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2 PERIEQ�OMENA



Kef�laio 1

ANALUTIKH DUNAMIKH

1.1 Lagkranzian  diatÔpwsh
Epanalamb�noume k�poia stoiqeÐa analutik c dunamik c pou eÐnai qr sima
sthn an�ptuxh jem�twn pou ja mac apasqol soun argìtera. Sth diatÔpwsh
tou Lagrange gÐnetai apokleistik  qr sh twn genikeumènwn suntetagmènwn
q1, q2, . . . , qn, pou eÐnai is�rijmec me touc bajmoÔc eleujerÐac kai sundèontai
me tic orjog¸niec kartesianèc suntetagmènec me tic sqèseic:

xν = xν(q1, q2, . . . , qn, t)

yν = yν(q1, q2, . . . , qn, t)

zν = zν(q1, q2, . . . , qn, t)

 , piì sunoptik�:
~rν = ~rν(q1, q2, . . . , qn).

O deÐkthc ν upodhl¸nei ta di�fora swmatÐdia pou sunapoteloÔn to sÔsthma,
pou èqei n bajmoÔc eleujerÐac. Gia par�deigma, jewroÔme to diplì ekkremèc
pou eÐnai periorismèno na kineÐtai sto epÐpedo xy. An jèlame na to perigr�-
youme me orjog¸niec suntetagmènec, ja qreiazìmaste ta x1, y1, x2 kai y2.

A
A
A
At(x2, y2)

@
@@t(x1, y1)

θ1 l1

θ2

l2

3
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MporoÔme ìmwc na qrhsimopoi soume wc genikeumènec suntetagmènec tic
gwnÐec θ1 kai θ2 twn dÔo nhm�twn me thn katakìrufo kai na ekfr�soume tic
orjog¸niec suntetagmènec me tic sqèseic:

x1 = l1 cos θ1

y1 = l1 sin θ1

x2 = l1 cos θ1 + l2 cos θ2

y2 = l1 sin θ1 + l2 sin θ2

O deÔteroc nìmoc tou NeÔtwna gia to swmatÐdio ν gr�fetai:

mν
∂2~rν

∂t2
= ~Fν .

EÐnai eÔkolo n' apodeiqteÐ ìti gia thn kinhtik  enèrgeia

T =
∑
ν

1

2
mν

(
∂~rν

∂t

)2

isqÔoun oi idiìthtec:

∂T

∂qa

=
∑
ν

mν

(
∂~rν

∂t

) (
∂2~rν

∂qa∂t

)
,

∂T

∂q̇a

=
∑
ν

mν

(
∂~rν

∂t

) (
∂~rν

∂qa

)
. (1.1)

O nìmoc tou NeÔtwna sunep�getai ìti:

mν

(
∂2~rν

∂t2

)
·
(

∂~rν

∂qa

)
= ~Fν ·

(
∂~rν

∂qa

)
→

→ mν
d

dt

(
∂~rν

∂t
· ∂~rν

∂qa

)
−mν

(
∂~rν

∂t

)
·
(

∂2~rν

∂qa∂t

)
= ~Fν ·

(
∂~rν

∂qa

)
→

→ ∑
ν

d

dt

(
mν

∂~rν

∂t
· ∂~rν

∂qa

)
−∑

ν

mν

(
∂~rν

∂t

)
·
(

∂2~rν

∂qa∂t

)
=

∑
ν

~Fν ·
(

∂~rν

∂qa

)
.

Qrhsimopoi¸ntac tic sqèseic (1.1) h teleutaÐa sqèsh gÐnetai:

d

dt

(
∂T

∂q̇a

)
− ∂T

∂qa

=
∑
ν

~Fν ·
(

∂~rν

∂qa

)
. (1.2)

Autèc oi sqèseic eÐnai mia pr¸th morf  twn exis¸sewn Lagrange. H èkfrash
pa ≡ ∂T

∂q̇a
lègetai genikeumènh orm , en¸ to deÔtero mèloc fa ≡ ∑

ν
~Fν ·

(
∂~rν

∂qa

)

lègetai genikeumènh dÔnamh.
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Sth sunèqeia ja jewr soume th spoudaÐa eidik  perÐptwsh pou h dÔnamh
par�getai apì dunamikì: ~Fν = −~∇νV. H genikeumènh dÔnamh gÐnetai:

∑
ν

~Fν ·
(

∂~rν

∂qa

)
= −∑

ν

~∇νV ·
(

∂~rν

∂qa

)
=

= −∑
ν

[
∂V

∂xν

∂xν

∂qa

+
∂V

∂xν

∂xν

∂qa

+
∂V

∂xν

∂xν

∂qa

]
= −∂V

∂qa

.

M' autì to dedomèno, h sqèsh (1.2) gr�fetai:

d

dt

(
∂T

∂q̇a

)
− ∂T

∂qa

= −∂V

∂qa

→ d

dt

(
∂(T − V )

∂q̇a

)
− ∂(T − V )

∂qa

= 0,

ìpou èqoume upojèsei ìti to dunamikì exart�tai mìno apì tic suntetagmènec
qa kai ìqi apì tic genikeumènec taqÔthtec q̇a. OrÐzoume th sun�rthsh

L ≡ T − V

pou onom�zetai Lagkranzian  sun�rthsh kai oi exis¸seic tou Lagrange paÐr-
noun thn pio sunhjismènh touc morf :

d

dt

(
∂L

∂q̇a

)
− ∂L

∂qa

= 0. (1.3)

Par�deigma: Gia to aplì ekkremèc h kinhtik  enèrgeia eÐnai: T = 1
2
mv2 =

1
2
m(lθ̇)2 kai h dunamik  enèrgeia: V = mg(l − l cos θ), ìpou θ eÐnai h gwnÐa

pou sqhmatÐzei to n ma me thn katakìrufo. H Lagkranzian  eÐnai, loipìn:
L = T − V = 1

2
m(lθ̇)2 −mg(l− l cos θ). Xekin¸ntac apì tic parathr seic ìti

∂L
∂θ

= −mgl sin θ, ∂L
∂θ̇

= ml2θ̇ efarmìzoume thn exÐswsh (1.3) kai brÐskoume:

ml2θ̈ + mgl sin θ = 0 → θ̈ +
g

l
sin θ = 0,

pou gia mikrèc gwnÐec apom�krunshc metapÐptei sth gnwst : θ̈+ g
l
θ = 0. Apì

pleur�c orologÐac to θ eÐnai h genikeumènh suntetagmènh, to ∂L
∂θ̇

= ml2θ̇ =

ml(lθ̇) = mlv, dhlad  h genikeumènh orm  den eÐnai �llh apì th stroform .
H genikeumènh dÔnamh isoÔtai me −∂V

∂θ
= mgl sin θ, pou eÐnai h probol  thc

dÔnamhc kat� m koc thc troqi�c.
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1.1.1 Sunj kec p�nw stic genikeumènec suntetagmènec
An up�rqoun (dÔo, èstw) sqèseic pou sundèoun tic genikeumènec suntetag-
mènec metaxÔ touc, kai pou mporoÔn na graftoÔn me th morf :

[
n∑

a=1

Aadqa + Adt = 0,
n∑

a=1

Badqa + Bdt = 0] ⇔

⇔ [
n∑

a=1

Aaq̇a + A = 0,
n∑

a=1

Baq̇a + B = 0],

oi genikeumènec suntetagmènec den eÐnai pia anex�rthtec kai oi exis¸seic (1.2)
prèpei na tropopoihjoÔn stic:

d

dt

(
∂T

∂q̇a

)
− ∂T

∂qa

=
∑
ν

~Fν ·
(

∂~rν

∂qa

)
+ λ1Aa + λ2Ba, a = 1, . . . , n.

EpÐshc, oi exis¸seic (1.3) pou anafèrontai se diathrhtik� sust mata, tropo-
poioÔntai stic:

d

dt

(
∂L

∂q̇a

)
− ∂L

∂qa

= λ1Aa + λ2Ba, a = 1, . . . , n.

Oi stajerèc λ1 kai λ2 eÐnai pollaplasiastèc Lagrange kai oi parast�seic
λ1Aa kai λ2Ba eÐnai oi genikeumènec dun�meic pou apaitoÔntai gia na epiblh-
joÔn oi periorismoÐ. Ac epikentr¸soume sthn teleutaÐa morf  twn exis¸sewn
kai ac jewr soume èna swmatÐdio se barutikì pedÐo pou kineÐtai upoqrewtik�
s' èna paraboloðdèc ek peristrof c me exÐswsh

x2 + y2 ≡ ρ2 = az → 2ρdρ− adz = 0.

H Lagkranzian  ja grafteÐ se kulindrikèc suntetagmènec:

L =
1

2
m

(
ρ̇2 + ρ2φ̇2 + ż2

)
−mgz.

EÐnai profanèc ìti

q1 = ρ, q2 = φ, q3 = z, A1 = 2ρ,A2 = 0, A3 = −a

kai ìti èqoume mìno ènan periorismì, �ra mac qrei�zetai mìno to λ1. Oi
exis¸seic kÐnhshc

d

dt

(
∂L

∂q̇a

)
− ∂L

∂qa

= λ1Aa, a = 1, 2, 3
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eÐnai:

d

dt

(
∂L

∂ρ̇

)
− ∂L

∂ρ
= λ12ρ,

d

dt

(
∂L

∂φ̇

)
− ∂L

∂φ
= 0,

d

dt

(
∂L

∂ż

)
− ∂L

∂z
= −aλ1,

pou met� tic pr�xeic gÐnontai:

m
(
ρ̈− ρφ̇2

)
= 2λ1ρ, m

d

dt
(ρ2θ̇) = 0, mz̈ = −mg − λ1a.

O periorismìc ρ2 = az sunep�getai thn

2ρρ̇− aż = 0,

pou, mazÐ me tic exis¸seic kÐnhshc, sunapoteleÐ tic tèssereic exis¸seic pou
eÐnai aparaÐthtec gia ton prosdiorismì twn tess�rwn agn¸stwn ρ, φ, z kai
λ1.

1.2 Qamiltonian  diatÔpwsh
Xekin¸ntac apì ton orismì twn genikeumènwn orm¸n pa ≡ ∂T

∂q̇a
mporeÐ kaneÐc

(toul�qiston kat' arq n) na ekfr�sei tic genikeumènec taqÔthtec q̇a sunar-
t sei twn apomakrÔnsewn qa kai twn genikeumènwn orm¸n pa. OrÐzoume ton
metasqhmatismì Legendre thc Lagkranzian c, pou ja ton lème Qamiltonian 
sun�rthsh, me th sqèsh:

H(pa, qa, t) ≡
n∑

a=1

paq̇a − L(qa, q̇a, t).

EpishmaÐnoume ìti oi genikeumènec taqÔthtec tou dexioÔ mèlouc prèpei na a-
ntikatastajoÔn ìpwc exhg same lÐgo prin, opìte, an kai sto dexiì mèloc em-
fanÐzontai oi genikeumènec taqÔthtec, h Qamiltonian  telik� eÐnai sun�rthsh
twn genikeumènwn orm¸n, twn apomakrÔnsewn kai endeqomènwc tou qrìnou.

H Qamiltonian  prosfèrei mia enallaktik  diatÔpwsh thc klasik c mh-
qanik c. Gia na to doÔme, jewroÔme to diaforikì thc H :

dH =
∑
a

dpaq̇a +
∑
a

padq̇a −
∑
a

∂L

∂qa

dqa −
∑
a

∂L

∂q̇a

dq̇a − ∂L

∂t
dt.

O orismìc thc genikeumènhc orm c deÐqnei ìti o deÔteroc kai o tètartoc ìroc
tou dexioÔ mèlouc allhloanairoÔntai. EpÐ plèon, oi exis¸seic tou Lagrange
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gr�fontai: ∂L
∂qa

= d
dt

(
∂L
∂q̇a

)
= dpa

dt
≡ ṗa. H èkfrash gia to diaforikì gr�fetai,

loipìn:
dH =

∑
a

q̇adpa −
∑
a

ṗadqa − ∂L

∂t
dt.

Ex �llou, an l�boume up' ìyh ìti oi anex�rthtec metablhtèc thc Qamiltonia-
n c eÐnai oi pa, qa kai t, to diaforikì gr�fetai enallaktik� me th morf :

dH =
∑
a

∂H

∂pa

dpa +
∑
a

∂H

∂qa

dqa +
∂H

∂t
dt,

opìte, sugkrÐnontac tic dÔo ekfr�seic gia to diaforikì sun�goume tic sqè-
seic:

q̇a =
∂H

∂pa

, ṗa = −∂H

∂qa

(1.4)

kai ∂H
∂t

= −∂L
∂t

. Oi exis¸seic (1.4) lègontai exis¸seic tou Hamilton kai eÐ-
nai mia isodÔnamh diatÔpwsh me th Lagkranzian . ApodeiknÔetai ìti, gia
diathrhtik� sust mata, isqÔei:

H = T + V.

Gia to par�deigma tou aploÔ ekkremoÔc h lagkranzian , ìpwc èqoume  dh
pei eÐnai: L = T − V = 1

2
m(lθ̇)2 −mg(l − l cos θ) kai h suzug c orm  pθ ≡

∂L
∂θ̇

= ml2θ̇ → θ̇ = pθ

ml2
. 'Ara: H ≡ pθθ̇ − L = (ml2θ̇)θ̇ − 1

2
m(lθ̇)2 + mg(l −

l cos θ) = 1
2
ml2θ̇2+mg(l−l cos θ). Bèbaia, ìpwc eÐpame, h Qamiltonian  prèpei

na ekfr�zetai wc sun�rthsh thc apom�krunshc θ kai thc suzugoÔc orm c pθ,
opìte antikajistoÔme to θ̇ me to Ðso tou pθ

ml2
kai katal goume sthn telik 

èkfrash:

H =
p2

θ

2ml2
+ mg(l − l cos θ).

O kinhtikìc ìroc eÐnai thc morf c L2

2I
, afoÔ pθ = L, dhlad  h stroform , kai

ml2 = I, dhlad  h rop  adr�neiac perÐ to shmeÐo ex�rthshc. Oi exis¸seic
tou Q�milton dÐnoun:

θ̇ =
∂H

∂pθ

=
pθ

ml2
, ṗθ = −∂H

∂θ
= −mgl sin θ.

Prìkeitai gia dÔo exis¸seic pr¸thc t�xhc wc proc to qrìno, apì tic opoÐec
eÐnai eÔkolo na katal xoume sthn isodÔnamh exÐswsh Lagrange: arkeÐ na
antikatast soume sth deÔterh exÐswsh tou Q�milton to pθ ìpwc dÐnetai apì
thn pr¸th: d

dt
(ml2θ̇) = −mgl sin θ → θ̈ + g

l
sin θ = 0.
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1.3 AgkÔlec Poisson

An èqoume dÔo posìthtec F kai G pou exart¸ntai apì tic apomakrÔnseic qa,
tic suxugeÐc ormèc pa kai to qrìno t, h agkÔlh Poisson orÐzetai wc ex c:

[F, G] =
∑
a

(
∂F

∂pa

∂G

∂qa

− ∂F

∂qa

∂G

∂pa

)
.

ApodeiknÔetai ìti isqÔoun oi idiìthtec:

[F, G] = −[G,F ], [F1 + F2, G] = [F1, G] + [F2, G],

[F, [G,H]] + [G, [H, F ]] + [H, [F, G]] = 0, [A,BC] = [A,B]C + B[A,C],

[F, qr] =
∂F

∂pr

, [F, pr] = −∂F

∂qr

.

'Iswc h pio spoudaÐa idiìtht� touc eÐnai ìti, gia opoiad pote sun�rthsh
f(qa, pa, t) isqÔei:

df

dt
=

∂f

∂t
+ [H, f ]. (1.5)

Pr�gmati:
df

dt
=

∂f

∂t
+

∑
a

(
∂f

∂qa

∂qa

∂t
+

∂f

∂pa

∂pa

∂t

)
=

=
∂f

∂t
+

∑
a

(
∂f

∂qa

∂H

∂pa

− ∂f

∂pa

∂H

∂qa

)
≡ ∂f

∂t
+ [H, f ],

ìpou qrhsimopoi same tic exis¸seic tou Q�milton:

∂qa

∂t
≡ q̇a =

∂H

∂pa

,
∂pa

∂t
≡ ṗa = −∂H

∂qa

.

To 1925 o Dirac parat rhse ìti oi di�forec sqèseic thc kbantik c mhqanik c
eÐnai dunatìn na prokÔyoun an kaneÐc antikatast sei tic agkÔlec Poisson me
touc antÐstoiqouc metajètec di� ih̄ :

[A,B]Poisson ⇒ [A,B]

ih̄
.

'Ena pr¸to par�deigma eÐnai h klasik  sqèsh [xi, pj] = δij pou me thn antika-
t�stash pou perigr�yame dÐnei thn [xi,pj ]

ih̄
= δij → [xi, pj] = ih̄δij, pou eÐnai h

basik  sqèsh sthn opoÐa basÐzetai h kbantik  mhqanik . 'Allo shmantikì pa-
r�deigma eÐnai h sqèsh (1.5), ìpwc diamorf¸netai gia mia posìthta F (qa, pa)
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pou den exart�tai rht� apì to qrìno. H klasik  exÐswsh kÐnhshc (1.5) gr�-
fetai: dF

dt
= [H, F ], kai me thn antikat�stash [H, F ] → [Ĥ,F̂ ]

ih̄
paÐrnoume thn

antÐstoiqh kbantik  exÐswsh kÐnhshc gia ton telest  F̂ :

dF̂

dt
= ih̄[Ĥ, F̂ ],

pou den eÐnai tÐpot' �llo apì thn exÐswsh gia thn kÐnhsh tou kbantikoÔ telest 
F̂ sthn eikìna tou Heisenberg. H kbantik  exÐswsh eÐnai genikìterh apì thn
klasik , me thn ènnoia ìti isqÔei kai gia telestèc ìpwc to spin, pou den èqoun
klasikì an�logo.



Kef�laio 2

TAUTOTIKA SWMATIDIA

Gia lìgouc plhrìthtac dÐnoume s' autì to kef�laio mia stoiqei¸dh perigraf 
twn tautotik¸n swmatidÐwn sthn kbantik  mhqanik . Sthn klasik  mhqanik 
mporeÐ kaneÐc na diakrÐnei dÔo panomoiìtupa swmatÐdia, lìgou q�rin para-
kolouj¸ntac tic diakritèc troqièc touc. Sthn Kbantik  Mhqanik  autì den
eÐnai pia dunatì, lìgw thc epik�luyhc twn dÔo kumatosunart sewn. 'Ara, to
mìno pou mporeÐ na eipwjeÐ me axiopistÐa eÐnai ìti èna swmatÐdio brÐsketai
sthn kat�stash 1 kai èna sthn kat�stash 2, qwrÐc na prosdiorÐzetai poio apì
ta dÔo brÐsketai sthn k�je mia. Autì katal gei sthn arq  ìti duì kbanti-
kèc katast�seic dÔo swmatidÐwn pou diafèroun mìno wc proc thn enallag 
dÔo tautotik¸n swmatidÐwn prèpei na eÐnai fusik� isodÔnamec. Autì sune-
p�getai ìti oi dÔo antÐstoiqec kumatosunart seic prèpei na diafèroun mìno
kat� ènan pollaplasiastikì par�gonta λ. An ξ1 kai ξ2 sumbolÐzoun to sÔ-
nolo twn suntetagmènwn pou qarakthrÐzoun ta dÔo swmatÐdia, tìte gia thn
kumatosun�rths  touc ja isqÔei: Ψ(ξ2, ξ1) = λΨ(ξ1, ξ2). An t¸ra enall�xou-
me gia mia epÐ plèon for� ta dÔo swmatÐdia ja isqÔei h epiprìsjeth sqèsh:
Ψ(ξ1, ξ2) = λΨ(ξ2, ξ1), opìte Ψ(ξ2, ξ1) = λ2Ψ(ξ2, ξ1), dhlad  λ = ±1. Autì
shmaÐnei ìti eÐte h kumatosun�rthsh ja eÐnai summetrik :

Ψ(ξ2, ξ1) = +Ψ(ξ1, ξ2), (2.1)

pou sumbaÐnei gia swmatÐdia me akèraio spin pou lègontai mpozìnia, eÐte
antisummetrik :

Ψ(ξ2, ξ1) = −Ψ(ξ1, ξ2), (2.2)
pou sumbaÐnei gia swmatÐdia me hmiperittì spin pou lègontai fermiìnia. A-
c jewr soume t¸ra èna sÔsthma N tautotik¸n swmatidÐwn, twn opoÐwn h
amoibaÐa allhlepÐdrash mporeÐ na amelhjeÐ. Oi kumatosunart seic pou a-
ntistoiqoÔn se katast�seic enìc swmatidÐou eÐnai oi ψk, k = 1, 2, 3, . . . , pou

11
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epilègontai na sunapoteloÔn èna orjokanonikì sÔnolo. To jèma pou tÐjetai
eÐnai p¸c na ekfrasteÐ h kumatosun�rthsh tou sust matoc sunart sei twn
ψk. Ac perioristoÔme kat' arq n se èna sÔsthma dÔo mpozonÐwn pou to èna
brÐsketai sthn kat�stash ψk1 kai to �llo sthn ψk2 , pou upojètoume ìti eÐnai
diaforetikèc metaxÔ touc. H kumatosun�rthsh tou sust matoc ja dÐnetai
apì èna �jroisma ginomènwn, sth sugkekrimènh perÐptwsh:

ΨS(ξ1, ξ2) =
1√
2
[ψk1(ξ1)ψk2(ξ2) + ψk2(ξ1)ψk1(ξ2)].

O par�gontac 1√
2
èqei tejeÐ gia lìgouc kanonikopoÐhshc. EÐnai profanèc ìti

h sun�rthsh eÐnai summetrik  (2.1) kat� thn enallag  twn swmatidÐwn. 1

H ΨS(ξ1, ξ2) profan¸c ikanopoieÐ thn exÐswsh tou Schrödinger, afoÔ h
allhlepÐdrash twn swmatidÐwn metaxÔ touc eÐnai amelhtèa kai epomènwc h
Qamiltonian  eÐnai apl� to �jroisma twn dÔo epÐ mèrouc Qamiltonian¸n. Pio
sugkekrimèna

Ĥ(ξ1, ξ2) = Ĥξ1 + Ĥξ2 ,

ìpou mia pijan  morf  ja mporoÔse na eÐnai:

Ĥξ1 = − h̄2

2m

∂2

∂ξ2
1

+ V (ξ1), Ĥξ2 = − h̄2

2m

∂2

∂ξ2
2

+ V (ξ2).

IsqÔei ìti

Ĥ(ξ1, ξ2)[ψk1(ξ1)ψk2(ξ2)] = [Ĥξ1 + Ĥξ2 ][ψk1(ξ1)ψk2(ξ2)] =

= [Ĥξ1ψk1(ξ1)]ψk2(ξ2) + ψk1(ξ1)[Ĥξ2ψk2(ξ2)] =

= [Ek1ψk1(ξ1)]ψk2(ξ2) + ψk1(ξ1)[Ek2ψk2(ξ2)] = (Ek1 + Ek2)[ψk1(ξ1)ψk2(ξ2)],

dhlad  h sun�rthsh ψk1(ξ1)ψk2(ξ2) eÐnai idiosun�rthsh thc olik c Qamilto-
nian c Ĥ(ξ1, ξ2) me idiotim  Ek1 + Ek2 . To Ðdio akrib¸c isqÔei, profan¸c kai
gia thn ψk2(ξ1)ψk1(ξ2), �ra kai gia ton grammikì sunduasmì touc ΨS(ξ1, ξ2).

An perigr�foume fermiìnia, prèpei na sqhmatÐsoume ton antisummetrikì
sunduasmì, dhlad  thn kumatosun�rthsh

ΨA(ξ1, ξ2) =
1√
2
[ψk1(ξ1)ψk2(ξ2)− ψk2(ξ1)ψk1(ξ2)]. (2.3)

1Prèpei na tonÐsoume ìti sta parap�nw èqoume k�nei th siwphl  upìjesh ìti k1 6=
k2. Sthn antÐjeth perÐptwsh (k2 = k1) h kumatosun�rthsh eÐnai apl� ΨS(ξ1, ξ2) =
ψk1(ξ1)ψk1(ξ2) (qwrÐc suntelest  kanonikopoÐhshc).
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ParathroÔme ìti s' aut n thn kumatosun�rthsh enswmat¸netai h apagoreu-
tik  arq  tou Pauli: an jewr soume ìti ta dÔo fermiìnia brÐskontai sthn Ðdia
kbantik  kat�stash (k2 = k1) eÐnai fanerì ìti Ψ(ξ1, ξ2) = 0, dhlad  autì to
endeqìmeno èqei mhdenik  pijanìthta.

'Ena endiafèron er¸thma eÐnai to akìloujo: an dÔo fermiìnia (p.q. h-
lektrìnia) eÐnai polÔ apomakrusmèna metaxÔ touc, ja perÐmene kaneÐc ìti h
kumatosun�rthsh tou enìc ja èprepe na perigr�fei epark¸c thn kbantik 
kat�stash tou swmatidÐou. P¸c sumbib�zetai autì me thn apaÐthsh h ku-
matosun�rthsh pou perigr�fei ta dÔo swmatÐdia na eÐnai antisummetrik ; H
ap�nthsh eÐnai ìti kat' arq n prèpei na qrhsimopoieÐtai h antisummetrik  ku-
matosun�rthsh (2.3). EpÐ plèon, up�rqoun ta dedomèna ìti

ψk1(ξ)ψk2(ξ) = ψ∗k1
(ξ)ψk2(ξ) = ψk1(ξ)ψ

∗
k2

(ξ) = ψ∗k1
(ξ)ψ∗k2

(ξ) = 0.

Autì gÐnetai katanohtì an skefteÐ kaneÐc ìti, an to ξ brÐsketai sthn pe-
rioq  ìpou h kumatosun�rthsh ψk1(ξ) èqei shmantik� meg�lh tim , h ψk2(ξ)
ja eÐnai kont� sto mhdèn, opìte to antÐstoiqo ginìmeno eÐnai kont� sto mh-
dèn (antÐstoiqa pr�gmata ja isqÔoun an enall�xoume ta k1 kai k2). Aut 
eÐnai h èkfrash tou gegonìtoc ìti ta dÔo hlektrìnia eÐnai apomakrusmèna
kai kal� diaqwrismèna metaxÔ touc. H pijanìthta P (x) to swmatÐdio na
brejeÐ sth jèsh ξ isoÔtai me to �jroisma dÔo pijanot twn: thc pijanìth-
tac

∫
dξ2Ψ

∗
A(ξ, ξ2)ΨA(ξ, ξ2) to swmatÐdio 1 na brejeÐ sto ξ, anex�rthta tou

poÔ brÐsketai to swmatÐdio 2 kai thc pijanìthtac
∫

dξ1Ψ
∗
A(ξ1, ξ)ΨA(ξ1, ξ) to

swmatÐdio 2 na brejeÐ sto ξ, anex�rthta tou poÔ brÐsketai to swmatÐdio 1.
Dhlad :

P (ξ) =
∫

dξ2Ψ
∗
A(ξ, ξ2)ΨA(ξ, ξ2) +

∫
dξ1Ψ

∗
A(ξ1, ξ)ΨA(ξ1, ξ) =

=
1

2

∫
dξ2[ψk1(ξ)ψk2(ξ2)− ψk2(ξ)ψk1(ξ2)]

∗[ψk1(ξ)ψk2(ξ2)− ψk2(ξ)ψk1(ξ2)]+

+
1

2

∫
dξ1[ψk1(ξ1)ψk2(ξ)− ψk2(ξ1)ψk1(ξ)]

∗[ψk1(ξ1)ψk2(ξ)− ψk2(ξ1)ψk1(ξ)] =

=
1

2

∫
dξ2[ψ

∗
k1

(ξ)ψ∗k2
(ξ2)ψk1(ξ)ψk2(ξ2)− ψ∗k1

(ξ)ψ∗k2
(ξ2)ψk2(ξ)ψk1(ξ2)−

−ψ∗k2
(ξ)ψ∗k1

(ξ2)ψk1(ξ)ψk2(ξ2) + ψ∗k2
(ξ)ψ∗k1

(ξ2)ψk2(ξ)ψk1(ξ2)]

+
1

2

∫
dξ1[ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ)ψk1(ξ1)ψk2(ξ)− ψ∗k1
(ξ1)ψ

∗
k2

(ξ)ψk2(ξ1)ψk1(ξ)−

−ψ∗k2
(ξ1)ψ

∗
k1

(ξ)ψk1(ξ1)ψk2(ξ) + ψ∗k2
(ξ1)ψ

∗
k1

(ξ)ψk2(ξ1)ψk1(ξ)].
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Lìgw tou ìti oi kumatosunart seic den èqoun epik�luyh to apotèlesma a-
plopoieÐtai sto:

P (ξ) =
1

2

∫
dξ2[ψ

∗
k1

(ξ)ψ∗k2
(ξ2)ψk1(ξ)ψk2(ξ2) + ψ∗k2

(ξ)ψ∗k1
(ξ2)ψk2(ξ)ψk1(ξ2)]

+
1

2

∫
dξ1[ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ)ψk1(ξ1)ψk2(ξ) + ψ∗k2
(ξ1)ψ

∗
k1

(ξ)ψk2(ξ1)ψk1(ξ)] =

=
1

2
[ψ∗k1

(ξ)ψk1(ξ) + ψ∗k2
(ξ)ψk2(ξ)] +

1

2
[ψ∗k2

(ξ)ψk2(ξ) + ψ∗k1
(ξ)ψk1(ξ)] =

= ψ∗k1
(ξ)ψk1(ξ) + ψ∗k2

(ξ)ψk2(ξ).

Autì to apotèlesma èqei to ex c nìhma: an to shmeÐo ξ eÐnai sthn perioq 
ìpou mìno h ψk1(ξ) eÐnai shmantik , tìte autom�twc ψk2(ξ) = 0 kai P (ξ) =
ψ∗k1

(ξ)ψk1(ξ). AntÐstoiqa pr�gmata isqÔoun an eÐmaste sthn perioq  ìpou
ψk1(ξ) = 0. 'Ara, an den up�rqei epik�luyh twn kumatosunart sewn, tìte
pr�gmati oi kumatosunart seic tou kajenìc swmatidÐou xeqwrist� dÐnoun
epark  perigraf  tou swmatidÐou sthn antÐstoiqh perioq .

MÐa akìmh shmantik  parat rhsh eÐnai ìti h qr sh thc antisummetrik -
c sun�rthshc èqei metr sima apotelèsmata sta parathr sima megèjh. Ac
jewr soume ìti h Qamiltonian , ektìc apì ta mèrh Ĥξ1 kai Ĥξ2 , èqei kai
mia asjen  allhlepÐdrash metaxÔ twn hlektronÐwn 1 kai 2 (èstw thn hle-
ktrostatik  �pwsh Coulomb V (ξ1, ξ2) metaxÔ touc), thn opoÐa mporoÔme na
qeiristoÔme wc diataraq , opìte ja qreiasteÐ na upologÐsoume thn anamenì-
menh tim  thc:

< V >≡
∫

dξ1dξ2Ψ
∗
A(ξ1, ξ2)V (ξ1, ξ2)ΨA(ξ1, ξ2) =

=
1

2

∫
dξ1dξ2[ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ2)−ψ∗k2
(ξ1)ψ

∗
k1

(ξ2)]V (ξ1, ξ2)[ψk1(ξ1)ψk2(ξ2)−ψk2(ξ1)ψk1(ξ2)] =

=
1

2

∫
dξ1dξ2ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ2)V (ξ1, ξ2)ψk1(ξ1)ψk2(ξ2)

−1

2

∫
dξ1dξ2ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ2)V (ξ1, ξ2)ψk2(ξ1)ψk1(ξ2)

−1

2

∫
dξ1dξ2ψ

∗
k2

(ξ1)ψ
∗
k1

(ξ2)V (ξ1, ξ2)ψk1(ξ1)ψk2(ξ2)

+
1

2

∫
dξ1dξ2ψ

∗
k2

(ξ1)ψ
∗
k1

(ξ2)V (ξ1, ξ2)ψk2(ξ1)ψk1(ξ2).
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An upojèsoume ìti V (ξ2, ξ1) = V (ξ1, ξ2), tìte o pr¸toc ìroc isoÔtai me ton
tètarto kai o deÔteroc me ton trÐto, ìpwc mporoÔme na doÔme. Gia par�deigma,
metonom�zontac tic (boubèc) metablhtèc olokl rwshc:

∫
dξ1dξ2ψ

∗
k1

(ξ1)ψ
∗
k2

(ξ2)V (ξ1, ξ2)ψk1(ξ1)ψk2(ξ2) =

=
∫

dξ2dξ1ψ
∗
k1

(ξ2)ψ
∗
k2

(ξ1)V (ξ2, ξ1)ψk1(ξ2)ψk2(ξ1),

pou isoÔtai me ton tètarto ìro, lìgw thc summetrÐac tou dunamikoÔ. Telik�:

< V >= ID − IE,

ID ≡
∫

dξ1dξ2|ψk1(ξ1)|2|ψk2(ξ2)|2V (ξ1, ξ2),

IE ≡
∫

dξ1dξ2ψ
∗
k1

(ξ1)ψk1(ξ2)ψ
∗
k2

(ξ2)ψk2(ξ1)V (ξ1, ξ2).

H deÔterh suneisfor� IE lègetai olokl rwma antallag c kai ofeÐletai sthn
anagkaiìthta qr shc thc kumatosun�rthshc me kajorismènh summetrÐa.

H genÐkeush se perissìtera twn dÔo swmatÐdia eÐnai apl . Sthn perÐ-
ptwsh twn mpozonÐwn h kumatosun�rthsh pou perigr�fei N mpozìnia me thn
prìsjeth plhroforÐa ìti apì touc deÐktec {k1, k2, . . .} oi N1 brÐskontai sth-
n kat�stash 1, oi N2 thn kat�stash 2 kai oÔtw kajex c, dÐnetai apì thn
èkfrash:

ΨN1N2...(ξ1, ξ2, . . .) =

√
N1!N2! . . .

N !

∑
ψk1(ξ1)ψk2(ξ2) . . . ψkN

(ξN).

To �jroisma eÐnai p�nw stic metajèseic twn deikt¸n k1, k2, . . . , pou eÐnai
N !

N1!N2!...
ton arijmì.

MporeÐ kaneÐc eÔkola na epalhjeÔsei ìti gia N = 2 h parap�nw sqèsh
dÐnei

Ψ1,1,...(ξ1, ξ2) =

√
1!1!

2!
[ψk1(ξ1)ψk2(ξ2) + ψk2(ξ1)ψk1(ξ2)],

gia thn perÐptwsh pou oi k1 kai k2 eÐnai diaforetikèc, kai

Ψ2,0,...(ξ1, ξ2, . . .) =

√
2!0!

2!
ψk1(ξ1)ψk1(ξ2),

sthn perÐptwsh k2 = k1, dhlad  sumfwneÐ pl rwc me ì,ti exhg same proh-
goumènwc.
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Gia thn perÐptwsh twn N fermionÐwn h kumatosun�rthsh dÐnetai apì th
sqèsh:

Ψ(ξ1, ξ2, . . .) =
1√
N !

ψk1(ξ1) ψk1(ξ2) . . . ψk1(ξN)
ψk2(ξ1) ψk2(ξ2) . . . ψk2(ξN)

. . . . . . . . . . . .
ψkN

(ξ1) ψkN
(ξ2) . . . ψkN

(ξN)

.

Kai p�li, eÔkola mporeÐ kaneÐc na elègxei ìti, gia N = 2 h orÐzousa meta-
pÐptei sthn (2.3). Fusik�, anaforik� me fermiìnia, ta Nk paÐrnoun mìno tic
timèc 0 kai 1, opìte o par�gontac kanonikopoÐhshc eÐnai aploÔsteroc.



Kef�laio 3

DEUTERH KBANTWSH

3.1 Metatopismènoc kbantikìc talantwt c
Ja parajèsoume orismènec parathr seic sqetikèc m' ènan kbantikì armonikì
talantwt  pou ufÐstatai, ektìc apì th dÔnamh epanafor�c kai mia stajer 
dÔnamh, pou apl� metajètei to shmeÐo isorropÐac. H qronoanex�rthth exÐsw-
sh tou Schrödinger eÐnai:

(
− h̄2

2m

d2

dx2
+

1

2
mω2x2 −

√
2γh̄ω

√
mω

h̄
x

)
ψ = Eψ. (3.1)

'Otan γ = 0 h exÐswsh metapÐptei sthn exÐswsh tou sunhjismènou kbantikoÔ
armonikoÔ talantwt . O grammikìc ìroc èqei grafteÐ me sqetik� perÐplokh
epilog  stajer¸n, ¸ste na aplopoihjeÐ met�, ìpwc ja doÔme amèswc. K�-
noume thn allag  metablht¸n x =

√
h̄

mω
ξ, E = h̄ωε, opìte h exÐswsh (3.1)

gr�fetai:
(
− h̄2

2m

mω

h̄

d2

dξ2
+

1

2
mω2 h̄

mω
ξ2 −

√
2γh̄ωξ

)
ψ = h̄ωεψ ⇒

⇒
(
−1

2

d2

dξ2
+

1

2
ξ2 −

√
2γξ

)
ψ = εψ. (3.2)

Oi posìthtec ξ, ε kai γ eÐnai adi�statec. H teleutaÐa exÐswsh mporeÐ na
grafteÐ kai me th morf :

(
−1

2

d2

dξ2
+

1

2
(ξ −

√
2γ)2 − γ2

)
ψ = εψ.

17
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EÐnai safèc apì aut n thn èkfrash ìti to shmeÐo isorropÐac, pou eÐnai to
el�qisto tou dunamikoÔ 1

2
(ξ − √

2γ)2 − γ2, èqei metatopisteÐ apì to mhdèn
sto shmeÐo

√
2γ. EpÐshc h tim  tou dunamikoÔ sto el�qisto den einai mhdèn,

all� −γ2, opìte kai h enèrgeia (p.q. thc jemeli¸douc kat�stashc) eÐnai
mikrìterh apì tou arqikoÔ armonikoÔ talantwt  kat� γ2. Autì èqei sobarèc
sunèpeiec wc proc ton orismì tou “kenoÔ” thc jewrÐac. To “kenì” all�zei
kaj¸c metab�lletai to γ, giatÐ to “kenì” eÐnai ex orismoÔ h kat�stash me
thn qamhlìterh enèrgeia.

Ja lÔsoume to prìblhma me th mèjodo twn telest¸n dhmiourgÐac kai
katastrof c. Empneìmenoi apì ton mh metatopismèno armonikì talantwt 
orÐzoume touc telestèc

b0 =
1√
2

(ξ + ipξ) , b†0 =
1√
2

(ξ − ipξ) ,

kai antikajist¸ntac pξ = −i d
dξ

brÐskoume telik�:

b0 =
1√
2

(
ξ +

d

dξ

)
, b†0 =

1√
2

(
ξ − d

dξ

)
. (3.3)

Autèc oi sqèseic mporoÔn na antistrafoÔn me to apotèlesma:

ξ =
1√
2

(
b0 + b†0

)
,

d

dξ
=

1√
2

(
b0 − b†0

)
. (3.4)

Antikajist¸ntac tic (3.4) sthn (3.2) brÐskoume:


−

1

2

[
1√
2

(
b0 − b†0

)]2

+
1

2

[
1√
2

(
b0 + b†0

)]2

−
√

2γ
1√
2

(
b0 + b†0

)


 ψ = εψ.

Sth sunèqeia prèpei na gÐnoun oi algebrikèc pr�xeic (lamb�nontac upìyh
ìti ta b†0b0 kai b0b

†
0 den eÐnai Ðdia, opìte prèpei na diathroÔme th seir� ìpwc

akrib¸c prokÔptei) kai to apotèlesma eÐnai:
[
b†0b0 +

1

2
− γ(b0 + b†0)

]
ψ = εψ ⇒

[b†0b0 − γ(b0 + b†0)]ψ =
(
ε− 1

2

)
ψ ≡ ε′ψ (3.5)

Gia γ = 0 h lÔsh thc exÐswshc tou SchrödingereÐnai h

ψ0n =
1√
n!

(b†0)
n|0 >, b0|0 >= 0,
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ìpou |0 > eÐnai to kenì s' aut n thn perÐptwsh kai h antÐstoiqh enèrgeia eÐnai

ε′0n = n ⇒ ε0n = n +
1

2
.

H exÐswsh (3.5) mporeÐ na aplopoihjeÐ me to metasqhmatismì

b0 = b + γ, b†0 = b† + γ.

To apotèlesma thc antikat�stashc eÐnai:

[b†b− γ2]ψ = ε′ψ ≡ (ε̃− γ2)ψ

Dhlad  to prìblhma an�getai sth lÔsh thc exÐswshc

b†b|ψ >= ε̃|ψ > . (3.6)

H lÔsh thc exÐswshc (3.6) akoloujeÐ to sq ma thc perÐptwshc γ = 0 : an
orÐsoume to kenì |G > thc jewrÐac me th sqèsh

b|G >= 0, (3.7)

oi sunart seic

|ψn >=
1√
n!

(b†)n|G >

antistoiqoÔn se enèrgeiec ε̃n = n, n = 0, 1, 2, . . . , opìte

εn = ε′n +
1

2
= ε̃n − γ2 +

1

2
= n− γ2 +

1

2
.

H sqèsh (3.7) sunep�getai th sqèsh

(b0 − γ)|G >= 0 ⇒ b0|G >= γ|G > . (3.8)

UpenjumÐzoume ìti to arqikì kenì |0 > orizìtan me th sqèsh b0|0 >= 0. To
kainoÔrio kenì |G > prèpei na ikanopoieÐ thn exÐswsh (3.8), dhlad  prèpei
na eÐnai idiokat�stash tou telest  katastrof c! 'Ara den eÐnai dunatìn na
eÐnai kat�stash me kajorismèno arijmì kb�ntwn, ìpwc, gia par�deigma, h
ψn > . An dokim�soume th morf  |G >= f(b†0)|0 >, ìpou h f(b†0) prèpei na
prosdiorisjeÐ, h exÐswsh (3.8) gia to |G > gr�fetai

b0f(b†0)|0 >= γf(b†0)|0 >⇒ b0f(b†0)|0 > −f(b†0)b0|0 >= γf(b†0)|0 >⇒
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⇒ [b0, f(b†0)]|0 >= γf(b†0)|0 >, (3.9)
ìpou emfanÐsame ton ìro f(b†0)b0|0 >, pou eÐnai profan¸c mhdèn kai den al-
l�zei to apotèlesma. Gia ton upologismì tou metajèth apodeiknÔetai ìti
[b0, (b

†
0)

n] = n(b†0)
n−1, dhlad  o metajèthc leitourgeÐ formalistik� wc pa-

r�gwgoc ([xn]′ = nxn−1), ìtan dra se dun�meic tou b†0. AnaptÔssontac thn
tuqaÐa sun�rthsh f(b†0) se seir� Maclaurin mporeÐ eÔkola na apodeiqjeÐ ìti

[b0, f(b†0)] =
∂f(b†0)

∂b†0
.

H exÐswsh (3.9) mporeÐ na ikanopoihjeÐ, an brejeÐ sun�rthsh f(b†0) pou na
ikanopoieÐ th sqèsh

[b0, f(b†0)] = γf(b†0) ⇒
∂f(b†0)

∂b†0
= γf(b†0),

opìte f(b†0) = ceγb†0 kai |G >= ceγb†0|0 > . O par�gontac c èqei na k�nei me
thn kanonikopoÐhsh. ApodeiknÔetai ìti c = exp

[
−γ2

2

]
, opìte telik�:

|G >= exp

[
−γ2

2

]
eγb†0|0 > .

Oi diegermènec katast�seic eÐnai plèon eÔkolo na prosdiorisjoÔn:

|ψn >=
1√
n!

(b†)n|G >=
1√
n!

exp

[
−γ2

2

]
(b†0 − γ)neγb†0|0 > .

EÐnai fanerì ìti autì pou apokaloÔme kenì den eÐnai h apousÐa kb�ntwn: antÐ-
jeta, to |G > eÐnai gem�to apì kb�nta. To shmantikì ston orismì tou kenoÔ
eÐnai ìti eÐnai h kat�stash qamhlìterhc enèrgeiac. Oi idiokatast�seic tou
telest  katastrof c lègontai sÔmfwnec katast�seic kai eÐnai prwtarqik c
shmasÐac kurÐwc sthn kbantik  optik .

3.2 Grammik  alusÐda
JewroÔme N swmatÐdia me m�za m pou to kajèna sundèetai me to proh-
goÔmeno kai to epìmenì tou me elat ria stajer�c K. Sthn kat�stash i-
sorropÐac to m koc twn elathrÐwn eÐnai a kai oi apomakrÔnseic apì th jè-
sh isorropÐac eÐnai fusik� ql = 0, l = 1, 2, 3, . . . , N. Gia mia tuqaÐa di�ta-
xh oi apomakrÔnseic tri¸n diadoqik¸n swmatidÐwn qarakthrÐzontai apì tic
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metatopÐseic ql−1, ql, ql+1, kai h dÔnamh pou askeÐtai sto swmatÐdio l eÐnai
K(ql+1 − ql)−K(ql − ql−1), opìte h exÐswsh kÐnhshc gr�fetai:

mq̈l = K(ql+1 − 2ql + ql−1) ⇒ ∂2ql

∂t2
=

K

m
(ql+1 − 2ql + ql−1). (3.10)

3.2.1 KanonikoÐ trìpoi tal�ntwshc
MporeÐ kaneÐc na mantèyei arket� eÔkola th lÔsh thc exÐswshc (3.10) an
jumhjeÐ ìti h lÔsh thc kumatik c exÐswshc ∂2q

∂t2
= c2 ∂2q

∂x2 epitugq�netai do-
kim�zontac th morf  q = Pe±ikxe±iωt. An aut  h dokimastik  lÔsh antika-
tastajeÐ sthn kumatik  exÐswsh ja prokÔyei h sqèsh ω = ±ck, dhlad  h
sqèsh diaspor�c. Me thn parat rhsh ìti to la ja p�rei th jèsh tou x gia th
grammik  alusÐda mporoÔme na anazht soume lÔsh gia thn (3.10) pou na èqei
th morf  ql = Pe±iklae±iωt. Antikat�stash sthn exÐswsh (3.10) ja d¸sei th
sqèsh diaspor�c

ω2 =
2K

m
(1− cos ka) ⇒ ω = 2

√
K

m

∣∣∣∣∣sin
ka

2

∣∣∣∣∣ . (3.11)

'Eqoume epilèxei na krat soume mìno to jetikì prìshmo gia to ω kai oi
tuqìn arnhtikèc timèc na sumperilhfjoÔn rht� (p.q. me th morf  e±iωt, pou
emfanÐsame prohgoumènwc). Mia idiìthta pou aporrèei apì thn (3.11) kai
pou ja qrhsimopoihjeÐ polÔ sth sunèqeia eÐnai h

ω−k = ωk. (3.12)

ParathroÔme ìti sto ìrio ka → 0 h sqèsh diaspor�c metapÐptei sthn ω =√
Ka2

m
k, dhlad  mia grammik  sqèsh, ìpwc sthn perÐptwsh thc qord c. To

fusikì nìhma eÐnai ìti h qord  eÐnai mia kal  prosèggish thc grammik c
alusÐdac sto ìrio pou to m koc hremÐac twn elathrÐwn eÐnai polÔ mikrìtero
apì to m koc kÔmatoc.

H genik  lÔsh gia thn apom�krunsh ql ja eÐnai h upèrjesh:

ql =
∑

k

[
Ake

iklae−iωkt + A∗
ke
−iklaeiωkt + Cke

iklaeiωkt + C∗
ke
−iklae−iωkt

]
(3.13)

Oi suntelestèc èqoun epilegeÐ me tètoion trìpo ¸ste h apom�krunsh ql na
eÐnai pragmatikìc arijmìc. Oi ìroi me suntelestèc Ak, A

∗
k antiproswpeÔ-

oun kÔmata pou odeÔoun proc ta dexi�, en¸ oi ìroi me suntelestèc Ck, C
∗
k

antiproswpeÔoun kÔmata pou odeÔoun proc ta arister�. Sth sunèqeia ja me-
let soume mìno kÔmata pou odeÔoun proc ta dexi�, dhlad  ja jewr soume ìti
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Ck = C∗
k = 0. H genÐkeush den parousi�zei kammi� duskolÐa. K�ti pou prèpei

na dieukrinisteÐ eÐnai to �jroisma p�nw sta k(
∑

k). Upojètoume ìti isqÔoun
periodikèc oriakèc sunj kec: ql+N = ql gia ìla ta l. Autì sunep�getai tic
sqèseic

e±ik(l+N) = e±ikl ⇒ e±ikN = 1 ⇒

⇒ k = n
2π

Na
, n =

{
−p + 1, . . . , p− 1, p, N = 2p,
−p,−p + 1, . . . , p− 1, p, N = 2p + 1,

(3.14)

ìpou o n eÐnai akèraioc kai to pedÐo tim¸n tou diaforopoieÐtai elafr�, an�-
loga me to an o N eÐnai �rtioc   perittìc arijmìc. Autèc oi diaforèc den
paÐzoun kanèna rìlo an to N eÐnai meg�lo, ìpwc sun jwc. 'Ara to ∑

k paÐrnei
èna sugkekrimèno nìhma: eÐnai to �jroisma p�nw sta antÐstoiqa n.

JewroÔme, loipìn thn èkfrash

ql =
∑

k

[
Ake

iklae−iωkt + A∗
ke
−iklaeiωkt

]
(3.15)

kai thn antÐstoiqh èkfrash gia thn orm  pl = mq̇l :

pl = im
∑

k

[
−ωkAke

iklae−iωkt + ωkA
∗
ke
−iklaeiωkt

]
(3.16)

OrÐzoume Bk ≡ Ake
−iωkt ⇒ B∗

k ≡ A∗
ke

+iωkt, en ìyei thc qr shc thc eikìnac tou
Schrödinger, ìpou oi telestèc eÐnai qronik� anex�rthtoi kai h qronik  ex�r-
thsh metafèretai stic kumatosunart seic. Oi exis¸seic (3.15, 3.16) paÐrnoun
th morf 

ql =
∑

k

[
Bke

ikla + B∗
ke
−ikla

]
, (3.17)

pl = im
∑

k

[
−ωkBke

ikla + ωkB
∗
ke
−ikla

]
. (3.18)

EÐnai eÔkolo na dei kaneÐc ìti

ql =
∑

k

Bke
ikla +

∑

k

B∗
ke
−ikla =

∑

k

Bke
ikla +

∑

k′
B∗
−k′e

ik′la,

me thn allag  metablht c k′ = −k. MporoÔme tèloc na apaleÐyoume ton tìno
apì th boub  metablht  kai na broÔme mia qr simh parallag  thc (3.15):

ql =
∑

k

[Bk + B∗
−k]e

ikla. (3.19)



3.2. GRAMMIK�H ALUS�IDA 23

Parìmoia b mata mporoÔme na k�noume xekin¸ntac apì thn (3.18), all� ja
qreiasteÐ na epikalestoÔme thn idiìthta (3.12): ω−k = ωk. To apotèlesma ja
eÐnai:

pl =
∑

k

[−imωkBk + imωkB
∗
−k]e

ikla. (3.20)

ParathroÔme ìti oi (3.19, 3.20) eÐnai anaptÔgmata Fourier, opìte mporoÔn
na antistrafoÔn kai na upologÐsoume tic posìthtec mèsa stic tetr�gwnec
agkÔlec. Ja qreiasteÐ h sqèsh orjogwniìthtac

N∑

l=1

eiklae−ik′la = Nδkk′ . (3.21)

An, gia par�deigma, pollaplasi�soume thn (3.19) dexi� kai arister� me thn
par�stash e−ik′la kai ajroÐsoume s' ìla ta l, ja broÔme:

N∑

l=1

qle
−ik′la =

∑

k

[Bk+B∗
−k]

N∑

l=1

eiklae−ik′la =
∑

k

[Bk+B∗
−k]Nδkk′ = N [Bk′+B∗

−k′ ],

opìte, anadiat�ssontac elafr� kai apaleÐfontac ton tìno brÐskoume th sqè-
sh:

Bk + B∗
−k =

1

N

N∑

l=1

qle
−ikla. (3.22)

Parìmoia, all� xekin¸ntac apì thn (3.20) brÐskoume:

Bk −B∗
−k =

i

Nmωk

N∑

l=1

ple
−ikla. (3.23)

MporoÔme, loipìn, na epilÔsoume:

Bk =
1

2N

N∑

l=1

(
ql +

i

mωk

pl

)
e−ikla, (3.24)

B∗
k =

1

2N

N∑

l=1

(
ql − i

mωk

pl

)
e+ikla. (3.25)

(Sthn teleutaÐa sqèsh k�name ap' eujeÐac to b ma na jèsoume ìpou −k to
k, ¸ste na broÔme to B∗

k apì to B∗
−k). Oi pio èmpeiroi anagn¸stec ja èqoun

prosèxei ìti oi ekfr�seic autèc moi�zoun arket� me tic ekfr�seic orismoÔ twn
telest¸n dhmiourgÐac kai katastrof c ston kbantikì armonikì talantwt .
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Bèbaia, ed¸ periorizìmaste akìma sthn klasik  jewrÐa, all� ìtan proqwr -
soume sthn kb�ntwsh oi suntelestèc Bk kai B∗

k ja sqetisjoÔn pr�gmati me
telestèc dhmiourgÐac kai katastrof c.

Ja exet�soume t¸ra to Ðdio prìblhma stic diatup¸seic tou Lagrange kai
tou Hamilton, ¸ste na eÐmaste ètoimoi gia thn kb�ntwsh thc jewrÐac. H kinh-
tik  enèrgeia thc grammik c alusÐdac eÐnai: T =

∑N
l=1

1
2
mq̇l

2, en¸ h dunamik 
thc enèrgeia eÐnai V =

∑
l

1
2
K(ql − ql+1)

2. Dhlad  h lagkranzian  eÐnai:

L = T − V =
N∑

l=1

1

2
mq̇l

2 −
N∑

l=1

1

2
K(ql − ql+1)

2. (3.26)

H suzug c orm  brÐsketai eÔkola apì ton orismì: pl ≡ ∂L
∂q̇l

= mq̇l. H qa-
miltonian  eÐnai H =

∑N
l=1 plq̇l − L. Met� tic pr�xeic kai thn antikat�stash

q̇l = pl

m
h telik  èkfrash eÐnai:

H =
N∑

l=1

1

2m
p2

l +
N∑

l=1

1

2
K(ql − ql+1)

2, (3.27)

dhlad  to �jroisma thc kinhtik c kai thc dunamik c enèrgeiac.
H qamiltonian  H mporeÐ na ekfrasteÐ kai sunart sei twn posot twn

B±k, B
∗
±k, an ta pl kai ql antikatastajoÔn sthn (3.27) me th bo jeia twn

(3.19, 3.20). ApodeiknÔetai ìti oi epÐ mèrouc ìroi eÐnai Ðsoi me:

N∑

l=1

p2
l = Nm2

∑

k

ω2
k(BkB

∗
k + B∗

−kB−k −B∗
kB

∗
−k −BkB−k) (3.28)

N∑

l=1

(ql−ql+1)
2 = 2N

∑

k

(BkB
∗
k+B∗

−kB−k+B∗
kB

∗
−k+BkB−k)(1−cos ka), (3.29)

opìte h qamiltonian  gr�fetai:

H =
Nm2

2m

∑

k

ω2
k(BkB

∗
k + B∗

−kB−k −B∗
kB

∗
−k −BkB−k)+

+
1

2
K2N

∑

k

(BkB
∗
k + B∗

−kB−k + B∗
kB

∗
−k + BkB−k)(1− cos ka) =

=
N

2

∑

k

mω2
k(BkB

∗
k + B∗

−kB−k) + N
∑

k

(BkB
∗
k + B∗

−kB−k)K(1− cos ka)−

−N

2

∑

k

mω2
k(B

∗
kB

∗
−k + BkB−k) + N

∑

k

(B∗
kB

∗
−k + BkB−k)(1− cos ka) (3.30)



3.2. GRAMMIK�H ALUS�IDA 25

Tèloc, h sqèsh diaspor�c (3.11) me thn pr¸th thc morf : ω2
k = 2K

m
(1 −

cos ka) deÐqnei ìti oi dÔo pr¸toi ìroi eÐnai Ðsoi, �ra apl� h suneisfor� touc
diplasi�zetai, en¸ oi dÔo teletaÐoi allhloexoudeter¸nontai. Telik�:

H =
N

2
[
∑

k

2mω2
kB

∗
kBk +

∑

k

2mω2
kB

∗
−kB−k] =

= N [
∑

k

mω2
kB

∗
kBk +

∑

k′
mω2

kB
∗
k′Bk′ ],

ìpou qrhsimopoi same p�li thn allag  metablht c k′ = −k. Sth deÔterh
�jroish mporoÔme na apaleÐyoume ton tìno sth boub  metablht , opìte

H =
∑

k

(Nmω2
k)(B

∗
kBk + BkB

∗
k) =

∑

k

(Nmω2
k)(2B

∗
kBk). (3.31)

Ja epishm�noume tic omoiìthtec (all� kai tic diaforèc!) aut c thc klasik c
èkfrashc me thn èkfrash

Ĥ =
∑

k

h̄ωk

2
(b†kbk + bkb

†
k)

thc kbantik c mhqanik c gia th qamiltonian  N asÔzeuktwn metaxÔ touc kba-
ntik¸n armonik¸n talantwt¸n. Up�rqei profan¸c mia diafor� sthn kanoni-
kopoÐhsh (thn opoÐa ja rujmÐsoume sthn epìmenh par�grafo) all� h ousia-
stik  diafor� ègkeitai profan¸c sto gegonìc ìti to �jroisma B∗

kBk + BkB
∗
k

dÐnei apl� to 2B∗
kBk pou emfanÐzetai telik� sthn exÐswsh, en¸ den sumbaÐnei

to Ðdio me to �jroisma b†kbk + bkb
†
k, to opoÐo, an to epexergasteÐ kaneÐc me

th bo jeia twn sqèsewn met�jeshc, ja d¸sei 2b†kbk + 1
2
, ìpou to 1

2
ja sunei-

sfèrei sthn perÐfhmh enèrgeia mhdenikoÔ shmeÐou tou kbantikoÔ armonikoÔ
talantwt .

3.2.2 Kb�ntwsh thc grammik c alusÐdac
H kb�ntwsh gÐnetai me thn kajierwmènh mèjodo thc epibol c sqèsewn met�-
jeshc stic apomakrÔnseic ql kai tic suzugeÐc ormèc touc pl :

[qm, qn] = 0, [pm, pn] = 0, [qm, pn] = ih̄δmn. (3.32)

Autèc oi sqèseic sunep�gontai antÐstoiqec sqèseic met�jeshc metaxÔ twn bk

kai b†k, sta opoÐa ja metallaqjoÔn ta Bk kai B∗
k. Oi sqèseic (3.24) kai (3.25)

gr�fontai:

Bk =
1

2N

N∑

l=1

(
ql +

i

mωk

pl

)
e−ikla, (3.33)
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B†
k =

1

2N

N∑

l=1

(
ql − i

mωk

pl

)
eikla. (3.34)

Ja upologÐsoume ton metajèth [Bk1 , B
†
k2

] :

[Bk1 , B
†
k2

] =
1

4N2

∑

l1,l2

[
ql1 +

i

mωk1

pl1 , ql2 −
i

mωk2

pl2

]
e−ik1l1aeik2l2a =

=
1

4N2

∑

l1,l2

{[
ql1 ,−

i

mωk2

pl2

]
+

[
i

mωk1

pl1 , ql2

]}
e−ik1l1aeik2l2a =

=
1

4N2

∑

l1,l2

{(
− i

mωk2

)
(ih̄δl1l2) +

(
i

mωk1

)
(−ih̄δl1l2)

}
e−ik1l1aeik2l2a =

=
1

4N2

∑

l

{(
h̄

mωk1

+
h̄

mωk2

)}
e−i(k1−k2)la =

=
1

4N2

(∑

l

e−i(k1−k2)la

) (
h̄

mωk1

+
h̄

mωk2

)
=

=
1

4N2
Nδk1k2

(
h̄

mωk1

+
h̄

mωk2

)
=

h̄

2Nmωk1

δk1k2 .

Oi upìloipoi metajètec ([Bk1 , Bk2 ], [B†
k1

, B†
k2

]) eÐnai tetrimènoi, dhlad  mhde-
nikoÐ. 'Ara to apotèlesma eÐnai, sugkentrwtik�:

[Bk1 , Bk2 ] = 0, [B†
k1

, B†
k2

] = 0, [Bk1 , B
†
k2

] =
h̄

2Nmωk1

δk1k2 . (3.35)

OrÐzoume t¸ra nèouc telestèc wc ex c:

bk ≡
√

2Nmωk

h̄
Bk, b†k ≡

√
2Nmωk

h̄
B†

k. (3.36)

Autìc o orismìc aplopoieÐ tic sqèseic met�jeshc:

[bk1 , bk2 ] = 0, [b†k1
, b†k2

] = 0, [bk1 , b
†
k2

] = δk1k2 . (3.37)

Oi exis¸seic (3.19) kai (3.20) mporoÔn na graftoÔn kai sunart sei twn
nèwn telest¸n:

ql =
∑

k

√
h̄

2Nmωk

[bk + b†−k]e
ikla, (3.38)
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pl = −i
∑

k

√
h̄mωk

2N
[bk − b†−k]e

ikla. (3.39)

Gr�foume, tèloc, kai tic antÐstrofec sqèseic:

bk =
N∑

l=1

(√
mωk

2h̄N
ql + i

√
1

2h̄mNωk

pl

)
e−ikla, (3.40)

b†k =
N∑

l=1

(√
mωk

2h̄N
ql − i

√
1

2h̄mNωk

pl

)
eikla. (3.41)

Me th bo jeia twn sqèsewn (3.27), (3.40) kai (3.41) mporoÔme na broÔ-
me thn kbantik  qamiltonian . 'Opwc èqoume  dh anafèrei prin, ekeÐno pou
diaforopoieÐ autìn ton upologismì apì ton antÐstoiqo thc prohgoÔmenhc pa-
ragr�fou eÐnai h an�gkh na krat sei kaneÐc th seir� twn telest¸n. To
apotèlesma eÐnai:

Ĥ =
∑

k

h̄ωk

2
(b†kbk + bkb

†
k) =

∑

k

h̄ωk

(
b†kbk +

1

2

)
. (3.42)

ParathroÔme thn emf�nish thc enèrgeiac mhdenikoÔ shmeÐou kai tou tele-
st  arÐjmhshc b†kbk, opìte h anamenìmenh tim  thc qamiltonian c Ĥ ja èqei
akrib¸c th morf  thc enèrgeiac pou ja perÐmene kaneÐc gia èna sÔsthma a-
sÔzeuktwn talantwt¸n.

Oi idiokatast�seic |Φ > thc qamiltonian c (Ĥ|Φ >= E|Φ >) dÐnontai apì
th sqèsh

|Φ >=
∏

k

1√
nk!

(b†k)
nk |0 >, (3.43)

ìpou h kat�stash tou kenoÔ orÐzetai wc sun jwc:

bk|0 >= 0.

An, p.q., |Φ >= b†K |0 >, h antÐstoiqh enèrgeia ja eÐnai

E =< Φ|Ĥ|Φ >=< 0|bK

∑

k

h̄ωk

(
b†kbk +

1

2

)
b†K |0 >=

=
∑

k

h̄ωk < 0|bK

(
b†kbk +

1

2

)
b†K |0 > .

'Omwc
< 0|bKb†K |0 >=< 0|[bK , b†K ]|0 >= 1
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kai
< 0|bKb†kbkb

†
K |0 >=< 0|(δkK + b†kbK)(δkK + b†Kbk)|0 >=

= δkKδkK + δkK < 0|b†kbK |0 > +δkK < 0|b†Kbk|0 > +

+ < 0|b†kbKb†Kbk|0 >= δkK ,

afoÔ oi treic teleutaÐoi ìroi èqoun ton telest  katastrof c na energeÐ sto
kenì. 'Ara

E =
∑

k

h̄ωk

(
δkK +

1

2

)
= h̄ωK +

∑

k

1

2
h̄ωk.

Dhlad  h enèrgeia eÐnai to �jroisma thc enèrgeiac tou kb�ntou pou èqei die-
gerjeÐ kai twn energei¸n mhdenikoÔ shmeÐou ìlwn twn pijan¸n kumatarijm¸n.
An to N gÐnei �peiro, ja eÐnai antÐstoiqa �peirh kai h enèrgeia mhdenikoÔ sh-
meÐou. ShmasÐa èqoun bèbaia mìno diaforèc energei¸n.

'Enac qr simoc telest c eÐnai o

N̂ ≡ ∑

k

b†kbk, (3.44)

pou lègetai telest c arÐjmhshc. MporeÐ na apodeiqjeÐ ìti oi idiokatast�seic
|Φ > thc enèrgeiac eÐnai kai idiokatast�seic tou N̂ kai

n =< Φ|N̂ |Φ >=
∑

k

nk.

EÐnai dunatìn na apodeÐxei kaneÐc ìti katast�seic me diaforetikì arijmì kb�-
ntwn eÐnai orjog¸niec metaxÔ touc. Kat' akoloujÐan oi anamenìmenec timèc
twn telest¸n dhmiourgÐac kai katastrof c eÐnai mhdèn: h kat�stash bK |Φ >
èqei èna kb�nto ligìtero apì thn kat�stash |Φ >, opìte < Φ|bK |Φ >= 0,

kai me thn Ðdia logik  < Φ|b†K |Φ >= 0. EgeÐretai, loipìn, h aporÐa, p¸c ft�-
nei kaneÐc sto klasikì ìrio, afoÔ autèc oi anamenìmenec timèc mhdenÐzontai.
H ap�nthsh eÐnai ìti oi fusikèc katast�seic den eÐnai thc morf c twn |Φ >
tic opoÐec anafèrame prohgoumènwc, all� eÐnai oi legìmenec sÔmfwnec ka-
tast�seic, pou anafèrame sthn par�grafo gia ton metatopismèno armonikì
talantwt . 'Ena par�deigma sÔmfwnhc kat�stashc eÐnai h

|Φk0 >= exp

[
−|β|

2

2

]
e

βb†
k0 |0 >, β = γe−iωk0

t.

EÐnai eÔkolo na deÐxei kaneÐc ìti

bk|Φk0 >= δkk0β|Φk0 >,



3.3. SUNEQ�ES �ORIO 29

dhlad  ìti h kat�stash |Φk0 > eÐnai idiokat�stash tou telest  katastrof c:
autìc eÐnai akrib¸c o orismìc thc sÔmfwnhc kat�stashc. ApodeiknÔontai oi
qr simec idiìthtec:

< Φk0|bk|Φk0 >= βδkk0 , < Φk0|b†k|Φk0 >= β∗δkk0 .

MporoÔme na upologÐsoume thn anamenìmenh tim  thc apom�krunshc qrhsi-
mopoi¸ntac kai th sqèsh (3.38), dhlad  thn ql =

∑
k

√
h̄

2Nmωk
[bk + b†−k]e

ikla :

< Φk0|ql|Φk0 >=
∑

k

√
h̄

2Nmωk

[< Φk0|bk|Φk0 > + < Φk0|b†−k|Φk0 >]eikla =

=
∑

k

√
h̄

2Nmωk

[βδkk0 + β∗δ−kk0 ]e
ikla =

√
h̄

2Nmωk0

[βeik0la + β∗e−ik0la].

H antikat�stash β = γe−iωk0
t (upojètontac gia aplìthta ìti to γ eÐnai

pragmatikì. an den eÐnai, apl� ja suneisfèrei mia diafor� f�shc) ja mac
d¸sei to apotèlesma:

< Φk0|ql|Φk0 >= 2γ

√
h̄

2Nmωk0

cos(k0la− ωk0t),

pou èqei th morf  kÔmatoc me kumatikì arijmì k0 pou odeÔei proc ta dexi�,
en¸ h anamenìmenh tim  thc Ðdiac posìthtac se katast�seic me kajorismèno
arijmì kb�ntwn eÐnai mhdèn, ìpwc br kame lÐgo prin. Blèpoume ìti oi sÔm-
fwnec katast�seic èqoun klasikì ìrio, se antÐjesh me tic katast�seic me
kajorismèno arijmì kb�ntwn, pou den èqoun.

3.3 Suneqèc ìrio
3.3.1 Klasik  alusÐda
Ja exet�soume t¸ra to ìrio thc grammik c alusÐdac kat� to opoÐo jewroÔ-
me ìti ta swmatÐdia gÐnontai ìlo kai pio poll� (N → ∞), en¸ h apìstas 
touc a mikraÐnei, ètsi ¸ste to fusikì m koc L = Na na diathreÐtai stajerì.
H diakrit  alusÐda m' aut  th diadikasÐa ja metapèsei se suneq  qord . H
m�za m twn sfairidÐwn prèpei na teÐnei sto mhdèn. O lìgoc eÐnai ìti to ph-
lÐko µ = m

a
ja metapèsei sth grammik  puknìthta thc qord c, opìte, gia na

eÐnai peperasmèno to phlÐko sto ìrio a → 0, prèpei kai o arijmht c m na
teÐnei epÐshc sto mhdèn. Sqetik� me th stajer� elathrÐou upenjumÐzoume ìti,
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an sundèsoume se seir� dÔo elat ria m kouc a kai stajer�c K, prokÔptei
elat rio m kouc 2a kai stajer�c K

2
. Dhlad  to ginìmeno Ka paramènei anal-

loÐwto kat� th diadikasÐa thc met�bashc se mhdenik  apìstash. ApaitoÔme,
loipìn, aut n thn idiìthta, dhlad  to s = Ka na eÐnai stajerì, kaj¸c a → 0,
dhlad  to K prèpei na teÐnei antÐstoiqa sto �peiro. Sunoptik�, to suneqèc
ìrio ekfr�zetai me tic sqèseic:

N →∞, a → 0, K →∞, m → 0, (3.45)

en¸ oi posìthtec pou diathroÔntai stajerèc kat� th diadikasÐa tou orÐou
eÐnai oi ex c:

Na = L,Ka = s,
m

a
= µ. (3.46)

Sth sunèqeia prèpei na dieukrinÐsoume ìti o sunduasmìc la ja antikatastajeÐ
me th suneq  metablht  x kai oi bajmoÐ eleujerÐac ql(t) ja antikatastajoÔ-
n me tic sunart seic ql(t) ≡ q(la, t) = q(x, t). H klasik  exÐswsh kÐnhshc
(3.10),dhlad  h

∂2ql

∂t2
=

K

m
(ql+1 − 2ql + ql−1),

mporeÐ na proseggisteÐ s' autì to ìrio wc ex c:

ql+1 = q((l + 1)a, t) = q(x + a, t) ' q(x, t) + a
∂q(x, t)

∂x
+

a2

2

∂2q(x, t)

∂x2
,

ql+1 = q((l − 1)a, t) = q(x− a, t) ' q(x, t)− a
∂q(x, t)

∂x
+

a2

2

∂2q(x, t)

∂x2
,

2ql = q(la, t) = 2q(x, t).

Apì tic teleutaÐec exis¸seic prokÔptei ìti

ql+1 − 2ql + ql−1 ' a2∂2q(x, t)

∂x2
,

opìte h klasik  exÐswsh kÐnhshc proseggÐzetai apì thn

∂2q(x, t)

∂t2
=

Ka2

m

∂2q(x, t)

∂x2
.

Sth sunèqeia, prokeimènou na p�roume to ìrio, k�noume tic antikatast�seic
K = s

a
, m = µa :

∂2q(x, t)

∂t2
=

s
a
a2

µa

∂2q(x, t)

∂x2
⇒ ∂2q(x, t)

∂t2
=

s

µ

∂2q(x, t)

∂x2
. (3.47)
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Dhlad  katal xame sthn klasik  kumatik  exÐswsh. Ex �llou h lagkran-
zian  (3.26), dhlad  h

L =
N∑

l=1

1

2
mq̇l

2 −
N∑

l=1

1

2
K(ql − ql+1)

2,

ja proseggisteÐ diadoqik� apì tic ekfr�seic:

L =
∑
x

1

2
(µa)

(
∂q(x, t)

∂t

)2

−∑
x

1

2

s

a
(q(x, t)− q(x + a, t))2 '

' a


∑

x

1

2
µ

(
∂q(x, t)

∂t

)2

−∑
x

1

2

s

a2

(
−a

∂q(x, t)

∂x

)2

 =

= a


∑

x

1

2
µ

(
∂q(x, t)

∂t

)2

−∑
x

1

2
s

(
∂q(x, t)

∂x

)2

 .

('Eqoume qrhsimopoi sei thn prosèggish q(x, t) − q(x + a, t) ' −a ∂q
∂x

). To
�jroisma sta x pou emfanÐzetai sta ajroÐsmata uponoeÐ �jroish sta diakrit�
shmeÐa x = la. 'Otan p�roume to ìrio, to a pou pollaplasi�zei thn agkÔlh
ja paÐxei to rìlo tou diaforikoÔ dx kai h ìlh par�stash ja metatrapeÐ se
olokl rwma:

L =
∫ L

0
dx


1

2
µ

(
∂q(x, t)

∂t

)2

− 1

2
s

(
∂q(x, t)

∂x

)2

 .

'Opwc sunhjÐzetai gia suneq  sust mata, sumbolÐzoume thn par�stash mèsa
sthn agkÔlh me L kai na thn onom�zoume lagkranzian  puknìthta:

L =


1

2
µ

(
∂q(x, t)

∂t

)2

− 1

2
s

(
∂q(x, t)

∂x

)2

 , L =

∫ L

0
dxL. (3.48)

An tropopoi soume thn troqi� kat� δq, h dr�sh ja all�xei kat�:

δS =
∫

dt
∫ L

0
dxδL(q, qx, qt) =

∫
dt

∫ L

0
dx

[
∂L
∂q

δq +
∂L
∂qx

δqx +
∂L
∂qt

δqt

]
=

=
∫

dt
∫ L

0
dxδL =

∫
dt

∫ L

0
dx

[
∂L
∂q

δq +
∂L
∂qx

∂x(δq) +
∂L
∂qt

∂t(δq)

]
.
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Me paragontikèc oloklhr¸seic, afoÔ oi epifaneiakoÐ ìroi den ja suneisfè-
roun, ja katal xoume sth sqèsh:

δS =
∫

dt
∫ L

0
dx

[
∂L
∂q

− ∂x

(
∂L
∂qx

∂x

)
− ∂t

(
∂L
∂qt

∂t

)]
δq

kai h sunj kh δS = 0 sunep�getai tic exis¸seic Euler-Lagrange gia suneq 
sust mata:

∂

∂x

(
∂L
∂qx

)
+

∂

∂t

(
∂L
∂qt

)
=

∂L
∂q

. (3.49)

H lagkranzian  puknìthta prèpei na dÐnei thn exÐswsh kÐnhshc, pou eÐdame
ìti prèpei na eÐnai h kumatik  exÐswsh (3.47). Ac to epalhjeÔsoume:

∂

∂x

(
∂L
∂qx

)
+

∂

∂t

(
∂L
∂qt

)
=

∂L
∂q

⇒

⇒ ∂

∂x
(−sqx) +

∂

∂t
(µqt) = 0 ⇒ sqxx = µqtt,

ìpwc ja èprepe.
H suzug c orm  eÐnai

π ≡ ∂L
∂qt

= µqt =
mqt

a
=

p

a
.

kai orÐzetai mia qamiltonian  puknìthta

H ≡ πqt − L =
1

2µ
π2 +

s

2
q2
x. (3.50)

ParathroÔme ìti to π eÐnai to ìrio, ìqi akrib¸c thc orm c pl, all� thc par�-
stashc pl

a
(blèpe kai thn epìmenh par�grafo).

3.3.2 Kbantik  alusÐda
H kb�ntwsh tou sust matoc pou mìlic perigr�yame mporeÐ na gÐnei epib�l-
lontac tic kat�llhlec sqèseic met�jeshc stic metablhtèc jèshc kai orm c.
Kat' arq n parathroÔme ìti h sqèsh (3.38):

ql =
∑

k

√
h̄

2Nmωk

[bk + b†−k]e
ikla,
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pou perigr�fei th jèsh thc (kbantismènhc) diakrit c alusÐdac sunart sei
twn bk kai b†−k, mporeÐ na metagrafeÐ qwrÐc probl mata sto ìrio a → 0,
dhlad  èqei peperasmèno suneqèc ìrio. ArkeÐ na gÐnoun oi sunhjismènec
antikatast�seic: la = x,N = L

a
, m = µa. To apotèlesma, met� thn �lgebra,

ja eÐnai:

q(x) =
∑

k

√
h̄

2Lµωk

[bk + b†−k]e
ikx, k = n

2π

L
. (3.51)

Oi timèc pou paÐrnei o akèraioc n exakoloujoÔn na dÐnontai apì tic sqèseic
(3.14). AfoÔ h ql èqei peperasmèno suneqèc ìrio, to Ðdio ja sumbaÐnei kai
me th qronik  tou par�gwgo q̇l. H suzug c orm  gia th diakrit  alusÐda
dÐdetai apì th sqèsh pl = mq̇l, h opoÐa, ìmwc, èqei tetrimèno suneqèc ìrio:
sugkekrimèna, to ìrio eÐnai mhdèn, lìgw tou mhdenismoÔ thc m�zac m kaj¸c
a → 0. Gia na p�roume k�poia posìthta pou na sqetÐzetai me thn orm  kai
na èqei mh tetrimèno ìrio sto suneqèc, jewroÔme thn posìthta

pl

a
=

m

a
q̇l = µq̇l = −i

1

a

∑

k

√
h̄mωk

2N
[bk − b†−k]e

ikla.

To ìrio eÐnai h posìthta:

π(x) = −i
∑

k

√
h̄µωk

2L
[bk − b†−k]e

ikx, k = n
2π

L
. (3.52)

H antistrof  twn sqèsewn aut¸n eÐnai apl . H mình diafor� apì th diakrit 
perÐptwsh eÐnai ìti h sqèsh orjogwniìthtac tropopoieÐtai elafr� kai antÐ thc
(3.21):

N∑

l=1

ei(k−k′)la = Nδkk′

prèpei na qrhsimopoihjeÐ h
∫ L

0
dxei(k−k′)x = Lδkk′ .

Oi pr�xeic ja d¸soun:

bk =
∫ L

0
dx

(√
µωk

2h̄L
q(x) + i

√
1

2h̄µLωk

π(x)

)
e−ikx, (3.53)

b†k =
∫ L

0
dx

(√
µωk

2h̄L
q(x)− i

√
1

2h̄µLωk

π(x)

)
eikx. (3.54)
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Oi sqèseic met�jeshc (3.37):

[bk1 , b
†
k2

] = 0, [b†k1
, b†k2

] = 0, [bk1 , b
†
k2

] = δk1k2

sunep�gontai tic sqèseic

[q(x), q(x′)] = 0, [p(x), p(x′)] = 0, [q(x), p(x′)] = ih̄δ(x− x′). (3.55)

Ja mporoÔse kaneÐc na xekin sei epib�llontac tic sqèseic (3.55), opìte me
thn antÐstrofh poreÐa ja proèkuptan oi sqèseic met�jeshc gia ta bk kai ta
b†k. Oi pr�xeic pou k�name sth diakrit  kbantik  alusÐda metagr�fontai qwrÐc
sobarèc metatropèc sthn suneq  kbantik  alusÐda. Katagr�foume k�poia
endiafèronta apotelèsmata: H qamiltonian  ekfr�zetai kai sthn prokeimènh
perÐptwsh wc:

H =
∑

k

h̄ωk

(
b†kbk +

1

2
.
)

.

Oi idiokatast�seic thc qamiltonian c ja eÐnai kai ed¸ oi

|Φn >=
∏

k

1√
nk!

(b†k)
nk |0 >, bk|0 >= 0,

en¸ parìmoia metagr�fontai kai oi sÔmfwnec katast�seic. Gia par�deigma
mporeÐ kaneÐc na apodeÐxei th sqèsh

< Φk0|q(x)|Φk0 >= 2γ

√
h̄

2Lµωk0

cos(k0x− ωk0t),

ìpou eÐnai emfanèc ìti prokÔptei kÔma pou odeÔei proc ta dexi�.
ParathroÔme ìti, an kai p game sto suneqèc ìrio, h metablht  k exako-

loujeÐ na paÐrnei diakritèc timèc. Autì ofeÐletai sto ìti èqoume perioristeÐ
se qord  peperasmènou m kouc L. An jewr soume to ìrio L → ∞, h meta-
blht  k ja p�rei suneqeÐc timèc.

3.4 Kb�ntwsh thc exÐswshc Schrödinger

JewroÔme thn exÐswsh Schrödinger

Ĥψ = ih̄
∂ψ

∂t
, Ĥ ≡ − h̄2

2m
∇2 + V, (3.56)
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h opoÐa èqei tic idiosunart seic

ψµ(x, t) = φµ(x) exp
[
−iEµt

h̄

]
, Ĥφµ(x) = − h̄2

2m
∇2φµ(x)+V φµ(x) = Eµφµ(x),

kai h genik  lÔsh thc qronoanex�rththc exÐswshc ja dÐnetai apì tic sqèseic:

ψ(x) =
∑
µ

bµφµ(x), ψ∗(x) =
∑
µ

b∗µφ
∗
µ(x),

ìpou h qronik  ex�rthsh èqei enswmatwjeÐ sta bµ kai b∗µ. Fusik� h kumato-
sun�rthsh Ψ(x, t) perigr�fei thn kbantik  kat�stash tou sust matoc sto
opoÐo anaferìmaste, all� sthn prokeimènh perÐptwsh ja to jewr soume
kat' arq n wc èna klasikì pedÐo, ja to kbant¸soume sth sunèqeia kai ja
diereun soume tic sunèpeiec aut c thc legìmenhc deÔterhc kb�ntwshc. Ja
doÔme ìti o nèoc formalismìc ja anadeÐxei pio an�glufa ta swmatidiak� qa-
rakthristik� kai ìti prosfèretai gia thn perigraf  katast�sewn me poll�
swmatÐdia. Odhgìc mac sth diadikasÐa kb�ntwshc ja eÐnai h kb�ntwsh thc
suneqoÔc qord c pou ègine stic prohgoÔmenec paragr�fouc.

Kat' arq n eÐnai eÔkolo na diapist¸soume ìti h lagkranzian  puknìthta

L = ψ∗
(
ih̄

∂ψ

∂t
+

h̄2

2m
∇2ψ − V ψ

)
(3.57)

anapar�gei thn exÐswsh (3.56). Pr�gmati:

d

dt

(
∂L
∂ψ∗t

)
=

∂L
∂ψ∗

⇒ 0 = ih̄
∂ψ

∂t
+

h̄2

2m
∇2ψ − V ψ.

H suzug c orm  eÐnai

π ≡ ∂L
∂ψt

= ih̄ψ∗ (3.58)

kai h qamiltonian  puknìthta:

H = πψt − L = ψ∗
[
− h̄2

2m
∇2 + V

]
ψ = ψ∗Ĥψ. (3.59)

H qamiltonian  eÐnai:

H ≡
∫

d3xH =
∫

d3xψ∗Ĥψ =
∫

d3x
∑
µ

b∗µφ
∗
µ(x)Ĥ

∑
ν

bνφν(x) =
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=
∑
µ,ν

b∗µbν

∫
d3xφ∗µφν =

∑
µ,ν

Eνb
∗
µbνδµν =

∑
µ

Eµb
∗
µbµ. (3.60)

H kb�ntwsh sunÐstatai, ìpwc kai sth suneq  qord , sthn epibol  twn
kanìnwn met�jeshc:

[Ψ(x), Ψ(x′)] = 0, [Π(x), Π(x′)] = 0, [Ψ(x), Π(x′)] = ih̄δ(x− x′). (3.61)

H exÐswsh
Π(x) = ih̄Ψ†(x)

epitrèpei thn epanadiatÔpwsh twn sqèsewn met�jeshc me th morf :

[Ψ(x), Ψ(x′)] = 0, [Ψ†(x), Ψ†(x′)] = 0, [Ψ(x), Ψ†(x′)] = δ(x− x′). (3.62)

Qrhsimopoi¸ntac ta anaptÔgmata

Ψ(x) =
∑
µ

bµφµ(x), Ψ†(x) =
∑
µ

b†µφ
∗
µ(x) (3.63)

katal goume stic sqèseic met�jeshc twn bµ kai b†µ :

[bµ, bν ] = 0, [b†µ, b
†
ν ] = 0, [bµ, b

†
ν ] = δµν . (3.64)

H qamiltonian  eÐnai o telest c

H =
∫

d3xΨ†ĤΨ

kai anaptÔssontac ta Ψ kai Ψ† katal goume na thn ekfr�soume wc:

H =
∑
µ

Eµb
†
µbµ. (3.65)

ParathroÔme th rht  emf�nish thc swmatidiak c eikìnac: oi energeiakèc
st�jmec Eµ eÐnai dunatìn na katalamb�nontai apì ènan arijmì kb�ntwn  
swmatidÐwn, pou katametroÔntai apì ton telest  arÐjmhshc b†µbµ. Oi idiosu-
nart seic thc qamiltonian c (H|Φ >= E|Φ >) mporoÔn na graftoÔn me th
sunhjismènh morf :

|Φ >=
∏
µ

1√
nµ!

(b†µ)nµ|0 >, bµ|0 >= 0. (3.66)

'Ena endiafèron er¸thma eÐnai poiì eÐnai to fusikì nìhma twn telest¸n
Ψ†(x0) =

∑
µ b†µφ

∗
µ(x0). H ap�nthsh eÐnai ìti dhmiourgoÔn èna swmatÐdio sth

jèsh x0. H apìdeixh eÐnai apl :

< x|Ψ†(x0)|0 >=
∑
µ

< x|b†µ|0 > φ∗µ(x0) =
∑
µ

φµ(x)φ∗µ(x0) = δ(x− x0),
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dhlad  h kumatosun�rthsh thc kat�stashc Ψ†(x0)|0 > eÐnai entel¸c entopi-
smènh sth jèsh x0. H teleutaÐa isìthta ∑

µ φµ(x)φ∗µ(x0) = δ(x−x0) den eÐnai
par� h sqèsh plhrìthtac tou sunìlou idiosunart sewn φµ(x).

3.4.1 Efarmogèc
1: Telest c puknìthtac Anaferìmenoi sth gnwst  èkfrash ρ = ψ∗ψ thc
sunhjismènhc Kbantik c Mhqanik c gia thn puknìthta pijanìthtac orÐzoume
ton telest  puknìthtac ρ̂ ≡ Ψ†Ψ kai exet�zoume thn anamenìmenh tim  tou
se mia kat�stash |Φ >: ρ̄ ≡< Φ|Ψ†Ψ|Φ > . JewroÔme ìti to |Φ > eÐnai
h kat�stash enìc swmatidÐou |Φ >= b†λ|0 >⇐⇒< Φ| =< 0|bλ, ìpou to λ
antistoiqeÐ sthn energeiak  st�jmh Eλ. Ja epikalestoÔme ta anaptÔgmata
(3.63) kai ja katal xoume sthn isìthta:

ρ̄ ≡< 0|bλΨ
†Ψb†λ|0 >=

∑
µ,ν

< 0|bλb
†
µbνb

†
λ|0 > φ∗µ(x)φν(x).

Mènei na upologisteÐ h anamenìmenh tim  < 0|bλb
†
µbνb

†
λ|0 > .

'Ena polÔ shmantikì sqìlio èqei na k�nei me touc upologismoÔc aname-
nomènwn tim¸n. 'Estw ìti èqei kaneÐc èna ginìmeno telest¸n dhmiourgÐac kai
katastrof c, to bm1b

†
n1

b†n2
bm2b

†
n3

. 'Otan qreiasteÐ na upologistoÔn anamenì-
menec timèc sto kenì, eÐnai polÔ qr simo na prospaj sei kaneÐc, qrhsimopoi¸-
ntac tic sqèseic met�jeshc, na metafèrei ìlouc touc telestèc dhmiourgÐac sta
arister� opoioud pote telest  katastrof c. Sto sugkekrimèno par�deigma,
mia paradekt  di�taxh ja  tan h b†n1

b†n2
b†n3

bm1bm2 . Mia tètoiou eÐdouc di�taxh
twn twn telest¸n lègetai fusik  di�taxh (normal ordering).

EpÐ tou prokeimènou ja qrhsimopoi soume tic sqèseic bρb
†
σ = δρσ + b†σbρ,

¸ste na petÔqoume th fusik  di�taxh thc par�stashc bλb
†
µbνb

†
λ :

(bλb
†
µ)(bνb

†
λ) = (δλµ + b†µbλ)(δλν + b†λbν) =

= δλµδλν + δλµb
†
λbν + δλµb

†
µbλ + b†µbλb

†
λbν =

= δλµδλν + δλµb
†
λbν + δλµb

†
µbλ + b†µ(1 + b†λbλ)bν =

= δλµδλν + δλµb
†
λbν + δλµb

†
µbλ + b†µbν + b†µb

†
λbλbν .

H qrhsimìthta thc fusik c di�taxhc ja gÐnei profan c t¸ra amèswc. 'Eqei
na k�nei me tic idiìthtec bρ|0 >= 0, < 0|b†ρ = 0. B�sei twn idiot twn aut¸n,
to apotèlesma gia thn anamenìmenh tim  eÐnai:

< 0|bλb
†
µbνb

†
λ|0 >=< 0|δλµδλν+δλµb

†
λbν+δλµb

†
µbλ+b†µbν+b†µb

†
λbλbν |0 >= δλµδλν ,

(3.67)
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ìpou, ìpwc faÐnetai eÔkola, oi anamenìmenec timèc ginomènwn se fusik  di�-
taxh mhdenÐzontai. Antikajist¸ntac blèpoume ìti h anamenìmenh tim  tou
telest  puknìthtac isoÔtai me:

ρ̄ = φ∗λ(x)φλ(x),

to opoÐo eÐnai to apotèlesma pou ja brÐskame sthn stoiqei¸dh kbantik  mh-
qanik . Par' ìl' aut� sth nèa gl¸ssa me ènan telest  puknìthtac mporoÔme
na perigr�youme di�forec fusikèc katast�seic. Gia par�deigma, an èqoume
sÔsthma dÔo swmatidÐwn me kajorismènec enèrgeiec

|Φ >= b†λ1
b†λ2
|0 >, λ1 6= λ2,

an�loga b mata ja mac fèroun sthn èkfrash

φ∗λ1
φλ1 + φ∗λ2

φλ2 .

2: Telest c jèshc Kai p�lin empneìmenoi apì thn stoiqei¸dh kbantik 
mhqanik  orÐzoume ton telest  jèshc

x̂ ≡
∫

dxΨ†xΨ,

ìpou ta Ψ† kaiΨ eÐnai telestèc. To endiafèron fusikì mègejoc eÐnai h ana-
menìmenh tim  autoÔ tou telest  se mi� kat�stash |Φ >, ìpwc kai prin:

x̄ ≡
∫

dx < Φ|Ψ†xΨ|Φ > .

Epilègoume thn Ðdia kat�stash ìpwc sto prohgoÔmeno par�deigma, ¸ste na
ekmetalleutoÔme ta ètoima apotelèsmata: |Φ >= b†λ|0 >⇐⇒< Φ| =< 0|bλ.
H anamenìmenh tim  eÐnai, loipìn:

x̄ =
∑
µ,ν

< 0|bλb
†
µbνb

†
λ|0 >

∫
dxφ∗µ(x)xφν(x) =

=
∑
µ,ν

δλµδλν

∫
dxφ∗µ(x)xφν(x) =

∫
dxφ∗λ(x)xφλ(x),

dhlad  autì pou eÐnai gnwstì apì th stoiqei¸dh kbantik  mhqanik  tou enìc
swmatidÐou.

3: Exwterikì pedÐo H dunamik  enèrgeia lìgw allhlepÐdrashc twn
swmatidÐwn me exwterikì pedÐo ja grafìtan sthn kbantik  mhqanik  wc:

∫
dxψ∗V ψ.
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JewroÔme ton antÐstoiqo telest :

V̂ =
∫

dxΨ∗V Ψ

kai anazhtoÔme thn anamenìmenh tim  tou sthn Ðdia kat�stash |Φ >= b†λ|0 >:

V̄ =
∫

dx < Φ|Ψ†V (x)Ψ|Φ >=
∑
µ,ν

< 0|bλb
†
µbνb

†
λ|0 >

∫
dxφ∗µ(x)V (x)φν(x) =

=
∑
µ,ν

δλµδλν

∫
dxφ∗µ(x)V (x)φν(x) =

∫
dxφ∗λ(x)V (x)φλ(x),

sÔmfwna me ta anamenìmena.
4: Dunamik  enèrgeia allhlepÐdrashc H dunamik  enèrgeia pou den

ofeÐletai sthn epenèrgeia k�poiou exwterikoÔ pedÐou, all� sthn allhlepÐ-
drash twn swmatidÐwn metaxÔ touc eÐnai sqetik� perÐplokh. Sthn kbantik 
mhqanik  ja jewroÔsame dÔo stoiqei¸deic ìgkouc d3r kai d3r′ me antÐstoiqe-
c puknìthtec fortÐou qψ∗(~r)ψ(~r)d3r kai qψ∗(~r′)ψ(~r′)d3r′, opìte h dunamik 
enèrgeia allhlepÐdrashc ja eÐnai:

V̄ =
1

2

∫
d3rd3r′qψ∗(~r)ψ(~r)

k

|~r − ~r′|qψ
∗(~r′)ψ(~r′),

ìpou to k exart�tai apì tic mon�dec (p.q. 1
4πε0

sto sÔsthma SI). Ja èlege
kaneÐc ìti arkeÐ na antikatastajoÔn oi kumatosunart seic ψ∗ kai ψ me touc
antÐstoiqouc telestèc Ψ† kai Ψ. Kat' arq n eÐnai swst  idèa, all� tÐjetai
amèswc to prìblhma thc akriboÔc di�taxhc mèsa sto ginìmeno, afoÔ oi tele-
stèc den metatÐjentai p�nta metaxÔ touc. EpÐ tou prokeimènou mac kajodhgeÐ
h apl  parat rhsh ìti h allhlepÐdrash Coulomb prèpei na mhdenÐzetai ìtan
jewr soume thn anamenìmenh tim  se katast�seic tou enìc mìno swmatidÐou.
Epilègoume ton telest :

V̂ =
1

2

∫
d3rd3r′Ψ†(~r)Ψ†(~r′)

kq2

|~r − ~r′|Ψ(~r′)Ψ(~r).

An upologÐsoume thn anamenìmenh tim  tou sthn kat�stash

|Φ1 >= b†λ|0 >⇐⇒< Φ1| =< 0|bλ

ja diapist¸soume ìti pr�gmati mhdenÐzetai. An proqwr soume sthn kat�-
stash

|Φ2 >= b†λ1
b†λ2
|0 >⇐⇒< Φ2| =< 0|bλ2bλ1 , λ1 6= λ2,
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ja katal xoume sthn èkfrash:

V̂ =
∫

d3rd3r′
kq2

|~r − ~r′| [φ
∗
λ1

(~r)φλ1(~r)φ
∗
λ2

(~r′)φλ2(~r
′)+φ∗λ1

(~r)φλ2(~r)φ
∗
λ2

(~r′)φλ1(~r
′)].

ParathroÔme ìti, ektìc apì to eujÔ olokl rwma, emfanÐzetai kai to legìme-
no olokl rwma antallag c, pou ofeÐletai sto gegonìc ìti èqoume tautotik�
swmatÐdia.

3.5 Dunamikèc metablhtèc
JewroÔme kat' arq n mia prosjetik  posìthta pou anafèretai s' èna kai
mìno swmatÐdio, ìpwc h kinhtik  enèrgeia. H kinhtik  enèrgeia, loipìn, enìc
sunìlou swmatidÐwn apì ta opoÐa Nk brÐskontai sthn kbantik  kat�stash k
pou èqei enèrgeia T ′

k eÐnai, profan¸c, ∑
k NkT

′
k. H metagraf  tou telest  thc

kinhtik c enèrgeiac sth gl¸ssa thc deÔterhc kb�ntwshc eÐnai apl : arkeÐ na
antikatast sei kaneÐc ton arijmì Nk me ton telest  a†kak gia na katal xei
se mia pr¸th èkfrash gia thn kinhtik  enèrgeia:

T̂ =
∑

T ′
ka
†
kak.

Ta T ′
k eÐnai apl� arijmoÐ. 'Omwc den èqoume brei akìmh thn pio genik  èkfrash

gia thn kinhtik  enèrgeia. O lìgoc eÐnai ìti upojèsame ìti oi katast�seic
k èqoun sugkekrimènh kinhtik  enèrgeia, pr�gma pou den eÐnai aparaÐthto.
An all�xoume tic katast�seic apì tic k pou perigr�fontai apì tic φk(r) se
k�poiec �llec, oi telestèc dhmiourgÐac a†k kai katastrof c ak ja all�xoun se
b†l kai bl, pou ja sundèontai me touc palioÔc me metasqhmatismì omoiìthtac:

a†k =
∑
m

c∗kmb†m, ak =
∑
n

cknbn. (3.68)

Sunart sei twn nèwn telest¸n dhmiourgÐac kai katastrof c h kinhtik  enèr-
geia ja gr�fetai:

T̂ =
∑

k

T ′
k

∑
m,n

cknc∗kmb†mbn =
∑
m,n

∑

k

T ′
kcknc

∗
kmb†mbn,

dhlad 
T̂ =

∑
m,n

Tm
n b†mbn, Tm

n ≡ ∑

k

T ′
kcknc

∗
km. (3.69)

Ta Tm
n èqoun genik� mh mhdenik� stoiqeÐa gia opoiesd pote timèc twn m kai

n.
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Ac proqwr soume t¸ra sthn perÐptwsh thc dunamik c enèrgeiac, pou mpo-
reÐ na grafteÐ wc �jroisma se zeug�ria swmatidÐwn. Ac jewr soume ìti Nk

swmatÐdia brÐskontai sthn kat�stash k kai allhlepidroÔn me Nl swmatÐdia
pou brÐskontai sthn kat�stash l. Upojètoume proc to parìn ìti oi kata-
st�seic k kai l eÐnai diaforetikèc. H dunamik  enèrgeia k�je zeugarioÔ eÐnai
(èstw) V ′

kl kai up�rqoun NkNl

2
zeug�ria. Sunep¸c autì to komm�ti thc dunami-

k c enèrgeiac isoÔtai me 1
2

∑
k 6=l NkNlV

′
kl = 1

2

∑
k,l(1−δkl)NkNlV

′
kl. (DiairoÔme

me to 2 giatÐ k�je zeug�ri swmatidÐwn metriètai dÔo forèc). Gia thn perÐptw-
sh k = l h dunamik  enèrgeia k�je zeugarioÔ eÐnai V ′

kk kai up�rqoun Nk(Nk−1)
2

zeug�ria, me antÐstoiqh suneisfor� ∑
k

Nk(Nk−1)
2

V ′
kk =

∑
k,l δkl

Nk(Nl−1)
2

V ′
kl. Su-

mperasmatik� h dunamik  enèrgeia gr�fetai:

1

2

∑

k,l

(1− δkl)NkNlV
′
kl +

1

2

∑

k

δklNk(Nl − 1)V ′
kl =

=
1

2

∑

k,l

[NkNl − δklNk]V
′
kl =

1

2

∑

k,l

PklV
′
kl, Pkl ≡ NkNl − δklNk.

Apì aut  thn èkfrash h metagraf  tou telest  thc dunamik c enèrgeiac sth
gl¸ssa thc deÔterhc kb�ntwshc eÐnai sqetik� apl : arkeÐ na antikatast -
soume touc arijmoÔc Nk kai Nl me touc antÐstoiqouc telestèc arÐjmhshc a†kak

kai a†l al. O arijmìc Pkl ja metatrapeÐ ston telest  katanom c zeugari¸n P̂kl,
o opoÐoc, m�lista paÐrnei mia polÔ apl  morf :

P̂kl ≡ a†k(aka
†
l )al−δkla

†
kak = a†k(δkl +a†l ak)al−δkla

†
kak = a†ka

†
l akal = a†ka

†
l alak.

(To teleutaÐo b ma den  tan aparaÐthto gia thn mpozonik  perÐptwsh, all�
protim same na gr�youme to apotèlesma ètsi mìno kai mìno gia na p�roume
thn Ðdia èkfrash me aut n pou prokÔptei sthn fermionik  perÐptwsh). Dhlad 
h dunamik  enèrgeia gr�fetai me th morf 

1

2

∑

k,l

V ′
kla

†
ka
†
l alak.

Ja protim soume p�li na d¸soume th genikìterh èkfrash pou ja prokÔyei
an antikatast soume touc telestèc a†k, a

†
l , al, ak sunart sei twn b†q, b

†
r, bs, bt

me b�sh tic exis¸seic (3.68). To apotèlesma eÐnai:

V̂ =
1

2

∑

q,r,s,t

V qr
st b†qb

†
rbsbt, (3.70)
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ìpou
V qr

st =
∑

k,l

c∗qkc
∗
rlcslctkV

′
kl.

Up�rqei ènac polÔ parastatikìc trìpoc na parousi�sei kaneÐc grafik�
thn èkfrash (3.70). EkeÐno pou faÐnetai na k�nei o telest c thc dunamik c
enèrgeiac eÐnai na paÐrnei ta dÔo swmatÐdia pou brÐskontai stic katast�seic
s kai t, na ta exafanÐzei mèsa apì thn allhlepÐdrash V qr

st kai na genn� sth
jèsh touc dÔo “nèa” swmatÐdia stic katast�seic q kai r. MporoÔme, loipìn,
na parast soume ta dÔo swmatÐdia s kai t wc “eiserqìmena” sth diadikasÐa,
ìpwc faÐnetai sto sq ma, kai ta dÔo �lla swmatÐdia q kai r wc “exerqìmena”.
To di�gramma pou deÐqnoume ed¸ eÐnai to pr¸to deÐgma twn perÐfhmwn dia-
gramm�twn tou Feynman. Asfal¸c eÐnai p�ra polÔ aplopoihmèno, deÐqnei
ìmwc k�poiec pleurèc thc anapar�stashc perÐplokwn parast�sewn me sqe-
tik� eÔlhpta diagr�mmata.

¡
¡¡µ
s ¡

¡¡
@

@@I
q@

@@

¡
¡¡µ

r¡
¡¡

@
@@I
t@

@@V qr
st

3.6 Kb�ntwsh thc exÐswshc Schrödinger me sta-
tistik  Fermi

JewroÔme kai p�li thn exÐswsh Schrödinger

Ĥψs = ih̄
∂ψs

∂t
, Ĥ ≡ − h̄2

2m
∇2 + V, (3.71)

h opoÐa èqei tic idiosunart seic

ψµs(x, t) = φµs(x) exp
[
−iEµt

h̄

]
, Ĥφµs(x) = − h̄2

2m
∇2φµs(x)+V φµs(x) = Eµφµs(x),

kai h genik  lÔsh thc qronoanex�rththc exÐswshc ja dÐnetai apì tic sqèseic:

ψµs(x) =
∑
µ,s

aµsφµ(x), ψ∗µs(x) =
∑
µ,s

a∗µsφ
∗
µs(x),
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ìpou h qronik  ex�rthsh èqei enswmatwjeÐ sta aµs kai a∗µs. JewroÔme to
Ψs(x, t) wc èna pedÐo proc kb�ntwsh. H diafor� apì th diadikasÐa pou pe-
rigr�fetai sthn par�grafo 3.4 eÐnai ìti jèloume oi telestèc dhmiourgÐac kai
katastrof c na perigr�foun swmatÐdia pou upakoÔoun th statistik  Fermi-
Dirac. Eidikìtera autì shmaÐnei ìti den eÐnai dunatìn dÔo tètoia swmatÐdia na
èqoun touc Ðdiouc kbantikoÔc arijmoÔc (arq  tou Pauli), opìte an efarmìsou-
me sto kenì |0 > dÔo forèc ton telest  dhmiourgÐac Ψ†

s(x) enìc swmatidÐou
sto shmeÐo x me spin s prèpei na p�roume mhdèn: (Ψ†

s(x))2|0 >= 0. Aut  h sqè-
sh mporeÐ na epiblhjeÐ, an apait soume, antÐ gia th sqèsh [Ψ†

s(x), Ψ†
s′(x

′)] =

0, th sqèsh {Ψ†
s(x), Ψ†

s′(x
′)} ≡ Ψ†

s(x)Ψ†
s′(x

′) + Ψ†
s′(x

′)Ψ†
s(x) = 0. Ed¸ emfa-

nÐzetai to antikeÐmeno {A,B} ≡ AB + BA, pou onom�zoume anti-metajèth
(me thn paÔla endi�mesa, gia na to xeqwrÐzoume apì ton metajèth [A,B] ≡
AB − BA). H kb�ntwsh me anti-metajètec eÐnai qarakthristik  thc stati-
stik c Fermi-Dirac. Aut  ja eÐnai h mình diafor� apì thn kb�ntwsh thc
paragr�fou 3.4.

Kat' arq n eÐnai eÔkolo na diapist¸soume ìti h lagkranzian  puknìthta

L =
∑
s

[
ψ∗s

(
ih̄

∂ψs

∂t
+

h̄2

2m
∇2ψs − V ψs

)]
(3.72)

anapar�gei thn exÐswsh (3.71). Pr�gmati:

d

dt

(
∂L

∂(∂tψ∗s)

)
=

∂L
∂ψ∗s

⇒ 0 = ih̄
∂ψs

∂t
+

h̄2

2m
∇2ψs − V ψs.

H suzug c orm  eÐnai

πs ≡ ∂L
∂(∂tψs)

= ih̄ψ∗s (3.73)

kai h qamiltonian  puknìthta:

H =
∑
s

[πs∂tψs]− L =
∑
s

ψ∗s

[
− h̄2

2m
∇2 + V

]
ψs =

∑
s

ψ∗sĤψs. (3.74)

H qamiltonian  eÐnai:

H ≡
∫

d3xH =
∫

d3x
∑
s

ψ∗sĤψs =
∫

d3x
∑
s


∑

µ

a∗µsφ
∗
µ(x)Ĥ

∑

µ′
aµ′sφµ′(x)


 =

=
∑
s

∑

µ,µ′
a∗µsaµ′s

∫
d3xφ∗µĤφµ′ =

∑
s

∑

µ,µ′
Eµ′a

∗
µsaµ′sδµµ′ =

∑
s

∑
µ

Eµa
∗
µsaµs.

(3.75)
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H kb�ntwsh sunÐstatai, ìpwc eÐpame, sthn epibol  twn kanìnwn anti-
met�jeshc:

{Ψs(x), Ψs′(x
′)} = 0, {Πs(x), Πs′(x

′)} = 0, {Ψs(x), Πs′(x
′)} = ih̄δss′δ(x−x′).

(3.76)
H exÐswsh

Πs(x) = ih̄Ψ†
s(x)

epitrèpei thn epanadiatÔpwsh twn sqèsewn anti-met�jeshc me th morf :

{Ψs(x), Ψs′(x
′)} = 0, {Ψ†

s(x), Ψ†
s′(x

′)} = 0, {Ψs(x), Ψ†
s′(x

′)} = δss′δ(x− x′).
(3.77)

Qrhsimopoi¸ntac ta anaptÔgmata

Ψs(x) =
∑
µ,s

aµsφµ(x), Ψ†
s(x) =

∑
µ,s

a†µsφ
∗
µ(x)

katal goume stic sqèseic anti-met�jeshc twn aµs kai a†µs :

{aµs, aµ′s′} = 0, {a†µs, a
†
µ′s′} = 0, {aµs, a

†
µ′s′} = δµµ′δss′ . (3.78)

H qamiltonian  H =
∫

d3x
∑

s Ψ†
sĤΨs gr�fetai:

H =
∑
µ,s

Eµa
†
µsaµs. (3.79)

ParathroÔme th rht  emf�nish thc swmatidiak c eikìnac: oi energeiakèc
st�jmec Eµ eÐnai dunatìn na katalamb�nontai apì ènan arijmì kb�ntwn  
swmatidÐwn me spin s, pou katametroÔntai apì ton telest  arÐjmhshc Nµs ≡
a†µsaµs. ParathroÔme ìti oi sqèseic anti-met�jeshc sunep�gontai:

(Nµs)
2 = a†µs(aµsa

†
µs)aµs = a†µs(1− a†µsaµs)aµs =

= a†µsaµs − a†µsa
†
µsaµsaµs = a†µsaµs − 0 = Nµs,

ìpou l�bame upìyh ìti a†µsa
†
µs = aµsaµs = 0. To apotèlesma (Nµs)

2 = Nµs

sunep�getai ìti o telest c Nµs èqei idiotimèc mhdèn kai èna, dhlad  to polÔ
èna swmatÐdio mporeÐ na brÐsketai se k�je kbantik  kat�stash, ìpwc akrib¸c
ja perÐmene kaneÐc gia fermiìnia. Autì sunep�getai ìti oi idiosunart seic thc
qamiltonian c (H|Φ >= E|Φ >) mporoÔn na graftoÔn me th sunhjismènh
morf :

|Φ >=
∏
µ,s

(a†µ,s)
nµs|0 >, aµs|0 >= 0,



3.7. SUSQETISMO�I SE A�ERIA BOSE KAI FERMI 45

ìpou to nµs mporeÐ na eÐnai mhdèn   èna. H sqèsh aut  eÐnai aploÔsterh apì
thn antÐstoiqh mpozonik  (3.66) kat� to ìti den perilamb�nei ton par�gonta
kanonikopoÐhshc me ta paragontik�.

To fusikì nìhma twn telest¸n Ψ†
s(x0) eÐnai ìti dhmiourgoÔn èna swmatÐdio

me spin s sth jèsh x0.

3.7 SusqetismoÐ se aèria Bose kai Fermi

3.7.1 Fermiìnia
Ac jewr soume kat' arq n to teleÐwc ekfulismèno aèrio Fermi, dhlad  èna
sÔnolo fermionÐwn mèsa s' ènan ìgko V, pou to mètro thc orm c touc kumaÐ-
netai metaxÔ tou mhdèn kai thc an¸tathc tim c pF , pou lègetai orm  Fermi.
Aut  h kbantik  kat�stash |Φ0 > onom�zetai kai kenì Fermi. JewroÔme
touc fermionikoÔc telestèc dhmiourgÐac kai katastrof c:

Ψ†
s(~r) =

∑

~p

e−i~r·~p
√

V
a†~ps, Ψs(~r) =

∑

~p

ei~r·~p
√

V
a~ps, (3.80)

a†~ps =
∫

d3r
ei~r·~p
√

V
Ψ†

s(~r), a~ps =
∫

d3r
e−i~r·~p
√

V
Ψs(~r).

H metablht  s perigr�fei to spin tou swmatidÐou. Ja epiqeir soume na upo-
logÐsoume to pl�toc di�doshc Gs(~r, ~r

′) enìc swmatidÐou me spin s apì th jèsh
~r′ sth jèsh ~r, ìtan to sÔsthma brÐsketai sto kenì Fermi |Φ0 > . (Den up�r-
qei perÐptwsh na sumbeÐ allag  tou spin, ìpwc eÐnai eÔkolo na apodeiqteÐ).
H posìthta Gs(~r, ~r

′) lègetai pÐnakac puknìthtac enìc swmatidÐou.

Gs(~r, ~r
′) ≡< Φ0|Ψ†

s(~r)Ψs(~r
′)|Φ0 >=< Φ0| 1

V

∑

~p,~p′
e−i~r·~pa†~pse

i~r′·~p′a~p′s|Φ0 >=

=
1

V

∑

~p,~p′
e−i~r·~pei~r′·~p′ < Φ0|a†~psa~p′s|Φ0 >=

1

V

∑

~p,~p′
e−i~r·~pei~r′·~p′δ~p,~p′Θ(pF − p) =

=
1

V

∑

~p

e−i~p·(~r−~r′)Θ(pF − p) =
∫ pF d3p

(2π)3
e−i~p·(~r−~r′). (3.81)

H bhmatik  sun�rthsh Θ(pF −p) ekfr�zei to gegonìc ìti to mètro thc orm c
den prèpei na uperbaÐnei to pF . To Ðdio ekfr�zei o sumbolismìc

∫ pF d3p
(2π)3

. 1

1MporoÔme na ekfr�soume ton sunolikì arijmì swmatidÐwn N ston ìgko V wc ex c:
N =

∑
~p,s n~p,s = 2

∑
p≤pF

1. Metatrèpontac to �jroisma se olokl rwma brÐskoume: N =
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JewroÔme ìti uiojetoÔme wc �xona twn z to ~r−~r′ : d3p = 2πd(cos θ)dpp2, ~p ·
(~r − ~r′) = p|~r − ~r′| cos θ, opìte:

Gs(~r, ~r
′) = 2π

1

(2π)3

∫ pF

0
dpp2

∫ +1

−1
d(cos θ)e−ip|~r−~r′| cos θ =

=
1

4π2

∫ pF

0
dpp2 1

−ip|~r − ~r′|
[
e−ip|~r−~r′| − eip|~r−~r′|] =

=
1

2π2|~r − ~r′|
∫ pF

0
dpp sin(p|~r − ~r′|) =

=
1

2π2|~r − ~r′|
1

|~r − ~r′|2 [sin(pF |~r − ~r′|)− pF |~r − ~r′| cos(pF |~r − ~r′|)]

=
p3

F

2π2x3
[sin(x)− x cos(x)], x ≡ pF |~r − ~r′|. (3.82)

H sun�rthsh j1(x) ≡ 1
x2 [sin(x) − x cos(x)] anagnwrÐzetai eÔkola wc h sfai-

rik  sun�rthsh Bessel pr¸thc t�xhc. Ex �llou, ìtan to x eÐnai mikrì, mpo-
roÔme na anaptÔxoume kat� Taylor kai na broÔme thn proseggistik  morf :
limx→0 Gs(~r, ~r

′) ≈ n
2

(
1− x2

10

)
. H grafik  par�stash tou Gs(~r, ~r

′) sunart sei
tou pF |~r − ~r′| faÐnetai sto sq ma.

Sunart seic susqetismoÔ zeug¸n

EÐnai gnwstì ìti ta swmatÐdia me ton Ðdio prosanatolismì tou spin teÐnoun
na apomakrÔnontai metaxÔ touc. Autì den eÐnai tÐpot' �llo apì thn apago-
reutik  arq  tou Pauli. Autì prèpei sto formalismì pou perigr�foume ed¸
na ekfr�zetai apì to gegonìc ìti to pl�toc tou na eÐnai kont� prèpei na teÐnei
sto mhdèn. 'Enac trìpoc na upologÐsoume thn pijanìthta na brÐsketai èna
swmatÐdio sth jèsh ~r′ dedomènou ìti k�poio �llo brÐsketai sth jèsh ~r eÐnai
na jewr soume ìti apomakrÔnoume noht� èna apì ta N swmatÐdia me spin s
apì th jèsh ~r kai na broÔme thn puknìthta twn upìloipwn N − 1 swmati-
dÐwn (me spin s′) sth nèa kbantik  kat�stash |Φ′(~r, s) >≡ Ψs(~r)|Φ0 > . H
puknìthta aut  gr�fetai:

< Φ′(~r, s)|Ψ†
s′(~r

′)Ψs′(~r
′)|Φ′(~r, s) >=< Φ0|Ψ†

s(~r)Ψ
†
s′(~r

′)Ψs′(~r
′)Ψs(~r)|Φ0 >

≡
(

n

2

)2

gss′(~r − ~r′).

2V
∫ pF d3p

(2π)3 = 2π 1
(2π)3

∫ pF

0
dpp2

∫ +1

−1
d(cos θ) = p3

F

3π2 , opìte p3
F = 3π2N

V = 3π2n, ìpou n

eÐnai h mèsh puknìthta swmatidÐwn.
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Antikajist¸ntac touc telestèc pedÐou apì tic sqèseic (3.80) brÐskoume th
sqèsh:
(

n

2

)2

gss′(~r − ~r′) =
1

V 2

∑

~p,~p′,~q,~q′
e−i(~p−~p′)·~re−i(~q−~q′)·~r′ < Φ0|a†~psa

†
~ps′a~q′s′a~p′s|Φ0 >

(3.83)
O upologismìc mporeÐ na gÐnei se dÔo st�dia:
(a) PerÐptwsh s 6= s′

H mình perÐptwsh na èqoume mh mhdenik  suneisfor� eÐnai na ikanopoioÔ-
ntai oi sqèseic ~p = ~p′ kai ~q = ~q′. (EpishmaÐnoume ìti perilamb�netai kai h
perÐptwsh ~p = ~q = ~p′ = ~q′.) AfoÔ isqÔoun oi sqèseic {a~ps, a

†
~p′s′} = δ~p,~p′δs,s′ h

upìjesh gia �nisa spin mac lèei ìti o telest c a~p′s anti-metatÐjetai me touc
a†~ps′ kai a~q′s′ , opìte isqÔoun oi akìloujec isìthtec:

a†~psa
†
~qs′a~q′s′a~p′s = (−1)a†~psa

†
~qs′a~p′sa~q′s′ = (−1)2a†~psa~p′sa

†
~qs′a~q′s′ ,

opìte:

< Φ0|a†~psa
†
~qs′a~q′s′a~p′s|Φ0 >=< Φ0|a†~psa~p′sa

†
~qs′a~q′s′ |Φ0 >=< Φ0|a†~psa~psa

†
~qs′a~qs′|Φ0 > .

Sto teleutaÐo b ma l�bame upìyh tic sqèseic ~p = ~p′ kai ~q = ~q′. Sth sunèqeia
ja eisag�goume èna pl rec sÔsthma endi�meswn katast�sewn |Φ > wc ex c:

< Φ0|a†~psa~psa
†
~qs′a~qs′|Φ0 >=

∑

Φ

< Φ0|a†~psa~ps|Φ >< Φ|a†~qs′a~qs′|Φ0 > .

'Omwc h monadik  mh mhdenik  suneisfor� proèrqetai apì to |Φ >= |Φ0 >,
ìpwc eÐnai eÔkolo na dei kaneÐc. Ex �llou, epeid  èqoume statistik  Fermi,
dhlad  k�je kbantik  kat�stash katalamb�netai apì èna akrib¸c swmatÐdio,
ja isqÔoun oi sqèseic:

< Φ0|a†~psa~ps|Φ0 >= 1, < Φ0|a†~qs′a~qs′|Φ0 >= 1,

me thn proüpìjesh bèbaia ìti q ≤ pF , p ≤ pF . M' aut� ta dedomèna katal -
goume sto apotèlesma:

< Φ0|a†~psa~psa
†
~qs′a~qs′|Φ0 >= 1,

opìte
(

n

2

)2

gss′(~r−~r′) =
1

V 2

∑

~p,~p′,~q,~q′
e−i(~p−~p′)·~re−i(~q−~q′)·~r′δ~p,~p′δ~q,~q′ ·1 =

1

V 2

∑

p≤pF

1
∑

q≤pF

1.
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Metatrèpontac ta ajroÐsmata se oloklhr¸mata h teleutaÐa èkfrash gÐnetai:

1

V 2

(
V

∫ pF d3p

(2π)3

)2

=
1

(2π)6

(
4π

∫ pF

0
dpp2

)2

=
p6

F

36π4
=

1

4
n2,

ìpou sto teleutaÐo b ma qrhsimopoi same th gnwst  isìthta p3
F = 3π2n →

p6
F = 9π4n. Telik�, dhlad , katal goume sth sqèsh:

(
n

2

)2

gss′(~r − ~r′) =
1

4
n2,

dhlad :
gss′(~r − ~r′) = 1, s 6= s′.

(b) PerÐptwsh s = s′

S' aut n thn perÐptwsh èqoume dÔo dunatìthtec mh mhdenik c suneisfo-
r�c: thn

~p = ~p′, ~q = ~q′

kai thn
~p = ~q′, ~q = ~p′.

H perÐptwsh ~p = ~q apokleÐetai, giatÐ mazÐ me thn upìjesh s = s′ ja gennoÔse
ìrouc tou tÔpou (a~ps)

2 = 0   (a†~ps)
2 = 0. 'Ara:

δss′ < Φ0|a†~psa
†
~qs′a~q′s′a~p′s|Φ0 >=

= δss′δ~p,~p′δ~q,~q′ < Φ0|a†~psa
†
~qs′a~q′s′a~p′s|Φ0 > +δss′δ~p,~q′δ~q,~p′ < Φ0|a†~psa

†
~qs′a~q′s′a~p′s|Φ0 >=

= δss′δ~p,~p′δ~q,~q′ < Φ0|a†~psa
†
~qsa~qsa~ps|Φ0 > +δss′δ~p,~q′δ~q,~p′ < Φ0|a†~psa

†
~qsa~psa~qs|Φ0 > .

AfoÔ ~p 6= ~q, ìpwc exhg same, oi sqèseic anti-met�jeshc {a~ps, a
†
~qs} = δ~p,~q

deÐqnoun ìti o a~ps anti-metatÐjetai me touc a~qs, a
†
~qs, opìte isqÔoun oi isìthtec:

a†~psa
†
~qsa~qsa~ps = (−1)a†~psa

†
~qsa~psa~qs = (−1)2a†~psa~psa

†
~qsa~qs,

a†~psa
†
~qsa~psa~qs = (−1)a†~psa~psa

†
~qsa~qs

kai h pio p�nw sqèsh gÐnetai:

δss′ < Φ0|a†~psa
†
~qs′a~q′s′a~p′s|Φ0 >=

= δss′δ~p,~p′δ~q,~q′ < Φ0|a†~psa~psa
†
~qsa~qs|Φ0 > −δss′δ~p,~q′δ~q,~p′ < Φ0|a†~psa~psa

†
~qsa~qs|Φ0 >=
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= δss′ [δ~p,~p′δ~q,~q′ − δ~p,~q′δ~q,~p′ ] < Φ0|a†~psa~psa
†
~qsa~qs|Φ0 >=

= δss′ [δ~p,~p′δ~q,~q′ − δ~p,~q′δ~q,~p′ ]
∑

Φ

< Φ0|a†~psa~ps|Φ >< Φ|a†~qsa~qs|Φ0 >=

= δss′ [δ~p,~p′δ~q,~q′ − δ~p,~q′δ~q,~p′ ]
∑

Φ

< Φ0|a†~psa~ps|Φ0 >< Φ0|a†~qsa~qs|Φ0 >=

= δss′ [δ~p,~p′δ~q,~q′ − δ~p,~q′δ~q,~p′ ].

Autì to apotèlesma dÐnei gia to arqikì pl�toc:
(

n

2

)2

gss(~r − ~r′) =
1

V 2

∑

~p,~p′,~q,~q′
e−i(~p−~p′)·~re−i(~q−~q′)·~r′ [δ~p,~p′δ~q,~q′ − δ~p,~q′δ~q,~p′ ] =

=
1

V 2

∑

p≤pF

∑

q≤pF

(
1− e−i(~p−~q)·~re−i(~q−~p)·~r′) =

=
1

V 2
V

∫ pF d3p

(2π)3
V

∫ pF d3q

(2π)3

(
1− e−i(~p−~q)·(~r−~r′)

)
=

=
∫ pF d3p

(2π)3

∫ pF d3q

(2π)3
−

∫ pF d3p

(2π)3
e−i~p·(~r−~r′)

∫ pF d3q

(2π)3
e−i~q·(~r−~r′). (3.84)

ParathroÔme ìti epanemfanÐzetai to olokl rwma pou ekfr�zei ton pÐnaka
puknìthtac enìc swmatidÐou (sqèseic (3.81), (3.82) ):

Gs(~r − ~r′) =
∫ pF d3p

(2π)3
e−i~p·(~r−~r′) =

=
p3

F

2π2x3
[sin(x)− x cos(x)] =

3n

2

sin(x)− x cos(x)

x3
, x ≡ pF |~r − ~r′|.

EpÐshc emfanÐzontai ta Ðdia oloklhr¸mata sth jèsh ~r − ~r′ = ~0 :

∫ pF d3p

(2π)3
= Gs(~0) =

n

2
.

Antikajist¸ntac sthn (3.84) aut� ta apotelèsmata èqoume:
(

n

2

)2

gss(~r − ~r′) = Gs(~0)Gs(~0)−Gs(~r − ~r′)Gs(~r − ~r′),

dhlad :

gss(~r − ~r′) = 1−
(

3
sin(x)− x cos(x)

x3

)2

, x ≡ pF |~r − ~r′|.
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SunoyÐzontac, sthn perÐptwsh s = s′ to apotèlesma mporeÐ na parastajeÐ
me ta diagr�mmata:

Ψ†(~r′, s) Ψ(~r′, s)

Ψ†(~r, s) Ψ(~r, s)

−
Ψ†(~r′, s)

Ψ†(~r, s)

Ψ(~r′, s)

Ψ(~r, s)

³³³³³³³³³³PPPPP
PPPP

Gia thn perÐptwsh s 6= s′, h anisìthta twn spin apokleÐei to “staurwtì”
di�gramma, opìte to apotèlesma eÐnai : gss′ = 1, ìpwc pr�gmati br kame.

Efarmog : h mèjodoc Hartree-Fock

Gia th melèth twn atìmwn to pr¸to b ma eÐnai na kataskeuasteÐ mia dokima-
stik  kumatosun�rthsh, h opoÐa na enswmat¸nei ìso to dunatìn perissìtera
apì ta qarakthristik� pou perimènoume. PolÔ suqn� epilègetai h legìmenh
orÐzousa tou Slater twn katast�sewn enìc swmatidÐou:

ψN(~x1, ~x2, . . . , ~xN) =
1√
N !

∣∣∣∣∣∣∣∣

φ1(~x1) . . . φ1(~xN)
... ...

φN(~x1) . . . φN(~xN)

∣∣∣∣∣∣∣∣
(3.85)

Sthn parap�nw èkfrash φi(~xj) eÐnai mia prosdioristèa kbantik  kat�stash
i me suntetagmènec ~xj, pou upotÐjetai kanonikopoihmènh: < φk|φl >= δkl. H
parap�nw dokimastik  kumatosun�rthsh sundèetai me thn kat�stash

|ψN , t >=
∫

d3x1 . . . d3xNψN(~x1, . . . , ~xN)Ψ†(~x1, t) . . . Ψ†(~xN , t)|0 > .

H Qamiltonian  gr�fetai:
H = H0 + V,

H0 ≡
∫

d3x
∑
s

Ψ†
s(~x)

(
− h̄2

2m
∇2 − Ze2

|~x|

)
Ψs(~x),

V =
1

2

∑

s,s′

∫
d3xd3x′

e2

|~x− ~x′|Ψ
†
s(~x)Ψ†

s′(~x
′)Ψs′(~x

′)Ψs(~x).

ApodeiknÔetai ìti

< ψN , t|H0|ψN , t >=
N∑

i=1

∫
d3xφ∗i (~x)

(
− h̄2

2m
∇2 − Ze2

|~x|

)
φi(~x) =
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=
N∑

i=1

∫
d3x

h̄2|∇φi(~x)|2
2m

−
N∑

i=1

∫
d3x

Ze2

|~x| φ∗i (~x)φi(~x).

Ex �llou:

< ψN |V |ψN >=
1

2

∑

s,s′

∫
d3xd3x′

e2

|~x− ~x′| < ψN |Ψ†
s(~x)Ψ†

s′(~x
′)Ψs′(~x

′)Ψs(~x)|ψN > .

All�

< ψN |Ψ†
s(~x)Ψ†

s′(~x
′)Ψs′(~x

′)Ψs(~x)|ψN >≡< Ψ†
s(~x)Ψ†

s′(~x
′)Ψs′(~x

′)Ψs(~x) >=

=< Ψ†
s(~x)Ψs(~x) >< Ψ†

s′(~x
′)Ψs′(~x

′) > −
−δss′ < Ψ†

s(~x)Ψs(~x
′) >< Ψ†

s(~x
′)Ψs(~x) >,

ìpwc èqoume dei prohgoumènwc (kai isqÔei kai s' aut n thn perÐptwsh), opìte:

< ψN |V |ψN >=
1

2

∑

i,j

∫
d3xd3x′

e2

|~x− ~x′| |φi(~x)|2|φj(~x
′)|2−

−1

2

∑

i,j

δsi,sj

∫
d3xd3x′

e2

|~x− ~x′|φ
∗
i (~x)φi(~x

′)φ∗j(~x
′)φj(~x)

kai h anamenìmenh tim  thc Qamiltonian c eÐnai telik�:

< H >=
N∑

i=1

∫
d3xφ∗i (~x)

(
− h̄2

2m
∇2 − Ze2

|~x|

)
φi(~x)+

+
1

2

∑

i,j

∫
d3xd3x′

e2

|~x− ~x′| |φi(~x)|2|φj(~x
′)|2−

−1

2

∑

i,j

δsi,sj

∫
d3xd3x′

e2

|~x− ~x′|φ
∗
i (~x)φi(~x

′)φ∗j(~x
′)φj(~x).

Metab�llontac thn parap�nw èkfrash wc proc φ∗i (~x) brÐskoume to sÔnolo
mh grammik¸n exis¸sewn:
(
− h̄2

2m
∇2 − Ze2

|~x|

)
φi(~x)+

∫
d3x′

e2

|~x− ~x′|
∑

j

φ∗j(~x
′)[φj(~x

′)φi(~x)−δsi,sj
φj(~x)φi(~x

′)] =

= εiφi(~x), i = 1, . . . , N,

pou lègontai exis¸seic Hartree-Fock. H stajer� εi pou emfanÐzetai sto
dexiì mèloc eÐnai proseggistik� (meÐon) h enèrgeia ionismoÔ. Den eÐnai akrib¸c
h enèrgeia ionismoÔ, giatÐ, an apomakrunjeÐ apì to �tomo to hlektrìnio pou
perigr�fetai apì thn φi(~x), oi upìloipec φj(~x) den ja meÐnoun anephrèastec.
Autèc oi parathr seic sunapoteloÔn to je¸rhma tou Koopmans.
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3.7.2 Mpozìnia
Ac jewr soume t¸ra mia kbantik  kat�stash |Φ > enìc sust matoc mpozo-
nÐwn pou perièqei n~p0 swmatÐdia me orm  ~p, n~p0 swmatÐdia me orm  ~p, k.o.k. Ja
upologÐsoume posìthtec antÐstoiqec m' ekeÐnec twn fermionÐwn, emplèkontac
touc telestèc

Ψ†(~r) =
∑

~p

e−i~r·~p
√

V
a†~p, Ψ(~r) =

∑

~p

ei~r·~p
√

V
a~p,

a†~p =
∫

d3r
ei~r·~p
√

V
Ψ†(~r), a~p =

∫
d3r

e−i~r·~p
√

V
Ψ(~r).

Xekin�me me thn posìthta:

< Φ|Ψ†(~r)Ψ(~r)|Φ >=< Φ|∑
~p

e−i~r·~p
√

V
a†~p

∑

~p′

ei~r·~p′
√

V
a~p′|Φ >=

=
1

V

∑

~p,~p′
e−i(~p−~p′)·~r < Φ|a†~pa~p′|Φ >=

1

V

∑

~p,~p′
e−i(~p−~p′)·~rn~pδ~p,~p′ =

1

V

∑

~p

n~p.

Ex �llou:
< Φ|Ψ†(~r)Ψ†(~r′)Ψ(~r′)Ψ(~r)|Φ >=

1

V 2

∑

~p,~p′,~q,~q′
e−i(~p−~p′)·~re−i(~q−~q′)·~r′ < Φ|a†~pa†~qa~q′a~p′|Φ > . (3.86)

Gia ton upologismì thc anamenìmenhc tim c xeqwrÐzoume thn perÐptwsh ~p 6=
~q, pou upologÐzetai antÐstoiqa me th fermionik  perÐptwsh kai thn perÐptwsh
~p = ~q, pou den up rqe antÐstoiqo sta fermiìnia. Gia thn perÐptwsh ~p 6= ~q,
exet�zoume tic dÔo upopeript¸seic [~p = ~p′, ~q = ~q′] kai [~p = ~q′, ~q = ~p′].

δ~p,~p′δ~q,~q′ < Φ|a†~pa†~qa~q′a~p′|Φ >= δ~p,~p′δ~q,~q′ < Φ|a†~pa†~qa~qa~p|Φ > .

To a~p metatÐjetai me ta a~q kai a†~q, afoÔ èqoume upojèsei ìti ~p 6= ~q, opìte

< Φ|a†~pa†~qa~qa~p|Φ >=< Φ|a†~pa~pa
†
~qa~q|Φ > .

'Opwc kai sth fermionik  perÐptwsh eis�goume èna pl rec sÔnolo idiokata-
st�sewn |X > kai sun�goume:

< Φ|a†~pa~pa
†
~qa~q|Φ >=

∑

X

< Φ|a†~pa~p|X >< X|a†~qa~q|Φ > .
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H sqèsh a†~qa~q|Φ >= n~q|Φ > sunep�getai ìti < X|a†~qa~q|Φ >= n~q < X|Φ >=
n~qδ|X>,Φ>. Autì shmaÐnei ìti apì to �jroisma sta |X > epibi¸nei mìno ènac
ìroc: ∑

X

< Φ|a†~pa~p|X >< X|a†~qa~q|Φ >= n~pn~q,

opìte:

(1− δ~p,~q)δ~p,~p′δ~q,~q′ < Φ|a†~pa†~qa~q′a~p′|Φ >= (1− δ~p,~q)δ~p,~p′δ~q,~q′n~pn~q. (3.87)

Gia thn perÐptwsh [~p = ~q′, ~q = ~p′] me parìmoia b mata prokÔptei:

(1− δ~p,~q)δ~p,~q′δ~q,~p′ < Φ|a†~pa†~qa~q′a~p′|Φ >= (1− δ~p,~q)δ~p,~q′δ~q,~p′ < Φ|a†~pa†~qa~pa~q|Φ >=

= (1− δ~p,~q)δ~p,~q′δ~q,~p′ < Φ|a†~pa~pa
†
~qa~q|Φ >=

= (1− δ~p,~q)δ~p,~q′δ~q,~p′
∑

X

< Φ|a†~pa~p|X >< X|a†~qa~q|Φ >=

= (1− δ~p,~q)δ~p,~q′δ~q,~p′n~pn~q. (3.88)

Mènei h perÐptwsh ~p = ~q, opìte upoqrewtik� kai ~p′ = ~q′. Qrhsimopoi¸ntac
th sqèsh a~pa

†
~p − a†~pa~p = 1 brÐskoume:

δ~p,~qδ~p,~p′δ~q,~q′ < Φ|a†~pa†~qa~q′a~p′|Φ >= δ~p,~qδ~p,~p′δ~q,~q′ < Φ|a†~pa†~pa~pa~p|Φ >=

= δ~p,~qδ~p,~p′δ~q,~q′ < Φ|a†~p(a~pa
†
~p − 1)a~p|Φ > .

H anamenìmenh tim  gÐnetai, diadoqik�:

< Φ|a†~p(a~pa
†
~p − 1)a~p|Φ >=< Φ|a†~pa~pa

†
~pa~p|Φ > − < Φ|a†~pa~p|Φ >=

=
∑

X

< Φ|a†~pa~p|X >< X|a†~pa~p|Φ > −n~p = (n~p)
2 − n~p. (3.89)

Sundu�zontac tic (3.87, 3.88, 3.89) brÐskoume:

< Φ|a†~pa†~qa~q′a~p′|Φ >= (1− δ~p,~q)[δ~p,~p′δ~q,~q′ + δ~p,~q′δ~q,~p′ ]n~pn~q+

+δ~p,~qδ~p,~p′δ~q,~q′n~p(n~p − 1).

AntikajistoÔme sthn (3.86) katal goume sthn:

< Φ|Ψ†(~r)Ψ†(~r′)Ψ(~r′)Ψ(~r)|Φ >=

=
1

V 2

∑

~p,~p′,~q,~q′
e−i(~p−~p′)·~re−i(~q−~q′)·~r′{(1− δ~p,~q)[δ~p,~p′δ~q,~q′ + δ~p,~q′δ~q,~p′ ]n~pn~q+
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+δ~p,~qδ~p,~p′δ~q,~q′n~p(n~p − 1)}

=
1

V 2

∑

~p,~q

(1− δ~p,~q)(1 + e−i(~p−~q)·~re−i(~q−~p)·~r′)n~pn~q +
∑

~p,~q

δ~p,~qn~p(n~p − 1) =

=
1

V 2

∑

~p,~q

[
n~pn~q − δ~p,~q(n~p)

2 + e−i(~p−~q)·(~r−~r′) − δ~p,~q(n~p)
2 + δ~p,~q(n~p)

2 − δ~p,~qn~p

]
=

=
1

V 2





∑

~p

n~p





∑

~q

n~q


−∑

~p

(n~p)
2 +


∑

~p

n~pe
−i~p·(~r−~r′)





∑

~q

n~qe
+i~q·(~r−~r′)


−∑

~p

n~p


 =

=

(∑
~p n~p

V

)2

+

∣∣∣∣∣∣
1

V

∑

~p

n~pe
−i~p·(~r−~r′)

∣∣∣∣∣∣

2

− 1

V 2

∑

~p

n~p(n~p + 1) →

→ GB ≡< Φ|Ψ†(~r)Ψ†(~r′)Ψ(~r′)Ψ(~r)|Φ >=

= n2 +

∣∣∣∣∣∣
1

V

∑

~p

n~pe
−i~p·(~r−~r′)

∣∣∣∣∣∣

2

− 1

V 2

∑

~p

n~p(n~p + 1). (3.90)

'Eqoume sumbolÐsei me n thn puknìthta twn mpozonÐwn.
UpenjumÐzoume to apotèlesma gia fermiìnia pou antistoiqeÐ sto (3.90):

GF ≡< Φ0|Ψ†
s(~r)Ψ

†
s′(~r

′)Ψs′(~r
′)Ψs(~r)|Φ0 >=

=
(

n

2

)2

−
∣∣∣∣∣∣
1

V

∑

~p

n~pse
−i~p·(~r−~r′)

∣∣∣∣∣∣

2

δss′ . (3.91)

Mia sÔgkrish twn dÔo apotelesm�twn eÐnai polÔ qr simh. Sthn (3.90) u-
p�rqei ènac ìroc (o teleutaÐoc) o opoÐoc den up�rqei sthn (3.91). O ìroc
autìc eÐnai deutereÔousac shmasÐac, giatÐ eÐnai kat� ènan par�gonta 1

V
mi-

krìteroc apì touc �llouc dÔo, opìte, sto ìrio ìpou oi ìgkoi eÐnai sqetik�
meg�loi, mporeÐ na paraleifjeÐ. H pio shmantik  diafor� metaxÔ twn dÔo
ekfr�sewn eÐnai to prìshmo tou deutèrou ìrou. Mia polÔ shmantik  eidik 
perÐptwsh èqoume ìtan ~r = ~r′. S' aut n thn perÐptwsh to arnhtikì prìsh-
mo sthn (3.91) mei¸nei to pl�toc, en¸ gia ta mpozìnia to antÐstoiqo jetikì
prìshmo to aux�nei. To fusikì apotèlesma eÐnai ìti ta mpozìnia èqoun au-
xhmènh pijanìthta na brejoÔn sto Ðdio shmeÐo, se antÐjesh me ta fermiìnia,
gia ta opoÐa to antÐstoiqo pl�toc eÐnai mhdèn. H sumperifor� twn fermio-
nÐwn prèpei na apodojeÐ sthn arq  tou Pauli pou apagoreÔei thn sunÔparxh
tautotik¸n fermionÐwn me to Ðdio spin sthn Ðdia orm . Gia ta mpozìnia ìqi
mìno den up�rqei tètoioc periorismìc, all� antÐjeta h sunÔparxh sthn Ðdia
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orm  èqei idiaÐtera meg�lh pijanìthta. H arq  aut  brÐsketai sth b�sh thc
sumpÔknwshc Bose-Einstein, pou eÐnai h kat�stash ìpou ìla ta mpozìnia
èqoun susswreujeÐ sthn pio qamhl  orm  (n~p0 = N, n~pk 6=0

= 0). Tìte:

GB =
(

N

V

)2

+
∣∣∣∣
1

V
Ne−i~p0·(~r−~r′)

∣∣∣∣
2

− 1

V 2
N(N + 1) =

=
(

N

V

)2

+
(

N

V

)2

− N(N + 1)

V 2
=

N(N − 1)

V 2
.

3.8 SÔndesh thc deÔterhc kb�ntwshc me thn K-
bantik  Mhqanik  tautotik¸n swmatidÐwn

KleÐnoume autì to kef�laio diatup¸nontac, qwrÐc apìdeixh, mia polÔ basik 
prìtash, pou sundèei to formalismì thc deÔterhc kb�ntwshc me thn kbantik 
mhqanik  poll¸n swmatidÐwn:

Prìtash: 'Estw h kat�stash enìc swmatidÐou

|χ1, t >=
∫

d3xχ1(~x)Ψ†(~x, t)|0 >,

h opoÐa upojètoume ìti ikanopoieÐ th sqèsh:

Ĥ|χ1, t >= E|χ1, t >, Ĥ = − h̄2

2m
∇2 + V (~x)

Tìte apodeiknÔetai ìti h χ1(x) ja ikanopoieÐ th qronoanex�rthth exÐswsh
tou Schrödinger gia thn Ðdia Qamiltonian  kai idiotim  enèrgeiac:

Ĥχ1(~x) = Eχ1(~x).

'Estw t¸ra h kat�stash n swmatidÐwn

|χn, t >=
∫

d3xχn(~x1, . . . , ~xn)Ψ†(~x1, t) . . . Ψ†(~xn, t)|0 >,

h opoÐa upojètoume ìti ikanopoieÐ th sqèsh:

Ĥ|χn, t >= E|χn, t >, Ĥ = − h̄2

2m

n∑

i=1

∇2
i + V (~x1, . . . , ~xn).

Tìte h χn(~x1, . . . , ~xn) ikanopoieÐ thn exÐswsh Schrödinger poll¸n swmatidÐwn
gia thn Ðdia Qamiltonian  kai idiotim  enèrgeiac:

Ĥχn(~x1, . . . , ~xn) = Eχn(~x1, . . . , ~xn).
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To fusikì nìhma eÐnai to ex c: h posìthta |χn(~x1, . . . , ~xn)|2d3x1 . . . d3xn

eÐnai h pijanìthta na brejeÐ to swmatÐdio 1 sto stoiqei¸dh ìgko d3x1, to
swmatÐdio 2 sto stoiqei¸dh ìgko d3x2, . . . , kai tèloc to swmatÐdio n sto
stoiqei¸dh ìgko d3xn.



Kef�laio 4

ASKHSEIS

1. Na graftoÔn rht� oi exis¸seic Lagrange gia to diplì ekkremèc pou
perigr�fetai sth jewrÐa. Gia aplìthta mporeÐte na jewr sete ìti l1 =
l2 = l, m1 = m2 = m.

2. Gia mikrèc apomakrÔnseic (ja paraleifjoÔn ìloi oi ìroi an¸terhc t�-
xhc apì touc grammikoÔc) gr�yte tic aplopoihmènec exis¸seic gia to
diplì ekkremèc kai prosdiorÐste tic idiosuqnìthtec kai th morf  twn
apomakrÔnsewn gia touc kanonikoÔc trìpouc tal�ntwshc.

3. Jewr ste ulikì shmeÐo pou kineÐtai qwrÐc tribèc kat� m koc thc kuklo-
eidoÔc:

x = a(θ − sin θ), y = a(1 + cos θ), 0 ≤ θ ≤ 2π.

(1) Na gr�yete th Lagkranzian  kai tic exis¸seic kÐnhshc. (2) Na
breÐte thn perÐodo tal�ntwshc tou ulikoÔ shmeÐou. Upìdeixh: pijanìn
n' apodeiqteÐ qr simh h allag  metablht c: u ≡ cos θ

2
.

4. 'Estw mia (�gnwsth) kampÔlh y(x) sto epÐpedo xy, kat� m koc thc
opoÐac kineÐtai qwrÐc tribèc èna ulikì shmeÐo upì thn epÐdrash tou b�-
rouc tou. Na apodeiqteÐ ìti o qrìnoc pou ja qreiasteÐ gia thn kÐnhsh
pou arqÐzei apì thn hremÐa sto shmeÐo (x1, y1 = y(x1)) kai katal gei
sto (x2, y2 = y(x2)) dÐnetai apì th sqèsh:

T =
∫ x=x2

x=x1

dx√
2g

√
1 + y′2√
y1 − y

.

5. ApodeÐxte ìti, an ta akraÐa shmeÐa eÐnai dedomèna, h kampÔlh y(x), gia
thn opoÐa o qrìnoc T eÐnai el�qistoc ikanopoieÐ th diaforik  exÐswsh:

1 + y′2 + 2(y − y1)y
′′ = 0.

57
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O prosdiorismìc aut c thc kampÔlhc up rxe sto pareljìn to peribìhto
prìblhma tou braqustoqrìnou. EpalhjeÔste ìti h kukloeid c:

x = a(θ − sin θ), y = a(1 + cos θ), 0 ≤ θ ≤ 2π

ikanopoieÐ th diaforik  exÐswsh, �ra lÔnei to prìblhma. Upìdeixh: diai-
r¸ntac ta diaforik� dy kai dx mporeÐte na breÐte thn pr¸th par�gwgo
dy
dx

sunart sei tou θ.

6. Na prosdiorisjeÐ h kumatosun�rthsh thc jemeli¸douc kat�stashc tou
kbantikoÔ armonikoÔ talantwt  me afethrÐa th sqèsh orismoÔ b|0 >= 0
kai thn èkfrash tou b sunart sei twn ξ, d

dξ
.

7. Na brejoÔn oi kumatosunart seic twn tri¸n pr¸twn diegermènwn kata-
st�sewn tou kbantikoÔ armonikoÔ talantwt  xekin¸ntac apì th sqèsh
orismoÔ |n >= 1√

n!
(b†)n|0 > .

8. Jewr ste ènan kbantikì armonikì talantwt  pou ufÐstatai mia epÐ plè-
on (qronoexart¸menh) exwterik  dÔnamh. Na grafteÐ h exÐswsh Sch-
rödinger me th bo jeia twn telest¸n dhmiourgÐac kai katastrof c.

9. Na apodeiqjeÐ ìti h genik  lÔsh thc qronoexart¸menhc exÐswshc tou
Schrödinger h̄ωb†b|Ψ >= ih̄ ∂

∂t
|Ψ > dÐnetai apì thn èkfrash:

|Ψ >=
∑
n

cn
1√
n!

(b†)n|0 > e−inωt.

10. Na apodeiqjeÐ epagwgik� ìti o par�gontac kanonikopoÐhshc gia tic i-
diosunart seic tou kbantikoÔ armonikoÔ talantwt  eÐnai Nn = 1√

n!
.

Upìdeixh: Jèste |n + 1 >= Cn+1b
†|n > kai prosdiorÐste to Cn+1 apì

thn apaÐthsh < n + 1|n + 1 >= 1 kai thn upìjesh < n|n >= 1.

11. UpologÐste tic posìthtec: (a) < n|(b†)2|n >, (b) < n|b2|n >, (g)
< n|b†b|n >, (d) < n|bb†|n > .

12. Jewr ste dÔo asÔzeuktouc talantwtèc me idiosunart seic

|n1, n2 >=
1√

n1!n2!
(b†1)

n1(b†2)
n2|0 > .

ApodeÐxte ìti
< m1m2|n1n2 >= δm1n1δm2n2

kai upologÐste tic ekfr�seic

(1) < m1m2|b1|n1n2 >, (2) < m1m2|b†2|n1n2 >, (3) < m1m2|b†1b2|n1n2 > .



59

13. Jewr ste armonikoÔc talantwtèc pou perigr�fontai apì th qamilto-
nian 

H =
∑

k

h̄ωk(b
†
kbk − γkbk − γ∗kb

†
k).

Na apodeiqjeÐ ìti h kumatosun�rthsh thc jemeli¸douc kat�stashc eÐ-
nai:

|G >=
∏

k

exp
[
−1

2
|γk|2

]
exp[γ∗kb

†
k] exp[−γkbk]|0 >, bk|0 >= 0.

14. Na upologisteÐ o arijmìc twn fwnonÐwn sthn kat�stash |G > .

15. 'Estw ìti oi suntelestèc γ(t) kai γ∗(t) exart¸ntai apì to qrìno. DeÐxte
ìti h exÐswsh tou Schrödinger

h̄ω(b†b− γb− γ∗b†)|Ψ >= ih̄
∂

∂t
|Ψ >

èqei lÔsh thc morf c

|Ψ >= ef(t)eg(t)b† |0 >, b|0 >= 0

kai prosdiorÐste ta f(t) kai g(t) sunart sei oloklhrwm�twn twn γ kai
γ∗. Sth sunèqeia upologÐste ta b ≡< Ψ|b|Ψ > kai b† ≡< Ψ|b†|Ψ > kai
apodeÐxte ìti ikanopoioÔn tic sqèseic

d

dt
b† = iωb† − iωγ(t),

d

dt
b = −iωb + iωγ∗(t).

16. (a) BreÐte th lagkranzian  gia mia grammik  diakrit  alusÐda sta sw-
matÐdia thc opoÐac (ektìc apì tic dun�meic twn elathrÐwn) askoÔntai
exwterikèc dun�meic fl(t). (b) An fl(t) = f0δll0 sin ω0t kai ql(0) = q̇l(0) =
0, na prosdiorisjeÐ to ql(t).

17. Gia thn kbantismènh grammik  alusÐda na upologistoÔn oi posìthtec
< Φ|ql|Φ > kai < Φ|pl|Φ >:

(a) Gia |Φ >= |0 > kai gia

|Φ >=
∏

k

1√
nk!

(b†k)
nk |0 >

kai
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(b) Gia th sÔmfwnh kat�stash

|Φ >= exp
[
−1

2
|β|2

]
e

βb†
k0 |0 >, β = γe−iωk0

t.

DeÐxte epÐ plèon ìti h sÔmfwnh kat�stash eÐnai lÔsh thc qronoexar-
thmènhc exÐswshc tou Schrödinger:

(∑

k

h̄ωkb
†
kbk

)
|Φ >= E|Φ > .

18. UpologÐste thn posìthta < Φ|q2
l |Φ > (a) Gia |Φ >= |0 >, (b) Gia

|Φ >= b†k0
|0 > .

19. 'Estw ìti sto shmeÐo l0 thc kbantik c grammik c alusÐdac topojeteÐtai
èna prìsjeto fortÐo pou exaskeÐ dun�meic fl−l0 sta upìloipa swmatÐdia.
(a) DeÐxte ìti h antÐstoiqh exÐswsh tou Schrödinger gr�fetai:

∑

k

(
h̄ωkb

†
kbk − γ∗kbk + γkb

†
k

)
|Ψ >= E|Ψ > .

P¸c sundèontai ta γk kai γ∗k me tic dun�meic fl−l0 ; (b) BreÐte thn enèrgeia
E0 thc jemeli¸douc kat�stashc kai thn antÐstoiqh kumatosun�rthsh
|Φ0 > . H E0 lègetai autoenèrgeia tou prìsjetou fortÐou. (g) Na
upologisteÐ h posìthta < Φ0|ql|Φ0 > .

20. Na upologisteÐ h posìthta < Φ|Ψ†(~r)Ψ(~r′)|Φ > ìpou

|Φ >=
∏

k

1√
nk!

(b†k)
nk |0 >, Ψ(~r) =

∑

~p

ei~p·~r
√

V
b~p, Ψ†(~r) =

∑

~p

e−i~p·~r
√

V
b†~p.

Parìmoia na upologisteÐ h posìthta

< Φ|Ψ†(~r)Ψ†(~r′)Ψ(~r′)Ψ(~r)|Φ > .

S' aut n thn perÐptwsh diakrÐnete me prosoq  tic peript¸seic ìpou
di�forec ormèc eÐnai Ðsec   ìqi.

21. Jewr ste th Qamiltonian 

H = εa†a + λε(a† + a).

Na brejoÔn oi idiotimèc thc enèrgeiac.



61

22. Jewr ste th Qamiltonian 

H = − h̄2

2m

∂2

∂x2
1

− h̄2

2m

∂2

∂x2
2

+
1

2
mω2(x2

1 + x2
2 + 2λx1x2),

ìpou 0 ≤ λ < 1. (1) MporeÐ kaneÐc na diagwnopoi sei aut n thn èk-
frash orÐzontac tic nèec metablhtèc y1 = ax1 + bx2, y2 = cx1 + dx2.
ProsdiorÐste tic stajerèc a, b, c, d, ¸ste h Qamiltonian  na p�rei th
morf :

H = − h̄2

2m

∂2

∂y2
1

− h̄2

2m

∂2

∂y2
2

+
1

2
mω2

1y
2
1 +

1

2
mω2

2y
2
2.

Na prosdiorisjoÔn ta ω1, ω2. (2) OrÐste kat�llhlouc telestèc dhmiour-
gÐac kai katastrof c ¸ste na prosdiorÐsete tic idiotimèc enèrgeiac.

23. Jewr ste touc fermionikoÔc telestèc a~k, a−~k, pou sqetÐzontai me tic
katast�seic enìc swmatidÐou |~k > kai | − ~k > . (1) An orÐsoume nèouc
telestèc

b~k = u~ka~k + v~ka
†
−~k

, b−~k = u−~ka−~k + v−~ka
†
~k
,

na brejoÔn oi sunj kec upì tic opoÐec ta b~k, b−~k eÐnai epÐshc fermionikoÐ
telestèc. (2) An to kenì oristeÐ me tic sqèseic b~k|0 >= 0, b−~k|0 >= 0,

na upologisteÐ h par�stash < 0|a†~ka~k|0 > . O metasqhmatismìc pou
eis qjh parap�nw lègetai metasqhmatismìc tou Bogoliubov kai •paÐzei
meg�lo rìlo sth melèth thc uperagwgimìthtac.

24. Na lujeÐ to prohgoÔmeno prìblhma gia mpozonikoÔc telestèc.

25. Jewr ste th Qamiltonian 

H =
2∑

i,j=1

a†iMijaj, M =

(
ε δ
δ ε

)
,

ìpou ta a†i , aj eÐnai mpozonikoÐ telestèc. Na diagwnopoihjeÐ h èkfrash
kai na brejoÔn oi enèrgeiec twn yeudoswmatidÐwn pou ja gennioÔntai
apì touc nèouc telestèc dhmiourgÐac.

26. Na diagwnopoihjeÐ h Qamiltonian 

H = 2xa†a + y∗a†a† + yaa,

ìpou x∗ = x.
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27. OrÐzoume tic posìthtec

Si ≡ h̄

2
(b†+ b†−)σi

(
b+

b−

)
,

ìpou oi telestèc b†+(b+) dhmiourgoÔn (katastrèfoun) mpozìnia me spin
+1

2
kai antÐstoiqa oi telestèc b†−(b−) dhmiourgoÔn (katastrèfoun) mpo-

zìnia me spin −1
2
. (a) Na apodeiqteÐ ìti ta Si ikanopoioÔn tic sqèseic

met�jeshc thc stroform c. (b) Na apodeiqteÐ ìti

S2 = h̄2N

2

(
N

2
+ 1

)
, N = N+ + N−, N+ ≡ b†+b+ N− ≡ b†−b−.

kai
Sz =

h̄

2
(N+ −N−).

Autèc oi sqèseic sunep�gontai ìti ta J = n++n−
2

kai M = n+−n−
2

eÐnai akèraioi. (Ta n+ kai n− orÐzontai mèsw twn sqèsewn N+|n+ >=
n+|n+ >, N−|n− >= n−|n− >).

28. Jewr ste ìti mia monodi�stath grammik  alusÐda perigr�fetai apì th
qamiltonian 

H̃ = −∑

k,l

Jkl
~Sk · ~Sl + Bgβ0

∑
m

(Sm)z.

Ta Sm eÐnai telestèc tou spin, ìpwc orÐzontai sthn prohgoÔmenh �skh-
sh. An upojèsoume ìti exet�zoume mìno mikrèc apoklÐseic apì th jeme-
li¸dh kat�stash (ìla ta spin k�tw), apodeiknÔetai ìti h qamiltonian 
mporeÐ na proseggisteÐ apì thn

H = E0 + h̄2
∑

k,l

Jklb
†
k,+bk,+ − h̄2

∑

k,l

Jklb
†
k,+bl,+ + Bgβ0

∑
m

b†m,+bm,+.

JewroÔme ìti h grammik  alusÐda eÐnai periodik  kai Jk+q,l+q = Jkl. Na
apodeiqteÐ ìti, an orÐsoume touc nèouc telestèc

b̃†p ≡
1√
2π

+∞∑

−∞
b†k,+eipk, b†k,+ ≡

1√
2π

∫ 2π

0
dpb̃†pe

−ipk,

h qamiltonian  gr�fetai kai upì th morf 

H = E0 +
∫ 2π

0
dpb̃†pb̃p[h̄

2f̃(0)− h̄2f̃(p) + Bgβ0h̄],
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ìpou
f̃(p) ≡ ∑

k

Jkle
−ip(l−k).

Oi telestèc b̃†p dhmiourgoÔn swmatÐdia pou lègontai magnìnia (ma-

gnons). H par�stash εp ≡ h̄2f̃(0) − h̄2f̃(p) + Bgβ0h̄ eÐnai, sunep¸c,
h enèrgeia enìc magnonÐou me kumatarijmì p. Jewr ste to ìrio mikroÔ
kumatikoÔ arijmoÔ. P¸c gÐnetai h sqèsh diaspor�c kai poi� eÐnai h
m�za enìc magnonÐou;

29. N' apodeiqteÐ ìti h kat�stash

χ ≡ 1√
2π

∑

j

eipjb†j,+bj,−|0 >, (bj,+|0 >= 0)

eÐnai idiokat�stash thc arqik c Qamiltonian c:

H̃ = −∑

k,l

Jkl
~Sk · ~Sl + Bgβ0

∑
m

(Sm)z.

Upìdeixh: Na apodeiqteÐ pr¸ta ìti h Qamiltonian  isoÔtai me:

H = − h̄2

2

∑
m,n

Jmn

[
b†m,+bm,−b†n,−bn,+ + b†m,−bm,+b†n,+bn,−+

+2(b†m,+bm,+ − J)(b†n,+bn,+ − J)
]
+ Bgβ0h̄

∑
m

b†m,+bm,+.


