } = δ_{μμ}′ δ_{ss}′ . (3.78) H qamiltoniană H = ∫ d^3x ∑ s Ψ^†_sĤΨ_s grĹfetai: H = ∑ μ,s E_μa^†_{μs}a_{μs}. (3.79)

ParathroÔme th rhtă emfĹnish thc swmatidiakăc eikìnac: oi energeiakèc stĹjmec E_μ eÐnai dunatìn na katalambĹnontai apì ènan arijmì kbĹntwn ă swmatidÐwn me spin s, pou katametroÔntai apì ton telestă arÐjmhshc N_{μs} ≡ a^†_{μs}a_{μs}. ParathroÔme ìti oi sqèseic anti-metĹjeshc sunepĹgontai:

(N_{μs})^2 = a^†_{μs}(a_{μs}a^†_{μs})a_{μs} = a^†_{μs}(1 − a^†_{μs}a_{μs})a_{μs} = = a^†_{μs}a_{μs} − a^†_{μs}a^†_{μs}a_{μs}a_{μs} = a^†_{μs}a_{μs} − 0 = N_{μs}, ìpou lĹbame upìyh ìti a^†_{μs}a^†_{μs} = a_{μs}a_{μs} = 0. To apotèlesma (N_{μs})^2 = N_{μs} sunepĹgetai ìti o telestăc N_{μs} èqei idiotimèc mhdèn kai èna, dhladă to polÔ èna swmatÐdio mporeÐ na brÐsketai se kĹje kbantikă katĹstash, ìpwc akribÿc ja perÐmene kaneÐc gia fermiìnia. Autì sunepĹgetai ìti oi idiosunartăseic thc qamiltonianăc (H|Φ >= E|Φ >) mporoÔn na graftoÔn me th sunhjismènh morfă: |Φ >= ∏ μ,s (a^†_{μ,s})^{nμs} |0 >, a_{μs}|0 >= 0,

3.7. SUSQETISMO§I SE A§ERIA BOSE KAI FERMI 45

ìpou to n_{μs} mporeÐ na eÐnai mhdèn ă èna. H sqèsh aută eÐnai aploÔsterh apì thn antÐstoiqh mpozonikă (3.66) katĹ to ìti den perilambĹnei ton parĹgonta kanonikopoÐhshc me ta paragontikĹ.

To fusikì nìhma twn telestÿn Ψ^†_s(x_0) eÐnai ìti dhmiourgoÔn èna swmatÐdio me spin s sth jèsh x_0.

3.7 SusqetismoÐ se aèria Bose kai Fermi

3.7.1 Fermiìnia

Ac jewrăsoume kat’ arqăn to teleÐwc ekfulismèno aèrio Fermi, dhladă èna sÔnolo fermionÐwn mèsa s’ ènan ìgko V, pou to mètro thc ormăc touc kumaÐnetai metaxÔ tou mhdèn kai thc anÿtathc timăc p_F , pou lègetai ormă Fermi. Aută h kbantikă katĹstash |Φ_0 > onomĹzetai kai kenì Fermi. JewroÔme touc fermionikoÔc telestèc dhmiourgÐac kai katastrofăc:

Ψ^†_s(⃗r) = ∑ ⃗p e^{−i⃗r·⃗p} √ V a^†_{⃗ps}, Ψ_s(⃗r) = ∑ ⃗p e^{i⃗r·⃗p} √ V a_{⃗ps}, (3.80)

a^†_{⃗ps} = ∫ d^3r e^{i⃗r·⃗p} √ V Ψ^†_s(⃗r), a_{⃗ps} = ∫ d^3r e^{−i⃗r·⃗p} √ V Ψ_s(⃗r). H metablhtă s perigrĹfei to spin tou swmatidÐou. Ja epiqeirăsoume na upologÐsoume to plĹtoc diĹdoshc G_s(⃗r, ⃗r^′) enìc swmatidÐou me spin s apì th jèsh ⃗r^′ sth jèsh ⃗r, ìtan to sÔsthma brÐsketai sto kenì Fermi |Φ_0 > . (Den upĹrqei perÐptwsh na sumbeÐ allagă tou spin, ìpwc eÐnai eÔkolo na apodeiqteÐ). H posìthta G_s(⃗r, ⃗r^′) lègetai pÐnakac puknìthtac enìc swmatidÐou.

G_s(⃗r, ⃗r^′) ≡< Φ_0|Ψ^†_s(⃗r)Ψ_s(⃗r^′)|Φ_0 >=< Φ_0| 1 V ∑ ⃗p,⃗p^′ e^{−i⃗r·⃗p}a^†_{⃗ps}e^{i⃗r′·⃗p′} a_{⃗p}′_s|Φ_0 >=

= 1 V ∑ ⃗p,⃗p^′ e^{−i⃗r·⃗p}e^{i⃗r′·⃗p′} < Φ_0|a^†_{⃗ps}a_{⃗p}′_s|Φ_0 >= 1 V ∑ ⃗p,⃗p^′ e^{−i⃗r·⃗p}e^{i⃗r′·⃗p′} δ_{⃗p,⃗p}′ Θ(p_F − p) =

= 1 V ∑ ⃗p e^{−i⃗p·(⃗r−⃗r′)}Θ(p_F − p) = ∫_{pF} d_3p

(2π)^3 e^{−i⃗p·(⃗r−⃗r′)}. (3.81) H bhmatikă sunĹrthsh Θ(p_F − p) ekfrĹzei to gegonìc ìti to mètro thc ormăc den prèpei na uperbaÐnei to p_F . To Ðdio ekfrĹzei o sumbolismìc ∫_{pF d}3_p (2π)^3 . 1 1MporoÔme na ekfrĹsoume ton sunolikì arijmì swmatidÐwn N ston ìgko V wc exăc: N = ∑ ⃗p,s n⃗p,s = 2 ∑ p≤p_F 1. Metatrèpontac to Ĺjroisma se oloklărwma brÐskoume: N =

46 KEF§ALAIO 3. DEUTERH KBANTWSH

JewroÔme ìti uiojetoÔme wc Ĺxona twn z to ⃗r −⃗r^′ : d^3p = 2πd(cos θ)dpp^2, ⃗p · (⃗r − ⃗r^′) = p|⃗r − ⃗r^′| cos θ, opìte: G_s(⃗r, ⃗r^′) = 2π 1 (2π)^3 ∫_{pF} 0 dpp^2 ∫_{+1} −1 d(cos θ)e^{−ip|⃗r−⃗r′| cos θ} = = 1 4π^2 ∫_{pF} 0 dpp^2 1 −ip|⃗r − ⃗r^′| [ e^{−ip|⃗r−⃗r′|} − e^{ip|⃗r−⃗r′|} ] = = 1 2π^2|⃗r − ⃗r^′| ∫_{pF} 0 dpp sin(p|⃗r − ⃗r^′|) = = 1 2π^2|⃗r − ⃗r^′| 1 |⃗r − ⃗r^′|^2 [sin(p_F |⃗r − ⃗r^′|) − p_F |⃗r − ⃗r^′| cos(p_F |⃗r − ⃗r^′|)] = p^3_F 2π^2x^3 [sin(x) − x cos(x)], x ≡ p_F |⃗r − ⃗r^′|. (3.82) H sunĹrthsh j_1(x) ≡^1_{x2} [sin(x) − x cos(x)] anagnwrÐzetai eÔkola wc h sfairikă sunĹrthsh Bessel prÿthc tĹxhc. Ex Ĺllou, ìtan to x eÐnai mikrì, mporoÔme na anaptÔxoume katĹ Taylor kai na broÔme thn proseggistikă morfă: lim_{x→0} G_s(⃗r, ⃗r^′) ≈^n_2 ( 1 −^{x2}_{10} ) . H grafikă parĹstash tou G_s(⃗r, ⃗r^′) sunartăsei tou p_F |⃗r − ⃗r^′| faÐnetai sto sqăma.

Sunartăseic susqetismoÔ zeugÿn

EÐnai gnwstì ìti ta swmatÐdia me ton Ðdio prosanatolismì tou spin teÐnoun na apomakrÔnontai metaxÔ touc. Autì den eÐnai tÐpot’ Ĺllo apì thn apagoreutikă arqă tou Pauli. Autì prèpei sto formalismì pou perigrĹfoume edÿ na ekfrĹzetai apì to gegonìc ìti to plĹtoc tou na eÐnai kontĹ prèpei na teÐnei sto mhdèn. ’Enac trìpoc na upologÐsoume thn pijanìthta na brÐsketai èna swmatÐdio sth jèsh ⃗r^′ dedomènou ìti kĹpoio Ĺllo brÐsketai sth jèsh ⃗r eÐnai na jewrăsoume ìti apomakrÔnoume nohtĹ èna apì ta N swmatÐdia me spin s apì th jèsh ⃗r kai na broÔme thn puknìthta twn upìloipwn N − 1 swmatidÐwn (me spin s^′) sth nèa kbantikă katĹstash |Φ^′(⃗r, s) >≡ Ψ_s(⃗r)|Φ_0 > . H puknìthta aută grĹfetai:

< Φ^′(⃗r, s)|Ψ^†_s′ (⃗r^′)Ψ_s′ (⃗r^′)|Φ^′(⃗r, s) >=< Φ_0|Ψ^†_s(⃗r)Ψ^†_s′ (⃗r^′)Ψ_s′ (⃗r^′)Ψ_s(⃗r)|Φ_0 > ≡ ( n 2 )_2 g_{ss}′ (⃗r − ⃗r^′). 2V ∫_{pF d}3_p (2π)^3 = 2π 1 (2π)^3 ∫_{pF} 0 dpp^2 ∫_{+1} −1 d(cos θ) =^{p3F}_{3π2} , opìte p^3_F =^{3π2 N}_V = 3π^2n, ìpou n eÐnai h mèsh puknìthta swmatidÐwn.

3.7. SUSQETISMO§I SE A§ERIA BOSE KAI FERMI 47

Antikajistÿntac touc telestèc pedÐou apì tic sqèseic (3.80) brÐskoume th sqèsh: ( n 2 )_2 g_{ss}′ (⃗r − ⃗r^′) = 1 V^2 ∑ ⃗p,⃗p^′,⃗q,⃗q^′ e^{−i(⃗p−⃗p′)·⃗r}e^{−i(⃗q−⃗q′)·⃗r′} < Φ_0|a^†_{⃗ps}a^†_{⃗ps}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 > (3.83) O upologismìc mporeÐ na gÐnei se dÔo stĹdia: (a) PerÐptwsh s ≠ s^′ H mình perÐptwsh na èqoume mh mhdenikă suneisforĹ eÐnai na ikanopoioÔntai oi sqèseic ⃗p = ⃗p^′ kai ⃗q = ⃗q^′. (EpishmaÐnoume ìti perilambĹnetai kai h perÐptwsh ⃗p = ⃗q = ⃗p^′ = ⃗q^′.) AfoÔ isqÔoun oi sqèseic {a_{⃗ps}, a^†_{⃗p}′_s′ } = δ_{⃗p,⃗p}′ δ_{s,s}′ h upìjesh gia Ĺnisa spin mac lèei ìti o telestăc a_{⃗p}′_s anti-metatÐjetai me touc a^†_{⃗ps}′ kai a_{⃗q}′_s′ , opìte isqÔoun oi akìloujec isìthtec: a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s = (−1)a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗p}′_sa_{⃗q}′_s′ = (−1)^2a^†_{⃗ps}a_{⃗p}′_sa^†_{⃗qs}′ a_{⃗q}′_s′ , opìte: < Φ_0|a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 >=< Φ_0|a^†_{⃗ps}a_{⃗p}′_sa^†_{⃗qs}′ a_{⃗q}′_s′ |Φ_0 >=< Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}′ a_{⃗qs}′ |Φ_0 > . Sto teleutaÐo băma lĹbame upìyh tic sqèseic ⃗p = ⃗p^′ kai ⃗q = ⃗q^′. Sth sunèqeia ja eisagĹgoume èna plărec sÔsthma endiĹmeswn katastĹsewn |Φ > wc exăc: < Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}′ a_{⃗qs}′ |Φ_0 >= ∑ Φ < Φ_0|a^†_{⃗ps}a_{⃗ps}|Φ >< Φ|a^†_{⃗qs}′ a_{⃗qs}′ |Φ_0 > . ’Omwc h monadikă mh mhdenikă suneisforĹ proèrqetai apì to |Φ >= |Φ_0 >, ìpwc eÐnai eÔkolo na dei kaneÐc. Ex Ĺllou, epeidă èqoume statistikă Fermi, dhladă kĹje kbantikă katĹstash katalambĹnetai apì èna akribÿc swmatÐdio, ja isqÔoun oi sqèseic: < Φ_0|a^†_{⃗ps}a_{⃗ps}|Φ_0 >= 1, < Φ_0|a^†_{⃗qs}′ a_{⃗qs}′ |Φ_0 >= 1, me thn proüpìjesh bèbaia ìti q ≤ p_F , p ≤ p_F . M’ autĹ ta dedomèna katalăgoume sto apotèlesma: < Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}′ a_{⃗qs}′ |Φ_0 >= 1, opìte ( n 2 )_2 g_{ss}′ (⃗r−⃗r^′) = 1 V^2 ∑ ⃗p,⃗p^′,⃗q,⃗q^′ e^{−i(⃗p−⃗p′)·⃗r}e^{−i(⃗q−⃗q′)·⃗r′} δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ ·1 = 1 V^2 ∑ p≤p_F 1 ∑ q≤p_F 1.

48 KEF§ALAIO 3. DEUTERH KBANTWSH

Metatrèpontac ta ajroÐsmata se oloklhrÿmata h teleutaÐa èkfrash gÐnetai: 1 V^2 ( V ∫_{pF} d_3p

(2π)^3

)_2 = 1 (2π)^6 ( 4π ∫_{pF} 0 dpp^2 )_2 = p^6_F 36π^4 = 1 4 n^2,

ìpou sto teleutaÐo băma qrhsimopoiăsame th gnwstă isìthta p^3_F = 3π^2n → p^6_F = 9π^4n. TelikĹ, dhladă, katalăgoume sth sqèsh: ( n 2 )_2 g_{ss}′ (⃗r − ⃗r^′) = 1 4 n^2,

dhladă: g_{ss}′ (⃗r − ⃗r^′) = 1, s ≠ s^′. (b) PerÐptwsh s = s^′ S’ autăn thn perÐptwsh èqoume dÔo dunatìthtec mh mhdenikăc suneisforĹc: thn ⃗p = ⃗p^′, ⃗q = ⃗q^′ kai thn ⃗p = ⃗q^′, ⃗q = ⃗p^′. H perÐptwsh ⃗p = ⃗q apokleÐetai, giatÐ mazÐ me thn upìjesh s = s^′ ja gennoÔse ìrouc tou tÔpou (a_{⃗ps})^2 = 0 ă (a^†_{⃗ps})^2 = 0. ’Ara: δ_{ss}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 >= = δ_{ss}′ δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 > +δ_{ss}′ δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 >= = δ_{ss}′ δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}a_{⃗qs}a_{⃗ps}|Φ_0 > +δ_{ss}′ δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}a_{⃗ps}a_{⃗qs}|Φ_0 > . AfoÔ ⃗p ≠ ⃗q, ìpwc exhgăsame, oi sqèseic anti-metĹjeshc {a_{⃗ps}, a^†_{⃗qs}} = δ_{⃗p,⃗q} deÐqnoun ìti o a_{⃗ps} anti-metatÐjetai me touc a_{⃗qs}, a^†_{⃗qs}, opìte isqÔoun oi isìthtec: a^†_{⃗ps}a^†_{⃗qs}a_{⃗qs}a_{⃗ps} = (−1)a^†_{⃗ps}a^†_{⃗qs}a_{⃗ps}a_{⃗qs} = (−1)^2a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}a_{⃗qs}, a^†_{⃗ps}a^†_{⃗qs}a_{⃗ps}a_{⃗qs} = (−1)a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}a_{⃗qs} kai h pio pĹnw sqèsh gÐnetai: δ_{ss}′ < Φ_0|a^†_{⃗ps}a^†_{⃗qs}′ a_{⃗q}′_s′ a_{⃗p}′_s|Φ_0 >= = δ_{ss}′ δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}a_{⃗qs}|Φ_0 > −δ_{ss}′ δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}a_{⃗qs}|Φ_0 >=

3.7. SUSQETISMO§I SE A§ERIA BOSE KAI FERMI 49 = δ_{ss}′ [δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ − δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ] < Φ_0|a^†_{⃗ps}a_{⃗ps}a^†_{⃗qs}a_{⃗qs}|Φ_0 >= = δ_{ss}′ [δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ − δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ] ∑ Φ < Φ_0|a^†_{⃗ps}a_{⃗ps}|Φ >< Φ|a^†_{⃗qs}a_{⃗qs}|Φ_0 >= = δ_{ss}′ [δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ − δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ] ∑ Φ < Φ_0|a^†_{⃗ps}a_{⃗ps}|Φ_0 >< Φ_0|a^†_{⃗qs}a_{⃗qs}|Φ_0 >= = δ_{ss}′ [δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ − δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ]. Autì to apotèlesma dÐnei gia to arqikì plĹtoc: ( n 2 )_2 g_{ss}(⃗r − ⃗r^′) = 1 V^2 ∑ ⃗p,⃗p^′,⃗q,⃗q^′ e^{−i(⃗p−⃗p′)·⃗r}e^{−i(⃗q−⃗q′)·⃗r′} [δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ − δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ] =

= 1 V^2 ∑ p≤p_F ∑ q≤p_F ( 1 − e^{−i(⃗p−⃗q)·⃗r}e^{−i(⃗q−⃗p)·⃗r′} ) =

= 1 V^2 V ∫_{pF} d_3p

(2π)^3 V ∫_{pF} d_3q

(2π)^3 ( 1 − e^{−i(⃗p−⃗q)·(⃗r−⃗r′)} ) = = ∫_{pF} d_3p

(2π)^3

∫_{pF} d_3q

(2π)^3 − ∫_{pF} d_3p

(2π)^3 e^{−i⃗p·(⃗r−⃗r′)} ∫_{pF} d_3q

(2π)^3 e^{−i⃗q·(⃗r−⃗r′)}. (3.84) ParathroÔme ìti epanemfanÐzetai to oloklărwma pou ekfrĹzei ton pÐnaka puknìthtac enìc swmatidÐou (sqèseic (3.81), (3.82) ): G_s(⃗r − ⃗r^′) = ∫_{pF} d_3p

(2π)^3 e^{−i⃗p·(⃗r−⃗r′)} =

= p^3_F 2π^2x^3

[sin(x) − x cos(x)] = 3n 2 sin(x) − x cos(x) x^3 , x ≡ p_F |⃗r − ⃗r^′|. EpÐshc emfanÐzontai ta Ðdia oloklhrÿmata sth jèsh ⃗r − ⃗r^′ = ⃗0 :

∫_{pF} d_3p

(2π)^3

= G_s(⃗0) = n 2 . Antikajistÿntac sthn (3.84) autĹ ta apotelèsmata èqoume: ( n 2 )_2 g_{ss}(⃗r − ⃗r^′) = G_s(⃗0)G_s(⃗0) − G_s(⃗r − ⃗r^′)G_s(⃗r − ⃗r^′), dhladă: g_{ss}(⃗r − ⃗r^′) = 1 − ( 3 sin(x) − x cos(x) x^3

)_2 , x ≡ p_F |⃗r − ⃗r^′|.

50 KEF§ALAIO 3. DEUTERH KBANTWSH

SunoyÐzontac, sthn perÐptwsh s = s^′ to apotèlesma mporeÐ na parastajeÐ me ta diagrĹmmata:

Ψ^†(⃗r^′, s) Ψ(⃗r^′, s)

Ψ^†(⃗r, s) Ψ(⃗r, s) − Ψ^†(⃗r^′, s)

Ψ^†(⃗r, s)

Ψ(⃗r^′, s)

Ψ(⃗r, s)

Gia thn perÐptwsh s ≠ s^′, h anisìthta twn spin apokleÐei to “staurwtì” diĹgramma, opìte to apotèlesma eÐnai : g_{ss}′ = 1, ìpwc prĹgmati brăkame.

Efarmogă: h mèjodoc Hartree-Fock

Gia th melèth twn atìmwn to prÿto băma eÐnai na kataskeuasteÐ mia dokimastikă kumatosunĹrthsh, h opoÐa na enswmatÿnei ìso to dunatìn perissìtera apì ta qarakthristikĹ pou perimènoume. PolÔ suqnĹ epilègetai h legìmenh orÐzousa tou Slater twn katastĹsewn enìc swmatidÐou:

ψ_N (⃗x_1, ⃗x_2, . . . , ⃗x_N ) = 1 √ N! | | | | | | ϕ_1(⃗x_1) . . . ϕ_1(⃗x_N ) . . . . ϕ_N (⃗x_1) . . . ϕ_N (⃗x_N )

| | | | | | (3.85)

Sthn parapĹnw èkfrash ϕ_i(⃗x_j ) eÐnai mia prosdioristèa kbantikă katĹstash i me suntetagmènec ⃗x_j , pou upotÐjetai kanonikopoihmènh: < ϕ_k|ϕ_l >= δ_{kl}. H parapĹnw dokimastikă kumatosunĹrthsh sundèetai me thn katĹstash |ψ_N , t >= ∫ d^3x_1 . . . d^3x_N ψ_N (⃗x_1, . . . , ⃗x_N )Ψ^†(⃗x_1, t) . . . Ψ^†(⃗x_N , t)|0 > .

H Qamiltoniană grĹfetai: H = H_0 + V,

H_0 ≡ ∫ d^3x ∑ s Ψ^†_s(⃗x) ( − h̄^2 2m ∇^2 − Ze^2 |⃗x| ) Ψ_s(⃗x), V = 1 2 ∑ s,s^′ ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| Ψ^†_s(⃗x)Ψ^†_s′ (⃗x^′)Ψ_s′ (⃗x^′)Ψ_s(⃗x).

ApodeiknÔetai ìti < ψ_N , t|H_0|ψ_N , t >= N∑ i=1 ∫ d^3xϕ^∗_i (⃗x) ( − h̄^2 2m ∇^2 − Ze^2 |⃗x| ) ϕ_i(⃗x) =

3.7. SUSQETISMO§I SE A§ERIA BOSE KAI FERMI 51

= N∑ i=1 ∫ d^3x h̄^2|∇ϕ_i(⃗x)|^2 2m − N∑ i=1 ∫ d^3x Ze^2 |⃗x| ϕ^∗_i (⃗x)ϕ_i(⃗x). Ex Ĺllou: < ψ_N |V |ψ_N >= 1 2 ∑ s,s^′ ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| < ψ_N |Ψ^†_s(⃗x)Ψ^†_s′ (⃗x^′)Ψ_s′ (⃗x^′)Ψ_s(⃗x)|ψ_N > . AllĹ

< ψ_N |Ψ^†_s(⃗x)Ψ^†_s′ (⃗x^′)Ψ_s′ (⃗x^′)Ψ_s(⃗x)|ψ_N >≡< Ψ^†_s(⃗x)Ψ^†_s′ (⃗x^′)Ψ_s′ (⃗x^′)Ψ_s(⃗x) >= =< Ψ^†_s(⃗x)Ψ_s(⃗x) >< Ψ^†_s′ (⃗x^′)Ψ_s′ (⃗x^′) > − −δ_{ss}′ < Ψ^†_s(⃗x)Ψ_s(⃗x^′) >< Ψ^†_s(⃗x^′)Ψ_s(⃗x) >, ìpwc èqoume dei prohgoumènwc (kai isqÔei kai s’ autăn thn perÐptwsh), opìte: < ψ_N |V |ψ_N >= 1 2 ∑ i,j ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| |ϕ_i(⃗x)|^2|ϕ_j(⃗x^′)|^2−

− 1 2 ∑ i,j δ_{si,sj} ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| ϕ^∗_i (⃗x)ϕ_i(⃗x^′)ϕ^∗_j (⃗x^′)ϕ_j(⃗x) kai h anamenìmenh timă thc Qamiltonianăc eÐnai telikĹ: < H >= N∑ i=1 ∫ d^3xϕ^∗_i (⃗x) ( − h̄^2 2m ∇^2 − Ze^2 |⃗x| ) ϕ_i(⃗x)+ + 1 2 ∑ i,j ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| |ϕ_i(⃗x)|^2|ϕ_j(⃗x^′)|^2− − 1 2 ∑ i,j δ_{si,sj} ∫ d^3xd^3x^′ e^2 |⃗x − ⃗x^′| ϕ^∗_i (⃗x)ϕ_i(⃗x^′)ϕ^∗_j (⃗x^′)ϕ_j(⃗x). MetabĹllontac thn parapĹnw èkfrash wc proc ϕ^∗_i (⃗x) brÐskoume to sÔnolo mh grammikÿn exisÿsewn: ( − h̄^2 2m ∇^2 − Ze^2 |⃗x| ) ϕ_i(⃗x)+ ∫ d^3x^′ e^2 |⃗x − ⃗x^′| ∑ j ϕ^∗_j (⃗x^′)[ϕ_j(⃗x^′)ϕ_i(⃗x)−δ_{si,sj} ϕ_j(⃗x)ϕ_i(⃗x^′)] = = ϵ_iϕ_i(⃗x), i = 1, . . . , N, pou lègontai exisÿseic Hartree-Fock. H stajerĹ ϵ_i pou emfanÐzetai sto dexiì mèloc eÐnai proseggistikĹ (meÐon) h enèrgeia ionismoÔ. Den eÐnai akribÿc h enèrgeia ionismoÔ, giatÐ, an apomakrunjeÐ apì to Ĺtomo to hlektrìnio pou perigrĹfetai apì thn ϕ_i(⃗x), oi upìloipec ϕ_j(⃗x) den ja meÐnoun anephrèastec. Autèc oi parathrăseic sunapoteloÔn to jeÿrhma tou Koopmans.

52 KEF§ALAIO 3. DEUTERH KBANTWSH

3.7.2 Mpozìnia

Ac jewrăsoume tÿra mia kbantikă katĹstash |Φ > enìc sustămatoc mpozonÐwn pou perièqei n_{⃗p0} swmatÐdia me ormă ⃗p, n_{⃗p0} swmatÐdia me ormă ⃗p, k.o.k. Ja upologÐsoume posìthtec antÐstoiqec m’ ekeÐnec twn fermionÐwn, emplèkontac touc telestèc

Ψ^†(⃗r) = ∑ ⃗p e^{−i⃗r·⃗p} √ V a^†_{⃗p}, Ψ(⃗r) = ∑ ⃗p e^{i⃗r·⃗p} √ V a_{⃗p},

a^†_{⃗p} = ∫ d^3r e^{i⃗r·⃗p} √ V Ψ^†(⃗r), a_{⃗p} = ∫ d^3r e^{−i⃗r·⃗p} √ V Ψ(⃗r). XekinĹme me thn posìthta: < Φ|Ψ^†(⃗r)Ψ(⃗r)|Φ >=< Φ| ∑ ⃗p e^{−i⃗r·⃗p} √ V a^†_{⃗p} ∑ ⃗p^′ e^{i⃗r·⃗p′} √ V a_{⃗p}′ |Φ >=

= 1 V ∑ ⃗p,⃗p^′ e^{−i(⃗p−⃗p′)·⃗r} < Φ|a^†_{⃗p}a_{⃗p}′ |Φ >= 1 V ∑ ⃗p,⃗p^′ e^{−i(⃗p−⃗p′)·⃗r}n_{⃗p}δ_{⃗p,⃗p}′ = 1 V ∑ ⃗p n_{⃗p}. Ex Ĺllou:

< Φ|Ψ^†(⃗r)Ψ^†(⃗r^′)Ψ(⃗r^′)Ψ(⃗r)|Φ >= 1 V^2 ∑ ⃗p,⃗p^′,⃗q,⃗q^′ e^{−i(⃗p−⃗p′)·⃗r}e^{−i(⃗q−⃗q′)·⃗r′} < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ > . (3.86) Gia ton upologismì thc anamenìmenhc timăc xeqwrÐzoume thn perÐptwsh ⃗p ≠ ⃗q, pou upologÐzetai antÐstoiqa me th fermionikă perÐptwsh kai thn perÐptwsh ⃗p = ⃗q, pou den upărqe antÐstoiqo sta fermiìnia. Gia thn perÐptwsh ⃗p ≠ ⃗q, exetĹzoume tic dÔo upoperiptÿseic [⃗p = ⃗p^′, ⃗q = ⃗q^′] kai [⃗p = ⃗q^′, ⃗q = ⃗p^′]. δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ >= δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}a_{⃗p}|Φ > . To a_{⃗p} metatÐjetai me ta a_{⃗q} kai a^†_{⃗q}, afoÔ èqoume upojèsei ìti ⃗p ≠ ⃗q, opìte < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}a_{⃗p}|Φ >=< Φ|a^†_{⃗p}a_{⃗p}a^†_{⃗q}a_{⃗q}|Φ > . ’Opwc kai sth fermionikă perÐptwsh eisĹgoume èna plărec sÔnolo idiokatastĹsewn |X > kai sunĹgoume: < Φ|a^†_{⃗p}a_{⃗p}a^†_{⃗q}a_{⃗q}|Φ >= ∑ X < Φ|a^†_{⃗p}a_{⃗p}|X >< X|a^†_{⃗q}a_{⃗q}|Φ > .

3.7. SUSQETISMO§I SE A§ERIA BOSE KAI FERMI 53 H sqèsh a^†_{⃗q}a_{⃗q}|Φ >= n_{⃗q}|Φ > sunepĹgetai ìti < X|a^†_{⃗q}a_{⃗q}|Φ >= n_{⃗q} < X|Φ >= n_{⃗q}δ_{|X>,Φ>}. Autì shmaÐnei ìti apì to Ĺjroisma sta |X > epibiÿnei mìno ènac ìroc: ∑ X < Φ|a^†_{⃗p}a_{⃗p}|X >< X|a^†_{⃗q}a_{⃗q}|Φ >= n_{⃗p}n_{⃗q}, opìte: (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ >= (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ n_{⃗p}n_{⃗q}. (3.87) Gia thn perÐptwsh [⃗p = ⃗q^′, ⃗q = ⃗p^′] me parìmoia bămata prokÔptei: (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ >= (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗p}a_{⃗q}|Φ >= = (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ < Φ|a^†_{⃗p}a_{⃗p}a^†_{⃗q}a_{⃗q}|Φ >= = (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ∑ X < Φ|a^†_{⃗p}a_{⃗p}|X >< X|a^†_{⃗q}a_{⃗q}|Φ >= = (1 − δ_{⃗p,⃗q})δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ n_{⃗p}n_{⃗q}. (3.88) Mènei h perÐptwsh ⃗p = ⃗q, opìte upoqrewtikĹ kai ⃗p^′ = ⃗q^′. Qrhsimopoiÿntac th sqèsh a_{⃗p}a^†_{⃗p} − a^†_{⃗p}a_{⃗p} = 1 brÐskoume: δ_{⃗p,⃗q}δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ >= δ_{⃗p,⃗q}δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}a^†_{⃗p}a_{⃗p}a_{⃗p}|Φ >= = δ_{⃗p,⃗q}δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ < Φ|a^†_{⃗p}(a_{⃗p}a^†_{⃗p} − 1)a_{⃗p}|Φ > . H anamenìmenh timă gÐnetai, diadoqikĹ: < Φ|a^†_{⃗p}(a_{⃗p}a^†_{⃗p} − 1)a_{⃗p}|Φ >=< Φ|a^†_{⃗p}a_{⃗p}a^†_{⃗p}a_{⃗p}|Φ > − < Φ|a^†_{⃗p}a_{⃗p}|Φ >= = ∑ X < Φ|a^†_{⃗p}a_{⃗p}|X >< X|a^†_{⃗p}a_{⃗p}|Φ > −n_{⃗p} = (n_{⃗p})^2 − n_{⃗p}. (3.89) SunduĹzontac tic (3.87, 3.88, 3.89) brÐskoume: < Φ|a^†_{⃗p}a^†_{⃗q}a_{⃗q}′ a_{⃗p}′ |Φ >= (1 − δ_{⃗p,⃗q})[δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ + δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ]n_{⃗p}n_{⃗q}+ +δ_{⃗p,⃗q}δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ n_{⃗p}(n_{⃗p} − 1). AntikajistoÔme sthn (3.86) katalăgoume sthn: < Φ|Ψ^†(⃗r)Ψ^†(⃗r^′)Ψ(⃗r^′)Ψ(⃗r)|Φ >= = 1 V^2 ∑ ⃗p,⃗p^′,⃗q,⃗q^′ e^{−i(⃗p−⃗p′)·⃗r}e^{−i(⃗q−⃗q′)·⃗r′} {(1 − δ_{⃗p,⃗q})[δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ + δ_{⃗p,⃗q}′ δ_{⃗q,⃗p}′ ]n_{⃗p}n_{⃗q}+

54 KEF§ALAIO 3. DEUTERH KBANTWSH +δ_{⃗p,⃗q}δ_{⃗p,⃗p}′ δ_{⃗q,⃗q}′ n_{⃗p}(n_{⃗p} − 1)} = 1 V^2 ∑ ⃗p,⃗q (1 − δ_{⃗p,⃗q})(1 + e^{−i(⃗p−⃗q)·⃗r}e^{−i(⃗q−⃗p)·⃗r′} )n_{⃗p}n_{⃗q} + ∑ ⃗p,⃗q δ_{⃗p,⃗q}n_{⃗p}(n_{⃗p} − 1) =

= 1 V^2 ∑ ⃗p,⃗q [ n_{⃗p}n_{⃗q} − δ_{⃗p,⃗q}(n_{⃗p})^2 + e^{−i(⃗p−⃗q)·(⃗r−⃗r′)} − δ_{⃗p,⃗q}(n_{⃗p})^2 + δ_{⃗p,⃗q}(n_{⃗p})^2 − δ_{⃗p,⃗q}n_{⃗p} ] =

= 1 V^2 ∑ ⃗p n_{⃗p} ∑ ⃗q n_{⃗q} − ∑ ⃗p (n_{⃗p})^2 + ∑ ⃗p n_{⃗p}e^{−i⃗p·(⃗r−⃗r′)} ∑ ⃗q n_{⃗q}e^{+i⃗q·(⃗r−⃗r′)} − ∑ ⃗p n_{⃗p} =

= ( ∑ ⃗p n_{⃗p} V )_2 + | | | | | 1 V ∑ ⃗p n_{⃗p}e^{−i⃗p·(⃗r−⃗r′)} | | | | | 2 − 1 V^2 ∑ ⃗p n_{⃗p}(n_{⃗p} + 1) → → G_B ≡< Φ|Ψ^†(⃗r)Ψ^†(⃗r^′)Ψ(⃗r^′)Ψ(⃗r)|Φ >= = n^2 + | | | | | 1 V ∑ ⃗p n_{⃗p}e^{−i⃗p·(⃗r−⃗r′)} | | | | | 2 − 1 V^2 ∑ ⃗p n_{⃗p}(n_{⃗p} + 1). (3.90)

’Eqoume sumbolÐsei me n thn puknìthta twn mpozonÐwn.

UpenjumÐzoume to apotèlesma gia fermiìnia pou antistoiqeÐ sto (3.90):

G_F ≡< Φ_0|Ψ^†_s(⃗r)Ψ^†_s′ (⃗r^′)Ψ_s′ (⃗r^′)Ψ_s(⃗r)|Φ_0 >=

= ( n 2 )_2 − | | | | | 1 V ∑ ⃗p n_{⃗ps}e^{−i⃗p·(⃗r−⃗r′)} | | | | | 2 δ_{ss}′ . (3.91)

Mia sÔgkrish twn dÔo apotelesmĹtwn eÐnai polÔ qrăsimh. Sthn (3.90) upĹrqei ènac ìroc (o teleutaÐoc) o opoÐoc den upĹrqei sthn (3.91). O ìroc autìc eÐnai deutereÔousac shmasÐac, giatÐ eÐnai katĹ ènan parĹgonta^1_V mikrìteroc apì touc Ĺllouc dÔo, opìte, sto ìrio ìpou oi ìgkoi eÐnai sqetikĹ megĹloi, mporeÐ na paraleifjeÐ. H pio shmantikă diaforĹ metaxÔ twn dÔo ekfrĹsewn eÐnai to prìshmo tou deutèrou ìrou. Mia polÔ shmantikă eidikă perÐptwsh èqoume ìtan ⃗r = ⃗r^′. S’ autăn thn perÐptwsh to arnhtikì prìshmo sthn (3.91) meiÿnei to plĹtoc, enÿ gia ta mpozìnia to antÐstoiqo jetikì prìshmo to auxĹnei. To fusikì apotèlesma eÐnai ìti ta mpozìnia èqoun auxhmènh pijanìthta na brejoÔn sto Ðdio shmeÐo, se antÐjesh me ta fermiìnia, gia ta opoÐa to antÐstoiqo plĹtoc eÐnai mhdèn. H sumperiforĹ twn fermionÐwn prèpei na apodojeÐ sthn arqă tou Pauli pou apagoreÔei thn sunÔparxh tautotikÿn fermionÐwn me to Ðdio spin sthn Ðdia ormă. Gia ta mpozìnia ìqi mìno den upĹrqei tètoioc periorismìc, allĹ antÐjeta h sunÔparxh sthn Ðdia

3.8. S§UNDESH ME TA TAUTOTIK§A SWMAT§IDIA 55

ormă èqei idiaÐtera megĹlh pijanìthta. H arqă aută brÐsketai sth bĹsh thc sumpÔknwshc Bose-Einstein, pou eÐnai h katĹstash ìpou ìla ta mpozìnia èqoun susswreujeÐ sthn pio qamhlă ormă (n_{⃗p0} = N, n_{⃗pk≠0} = 0). Tìte:

G_B = ( N V )_2 + | | | | 1 V Ne^{−i⃗p0·(⃗r−⃗r′)} | | | | 2 − 1 V^2

N(N + 1) = = ( N V )_2 + ( N V )_2 − N(N + 1) V^2 = N(N − 1) V^2 . 3.8 SÔndesh thc deÔterhc kbĹntwshc me thn Kbantikă Mhqanikă tautotikÿn swmatidÐwn

KleÐnoume autì to kefĹlaio diatupÿnontac, qwrÐc apìdeixh, mia polÔ basikă prìtash, pou sundèei to formalismì thc deÔterhc kbĹntwshc me thn kbantikă mhqanikă pollÿn swmatidÐwn:

Prìtash: ’Estw h katĹstash enìc swmatidÐou |χ_1, t >= ∫ d^3xχ_1(⃗x)Ψ^†(⃗x, t)|0 >, h opoÐa upojètoume ìti ikanopoieÐ th sqèsh: Ĥ|χ_1, t >= E|χ_1, t >, Ĥ = − h̄^2 2m ∇^2 + V (⃗x)

Tìte apodeiknÔetai ìti h χ_1(x) ja ikanopoieÐ th qronoanexĹrthth exÐswsh tou Schrödinger gia thn Ðdia Qamiltoniană kai idiotimă enèrgeiac: Ĥχ_1(⃗x) = Eχ_1(⃗x). ’Estw tÿra h katĹstash n swmatidÐwn |χ_n, t >= ∫ d^3xχ_n(⃗x_1, . . . , ⃗x_n)Ψ^†(⃗x_1, t) . . . Ψ^†(⃗x_n, t)|0 >, h opoÐa upojètoume ìti ikanopoieÐ th sqèsh: Ĥ|χ_n, t >= E|χ_n, t >, Ĥ = − h̄^2 2m n∑ i=1 ∇^2_i + V (⃗x_1, . . . , ⃗x_n). Tìte h χ_n(⃗x_1, . . . , ⃗x_n) ikanopoieÐ thn exÐswsh Schrödinger pollÿn swmatidÐwn gia thn Ðdia Qamiltoniană kai idiotimă enèrgeiac: Ĥχ_n(⃗x_1, . . . , ⃗x_n) = Eχ_n(⃗x_1, . . . , ⃗x_n).

56 KEF§ALAIO 3. DEUTERH KBANTWSH

To fusikì nìhma eÐnai to exăc: h posìthta |χ_n(⃗x_1, . . . , ⃗x_n)|^2d^3x_1 . . . d^3x_n eÐnai h pijanìthta na brejeÐ to swmatÐdio 1 sto stoiqeiÿdh ìgko d^3x_1, to swmatÐdio 2 sto stoiqeiÿdh ìgko d^3x_2, . . . , kai tèloc to swmatÐdio n sto stoiqeiÿdh ìgko d^3x_n.

KefĹlaio 4

ASKHSEIS

1. Na graftoÔn rhtĹ oi exisÿseic Lagrange gia to diplì ekkremèc pou perigrĹfetai sth jewrÐa. Gia aplìthta mporeÐte na jewrăsete ìti l_1 = l_2 = l, m_1 = m_2 = m.

2. Gia mikrèc apomakrÔnseic (ja paraleifjoÔn ìloi oi ìroi anÿterhc tĹxhc apì touc grammikoÔc) grĹyte tic aplopoihmènec exisÿseic gia to diplì ekkremèc kai prosdiorÐste tic idiosuqnìthtec kai th morfă twn apomakrÔnsewn gia touc kanonikoÔc trìpouc talĹntwshc.

3. Jewrăste ulikì shmeÐo pou kineÐtai qwrÐc tribèc katĹ măkoc thc kukloeidoÔc:

x = a(θ − sin θ), y = a(1 + cos θ), 0 ≤ θ ≤ 2π.

(1) Na grĹyete th Lagkranziană kai tic exisÿseic kÐnhshc. (2) Na breÐte thn perÐodo talĹntwshc tou ulikoÔ shmeÐou. Upìdeixh: pijanìn n’ apodeiqteÐ qrăsimh h allagă metablhtăc: u ≡ cos^θ_2 .

4. ’Estw mia (Ĺgnwsth) kampÔlh y(x) sto epÐpedo xy, katĹ măkoc thc opoÐac kineÐtai qwrÐc tribèc èna ulikì shmeÐo upì thn epÐdrash tou bĹrouc tou. Na apodeiqteÐ ìti o qrìnoc pou ja qreiasteÐ gia thn kÐnhsh pou arqÐzei apì thn hremÐa sto shmeÐo (x_1, y_1 = y(x_1)) kai katalăgei sto (x_2, y_2 = y(x_2)) dÐnetai apì th sqèsh: T = ∫_{x=x2} x=x_1 dx √ 2g √ 1 + y^{′2} √ y_1 − y . 5. ApodeÐxte ìti, an ta akraÐa shmeÐa eÐnai dedomèna, h kampÔlh y(x), gia thn opoÐa o qrìnoc T eÐnai elĹqistoc ikanopoieÐ th diaforikă exÐswsh:

1 + y^{′2} + 2(y − y_1)y^{′′} = 0.

58 KEF§ALAIO 4. ASKHSEIS

O prosdiorismìc autăc thc kampÔlhc upărxe sto pareljìn to peribìhto prìblhma tou braqustoqrìnou. EpalhjeÔste ìti h kukloeidăc:

x = a(θ − sin θ), y = a(1 + cos θ), 0 ≤ θ ≤ 2π

ikanopoieÐ th diaforikă exÐswsh, Ĺra lÔnei to prìblhma. Upìdeixh: diairÿntac ta diaforikĹ dy kai dx mporeÐte na breÐte thn prÿth parĹgwgo dy dx sunartăsei tou θ.

6. Na prosdiorisjeÐ h kumatosunĹrthsh thc jemeliÿdouc katĹstashc tou kbantikoÔ armonikoÔ talantwtă me afethrÐa th sqèsh orismoÔ b|0 >= 0 kai thn èkfrash tou b sunartăsei twn ξ,^d_{dξ} .

7. Na brejoÔn oi kumatosunartăseic twn triÿn prÿtwn diegermènwn katastĹsewn tou kbantikoÔ armonikoÔ talantwtă xekinÿntac apì th sqèsh orismoÔ |n >=^{1√}_{n!} (b^†)^n|0 > .

8. Jewrăste ènan kbantikì armonikì talantwtă pou ufÐstatai mia epÐ plèon (qronoexartÿmenh) exwterikă dÔnamh. Na grafteÐ h exÐswsh Schrödinger me th boăjeia twn telestÿn dhmiourgÐac kai katastrofăc.

9. Na apodeiqjeÐ ìti h genikă lÔsh thc qronoexartÿmenhc exÐswshc tou Schrödinger h̄ωb^†b|Ψ >= ih̄^∂_{∂t} |Ψ > dÐnetai apì thn èkfrash: |Ψ >= ∑ n c_n 1 √ n! (b^†)^n|0 > e^{−inωt}. 10. Na apodeiqjeÐ epagwgikĹ ìti o parĹgontac kanonikopoÐhshc gia tic idiosunartăseic tou kbantikoÔ armonikoÔ talantwtă eÐnai N_n =^{1√}_{n!} . Upìdeixh: Jèste |n + 1 >= C_{n+1}b^†|n > kai prosdiorÐste to C_{n+1} apì thn apaÐthsh < n + 1|n + 1 >= 1 kai thn upìjesh < n|n >= 1.

11. UpologÐste tic posìthtec: (a) < n|(b^†)^2|n >, (b) < n|b^2|n >, (g) < n|b^†b|n >, (d) < n|bb^†|n > . 12. Jewrăste dÔo asÔzeuktouc talantwtèc me idiosunartăseic

|n_1, n_2 >= 1 √ n_1!n_2!

(b^†_1)^{n1} (b^†_2)^{n2} |0 > .

ApodeÐxte ìti < m_1m_2|n_1n_2 >= δ_{m1 n1} δ_{m2n2} kai upologÐste tic ekfrĹseic

(1) < m_1m_2|b_1|n_1n_2 >, (2) < m_1m_2|b^†_2|n_1n_2 >, (3) < m_1m_2|b^†_1b_2|n_1n_2 > .

13. Jewrăste armonikoÔc talantwtèc pou perigrĹfontai apì th qamiltoniană H = ∑ k h̄ω_k(b^†_kb_k − γ_kb_k − γ^∗_kb^†_k). Na apodeiqjeÐ ìti h kumatosunĹrthsh thc jemeliÿdouc katĹstashc eÐnai: |G >= ∏ k exp [ − 1 2 |γ_k|^2 ] exp[γ^∗_kb^†_k] exp[−γ_kb_k]|0 >, b_k|0 >= 0.

14. Na upologisteÐ o arijmìc twn fwnonÐwn sthn katĹstash |G > .

15. ’Estw ìti oi suntelestèc γ(t) kai γ^∗(t) exartÿntai apì to qrìno. DeÐxte ìti h exÐswsh tou Schrödinger h̄ω(b^†b − γb − γ^∗b^†)|Ψ >= ih̄ ∂ ∂t |Ψ > èqei lÔsh thc morfăc |Ψ >= e^{f(t)}e^{g(t)b†} |0 >, b|0 >= 0 kai prosdiorÐste ta f(t) kai g(t) sunartăsei oloklhrwmĹtwn twn γ kai γ^∗. Sth sunèqeia upologÐste ta b ≡< Ψ|b|Ψ > kai b^† ≡< Ψ|b^†|Ψ > kai apodeÐxte ìti ikanopoioÔn tic sqèseic d dt b^† = iωb^† − iωγ(t), d dt b = −iωb + iωγ^∗(t). 16. (a) BreÐte th lagkranziană gia mia grammikă diakrită alusÐda sta swmatÐdia thc opoÐac (ektìc apì tic dunĹmeic twn elathrÐwn) askoÔntai exwterikèc dunĹmeic f_l(t). (b) An f_l(t) = f_0δ_{ll0} sin ω_0t kai q_l(0) = q̇_l(0) = 0, na prosdiorisjeÐ to q_l(t).

17. Gia thn kbantismènh grammikă alusÐda na upologistoÔn oi posìthtec < Φ|q_l|Φ > kai < Φ|p_l|Φ >: (a) Gia |Φ >= |0 > kai gia |Φ >= ∏ k 1 √ n_k!

(b^†_k)^{nk} |0 > kai

60 KEF§ALAIO 4. ASKHSEIS

(b) Gia th sÔmfwnh katĹstash

|Φ >= exp [ − 1 2 |β|^2 ] e^{βb†k}0 |0 >, β = γe^{−iωk0 t}. DeÐxte epÐ plèon ìti h sÔmfwnh katĹstash eÐnai lÔsh thc qronoexarthmènhc exÐswshc tou Schrödinger: ( ∑ k h̄ω_kb^†_kb_k ) |Φ >= E|Φ > .

18. UpologÐste thn posìthta < Φ|q^2_l |Φ > (a) Gia |Φ >= |0 >, (b) Gia |Φ >= b^†_{k0} |0 > . 19. ’Estw ìti sto shmeÐo l_0 thc kbantikăc grammikăc alusÐdac topojeteÐtai èna prìsjeto fortÐo pou exaskeÐ dunĹmeic f_{l−l0} sta upìloipa swmatÐdia. (a) DeÐxte ìti h antÐstoiqh exÐswsh tou Schrödinger grĹfetai: ∑ k ( h̄ω_kb^†_kb_k − γ^∗_kb_k + γ_kb^†_k ) |Ψ >= E|Ψ > . Pÿc sundèontai ta γ_k kai γ^∗_k me tic dunĹmeic f_{l−l0} ; (b) BreÐte thn enèrgeia E_0 thc jemeliÿdouc katĹstashc kai thn antÐstoiqh kumatosunĹrthsh |Φ_0 > . H E_0 lègetai autoenèrgeia tou prìsjetou fortÐou. (g) Na upologisteÐ h posìthta < Φ_0|q_l|Φ_0 > .

20. Na upologisteÐ h posìthta < Φ|Ψ^†(⃗r)Ψ(⃗r^′)|Φ > ìpou |Φ >= ∏ k 1 √ n_k!

(b^†_k)^{nk} |0 >, Ψ(⃗r) = ∑ ⃗p e^{i⃗p·⃗r} √ V b_{⃗p}, Ψ^†(⃗r) = ∑ ⃗p e^{−i⃗p·⃗r} √ V b^†_{⃗p}. Parìmoia na upologisteÐ h posìthta < Φ|Ψ^†(⃗r)Ψ^†(⃗r^′)Ψ(⃗r^′)Ψ(⃗r)|Φ > . S’ autăn thn perÐptwsh diakrÐnete me prosoqă tic periptÿseic ìpou diĹforec ormèc eÐnai Ðsec ă ìqi.

21. Jewrăste th Qamiltoniană H = ϵa^†a + λϵ(a^† + a). Na brejoÔn oi idiotimèc thc enèrgeiac.

22. Jewrăste th Qamiltoniană H = − h̄^2 2m ∂^2 ∂x^2_1 − h̄^2 2m ∂^2 ∂x^2 + 1 2 mω^2(x^2_1 + x^2 + 2λx_1x_2),

ìpou 0 ≤ λ < 1. (1) MporeÐ kaneÐc na diagwnopoiăsei autăn thn èkfrash orÐzontac tic nèec metablhtèc y_1 = ax_1 + bx_2, y_2 = cx_1 + dx_2. ProsdiorÐste tic stajerèc a, b, c, d, ÿste h Qamiltoniană na pĹrei th morfă: H = − h̄^2 2m ∂^2 ∂y^2_1 − h̄^2 2m ∂^2 ∂y^2 + 1 2 mω^2_1 y^2_1 + 1 2 mω^2 y^2 .

Na prosdiorisjoÔn ta ω_1, ω_2. (2) OrÐste katĹllhlouc telestèc dhmiourgÐac kai katastrofăc ÿste na prosdiorÐsete tic idiotimèc enèrgeiac.

23. Jewrăste touc fermionikoÔc telestèc a_{⃗k}, a_{−⃗k}, pou sqetÐzontai me tic katastĹseic enìc swmatidÐou |⃗k > kai | − ⃗k > . (1) An orÐsoume nèouc telestèc b_{⃗k} = u_{⃗k}a_{⃗k} + v_{⃗k}a^†_{−⃗k}, b_{−⃗k} = u_{−⃗k}a_{−⃗k} + v_{−⃗k}a^†_{⃗k}, na brejoÔn oi sunjăkec upì tic opoÐec ta b_{⃗k}, b_{−⃗k} eÐnai epÐshc fermionikoÐ telestèc. (2) An to kenì oristeÐ me tic sqèseic b_{⃗k}|0 >= 0, b_{−⃗k}|0 >= 0, na upologisteÐ h parĹstash < 0|a^†_{⃗k}a_{⃗k}|0 > . O metasqhmatismìc pou eisăqjh parapĹnw lègetai metasqhmatismìc tou Bogoliubov kai •paÐzei megĹlo rìlo sth melèth thc uperagwgimìthtac.

24. Na lujeÐ to prohgoÔmeno prìblhma gia mpozonikoÔc telestèc.

25. Jewrăste th Qamiltoniană H = 2∑ i,j=1 a^†_i M_{ij} a_j, M = ( ϵ δ δ ϵ ) ,

ìpou ta a^†_i , a_j eÐnai mpozonikoÐ telestèc. Na diagwnopoihjeÐ h èkfrash kai na brejoÔn oi enèrgeiec twn yeudoswmatidÐwn pou ja gennioÔntai apì touc nèouc telestèc dhmiourgÐac.

26. Na diagwnopoihjeÐ h Qamiltoniană H = 2xa^†a + y^∗a^†a^† + yaa, ìpou x^∗ = x.

62 KEF§ALAIO 4. ASKHSEIS

27. OrÐzoume tic posìthtec S_i ≡ h̄ 2 (b^†_+ b^†_−)σ_i ( b_+ b_− ) , ìpou oi telestèc b^†_+(b_+) dhmiourgoÔn (katastrèfoun) mpozìnia me spin +^1_2 kai antÐstoiqa oi telestèc b^†_−(b_−) dhmiourgoÔn (katastrèfoun) mpozìnia me spin −^1_2 . (a) Na apodeiqteÐ ìti ta S_i ikanopoioÔn tic sqèseic metĹjeshc thc stroformăc. (b) Na apodeiqteÐ ìti

S^2 = h̄^2 N 2 ( N 2 + 1 ) , N = N_+ + N_−, N_+ ≡ b^†_+b_+ N_− ≡ b^†_−b_−. kai S_z = h̄ 2 (N_+ − N_−).

Autèc oi sqèseic sunepĹgontai ìti ta J =^{n++n−}_2 kai M =^{n+−n−}_2 eÐnai akèraioi. (Ta n_+ kai n_− orÐzontai mèsw twn sqèsewn N_+|n_+ >= n_+|n_+ >, N_−|n_− >= n_−|n_− >). 28. Jewrăste ìti mia monodiĹstath grammikă alusÐda perigrĹfetai apì th qamiltoniană ~H = − ∑ k,l J_{kl} ⃗S_k · ⃗S_l + Bgβ_0 ∑ m (S_m)_z.

Ta S_m eÐnai telestèc tou spin, ìpwc orÐzontai sthn prohgoÔmenh Ĺskhsh. An upojèsoume ìti exetĹzoume mìno mikrèc apoklÐseic apì th jemeliÿdh katĹstash (ìla ta spin kĹtw), apodeiknÔetai ìti h qamiltoniană mporeÐ na proseggisteÐ apì thn

H = E_0 + h̄^2 ∑ k,l J_{kl}b^†_{k,+}b_{k,+} − h̄^2 ∑ k,l J_{kl}b^†_{k,+}b_{l,+} + Bgβ_0 ∑ m b^†_{m,+}b_{m,+}. JewroÔme ìti h grammikă alusÐda eÐnai periodikă kai J_{k+q,l+q} = J_{kl}. Na apodeiqteÐ ìti, an orÐsoume touc nèouc telestèc b̃^†_p ≡ 1√ 2π +∞∑ −∞ b^†_{k,+}e^{ipk}, b^†_{k,+} ≡ 1 √ 2π ∫_{2π} 0 dpb̃^†_pe^{−ipk}, h qamiltoniană grĹfetai kai upì th morfă

H = E_0 + ∫_{2π} 0 dpb̃^†_pb̃_p[h̄^2f̃(0) − h̄^2f̃(p) + Bgβ_0h̄], ìpou f̃(p) ≡ ∑ k J_{kl}e^{−ip(l−k)}. Oi telestèc b̃^†_p dhmiourgoÔn swmatÐdia pou lègontai magnìnia (magnons). H parĹstash ϵ_p ≡ h̄^2f̃(0) − h̄^2f̃(p) + Bgβ_0h̄ eÐnai, sunepÿc, h enèrgeia enìc magnonÐou me kumatarijmì p. Jewrăste to ìrio mikroÔ kumatikoÔ arijmoÔ. Pÿc gÐnetai h sqèsh diasporĹc kai poiĹ eÐnai h mĹza enìc magnonÐou;

29. N’ apodeiqteÐ ìti h katĹstash χ ≡ 1 √ 2π ∑ j e^{ipj}b^†_{j,+}b_{j,−}|0 >, (b_{j,+}|0 >= 0) eÐnai idiokatĹstash thc arqikăc Qamiltonianăc: ~H = − ∑ k,l J_{kl} ⃗S_k · ⃗S_l + Bgβ_0 ∑ m (S_m)_z.

Upìdeixh: Na apodeiqteÐ prÿta ìti h Qamiltoniană isoÔtai me: H = − h̄^2 2 ∑ m,n J_{mn} [ b^†_{m,+}b_{m,−}b^†_{n,−}b_{n,+} + b^†_{m,−}b_{m,+}b^†_{n,+}b_{n,−}+

+2(b^†_{m,+}b_{m,+} − J)(b^†_{n,+}b_{n,+} − J) ] + Bgβ_0h̄ ∑ m b^†_{m,+}b_{m,+}.