PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” HLEKTROMAGNHTISMOS I: EKTH SEIRA ASKHSEWN

49. (a) Na deÐxete ìti ston kenì qÿro h enèrgeia magnhtikoÔ pedÐou pou ofeÐletai sthn puknìthta reÔmatoc ⃗J(⃗x) dÐnetai apì th sqèsh: W = 1 2c^2 ∫ d^3x ∫ d^3x^′ ⃗J(⃗x) · ⃗J(⃗x′) |⃗x − ⃗x^′| . (b) An to reÔma apoteleÐtai apì epÐ mèrouc kuklÿmata me reÔmata I_1, I_2, . . . , I_n, na deÐxete ìti h enèrgeia mporeÐ na ekfrasteÐ me th morfă: W = 1 2 n∑ i=1 L_iI^2_i + ∑ i = 1^n n∑ j=1 M_{ij} I_iI_j .

Dÿste tic ekfrĹseic gia touc suntelestèc autepagwgăc L_i kai amoibaÐac epagwgăc M_{ij} . LÔsh: (a) Xekinÿntac apì tic sqèseic W = 1 2c ∫ d^3x ⃗J(⃗x) · ⃗A(⃗x), ⃗A(⃗x) = 1 c ∫ d^3x ⃗J(⃗x′) |⃗x − ⃗x^′| , prokÔptei amèswc to zhtoÔmeno.

(b) Oi ekfrĹseic ⃗J(⃗x)d^3x ja antikatastajoÔn apì tic I ⃗dl, Ĺra W = 1 2c^2 ∑ i,j ∫ ⃗dl_i · ⃗dl_j I^iI^j |⃗x_i − ⃗x_j | =

= ∑ i I^2_i (∫ ⃗dl_i · ⃗dl^′_i 2c^2|⃗x_i − ⃗x^′_i| ) + ∑ i>j I_iI_j (∫ ⃗dl_i · ⃗dl_j c^2|⃗x_i − ⃗x_j | ) . Dhladă:

L_i = ∫ ⃗ dl_i · ⃗dl^′_i 2c^2|⃗x_i − ⃗x^′_i| , M_{ij} = ∫ ⃗ dl_i · ⃗dl_j c^2|⃗x_i − ⃗x_j | . 50. Mia grammă metaforĹc apoteleÐtai apì dÔo sÔrmata aktÐnwn a kai b pou apèqoun apìstash d > a + b. ReÔma omoiìmorfa katanemhmèno stic diatomèc rèei se kĹpoia kateÔjunsh sto èna sÔrma kai epistrèfei mèsw tou Ĺllou. Na apodeiqjeÐ ìti h autepagwgă anĹ monĹda măkouc eÐnai: c^2L = 1 + 2 ln ( d^2 ab ) . LÔsh: Ja qrhsimopoiăsoume th sqèsh L =^1_2 LI^2. Apì ton nìmo tou Ampère prokÔptei: 2πρH =^{4π}_c^I_{πa2} πρ^2 ⇒ H =^{2Iρ}_{ca2} , gia ρ < a, kai 2πρH =^{4π}_c I ⇒ H =^{2I}_{cρ} gia ρ > a. AfoÔ den upĹrqei magnătish, ⃗B = ⃗H. Se kulindrikèc suntetagmènec: ⃗B = ⃗∇ × ⃗A = ρ̂ ( 1 ρ ∂A_3 ∂ϕ − ∂A_2 ∂z ) + ϕ̂ ( ∂A_1 ∂z − ∂A_3 ∂ρ ) + ẑ 1 ρ ( ∂(ρA_2) ∂ρ − ∂A_1 ∂ϕ ) .

To ⃗B èqei mh mhdenikă sunistÿsa mìno katĹ to ϕ̂ kai exartĹtai mìno apì to ρ, dhladă ⃗B = −ϕ̂^{∂A}z_{∂ρ} , opìte: ∂A_z ∂ρ = { A_{z<} = −^{2Iρ}_{ca2} , ρ < a A_{z>} = −^{2I}_{cρ} , ρ > a. Oloklhrÿnontac brÐskoume: A_{z<} = −^{Iρ2}_{ca2} + c_<, ρ < a A_{z>} = −^{2I ln ρ}_c + c_>, ρ > a.

To A_z prèpei na eÐnai suneqèc sto ρ = a, dhladă prèpei −^I_c + c_< = −^{2I ln a}_c + c_>. H mÐa apì tic dÔo stajerèc mporeÐ na epilegeÐ aujaÐreta. Epilègoume c_< = 0, opìte A_{z<} = −^{Iρ2}_{ca2} , ρ < a A_{z>} = −^{2I ln ρ}_c +^{2I ln a}_c −^I_c , ρ > a.

MporoÔme pia na paraleÐpoume ton deÐkth z : A = { A_< = −^{Iρ2}_{ca2} , ρ < a A_> = −^{2I}_c ln^ρ_a −^I_c , ρ > a.

ProqwroÔme ston upologismì thc enèrgeiac: W =^1_{2c} ∫ d^3x ⃗J · ⃗A. To ⃗A èqei suneisforèc kai apì touc dÔo agwgoÔc. Ac jewrăsoume prÿta ton agwgì me aktÐna b. H suneisforĹ tou Ðdiou agwgoÔ ja eÐnai A_b = −^{Iρ2}_{cb2} , enÿ tou Ĺllou agwgoÔ: A_a =^{2I}_c ln^{ρ1}_b +^I_c , ìpou ρ^2_1 = ρ^2 + d^2 − 2ρ_2d cos ϕ. Ex Ĺllou J_b =^I_{πb2} kai h enèrgeia anĹ monĹda măkouc lìgw tou b ja eÐnai: dW_b dz = 1 2c ∫_b 0 dρ_2ρ_2 ∫_{2π} 0 dϕ I πb^2 ( − Iρ^2 cb^2 + 2I c ln [ρ^2 + d^2 − 2ρ_2d cos ϕ]^{12} b + I c ) =

= I^2 2πc^2b^2 ∫_b 0 dρ_2ρ_2 ∫_{2π} 0 dϕ ( 1 − ρ^2 b^2

+ ln ρ^2 + d^2 − 2ρ_2d cos ϕ b^2 . ) . AllĹ ∫_{2π} 0 dϕ ln(A + B cos ϕ) = 2π ln A + √ A^2 − B^2 2 , A ≥ B, opìte dW_b dz = I^2 c^2b^2 ∫_b 0 dρ_2ρ_2 ( 1 − ρ^2 b^2

+ ln ρ^2 + d^2 + √ (ρ^2 + d^2)^2 − 4ρ^2d^2 2b^2 . ) = I^2 4c^2 ( 1 + 4 ln d b ) . Parìmoia: dW_a dz = I^2 4c^2 ( 1 + 4 ln d a ) , Ĺra sunolikĹ: dW_a dz = I^2 4c^2 ( 2 + 4 ln d^2 ab ) = 1 2 LI^2 ⇒ c^2L = 1 + 2 ln d^2 ab .

51. KÔklwma apoteleÐtai apì leptì kulindrikì èlasma aktÐnac a pou perièqei omoaxonikì sÔrma aktÐnac b. Upojètontac omoiìmorfh katanomă reÔmatoc ston eswterikì agwgì, upologÐste thn autepagwgă anĹ monĹda măkouc. Pÿc allĹzei to apotèlesma an o eswterikìc agwgìc eÐnai leptìc kai koÐloc;

LÔsh: (a) OnomĹzoume I thn perioqă mèsa sto eswterikì sÔrma, II thn perioqă metaxÔ twn dÔo agwgÿn, III to eswterikì tou elĹsmatoc kai IV to exwterikì tou elĹsmatoc. Apì to jeÿrhma tou Ampère prokÔptoun ta apotelèsmata:

H_I = 2Iρ cb^2 , H_{II} = 2I cρ , H_{III} = 2I cρ d^2 − ρ^2 d^2 − a^2 , H_{IV} = 0. SumbolÐzontac me^{δW}_{δz} thn enèrgeia anĹ monĹda măkouc sthn kateÔjunsh z prokÔptoun ta exăc: δW_I δz = 1 8π ∫ dρρdϕ ⃗H_I · ⃗B_I = μ 8π ∫ dρρdϕ ⃗H^2_I = μ 8π 2π ∫ dρρ ( 2Iρ cb^2 )_2 = μI^2 4c^2 , δW_{II} δz = 1 8π ∫ dρρdϕ ⃗H_{II} · ⃗B_{II} = 1 8π ∫ dρρdϕ ⃗H^2_{II} = 1 8π 2π ∫ dρρ ( 2I cρ )_2 = I^2 c^2 ln a b , δW_{III} δz = 1 8π ∫ dρρdϕ ⃗H_{III} · ⃗B_{III} = μ 8π ∫ dρρdϕ ⃗H^2_{III} = μ 8π 2π ∫ dρρ ( 2I cρ d^2 − ρ^2 d^2 − a^2

)_2 = = μI^2 c^2 [ d^4 (d^2 − a^2)^2 ln d a + a^2 − 3d^2 4(d^2 − a^2) ] , δW_{IV} δz = 0.

Apì thn^{δW}_{δz} =^1_2^{δL}_{δz} I^2 prokÔptei ìti

c^2 δL δz = 2 I^2 [ δW_I δz + δW_{II} δz + δW_{III} δz + δW_{IV} δz ] =

= 2 I^2 [ μI^2 4c^2 + I^2 c^2 ln a b + μI^2 c^2 ( d^4 (d^2 − a^2)^2 ln d a + a^2 − 3d^2 4(d^2 − a^2) ) + 0 ] = = − μ(d^2 + a^2) 4(d^2 − a^2) + 2μd^4 (d^2 − a^2)^2 ln d a + 2 ln a b . (b) ’Estw ìti o mèsa agwgìc eÐnai kenìc, dhladă upĹrqei mia pèmpth perioqă V me aktÐna h. Tìte ta prohgoÔmena apotelèsmata tropopoioÔntai wc exăc:

H_I = 2I cρ ρ^2 − h^2 b^2 − h^2 , H_{II} = 2I cρ , H_{III} = 2I cρ d^2 − ρ^2 d^2 − a^2

, H_{IV} = 0, H_V = 0.

Dhladă ekeÐno pou allĹzei kai ephreĹzei th sunolikă enèrgeia eÐnai to δW_I δz = μI^2 c^2 [ h^4 (b^2 − h^2)^2 ln b h + b^2 − 3h^2 4(b^2 − h^2) ] . Akoloujÿntac thn Ðdia poreÐa ìpwc prohgoumènwc katalăgoume sto apotèlesma:

c^2 δL δz = 2 I^2 [ δW_I δz + δW_{II} δz + δW_{III} δz + δW_{IV} δz + δW_V δz ] =

= 2μh^4 (b^2 − h^2)^2 ln b h + 2 ln a b + 2μd^4 (d^2 − a^2)^2 ln d a + 2μ(b^2 − 3h^2) 2(b^2 − h^2) − μ(3d^2 − a^2) 2(d^2 − a^2) .

52. Grammă metaforĹc apoteleÐtai apì dÔo parĹllhla sÔrmata aujaÐrethc, allĹ stajerăc, diatomăc. Oi agwgoÐ upotÐjentai tèleioi. DeÐxte ìti to ginìmeno thc autepagwgăc anĹ monĹda măkouc kai thc qwrhtikìthtac anĹ monĹda măkouc eÐnai: δC δz δL δz = μϵ c^2 , ìpou ta μ kai ϵ anafèrontai sto mèson pou peribĹllei touc agwgoÔc. LÔsh: Se Ĺllh Ĺskhsh èqei apodeiqjeÐ ìti δC δz = 1 4 ln^{d√}_{r1r2} , gia dÔo kuklikoÔc agwgoÔc me aktÐnec r_1 kai r_2 pou apèqoun katĹ d. EpÐshc èqei deiqjeÐ se Ĺllh Ĺskhsh ìti c^{2 δC}_{δz} = 1 + 2 ln^{d2}_{r1r2} . Sto ìrio d >> √ r_1r_2 èqoume:

c^2 δC δz δC δz = 1 4 ln^{d√}_{r1r2} ( 1 + 4 ln d √ r_1r_2 ) ≃ 1. An o peribĹllwn qÿroc qarakthrÐzetai apì to μ kai to ϵ:^{δC}_{δz} → ϵ^{δC}_{δz} ,^{δL}_{δz} → μ^{δL}_{δz} , Ĺra: δC δz δL δz = μϵ c^2 . An h diatomă den eÐnai kuklikă allĹ tuqoÔsa, mporoÔme na th qwrÐsoume se kuklikèc epifĹneiec kai na akoloujăsoume ta Ðdia bămata, arkeÐ na isqÔei: d >> √ r_1r_2.

53. Puknwtăc apoteleÐtai apì dÔo parĹllhlouc epÐpedouc oplismoÔc me diastĹseic a (katĹ to x) kai b (katĹ to y) kai apèqoun apìstash d, pou upotÐjetai mikră sugkritikĹ me ta a kai b. H trofodosÐa reÔmatoc gÐnetai apì tic pleurèc me măkoc a omogenÿc, dhladă den upĹrqei exĹrthsh apì to x, kai to reÔma kateujÔnetai katĹ to y.

(a) UpologÐste ta hlektrikĹ kai magnhtikĹ pedÐa ston puknwtă. Na amelhjoÔn fainìmena paramìrfwshc pou sumbaÐnoun kontĹ sta Ĺkra twn oplismÿn.

(b) DeÐxte ìti to anĹptugma thc sÔnjethc antÐstashc se dunĹmeic thc suqnìthtac eÐnai Ðdio me to anĹptugma kuklÿmatoc me entopismènh qwrhtikìthta C =^{ϵ0ab}_d se seirĹ me autepagwgă L =^{μ0 ad}_{3b} .

LÔsh: (a) Upojètoume ìti oi oplismoÐ eÐnai parĹllhloi me to epÐpedo xy kai ìti o ènac brÐsketai sth jèsh z = 0, enÿ o Ĺlloc sth jèsh z = d. Oi pleurèc măkouc a eÐnai parĹllhlec ston Ĺxona x, enÿ oi măkouc b eÐnai parĹllhlec ston Ĺxona twn y. H oriakă sunjăkh gia thn epifaneiakă puknìthta reÔmatoc gÐnetai: ⃗K(x, 0, 0)e^{−iωt} = − ⃗K(x, 0, d)e^{−iωt} = K_0e^{−iωt}x̂. ’Opwc èqoume epilèxei th gewmetrÐa kai tic proseggÐseic mac, ta pedÐa ja èqoun mìno mÐa mh mhdenikă sunistÿsa: ⃗E(x, y, z, t) = E(x, y, z)e^{−iωt}ẑ, ⃗B(x, y, z, t) = B(x, y, z)e^{−iωt}x̂. An lĹboume up’ ìyh th morfă twn pedÐwn, oi exisÿseic tou Maxwell dÐnoun: ⃗∇ · ⃗E = 0 ⇒ ∂E ∂z = 0,

⃗∇ · ⃗B = 0 ⇒ ∂B ∂x = 0, ⃗∇ × ⃗E = − ∂ ⃗B ∂t ⇒ { ∂E ∂y = iωB, − ∂E ∂x = 0 } , ⃗∇ × ⃗B = 1 c^2 ∂ ⃗E ∂t ⇒ { ∂B ∂y = iω c^2 E, ∂B ∂z = 0 } . Oi exisÿseic diabebaiÿnoun ìti ta E, B exartÿntai mìno apì to y. M’ autăn thn paratărhsh, ta pedÐa grĹfontai: ⃗E(x, y, z, t) = E(y)e^{−iωt}ẑ, ⃗B(x, y, z, t) = B(y)e^{−iωt}x̂. kai oi exisÿseic touc: E^′(y) = iωB(y), B^′(y) = − iω c^2 E(y). ParagwgÐzontac thn prÿth kai antikajistÿntac to B^′(y) pou ja prokÔyei apì th deÔterh, brÐskoume ìti E^{′′} + ω^2 c^2

E = 0 ⇒ E = A sin ky + D cos ky, ( k ≡ ω c ) . Apì thn prÿth exÐswsh prokÔptei ìti: B = iE^′(y) ω = ikA ω cos ky − ikD ω sin ky = iA c cos ky − iD c sin ky. Gia na prosdiorÐsoume tic stajerèc oloklărwshc, kat’ arqăn ja epikalestoÔme tic sunjăkec sunèqeiac twn pedÐwn stouc oplismoÔc, me thn upìjesh ìti ta pedÐa èxw apì ton puknwtă eÐnai mhdèn: E =^σ_{ϵ0} , B = μ_0K_y, ìpou σ kai K_y = J_0a oi epifaneiakèc puknìthtec fortÐou kai reÔmatoc antÐstoiqa ston kĹtw oplismì. ’Estw tÿra ìti to reÔma mpaÐnei sto shmeÐo y = 0, kai èqei èntash I_0e^{−iωt}, opìte sto Ĺkro y = b to reÔma ja eÐnai mhdèn:

K_y|_{y=0} =

I_0 a e^{−iωt} ⇒ B|_{y=0} = μ_0 I_0 a e^{−iωt} ⇒ iA c e^{−iωt} = I_0 a e^{−iωt} ⇒ iA c = μ_0I_0 a , K_y|_{y=b} = 0 ⇒ A cos kb = D sin kb.

SumperaÐnoume ìti: B = μ_0I_0 a e^{−iωt}(cos ky − cot kb sin ky). 54. Puknwtăc me oplismoÔc kuklikoÔ sqămatoc aktÐnac a kai diĹkeno d << a sundèetai me phgă reÔmatoc mèsw kalwdÐwn, sta opoÐa to reÔma dÐnetai apì th sqèsh: I(t) = I_0 cos ωt. Na upologistoÔn ta hlektrikĹ kai magnhtikĹ pedÐa metaxÔ twn oplismÿn, amelÿntac fainìmena paramìrfwshc pou Ðswc sumbaÐnoun kontĹ sta Ĺkra twn oplismÿn.

LÔsh: LambĹnontac up’ ìyh th summetrÐa tou problămatoc kai upojètontac epÐ plèon ìti gia ìla ta megèjh h qronikă exĹrthsh eÐnai e^{−iωt},ta pedÐa ja èqoun th morfă: ⃗E(⃗x, t) = E(ρ, z)e^{−iωt}ẑ, ⃗B(⃗x, t) = B(ρ, z)e^{−iωt}ϕ̂. Me ta dedomèna autĹ, oi exisÿseic tou Maxwell dÐnoun: ⃗∇ · ⃗E = 0 ⇒ ∂E ∂z = 0,

⃗∇ · ⃗B = 0 ⇒ ∂B ∂ϕ = 0, ⃗∇ × ⃗E = − ∂ ⃗B ∂t ⇒ ∂E ∂ρ = −iωB, ⃗∇ × ⃗B = 1 c^2 ∂ ⃗E ∂t ⇒ 1 ρ ∂ ∂ρ (ρB) = − iω c^2 E. Oi exisÿseic diabebaiÿnoun ìti ta E, B exartÿntai mìno apì to ρ. Oi dÔo teleutaÐec exisÿseic dÐnoun: ∂ ∂ρ ( 1 ρ ∂ ∂ρ (ρB) ) = − iω c^2 ∂E ∂ρ = − iω c^2 (−iωB) ⇒ ⇒ ρ^2 ∂^2B ∂ρ^2 + ρ ∂B ∂ρ + (k^2ρ^2 − 1)B = 0, ( k ≡ ω c ) , pou eÐnai exÐswsh Bessel prÿthc tĹxhc me lÔseic: B = αJ_1(kρ) + βN_1(kρ). Me anĹloga bămata katalăgoume gia to E sthn exÐswsh

ρ^2

∂^2E ∂ρ^2 + ρ ∂E ∂ρ + (k^2ρ^2)E = 0,

pou eÐnai exÐswsh Bessel mhdenikăc tĹxhc me lÔseic: E = γJ_0(kρ) + δN_0(kρ). Oi suntelestèc β kai δ prèpei na tejoÔn Ðsoi me mhdèn, gia na èqoume fusikĹ paradektèc (mh apeirizìmenec) lÔseic. ’Omwc oÔte oi α, γ eÐnai anexĹrthtoi: h exÐswsh^{∂E}_{∂ρ} = −iωB ja dÿsei γ ∂J_0(kρ) ∂ρ = −iωαJ_1(kρ) ⇒ kγ = iωα ⇒ γ = icα, ìpou qrhsimopoiăsame thn idiìthta: J^′_0(x) = −J_1(x).

55. Dihlektrikă sfaÐra me dihlektrikă stajerĹ ϵ kai aktÐna a brÐsketai sthn arqă twn axìnwn.

Omogenèc pedÐo E_0 èqei forĹ katĹ ton Ĺxona twn x. H sfaÐra peristrèfetai me gwniakă taqÔthta ω perÐ ton Ĺxona twn z. DeÐxte ìti to magnhtikì pedÐo dÐdetai apì th sqèsh ⃗H = −⃗∇Φ_M , ìpou Φ_M = 9 10 ϵ − ϵ_0 ϵ + 2ϵ_0 ϵ_0E_0ω ( a r_> )_5 xz, ìpou to r_> eÐnai to megalÔtero metaxÔ twn r kai a. Oi taqÔthtec den eÐnai sqetikistikèc. UpenjumÐzetai ìti h pìlwsh dihlektrikăc sfaÐrac se exwterikì omogenèc hlektrikì pedÐo dÐnetai apì th sqèsh: P =^{ϵ−ϵ0}_{ϵ+2ϵ0} ϵ_0E_0.

LÔsh: XekinĹme apì th sqèsh ⃗M =^1_2 ⃗x × ⃗J kai to gegonìc ìti h pìlwsh eÐnai parĹllhlh me to x̂, opìte ⃗P · r̂ = P sin θ cos ϕ, kai me th boăjeia twn sqèsewn ⃗J = ρ_P ⃗v = σ_P δ(r − a)⃗v = ( ⃗P · r̂)δ(r − a)⃗v kai ⃗v = ωẑ × ⃗r = ωrẑ × r̂ = ωrϕ̂ katalăgoume sthn ⃗M = − P 2 ωra sin^2 θ cos ϕδ(r − a)θ̂.

Qrhsimopoiăjhkan oi sqèseic θ̂ =^{∂r̂}_{∂θ} = cos θ cos ϕx̂ + cos θ sin ϕŷ − sin θẑ, ϕ̂ =^1_{sin θ}^{∂r̂}_{∂θ} = − sin ϕx̂ + cos ϕŷ kai r̂ × ϕ̂ = −θ̂. H antÐstoiqh puknìthta magnhtikoÔ “fortÐou” isoÔtai me: ρ_M = −⃗∇ · ⃗M = − 1 r sin θ ∂ ∂θ (sin θM_θ) = 3P ωa 2 δ(r − a) cos ϕ sin θ cos θ.

An antikatastăsoume to P me to Ðso tou katalăgoume sthn:

ρ_M =

9ωaϵ_0E_0 2 ϵ − ϵ_0 ϵ + 2ϵ_0 δ(r − a) cos ϕ sin θ cos θ.

UpenjumÐzoume ìti

Y_{2,±1} = ∓3 √ 5 24π sin θ cos θe^{±iϕ} ⇒ cos ϕ sin θ cos θ = √ 6π 5 Y_{2,−1} − Y_{2,1} 3 . ’Ara

ρ_M = √ 6π 5 3ωaϵ_0E_0 2 ϵ − ϵ_0 ϵ + 2ϵ_0 δ(r − a)(Y_{2,−1} − Y_{2,1}). JewroÔme tÿra thn polupolikă anĹptuxh tou Φ_M èxw apì th sfaÐra:

Φ_M = ∑ lm 1 2l + 1 1 r^{l+1} Q_{lm}Y_{lm} ja epizăsoun mìno dÔo ìroi:

Φ_M = 1 5 1 r^3

{Q_{21}Y_{21} + Q_{2,−1}Y_{2,−1}}.

KatĹ ta gnwstĹ,

Q_{21} = ∫ d^3xr^2ρ_M (Y_{21})^∗ = ∫_∞ 0 drr^2r^2δ(r−a) √ 6π 5 3ωaϵ_0E_0 2 ϵ − ϵ_0 ϵ + 2ϵ_0 ∫ dθ sin θdϕ(−Y_{21})(Y_{21})^∗ =

= − √ 6π 5 3ωa^5ϵ_0E_0 2 ϵ − ϵ_0 ϵ + 2ϵ_0 kai Q_{2,−1} = −Q_{21}. Antikajistÿntac sthn èkfrash gia to Φ_M kai axiopoiÿntac tic rhtèc ekfrĹseic twn sfairikÿn armonikÿn pou dÿsame prohgoumènwc katalăgoume stic sqèseic:

Φ_M = 9ωa^5 10r^3 ϵ − ϵ_0 ϵ + 2ϵ_0 ϵ_0E_0 r sin θ cos ϕ r r cos θ r = 9ωa^5 10r^5 ϵ − ϵ_0 ϵ + 2ϵ_0 ϵ_0E_0xz. Gia mèsa sth sfaÐra akoloujoÔme antÐstoiqh poreÐa.