PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” HLEKTROMAGNHTISMOS I: PEMPTH SEIRA ASKHSEWN

38. MakrÔc kulindrikìc floiìc me dihlektrikă stajerĹ ϵ kai aktÐnec a kai b > a topojeteÐtai se (mèqri tìte) omogenèc pedÐo E_0 me ton ĹxonĹ tou kĹjeto sto pedÐo. ’Exw apì ton floiì upĹrqei kenì (h dihlektrikă stajerĹ eÐnai monĹda).

(a) ProsdiorÐste to dunamikì kai to hlektrikì pedÐo stic treic parioqèc, agnoÿntac tic paramorfÿseic perÐ tic bĹseic tou kulÐndrou.

(b) ExetĹste ta dÔo ìria: tou dihlektrikoÔ kulÐndrou se omogenèc exwterikì pedÐo kai thc kulindrikăc koilìthtac se dihlektrikì ulikì.

LÔsh: (a) JewroÔme ìti to ⃗E_0 eÐnai katĹ măkoc tou Ĺxona twn y, opìte Φ(r → ∞, ϕ) = −E_0y = −E_0r sin ϕ. LambĹnontĹc to upìyh, mazÐ me tic oriakèc sunjăkec, h genikă lÔsh

Φ = a_0 + b_0 ln r + ∑ m ( ã_mr^m + b̃_m r^m ) (c_m cos mϕ + d_m sin mϕ)

dÐnei gia ta dunamikĹ stic treic perioqèc 1 (mèsa), 2(sto dihlektrikì) kai 3 (èxw):

Φ_1 = ∑ m (c_{1m} cos mϕ + d_{1m} sin mϕ)r^m,

Φ_2 = b̃_0 ln r + ∑ m ( ã_{2m}r^m + b̃_{2m} r^m ) (c_{2m} cos mϕ + d_{2m} sin mϕ),

Φ_3 = −E_0r sin ϕ + b_0 ln r + ∑ m 1 r^m (c_{3m} cos mϕ + d_{3m} sin mϕ).

’Eqoume to epÐ plèon dedomèno thc summetrÐac perÐ to epÐpedo yz, dhladă Φ_k(r, π − ϕ) = Φ_k(r, ϕ), opìte oi ìroi me ta cos mϕ prèpei na eÐnai mhdèn. Oi ekfrĹseic gia ta dunamikĹ xanagrĹfontai: Φ_1 = ∑ m d_{1m}r^m sin mϕ,

Φ_2 = b̃_0 ln r + ∑ m ( A_{2m}r^m + B_{2m} r^m ) sin mϕ,

Φ_3 = −E_0r sin ϕ + b_0 ln r + ∑ m 1 r^m d_{3m} sin mϕ. Oriakèc sunjăkec:

Φ_2|_a = Φ_1|_a ⇒ b̃_0 ln a + ∑ m ( A_{2m}a^m + B_{2m} a^m ) sin mϕ = ∑ m d_{1m}a^m sin mϕ ⇒

⇒ b̃_0 = 0, A_{2m}a^m + B_{2m} a^m = d_{1m}a^m. ϵ ∂Φ_2 ∂r | | |_a =

∂Φ_1 ∂r | | |_a ⇒ ϵ ∑ m ( mA_{2m}a^{m−1} − mB_{2m} a^{m+1} ) sin mϕ = ∑ m md_{1m}a^{m−1} sin mϕ ⇒

⇒ ϵ ( A_{2m}a^{m−1} − B_{2m} a^{m+1} ) = d_{1m}a^{m−1}. 1 r ∂Φ_2 ∂ϕ | | | a = 1 r ∂Φ_1 ∂ϕ | | | a ⇒ 1 a ∑ m ( mA_{2m}a^m + mB_{2m} a^m ) cos mϕ = 1 a ∑ m md_{1m}a^m cos mϕ ⇒

⇒ A_{2m}a^m + B_{2m} a^m = d_{1m}a^m.

Φ_3|_b = Φ_2|_b ⇒ −E_0b sin ϕ + b_0 ln b + ∑ m 1 b^m d_{3m} sin mϕ = ∑ m ( A_{2m}b^m + B_{2m} b^m ) sin mϕ ⇒

⇒ b_0 = 0, −E_0b + 1 b d_{31} = A_{21}b +

B_{21} b , 1 b^m d_{3m} = A_{2m}b^m + B_{2m} b^m , m ≥ 2. ∂Φ_3 ∂r | | | |_b = ϵ

∂Φ_2 ∂r | | | |_b ⇒ −E^0 sin ϕ+ b_0 b − ∑ m md_{3m} b^{m+1} sin mϕ = ϵ ∑ m ( mA_{2m}b^{m−1} − mB_{2m} b^{m+1} ) sin mϕ ⇒

⇒ −E_0 − d_{31} b^2 = ϵ ( A_{21}b −

B_{21} b^2 ) , − d_{3m} b^{m+1} = ϵ ( A_{2m}b^{m−1} − B_{2m} b^{m+1} ) , m ≥ 2. 1 r ∂Φ_3 ∂ϕ | | | b = 1 r ∂Φ_2 ∂ϕ | | | b ⇒ ∑ m m ( A_{2m}b^m + B_{2m} b^m ) cos mϕ = −E_0b cos ϕ+ ∑ m m d_{3m} b^m cos mϕ ⇒

⇒ A_{21}b +

B_{21} b = −E_0b + d_{31} b , A_{2m}b^m + B_{2m} b^m = d_{3m} b^m , m ≥ 2. Shmeiÿnoume ìti èqoume diaqwrÐsei thn perÐptwsh m = 1. Oi exisÿseic pou prokÔptoun suqnĹ tautÐzontai me prohgoÔmenec. Oi anexĹrthtec exisÿseic gia m > 1 eÐnai oi:

A_{2m}a^m + B_{2m} a^m = d_{1m}a^m, ϵ ( A_{2m}a^{m−1} − B_{2m} a^{m+1} ) = d_{1m}a^{m−1}, 1 b^m d_{3m} = A_{2m}b^m + B_{2m} b^m , − d_{3m} b^{m+1} = ϵ ( A_{2m}b^{m−1} − B_{2m} b^{m+1} ) . O mhdenismìc thc orÐzousac autoÔ tou omogenoÔc sustămatoc dÐnei th sunjăkh (_b a )_{2m} = (_{ϵ−1} ϵ+1 )_2

, pou den eÐnai dunatìn na isqÔei, afoÔ^b_a > 1,^{ϵ−1}_{ϵ+1} < 1. ’Ara den èqoume Ĺllh lÔsh apì thn tetrimènh s’ autăn thn perÐptwsh:

A_{2m} = B_{2m} = d_{1m} = d_{3m} = 0, m ≥ 2.

Epikentrwnìmaste sthn perÐptwsh m = 1, ìpou to sÔsthma gÐnetai:

A_{21}a +

B_{21} a = d_{11}a, ϵ ( A_{21} −

B_{21} a^2 ) = d_{11},

−E_0b + 1 b d_{31} = A_{21}b +

B_{21} b , −E_0 − d_{31} b^2 = ϵ ( A_{21}b −

B_{21} b^2 ) . H lÔsh tou sustămatoc eÐnai:

A_{21} =

2E_0b^2(ϵ + 1) a^2(ϵ − 1)^2 − b^2(ϵ + 1)^2

, B_{21} =

2E_0a^2b^2(ϵ − 1) a^2(ϵ − 1)^2 − b^2(ϵ + 1)^2 ,

d_{11} =

4E_0b^2ϵ a^2(ϵ − 1)^2 − b^2(ϵ + 1)^2

, d_{31} =

E_0b^2(b^2 − a^2)(ϵ^2 − 1) a^2(ϵ − 1)^2 − b^2(ϵ + 1)^2 .

TelikĹ to dunamikì stic treic perioqèc grĹfetai:

Φ_1 = d_{11}r sin ϕ, Φ_2 = A_{21}r sin ϕ +

B_{21} r sin ϕ, Φ_3 = −E_0r sin ϕ + d_{31} r sin ϕ, ìpou oi suntelestèc dÐnontai amèswc pio pĹnw. Oi sunistÿsec tou hlektrikoÔ pedÐou eÐnai:

E_{1r} = −

∂Φ_1 ∂r = d_{11} sin ϕ, E_{1ϕ} = − 1 r ∂Φ_1 ∂ϕ = d_{11} cos ϕ,

E_{2r} = −

∂Φ_2 ∂r = −A_{21} sin ϕ +

B_{21} r^2 sin ϕ, E_{2ϕ} = − 1 r ∂Φ_2 ∂ϕ = −A_{21} cos ϕ −

B_{21} r^2 cos ϕ, E_{3r} = −

∂Φ_3 ∂r = E_0 sin ϕ + d_{31} r^2 sin ϕ, E_{3ϕ} = − 1 r ∂Φ_3 ∂ϕ = E_0 cos ϕ − d_{31} r^2 cos ϕ. (b) Sto ìrio tou sumpagoÔc kulÐndrou (a = 0) ta dunamikĹ gÐnontai:

Φ_2 = −

2E_0 ϵ + 1 r sin ϕ, Φ_3 = −E_0r sin ϕ −

E_0b^2(ϵ − 1)

ϵ + 1 1 r sin ϕ, enÿ sto ìrio thc kulindrikăc koilìthtac:

Φ_1 = −

4E_0ϵ (ϵ + 1)^2 r sin ϕ, Φ_2 = −

2E_0 ϵ + 1 r sin ϕ, Φ_3 = −E_0r sin ϕ −

E_0b^2(ϵ − 1) ϵ + 1 1 r sin ϕ. 39. Shmeiakì fortÐo q brÐsketai se apìstash d apì to kèntro dihlektrikăc sfaÐrac me aktÐna a < d kai dihlektrikă stajerĹ ϵ.

(a) Na upologisteÐ to dunamikì pantoÔ.

(b) Na upologistoÔn oi orjogÿniec sunistÿsec tou hlektrikoÔ pedÐou kontĹ sto kèntro thc sfaÐrac.

(g) Na epalhjeujeÐ ìti, sto ìrio ϵ → ∞ to apotèlesma tautÐzetai me to antÐstoiqo thc agÿgimhc sfaÐrac.

LÔsh: To dunamikì mporeÐ na grafteÐ wc to Ĺjroisma thc suneisforĹc tou fortÐou Φ_q kai thc suneisforĹc thc sfaÐrac Φ_s.

Φ_q = k q |⃗r − dẑ| = k q |⃗r_> − ⃗r_<| = kq r_> 1 √ 1 + (_{r<} r_> )_2

− 2^{r<}_{r>} cos θ =

= kq r_> ∞∑ l=0 ( r_< r_> )_l P_l(cos θ) = kq ∞∑ l=0 r^l_< r^{l+1}_> P_l(cos θ) = { kq ∑_∞ l=0 r^l d^{l+1} Pl(cos θ), r < d kq ∑_∞ l=0 d^l r^{l+1} Pl(cos θ), r > d Ex Ĺllou:

Φ_s = { ∑_∞ l=0 A_l^{rl}_{al+1} P_l(cos θ), r < a ∑_∞ l=0 B_l^{al}_{rl+1} P_l(cos θ), r > a Dhladă, gia tic treic perioqèc:

Φ_1 = kq ∞∑ l=0 r^l d^{l+1} P_l(cos θ) + ∞∑ l=0 A_l r^l a^{l+1} P_l(cos θ), r < a,

Φ_2 = kq ∞∑ l=0 r^l d^{l+1} P_l(cos θ) + ∞∑ l=0 B_l a^l r^{l+1} P_l(cos θ), a < r < d,

Φ_3 = kq ∞∑ l=0 d^l r^{l+1} P_l(cos θ) + ∞∑ l=0 B_l a^l r^{l+1} P_l(cos θ), r > d. Gia na epibĹlloume tic oriakèc sunjăkec ja mac qreiastoÔn mìno ta Φ_1 kai Φ_2 : ϵ ∂Φ_1 ∂r | | | a = ∂Φ_2 ∂r | | | a , 1 a ∂Φ_1 ∂θ | | | a = 1 a ∂Φ_2 ∂θ | | | a . Antikajistÿntac brÐskoume: ϵ ( kq ∞∑ l=0 l a^{l−1} d^{l+1} P_l(cos θ) + ∞∑ l=0 lA_l a^{l−1} a^{l+1} P_l(cos θ) ) = kq ∞∑ l=0 l a^{l−1} d^{l+1} P_l(cos θ)− ∞∑ l=0 (l+1)B_l a^l a^{l+2} P_l(cos θ) ⇒

⇒ ϵ ( kq ∞∑ l=0 l a^{l−1} d^{l+1} P_l(cos θ) + ∞∑ l=0 lA_l a^{l−1} a^{l+1} P_l(cos θ) ) = kq ∞∑ l=0 l a^{l−1} d^{l+1} P_l(cos θ)− ∞∑ l=0 (l+1)B_l a^l a^{l+2} P_l(cos θ) ⇒

⇒ ϵ ( kql a^{l−1} d^{l+1} + lA_l 1 a^2 ) = kql a^{l−1} d^{l+1} − (l + 1)B_l 1 a^2 . H deÔterh sqèsh dÐnei: kq ∞∑ l=0 a^l d^{l+1} (− sin θ)P^′_l (cos θ) + ∞∑ l=0 A_l a^l a^{l+1} (− sin θ)P^′_l (cos θ) =

= kq ∞∑ l=0 a^l d^{l+1} (− sin θ)P^′_l (cos θ) + ∞∑ l=0 B_l a^l a^{l+1} (− sin θ)P^′_l (cos θ) ⇒ B_l = A_l,

opìte h prÿth sqèsh metapÐptei sthn ϵ ( kql a^{l−1} d^{l+1} + lA_l 1 a^2 ) = kql a^{l−1} d^{l+1} − (l + 1)A_l 1 a^2 , pou lÔnetai eÔkola: A_l = B_l = − klq(ϵ − 1) ϵl + l + 1 (a d )_{l+1} . (b) Gia touc upologismoÔc sto kèntro thc sfaÐrac mac qreiĹzetai mìno to Φ_1 :

Φ_1 = kq ∞∑ l=0 r^l d^{l+1} P_l(cos θ) − ∞∑ l=0 klq(ϵ − 1) ϵl + l + 1 (a d )_{l+1} rl a^{l+1} P_l(cos θ).

KratĹme touc ìrouc mèqri to P_2(cos θ) :

Φ_1 ≃ kq ( 1 d + r d^2 3 ϵ + 2

P_1(cos θ) + r^2 d^3 5 2ϵ + 3

P_2(cos θ) ) . Me tic upenjumÐseic ìti rP_1 = r cos θ = z, r^2P_2 = r^{2 3 cos2 θ−1}_2 = z^2 −^{x2+y2}_2 , to dunamikì grĹfetai se orjogÿniec suntetagmènec:

Φ_1 ≃ kq ( 1 d + 3 ϵ + 2 z d^2 + 5 2ϵ + 3 ( z^2 d^3 − x^2 + y^2 2d^3 )) , kai me ap’ eujeÐac paragwgÐseic:

E_x = −

∂Φ_1 ∂x ≃ kq 5 2ϵ + 3 x d^3 , E_y = − ∂Φ_1 ∂y ≃ kq 5 2ϵ + 3 x d^3 ,

E_z = −

∂Φ_1 ∂z ≃ kq ( 3 ϵ + 2 1 d^2 + 5 2ϵ + 3 2z d^3 ) . (g) Sto ìrio ϵ → 0, A_l = B_l = −kq (_a d )_{l+1} , ta dunamikĹ gÐnontai: Φ_1 =^{kq}_d ,

Φ_2 = kq ∞∑ l=0 r^l d^{l+1} P_l(cos θ) − kq ∞∑ l=1 a^{2l+1} (rd)^{l+1} P_l(cos θ),

Φ_3 = kq ∞∑ l=0 d^l r^{l+1} P_l(cos θ) − kq ∞∑ l=1 a^{2l+1} (rd)^{l+1} P_l(cos θ),

pou sunapoteloÔn to apotèlesma gia thn agÿgimh (mh geiwmènh) sfaÐra. Shmeiÿnoume ìti dÔo ajroÐsmata xekinoÔn apì to l = 1, epeidă A_0 = B_0 = 0.

40. DÔo omìkentrec agÿgimec sfaÐrec me aktÐnec a kai b > a fèroun fortÐa +Q (h mèsa) kai −Q (h èxw). To pĹnw hmisfaÐrio eÐnai gemĹto me dihlektrikì stajerĹc ϵ. (a) BreÐte to hlektrikì pedÐo mèsa ston floiì.

(b) UpologÐste thn epifaneiakă puknìthta fortÐou sthn eswterikă sfaÐra. (g) UpologÐste thn epifaneiakă puknìthta twn dèsmiwn fortÐwn gia r = a. LÔsh: (a) GrĹfoume th genikă lÔsh gia tic perioqèc 1 (pĹnw) kai 2 (kĹtw):

Φ_1 = ∞∑ l=0 ( A_lr^l + B_l r^{l+1} ) P_l(cos θ), Φ_2 = ∞∑ l=0 ( C_lr^l + D_l r^{l+1} ) P_l(cos θ).

To sÔsthma èqei azimoujiakă summetrÐa, opìte E_ϕ = 0. Ex Ĺllou: E_r = −^{∂Φ}_{∂r} , E_θ = −^1_r^{∂Φ}_{∂θ} . Stic dÔo agÿgimec epifĹneiec h efaptomenikă sunistÿsa E_θ prèpei na mhdenÐzetai:

E_{1θ}|_a = 0 ⇒ − 1 r ∂Φ_1 ∂θ | | | |_a = 0 ⇒ − 1 a ∞∑ l=0 ( A_la^l + B_l a^{l+1} ) (− sin θ)P^′_l (cos θ) = 0 ⇒

⇒ A_la^l + B_l a^{l+1} = 0, l = 1, 2, 3, . . . H prohgoÔmenh logikă de dÐnei plhroforÐa gia l = 0, giatÐ P^′_0 = 0. Parìmoia, apì th sfaÐra aktÐnac b paÐrnoume th sqèsh:

A_lb^l + B_l b^{l+1} = 0, l = 1, 2, 3, . . . Gia na èqei lÔsh to omogenèc sÔsthma twn dÔo exisÿsewn me touc dÔo agnÿstouc A_l, B_l prèpei h orÐzousĹ tou na mhdenÐzetai, ap’ ìpou prokÔptei a = b, pou den isqÔei. ’Ara:

A_l = B_l = 0, l ≥ 1.

Parìmoia, jewrÿntac thn perioqă 2 stic dÔo agÿgimec epifĹneiec:

C_l = D_l = 0, l ≥ 1.

Dhladă katalăgoume sta dunamikĹ:

Φ_1 = A_0 +

B_0 r , Φ_2 = C_0 +

D_0 r , opìte:

⃗E_1 = B^0 r^2 r̂, ⃗E_2 =

D_0 r^2 r̂. Oi sunistÿsec pou eÐnai parĹllhlec sth diaqwristikă epifĹneia twn dihlektrikÿn prèpei na eÐnai Ðsec, Ĺra, gia θ =^π_2 prèpei^{B0}_{r2} r̂ =^{D0}_{r2} r̂ ⇒ B_0 = D_0. H sunèqeia tou dunamikoÔ epibĹllei: A_0 = C_0.

(b) Me bĹsh th sqèsh ⃗∇ ⃗E =^ρ_{ϵϵ0} kai to gegonìc ìti to hlektrikì pedÐo eÐnai aktinikì pantoÔ epilègoume wc epifĹneia tou Gauss ènan hmisfairikì floiì me aktÐnec a ± δ me apotèlesma: 4πa^2 2 E_1 = 1 ϵϵ_0 4πa^2 2 σ_1 ⇒

B_0 a^2 = 1 ϵϵ_0 σ_1 ⇒ σ_1 = ϵϵ_0B_0

a^2

kai parìmoia: σ_2 = ϵ_0B_0 a^2 = σ_1 ϵ . Ex Ĺllou: Q = σ_12πa^2 + σ_22πa^2 = (ϵ + 1)σ_22πa^2, Ĺra: σ_2 =^Q_{2πa2(ϵ+1)} ⇒ σ_2 =^{ϵQ}_{2πa2 (ϵ+1)} . SunduĹzontac autèc tic sqèseic:

σ_2 = ϵ_0B_0 a^2 = ϵQ 2πa^2(ϵ + 1)

⇒ B_0 = Q 2πϵ_0(ϵ + 1)

⇒ E_1 = E_2 = Q 2πϵ_0(ϵ + 1)r^2 .

(g) H sqèsh ⃗P = ⃗D − ϵ_0 ⃗E = ϵϵ_0 ⃗E − ϵ_0 ⃗E = ϵ_0(ϵ − 1) ⃗E mazÐ me thn σ_P = ⃗P · n̂ mporeÐ na mac dÿsei to σ_P . QreiĹzetai akìma na epishmĹnoume ìti to n̂ deÐqnei pĹnta proc ta èxw, opìte n̂ = +r̂ gia r = b kai n̂ = −r̂ gia r = a. ’Ara:

σ_P |_b = ⃗P (b) · (+r̂) = ϵ_0(ϵ − 1) ⃗E(b) · r̂ = ϵ_0(ϵ − 1) Q 2πϵ_0(ϵ + 1)b^2 ,

σ_P |_a = ⃗P (a) · (−r̂) = −ϵ_0(ϵ − 1) ⃗E(a) · r̂ = −ϵ_0(ϵ − 1) Q 2πϵ_0(ϵ + 1)a^2 . 41. DÔo omoaxonikèc kulindrikèc epifĹneiec megĹlou măkouc kai aktÐnwn a kai b > a bujÐzontai kĹjeta se dihlektrikì ugrì. An to ugrì anuywjeÐ katĹ h ìtan efarmosteÐ diaforĹ dunamikoÔ V, na deiqjeÐ ìti h epidektikìthta thu ugroÔ eÐnai:

χ_e =

(b^2 − a^2)ρgh ln^b_a V^2 , ìpou ρ eÐnai h puknìthta tou ugroÔ kai g h epitĹqunsh thc barÔthtac. LÔsh: H lÔsh gia to dunamikì (afoÔ èqoume mia kulindrikĹ summetrikă katĹstash) ja eÐnai:

Φ = A_0 + B_0 ln ρ ⇒ Φ_0 ≡ Φ(b) − Φ(a) = B_0 ln b a ⇒ Φ = A_0 +

Φ_0 ln ρ ln^b_a . Apì thn Φ(a) = A_0 +^{Φ0 ln a}_{ln ba} prokÔptei h timă tou A_0 kai to dunamikì grĹfetai telikĹ:

Φ = Φ(a) +

Φ_0 ln^ρ_a ln^b_a ⇒ ⃗E = −⃗∇Φ = − Φ_0 ρ ln^b_a ρ̂.

An to ugrì anuywjeÐ katĹ δH, h enèrgeia^ϵ_2 ∫ d^3xE^2 ja allĹxei katĹ:

δW = ϵ − ϵ_0 2 ∫ d^3xE^2 = ϵ − ϵ_0 2 δH ∫_b a dρ2πρ ( − Φ_0 ρ ln^b_a

)_2 =

= ϵ − ϵ_0 2 δH2π Φ^2_0 ( ln^b_a

)_2 ln b a = ϵ_0χπΦ^2_0 ln^b_a , ìpou antikatastăsame ϵ − ϵ_0 = ϵ_0χ. Ex Ĺllou, h enèrgeia lìgw barÔthtac ja metablhjeÐ lìgw thc metatìpishc mĹzac apeirostoÔ Ôyouc dH katĹ apìstash H katĹ: dW_g = δmgH = (ρdV )gH = (ρπ(b^2 − a^2)dH)gH, opìte gia thn peperasmènh metatìpish δH ja èqoume: δW_g = ∫_{δH} 0 (ρπ(b^2 − a^2)dH)gH = ρπ(b^2 − a^2)g

(δH)^2 2 . Exisÿnontac tic dÔo metabolèc katalăgoume sth sqèsh: χ = ρ(b^2 − a^2) ( ln^b_a ) gδH ϵ_0Φ^2_0 . 42. (a) Na apodeiqjeÐ ìti to magnhtikì pedÐo ston Ĺxona enìc swlhnoeidoÔc me N speÐrec anĹ monĹda măkouc pou diarrèetai apì reÔma I dÐnetai, sto ìrio N → ∞ apì th sqèsh:

B_z = 2πKNI[cos θ_1 + cos θ_2],

gia katĹllhla orismènec gwnÐec θ_1 kai θ_2.

(b) Gia èna makrÔ swlhnoeidèc măkouc L kai aktÐnac a na deiqteÐ ìti to magnhtikì pedÐo kontĹ ston Ĺxona kai sto kèntro eÐnai basikĹ parĹllhlo ston Ĺxona, allĹ èqei mia mikră aktinikă sunistÿsa me mègejoc B_ρ ≃ 96πNI c ( a^2zρ L^4 ) , gia z << L, ρ << a. (g) Na deiqteÐ ìti sto Ĺkro enìc makroÔ swlhnoeidoÔc kontĹ ston Ĺxona oi sunistÿsec tou magnhtikoÔ pedÐou eÐnai: B_z ≃ 2πNI c , B_ρ = ± πNIρ ca . LÔsh: (a) H suneisforĹ enìc tmămatoc tou swlhnoeidoÔc măkouc dz ja eÐnai dB_z = 2πKNIdz^{R2}_{(R2 +z2) 32} , ìpwc mporeÐ na deiqjeÐ me stoiqeiÿdeic mejìdouc. ’Eqoume epilèxei to z = 0 na brÐsketai sto shmeÐo paratărhshc. Oloklhrÿnoume apì z = z_1 mèqri z = z_2 : B_z = 2πKNI ∫_{z2} z_1 dz R^2 (R^2 + z^2)^32 . AllĹ: ∫ dz^{R2} (R^2 +z^2)^32

=^{z√}_{R2+z2} , opìte:

B_z = 2πKNI [ z_2 √ R^2 + z^2 − z_1 √ R^2 + z^2_1 ] .

’Omwc^{z2}√_{R2 +z2} = cos θ_2, −^{z1}√_{R2 +z21} = cos θ_1 kai telikĹ:

B_z = 2πKNI[cos θ_1 + cos θ_2].

(b) AllĹzoume elafrĹ sumbolismì kai jètoume to z = 0 sto mèso tou phnÐou, enÿ sumbolÐzoume me z th suntetagmènh tou shmeÐou paratărhshc. Tìte:

B_z = 2πKNI[cos θ_1 + cos θ_2] = 2πKNI L^2 − z √ R^2 + (_L 2 − z )_2 + L 2 + z √ R^2 + (_L 2 + z

)_2 .

AfoÔ to z eÐnai mikrì, mporoÔme na anaptÔxoume kai na kratăsoume touc ìrouc mèqri z^2 : B_z ≃ 4πKNI [ 1 − 24 ( Rz L^2

)_2] . Sth sunèqeia jumìmaste ìti, lìgw summetrÐac, B_ϕ = 0, opìte h ⃗∇ · ⃗B = 0 dÐnei: 1 ρ ∂ ∂ρ (rB_ρ) = − ∂B_z ∂z = 192πKNI R^2z L^4 ⇒ B_ρ = 96πKNI R^2zρ L^4 + C ρ^2 , ìpou C = 0, ÿste to B_ρ na eÐnai pantoÔ peperasmèno. (g) Sto Ĺkro tou swlhnoeidoÔc kai kontĹ ston Ĺxona ja èqoume: B_z ≃ 2πKNI L^2 − z √ R^2 + (_L 2 − z )_2 + L 2 + z √ R^2 + (_L 2 + z

)_2 =

= 2πKNI x √ R^2 + x^2 + L − x √ R^2 + (L − x)^2 , x ≡ L 2 − z. Gia jèseic kontĹ sthn Ĺkrh to x ja eÐnai mikrì, opìte anaptÔssoume: B_z ≃ 2πKNI [ L √ R^2 + x^2 − R^2L (R^2 + L^2)^32 + ( 1 R − R^2 (R^2 + L^2)^32 ) x ] ⇒

⇒ ∂B_z ∂z = 2πKNI ( 1 R − R^2 (R^2 + L^2)^32 ) ≃ 2πKNI R , afoÔ to L eÐnai megĹlo. Sunepÿc: 1 ρ ∂ ∂ρ (rB_ρ) = − ∂B_z ∂z = − 2πKNI R ⇒ B_ρ = − πKNIρ R . 43. ParĹllhla ston Ĺxona kulindrikoÔ agwgoÔ aktÐnac a kai se apìstash d apì autìn upĹrqei mia kulindrikă koilìthta aktÐnac b (d + b < a). Sto upìloipo ulikì tou kulÐndrou kukloforeÐ reÔma parĹllhlo me ton Ĺxona me omoiìmorfh puknìthta reÔmatoc. UpologÐste to magnhtikì pedÐo sthn koilìthta.

LÔsh: To jeÿrhma tou Ampere dÐnei gia to eswterikì agwgoÔ to apotèlesma: 2πρB = 4πKπρ^2J ⇒ B = 2πKJρ me sunistÿsec: B_x = B ( −^y_ρ ) = −2πKJy, B_y = B (_x ρ ) = 2πKJx. Autèc oi sqèseic isqÔoun wc èqoun gia ton megĹlo agwgì. Gia to eswterikì mikroÔ agwgoÔ me antÐjeth puknìthta reÔmatoc isqÔoun oi sqèseic: B_x = +2πKJy, B_y = −2πKJ(x−d), ìpou èqoume upojèsei ìti to kèntro tou mikroÔ agwgoÔ brÐsketai sto shmeÐo (d, 0). Mènei h upèrjesh: B_x = −2πKJy + 2πKJy = 0, B_y = 2πKJx − 2πKJ(x − d) = 2πKJd. To magnhtikì pedÐo eÐnai stajerì mèsa sthn koilìthta.

44. Kuklikìc brìqoc aktÐnac a brÐsketai sto epÐpedo xy me to kèntro tou sthn arqă twn axìnwn.

(a) DeÐxte ìti h mình mh mhdenikă sunistÿsa tou dianusmatikoÔ dunamikoÔ eÐnai:

A_ϕ = 4Ia c ∫_∞ 0 dk cos kzI_1(kρ_<)K_1(kρ_>), ρ_> ≡ max(a, ρ), ρ_< ≡ min(a, ρ). (b) DeÐxte ìti mia enallaktikă èkfrash gia to A_ϕ eÐnai h:

A_ϕ = 2πIa c ∫_∞ 0 dke^{−k|z|}J_1(ka)J_1(kρ). (g) UpologÐste to magnhtikì pedÐo pĹnw ston Ĺxona twn z qrhsimopoiÿntac tic prohgoÔmenec ekfrĹseic gia to dunamikì. LÔsh: (a) XekinĹme apì th sqèsh ⃗A = K ∫ d^3x^{′ ⃗J(⃗x′)}_{|⃗x−⃗x′|} . To prìblhma èqei azimoujiakă summetrÐa, opìte arkeÐ na kĹnoume ton upologismì gia ϕ = 0. FusikĹ: A_z = 0. Gia na proqwrăsoume, qreiazìmaste orismènec bohjhtikèc sqèseic. ⃗J = J_ϕ′ϕ̂^′, J_ϕ′ =^I_{2π}^{δ(r′−a)}_{r′} δ(z^′), ϕ^′ = − sin ϕ^′x̂ + cos ϕ^′ŷ ⃗x = r sin θx̂ + r cos θẑ, ⃗x^′ = a cos ϕ^′x̂ + a sin ϕ^′ŷ, |⃗x − ⃗x^′| = [x^2 + x^{′2} − 2⃗x·⃗x^′]^{12} = |(r sin θ −a cos ϕ^′)x̂ −a sin ϕ^′ŷ +r cos θẑ| = [r^2 +a^2 −2ra sin θ cos ϕ^′]^{12} . ProkÔptei ìti:

A_x = K ∫ d^3x^′ J_x |⃗x − ⃗x^′| = KI ∫_{2π} 0 dϕ^′ ∫_∞ 0 dr^′r^′ ∫_{+∞} −∞ dz^′ I 2π δ(r^′ −a) r^′ δ(z ′)(− sin ϕ^′) [r^2 + a^2 − 2ra sin θ cos ϕ^′]^12

= 0,

epeidă eÐnai perittă wc proc ϕ^′ kai:

A_y = K ∫ d^3x^′ J_y |⃗x − ⃗x^′| = KI ∫_{2π} 0 dϕ^′ ∫_∞ 0 dr^′r^′ ∫_{+∞} −∞ dz^′ I 2π δ(r^′−a) r^′ δ(z ′)(+ cos ϕ^′) |⃗x − ⃗x^′| . UpenjumÐzoume th sqèsh: 1 |⃗x − ⃗x^′| = 2 π ∫_∞ 0 dk +∞∑ m=−∞ e^{im(ϕ−ϕ′)} cos k(z − z^′)I_m(kr_<)K_m(kr_>), thn opoÐa antikajistoÔme kai brÐskoume:

A_y = K 2 π ∫_∞ 0 dk ∫_{2π} 0 dϕ^′ +∞∑ −∞ e^{im(0−ϕ′)} cos kzI_m(kr_<)K_m(kr_>) I 2π cos ϕ^′,

ìpou jèsame ϕ = 0, afoÔ ètsi epilèxame prohgoumènwc. To aplì oloklărwma sto ϕ^′ dÐnei: ∫_{2π} 0 dϕ^′e^{im(0−ϕ′)} cos ϕ^′ = π(δ_{m,1} + δ_{m,−1}) opìte:

A_y = K 2 π I 2π ∫_∞ 0 dk +∞∑ −∞ cos kzI_m(kr_<)K_m(kr_>)π(δ_{m,1} + δ_{m,−1}) =

= KI π ∫_∞ 0 dk cos kz[I_1(kr_<)K_1(kr_>)+I_{−1}(kr_<)K_{−1}(kr_>)] = 2KI π ∫_∞ 0 dk cos kzI_1(kr_<)K_1(kr_>),

afoÔ o anagnÿsthc mporeÐ n’ apodeÐxei ìti: I_{−1}(x) = I_1(x), K_{−1}(x) = K_1(x). (b) Ja mporoÔsame n’ antikatastăsoume sto A_y to anĹptugma: 1 |⃗x − ⃗x^′| = +∞∑ m=−∞ ∫_∞ 0 dke^{im(ϕ−ϕ′)}J_m(kr)J_m(kr^′)e^{−k|z>−z<|}, me to apotèlesma:

A_y = K +∞∑ m=−∞ ∫_∞ 0 dk ∫_{2π} 0 dϕ^′ ∫_∞ 0 dr^′δ(r^′ − a)(cos ϕ^′)e^{im(0−ϕ′ )}J_m(kr)J_m(kr^′)e^{−k|z−0|} =

= KI 2 +∞∑ m=−∞ ∫_∞ 0 dkJ_m(kr)J_m(ka)e^{−k|z|} = KI 2 ∫_∞ 0 dk[J_1(kr)J_1(ka)+J_{−1}(kr)J_{−1}(ka)]e^{−k|z|} =

= KI ∫_∞ 0 dkJ_1(kr)J_1(ka)e^{−k|z|}, ìpwc ja gÐnei profanèc mìlic o anagnÿsthc deÐxei ìti J_{−1}(x) = −J_1(x). (g) Apì thn ⃗B = ⃗∇ × ⃗A prokÔptoun oi sqèseic: ⃗B = B_rr̂ + B_zẑ, B_r = − ∂A^ϕ ∂z , B_z = 1 r ∂(rA_ϕ) ∂r . To B_r mhdenÐzetai: apì thn èkfrash sto erÿthma (a) prokÔptei:

B_r = 2KI π ∫_∞ 0 dk cos kzI_1(0)K_1(ka) = 0,

enÿ apì thn èkfrash sto erÿthma (b) prokÔptei: B_r = KI ∫_∞ 0 dkkϵ(z)e^{−k|z|}J_1(0)J_1(ka) = 0. Gia to B_z eÐnai eukolìtero na qrhsimopoiăsoume thn èkfrash sto (b):

B_z = 1 r ∂(rA_ϕ) ∂r = 1 r KI ∫_∞ 0 dk ∂(krJ_1(kr)) ∂(kr) J_1(ka)e^{−k|z|} = KI ∫_∞ 0 dkkJ_0(kr)J_1(ka)e^{−k|z|}. Gia thn èkfrash sto (a) prèpei na diakrÐnoume periptÿseic: (1) An r > a, ja isqÔei r_> = r, r_< = a, kai

B_z = 1 r ∂(krA_ϕ) ∂(kr) = 1 r 2KI π ∫_∞ 0 dk cos kzI_1(ka) ∂(krK_1(kr)) ∂(kr) . O anagnÿsthc kaleÐtai na deÐxei ìti^{d(xI1)}_{dx} = xI_0,^{d(xK1)}_{dx} = −xK_0, opìte:

B_z = 2KI πr ∫_∞ 0 dk cos kzI_1(ka)(−krK_0(kr)) = − 2KI π ∫_∞ 0 dkk cos kzI_1(ka)K_0(kr). (2) An r < a, ja isqÔei r_> = a, r_< = r, kai

B_z = 1 r ∂(krA_ϕ) ∂(kr) = 2KI πr ∫_∞ 0 dk cos kzK_1(ka) ∂(krI_1(kr)) ∂(kr) = 2KI π ∫_∞ 0 dkk cos kzK_1(ka)I_0(kr). 45. Kuklikìc brìqoc me reÔma I èqei to kèntro tou sthn arqă twn axìnwn kai to diĹnusma pou eÐnai kĹjeto sto epÐpedì tou èqei gwnÐec θ kai ϕ. To magnhtikì pedÐo pou upĹrqei sthn perioqă dÐnetai apì tic sqèseic: B_x = B_0(1 + βy), B_y = B_0(1 + βx). (a) UpologÐste th dÔnamh pou askeÐtai ston brìqo.

(b) UpologÐste th ropă sthn piì qamhlă tĹxh. TÐ sumbaÐnei me tic anÿterec tĹxeic;

LÔsh: Strèfoume to sÔsthma anaforĹc me skopì to kĹjeto monadiaÐo diĹnusma sthn epifĹneia, to n̂, me polikèc gwnÐec (θ, ϕ), na èrjei pĹnw ston kainoÔrgio Ĺxona twn z. Akribèstera, strèfoume to sÔsthma (x, y, z) prÿta perÐ ton Ĺxona z^′ ≡ z katĹ gwnÐa ϕ, ÿste na prokÔyei to (x^′, y^′, z^′ ≡ z). S’ autì to sÔsthma to n̂ ja èqei polikèc gwnÐec (θ, 0). Strèfoume tÿra to sÔsthma (x^′, y^′, z^′) prÿta perÐ ton Ĺxona y^′ ≡ y^{′′} katĹ gwnÐa θ, ÿste na prokÔyei to (x^{′′}, y^′ ≡ y^{′′}, z^{′′}). S’ autì to sÔsthma to n̂ ja èqei polikèc gwnÐec (0, 0), dhladă ja keÐtai pĹnw ston z^{′′}. Anagìmaste sto prìblhma kuklikoÔ brìqou sto epÐpedo (x^{′′}, y^{′′}) mèsa sto magnhtikì pedÐo ⃗B^{′′} kai anazhtoÔme th dÔnamh ⃗F^{′′} pou askeÐtai pĹnw tou. Tèloc prèpei na epistrèyoume sto arqikì sÔsthma anaforĹc. An sumbolÐsoume touc pÐnakec twn dÔo epÐ mèrouc strofÿn me M_ϕ, M_θ kai ton olikì pÐnaka me M, ja eÐnai: M = M_θM_ϕ kai n̂^{′′} = Mn̂, ⃗r^{′′} = M⃗r, ⃗B^{′′} = M ⃗B, ⃗F^{′′} = M ⃗F . Gia na upologÐsoume ton M_ϕ mporoÔme na fantastoÔme ìti blèpoume th strofă se kĹtoyh, koitÿntac apì ton jetikì Ĺxona twn z. EÐnai tìte profanèc ìti

M_ϕ = cos ϕ sin ϕ 0 -sin ϕ cos ϕ 0

0 0 1 .

Ex Ĺllou, h kĹtoyh apì ta jetikĹ y^′ dÐnei (autì jèlei lÐgh perissìterh prosoqă):

M_θ = cos θ 0 − sin θ 0 1 0 sin θ 0 cos θ .

’Ara:

M = cos θ cos ϕ cos θ sin ϕ − sin θ − sin ϕ cos ϕ 0 sin θ cos ϕ sin θ sin ϕ cos θ , M^T = cos θ cos ϕ − sin ϕ sin θ cos ϕ cos θ sin ϕ cos ϕ sin θ sin ϕ − sin θ 0 cos θ .

IsqÔei h sqèsh: ⃗B^{′′}(⃗r^{′′}) = M ⃗B(⃗r) = M ⃗B(M^T ⃗r^{′′}). H sqèsh ⃗B = (B_x, B_y, 0) dÐnei:

M ⃗B(⃗r) = cos θ cos ϕ cos θ sin ϕ − sin θ − sin ϕ cos ϕ 0 sin θ cos ϕ sin θ sin ϕ cos θ

B_0(1 + βy) B_0(1 + βx) 0 =

= cos θ cos ϕB_0(1 + βy) + cos θ sin ϕB_0(1 + βx) − sin ϕB_0(1 + βy) + cos ϕB_0(1 + βx) sin θ sin ϕB_0(1 + βy) + sin θ sin ϕB_0(1 + βx) .

Mènei n’ antikatastajeÐ to ⃗r = (x, y, z) sunartăsei tou ⃗r^{′′} : x y z = M^T x^{′′} y^{′′} z^{′′} = cos θ cos ϕx^{′′} − sin ϕy^{′′} + sin θ cos ϕz^{′′} cos θ sin ϕx^{′′} + cos ϕy^{′′} + sin θ sin ϕz^{′′} − sin θx^{′′} + cos θz^{′′} .

Antikajistÿntac brÐskoume:

B^{′′}_x′′ = B_0 cos θ(cos ϕ + sin ϕ) + 2βB_0 cos^2 θ sin ϕ cos ϕx^{′′}+

+βB_0 cos θ(cos^2 ϕ − sin^2 ϕ)y^{′′} + 2βB_0 sin θ cos θ sin ϕ cos ϕz^{′′},

B^{′′}_y′′ = B_0(cos ϕ − sin ϕ) + βB_0 cos θ(cos^2 ϕ − sin^2 ϕ)x^{′′}−

−2βB_0 sin ϕ cos ϕy^{′′} + βB_0 sin θ(cos^2 ϕ − sin^2 ϕ)z^{′′},

B^{′′}_z′′ = B_0 sin θ(cos ϕ + sin ϕ) + 2βB_0 sin θ cos θ sin ϕ cos ϕx^{′′}+

+βB_0 sin θ(cos^2 ϕ − sin^2 ϕ)y^{′′} + 2βB_0 sin^2 θ sin ϕ cos ϕz^{′′}.

Upologismìc thc dÔnamhc: ⃗F^{′′} = I ∫ ⃗dr^{′′} × ⃗B^{′′}, ⃗r^{′′} = x^{′′}x̂^{′′} + y^{′′}ŷ^{′′} = a cos χx̂^{′′} + a sin χŷ^{′′} ⇒

⇒ ⃗dr^{′′} = −a sin χx̂^{′′} + a cos χŷ^{′′} ≡ dr_x′′x̂^{′′} + dr_y′′ ŷ^{′′}. Shmeiÿnoume ìti to z^{′′} eÐnai mhdèn pĹnw sto drìmo oloklărwshc, opìte:

⃗dr^{′′} × ⃗B^{′′} = | | | | | | x̂^{′′} ŷ^{′′} ẑ^{′′} dr_x′′ dr_y′′ dr_z′′ B^{′′}_x′′ B^{′′}_y′′ B^{′′}_z′′

| | | | | | = x̂^{′′}(dr_y′′ B^{′′}_z′′ − dr_z′′ B^{′′}_y′′ )+

+ŷ^{′′}(dr_z′′ B^{′′}_x′′ − dr_x′′ B^{′′}_z′′ ) + ẑ^{′′}(dr_x′′ B^{′′}_y′′ − dr_y′′ B^{′′}_x′′ ) kai h antikatĹstash ja dÿsei:

⃗dr^{′′} × ⃗B^{′′} = adχx̂^{′′}{cos χ[B_0 sin θ(cos ϕ + sin ϕ)+

+2βB_0 sin θ cos θ sin ϕ cos ϕa cos χ + βB_0 sin θ(cos^2 ϕ − sin^2 ϕ)a sin χ]}+

+adχŷ^{′′}{sin χ[B_0 sin θ(cos ϕ + sin ϕ) + 2βB_0 sin θ cos θ sin ϕ cos ϕa cos ϕ+

+βB_0 sin θ(cos^2 ϕ − sin^2 ϕ)]a sin χ}+

+adχẑ^{′′}{− sin χ[B_0(cos ϕ − sin ϕ) + βB_0 cos θ(cos^2 ϕ − sin^2 ϕ)a cos χ−

−2βB_0 sin ϕ cos ϕa sin χ] − cos χ[B_0 cos θ(cos ϕ + sin ϕ) + 2βB_0 cos^2 θ sin ϕ cos ϕa cos χ+

+βB_0 cos θ(cos^2 ϕ − sin^2 ϕ)a sin χ]}.

Apì thn oloklărwsh pĹnw sth gwnÐa ϕ ja epizăsoun mìno oi ìroi ∫_{2π} 0 dχ cos^2 χ = ∫_{2π} 0 dχ sin^2 χ = π, sunepÿc

⃗F^{′′} = 2Ia^2πβB_0 sin θ cos θ sin ϕ cos ϕ Ia^2πβB_0 sin θ(cos^2 ϕ − sin^2 ϕ) 2Ia^2πβB_0 sin^2 θ sin ϕ cos ϕ ⇒ ⃗F = M^T ⃗F^{′′} = Ia^2πβB_0 sin θ sin ϕ Ia^2πβB_0 sin θ cos ϕ 0 .

Mia proseggistikă èkfrash gia th dÔnamh eÐnai h ⃗F = ⃗∇(⃗m· ⃗B), ìpou ⃗m = πa^2In̂ → ⃗m· ⃗B = πa^2I(B_x sin θ cos ϕ + B_y sin θ sin ϕ) = πa^2I(B_0(1 + βy) sin θ cos ϕ + B_0(1 + βx) sin θ sin ϕ) →

→ ⃗∇(⃗m · ⃗B) = πa^2IB_0(x̂ sin θ sin ϕ + ŷ sin θ cos ϕ).

ParathroÔme ìti aută h prosèggish tautÐzetai me to akribèc apotèlesma, ki autì giatÐ h prosèggish arqÐzei jewrÿntac to anĹptugma: B_k(⃗x) = B_k(⃗0) + ⃗x · ⃗∇B_k(⃗0) + . . . , pou sthn perÐptwsă mac termatÐzetai ston deÔtero ìro: ⃗∇B_x = βB_0ŷ, ⃗∇B_y = βB_0x̂, vec∇B_z = ⃗0.

(b) Gia th ropă isqÔei: ⃗N = ∫ d^3x⃗x × ( ⃗J × ⃗B), B_k(⃗x) = B_k(⃗0) + ⃗x · ⃗∇B_k(⃗0) + . . . , Ĺra ⃗N ≃ ∫ d^3x⃗x × ( ⃗J × ⃗B(⃗0)) = ∫ d^3x[⃗x · ⃗B(⃗0)] ⃗J − ∫ d^3x[⃗x · ⃗J] ⃗B(⃗0). UpenjÔmish: ∫ d^3xg ⃗J · ⃗∇f = − ∫ d^3xf ⃗∇ · (g ⃗J) = − ∫ d^3xf ⃗J · ⃗∇g − ∫ d^3xfg ⃗∇ · ⃗J = − ∫ d^3xf ⃗J · ⃗∇g, afoÔ ⃗∇ · ⃗J = 0. TelikĹ: ∫ d^3x[f ⃗J · ⃗∇g + g ⃗J · ⃗∇f] = 0. PorÐsmata: (1) [f = 1, g = x_k] → ∫ d^3x ⃗J · x̂_k = 0 → ∫ d^3xJ_k = 0. (2) [f = x_k , g = x_l] → ∫ d^3x[x_k ⃗J · x̂_l + x_l ⃗J · x̂_k ] = 0 → ∫ d^3x[x_k J_l + x_lJ_k] = 0. (3) [f = r, g = r] → 2 ∫ d^3xr ⃗J · r̂ = 0 → ∫ d^3x⃗r · ⃗J = 0. SÔmfwna me to pìrisma (3) to oloklărwma ∫ d^3x[⃗x · ⃗J] ⃗B(⃗0), pou suneisfèrei kat’ arqăn sth ropă, ja mhdenÐzetai. Ex Ĺllou: ∫ d^3x[⃗x · ⃗B(⃗0)] ⃗J | |_k = ∫ d^3xB_l(⃗0)x_lJ_k =^1_2 B_l(⃗0) ∫ d^3x(x_lJ_k − x_kJ_l), sÔmfwna me to pìrisma (2). SuneqÐzoume: ∫ d^3x[⃗x · ⃗B(⃗0)] ⃗J | | |_k = 1 2 B_l(⃗0) ∫ d^3xϵ_{mlk}(⃗x × ⃗J)_m = − 1 2 ∫ d^3xϵ_{lmk}B_l(⃗0)(⃗x × ⃗J)_m =

= − 1 2 ∫ d^3x[ ⃗B(⃗0) × (⃗x × ⃗J)]_k ⇒ ∫ d^3x[⃗x · ⃗B(⃗0)] ⃗J = − 1 2 ∫ d^3xϵ_{lmk} ⃗B(⃗0) × (⃗x × ⃗J) ⇒ ⇒ ⃗N = [ 1 2 ∫ d^3x(⃗x × ⃗J) ] × ⃗B(⃗0) ≡ ⃗m × ⃗B(⃗0). Sthn perÐptwsă mac

⃗N = ⃗m × ⃗B(⃗0) = −πIa^2B_0 cos θx̂ + πIa^2B_0 cos θŷ + πIa^2B_0 sin θ(cos ϕ − sin ϕ)ẑ.

46. SfaÐra aktÐnac a fèrei fortÐo me omoiìmorfh epifaneiakă puknìthta σ. H sfaÐra peristrèfetai perÐ mÐa diĹmetrì thc me stajeră gwniakă taqÔthta ω. Na upologisteÐ to dianusmatikì dunamikì kai to magnhtikì pedÐo mèsa ki èxw apì th sfaÐra.

LÔsh: Kat’ arqă prosdiorÐzoume thn (epifaneiakă) puknìthta reÔmatoc sunartăsei thc epifaneiakăc puknìthtac fortÐou Σ = σ^1_{a2} δ(r − a), σ =^Q_{4πa2} : ⃗J = Σ⃗v = 1 a^2 σδ(r−a)⃗v = [ 1 a^2 σδ(r − a) ] [ωa sin θϕ̂] = σω 1 a δ(r−a) sin θϕ̂, ϕ̂ = − sin ϕx̂+cos ϕŷ,

J_ϕ = σω 1 a δ(r − a) sin θ, ⃗J · x̂ = −J_ϕ sin ϕ, ⃗J · ŷ = J_ϕ cos ϕ Lìgw azimoujiakăc summetrÐac arkeÐ na upologÐsoume to dianusmatikì dunamikì ⃗A = K ∫ d^3x^{′ ⃗J(⃗x′)}_{|⃗x−⃗x′|} sto ϕ = 0, opìte

A_ϕ = A_y = K ∫ d^3x^′ ⃗J(⃗x^′) · ŷ |⃗x − ⃗x^′| = K ∫ d^3x^′

J_ϕ′ cos ϕ^′ |⃗x − ⃗x^′| =

= Kσω 1 a ∫ dr^′r^{′2}d cos θ^′dϕ^′ 1 |⃗x − ⃗x^′| δ(r^′ − a) sin θ^′ cos ϕ^′.

AllĹ 1 |⃗x − ⃗x^′| = ∑ lm 4π 2l + 1 r^l_< r^{l+1}_> Y^∗_{lm}(θ^′, ϕ^′)Y_{lm}(θ, ϕ), opìte èqei nìhma na qrhsimopoiăsoume th sqèsh

sin θ^′ cos ϕ^′ = √ 2π 3 [Y_{1,−1}(θ^′, ϕ^′) − Y_{1,1}(θ^′, ϕ^′)],

ÿste na katalăxoume sthn èkfrash: A_ϕ = Kσωa ∫ d cos θ^′dϕ^′ √ 2π 3 [Y_{1,−1}(θ^′, ϕ^′) − Y_{1,1}(θ^′, ϕ^′)] 1 |⃗x − ⃗x^′| =

= √ 2π 3 Kσωa ∑ lm 4π 2l + 1 r^l_< r^{l+1}_> Y_{lm}(θ, ϕ) ∫ d cos θ^′dϕ^′[Y_{1,−1}(θ^′, ϕ^′) − Y_{1,1}(θ^′, ϕ^′)]Y^∗_{lm}(θ^′, ϕ^′) =

= √ 2π 3 4πKσωa ∑ lm 1 2l + 1 r^l_< r^{l+1}_> Y_{lm}(θ, ϕ)δ_{l1}[δ_{m,−1} − δ_{m1}] =

= 4πKσωa 1 3 r_< r^2_> √ 2π 3 [Y_{1,−1}(θ, ϕ)−Y_{1,1}(θ, ϕ)] = 4πKσωa 3 r_< r^2_> sin θ cos ϕ = 4πKσωa 3 r_< r^2_> sin θ. (UpenjumÐzoume ìti cos ϕ = 1, afoÔ upologÐzoume gia ϕ = 0). An r < a ja èqoume r_< = r, r_> = a kai A_ϕ =^{4πKσω}_3^r_a sin θ. An r > a ja èqoume r_< = a, r_> = r kai A_ϕ = 4πKσω 3 a^2 r^2 sin θ.

Apì tic genikèc ekfrĹseic: ⃗B = ⃗∇ × ⃗A = r̂ 1 r sin θ ∂ ∂θ (sin θA_ϕ) − θ̂ 1 r ∂ ∂r (rA_ϕ). Gia r < a :

B_r = 1 r sin θ ∂ ∂θ ( sin θ 4πKσω 3 r a sin θ ) = 1 r sin θ 4πKσω 3 r a 2 sin θ cos θ = 8πKσω 3a cos θ,

B_θ = − 1 r ∂ ∂r ( r 4πKσω 3 r a sin θ ) = − 8πKσω 3a sin θ. H sqèsh r̂ cos θ − θ̂ sin θ = ẑ deÐqnei ìti ⃗B =^{8πKσω}_{3a} ẑ, dhladă to pedÐo sto eswterikì thc sfaÐrac eÐnai stajerì katĹ ton Ĺxona twn z.

Gia r > a : B_r = 1 r sin θ ∂ ∂θ ( sin θ 4πKσω 3 a^2 r^2 sin θ ) = 8πKσω 3 a^2 r^3 cos θ, B_θ = − 1 r ∂ ∂r ( r 4πKσω 3 a^2 r^2 sin θ ) = 4πKσω 3 a^2 r^3 sin θ. 47. ’Ena magnhtikĹ “sklhrì” ulikì èqei to sqăma orjoÔ kuklikoÔ kulÐndrou măkouc L kai aktÐnac a. O kÔlindroc èqei omogenă magnătish M_0 parĹllhlh ston ĹxonĹ tou. (a) ProsdiorÐste ta pedÐa ⃗H kai ⃗B s’ ìla ta shmeÐa tou Ĺxona tou kulÐndrou, mèsa ki èxw aspì to ulikì. (b) SqediĹste ta phlÐka^{Bz}_{μ0M0} kai^{Hz}_{M0} ston Ĺxona sunartăsei tou z gia^L_a = 5.

LÔsh: XekinĹme apì thn exÐswsh tou Maxwell: ⃗∇× ⃗H = 0, pou isqÔei gia statikèc katastĹseic ìpou epÐ plèon to reÔma mhdenÐzetai. MporoÔme na orÐsoume to bajmwtì magnhtikì dunamikì: ⃗H = −⃗∇Φ_M . Tìte: ⃗∇ · ⃗B = 0 ⇒ ⃗∇ · [μ_0( ⃗H + ⃗M)] = 0 ⇒ −⃗∇^2Φ_M + ⃗∇ · ⃗M = 0 ⇒ ⃗∇^2Φ_M = ⃗∇ · ⃗M ≡ −ρ_M ⇒ ⇒ Φ_M (⃗x) = 1 4π ∫ d^3x^′ ρ_M (⃗x^′) |⃗x − ⃗x^′| . Gia touc “sklhroÔc” sidhromagnătec eÐnai qrăsimh h exidanÐkeush thc asuneqoÔc metabolăc thc magnătishc sta ìria. Oloklărwsh s’ èna koutÐ tou Gauss dÐnei: σ_M = n̂· ⃗M. ’Ara èqoume ènan prìsjeto ìro:

Φ_M (⃗x) = 1 4π ∫ d^3x^′ ρ_M (⃗x^′) |⃗x − ⃗x^′| + 1 4π ∫ da^′ σ_M (⃗x^′) |⃗x − ⃗x^′| =

= − 1 4π ∫ d^3x^′ ⃗∇′ ⃗M(⃗x′) |⃗x − ⃗x^′| + 1 4π ∫ da^′ n̂^′ · ⃗M(⃗x^′) |⃗x − ⃗x^′| . FusikĹ, an h magnătish eÐnai stajeră mèsa sto ulikì, to oloklărwma ìgkou ja eÐnai mhdèn. Sthn perÐptwsă mac isqÔei akribÿc autì, opìte:

Φ_M = 1 4π [∫ S(V ) da^′ n̂^′ · ⃗M(⃗x^′) |⃗x − ⃗x^′| ] = 1 4π ∫_a 0 dρ^′ 2πρ^′M_0 √ ρ^{′2} + (_L 2 − z )_2 + ∫_a 0 dρ^′ 2πρ^′(−M_0) √ ρ^{′2} + (_L 2 + z

)_2 =

= M_0 2 √ a^2 + ( z − L 2 )_2 − | | |z − L 2 | | | − √ a^2 + ( z + L 2 )_2 + | | |z + L 2 | | | .

H sunĹrthsh eÐnai perittă, Ĺra h H_z = −^{∂ΦM}_{∂z} ja eÐnai Ĺrtia kai arkeÐ na jewrăsoume mìno jetikĹ z. ProkÔptei: H_z M_0 = − 1 2 z^a −^{L2a} √ 1 + (_z a −^L_{2a} )_2 − ϵ − z a +^L_{2a} √ 1 + (_z a +^L_{2a}

)_2 + 1 ,

ìpou ϵ = +1 gia z >^L_2 kai ϵ = −1 gia 0 ≤ z <^L_2 . Ex Ĺllou B_z = μ_0(H_z + M_z), dhladă mèsa ja eÐnai: B_z μ_0M_0 = H_z + M_0 M_0 = − 1 2 z^a −^{L2a} √ 1 + (_z a −^L_{2a} )_2 − z a +^L_{2a} √ 1 + (_z a +^L_{2a}

)_2 ,

enÿ èxw ja eÐnai: B_z μ_0M_0 = H_z + 0

M_0 = − 1 2 z^a −^{L2a} √ 1 + (_z a −^L_{2a} )_2 − z a +^L_{2a} √ 1 + (_z a +^L_{2a}

)_2 .

EÐnai fanerì ìti to B_z dÐnetai pantoÔ apì thn Ðdia èkfrash kai eÐnai suneqăc sunĹrthsh, enÿ to H_z emfanÐzei asunèqeiec stic dÔo bĹseic.

48. ’Ena magnhtostatikì pedÐo ofeÐletai apokleistikĹ se mia mìnimh magnătish entopismènh sto qÿro.

(a) DeÐxte ìti ∫ d^3x ⃗B · ⃗H = 0. (b) DeÐxte ìti h magnhtostatikă enèrgeia dÐnetai apì th sqèsh: U = μ_0 2 ∫ d^3x ⃗H · ⃗H = − μ_0 2 ∫ d^3x ⃗M · ⃗H. LÔsh: (a) Sthn perÐptwsh aută upĹrqei bajmwtì magnhtikì dunamikì: ⃗H = −⃗∇Φ_M , Ĺra ∫ d^3x ⃗B · ⃗H = − ∫ d^3x ⃗B · ⃗∇Φ_M = − ∫ d^3x[⃗∇(Φ_M ⃗B) − (⃗∇ · ⃗B)Φ_M ] = − ∫ dan̂Φ_M ⃗B = 0. Sthn teleutaÐa isìthta epikalestăkame to gegonìc ìti ta Φ_M kai ⃗B metabĹllontai san^1_r kai^1_{r2} sunartăsei tou r, enÿ to da san r^2, opìte to oloklărwma sumperifèretai san^1_r kai, afoÔ oloklhrÿnoume s’ ìlo to qÿro, mhdenÐzetai.

(b) H enèrgeia magnhtikoÔ dipìlou ropăc ⃗m se magnhtikì pedÐo ⃗B dÐnetai apì th sqèsh U = −⃗m · ⃗B, opìte, gia suneqă katanomă, U = − ∫ d^3x ⃗M · ⃗B, ìpou ⃗M h magnătish (ropă anĹ monĹda ìgkou). An kataskeuĹsoume thn katanomă dipìlwn fèrnontac stadiakĹ dÐpola apì to Ĺpeiro kai auxĹnontac th magnătish apì mhdèn mèqri thn telikă thc timă, h enèrgeia ja metabĹslletai se kĹje nèa prosjăkh katĹ δU = − ∫ d^3xδ ⃗M · ⃗B. Ex Ĺllou: ⃗H =^{⃗B}_{μ0} − ⃗M ⇒ δ ⃗M =^1_{μ0} δ ⃗B − δ ⃗H, ìpou, gia aplìthta, qrhsimopoiăsame monĹdec SI kai ìqi tic genikìterec ekfrĹseic me tic stajerèc k, K, α. Sunepÿc: δU = − ∫ d^3x 1 μ_0 δ ⃗B · ⃗B + ∫ d^3xδ ⃗H · ⃗B. To deÔtero oloklărwma mhdenÐzetai, me bĹsh to skèloc (a) thc Ĺskhshc. ’Ara, oloklhrÿnontac:

U = U_0 − ∫ d^3x 1 2μ_0

⃗B^2 = U_0 − 1 2μ_0 ∫ d^3xμ^2_0[ ⃗H^2 + ⃗M^2 + 2 ⃗H · ⃗M] =

= U_0 − 1 2μ_0 ∫ d^3xμ^2_0[ ⃗H^2 + ⃗M^2 + 2 ⃗H · ⃗M] =

= U_0 − 1 2μ_0 ∫ d^3xμ^2_0 [ ⃗H^2 + ⃗M^2 + 2 ⃗H · ( ⃗B μ_0 − ⃗H )] =

= U_0 − μ_0 2 ∫ d^3x [ ⃗H^2 + ⃗M^2 + 2 μ_0 ⃗H · ⃗B − 2 ⃗H^2 ] = = U_0 − μ_0 2 ∫ d^3x ⃗M^2 + μ_0 2 ∫ d^3x ⃗H^2 =

= U_0− μ_0 2 ∫ d^3x ⃗M^2+ μ_0 2 ∫ d^3x ⃗H· ( ⃗B μ_0 − ⃗M ) = U_0− μ_0 2 ∫ d^3x ⃗M^2+ 1 2 ∫ d^3x ⃗H· ⃗B− μ_0 2 ∫ d^3x ⃗H· ⃗M = = U_0 − μ_0 2 ∫ d^3x ⃗M^2 − μ_0 2 ∫ d^3x ⃗H · ⃗M, ìpou qrhsimopoiăsame kai pĹli to apotèlesma tou prÿtou skèlouc thc Ĺskhshc. Oi prÿtoi dÔo ìroi tou telikoÔ apotelèsmatoc eÐnai stajerèc oloklărwshc.