
PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES”
TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN

MHQANIKWN EMP - EKEFE “DHMOKRITOS”
HLEKTROMAGNHTISMOS I: PEMPTH SEIRA ASKHSEWN

38. MakrÔc kulindrikìc floiìc me dihlektrik  stajer� ε kai aktÐnec a kai b > a topojeteÐtai
se (mèqri tìte) omogenèc pedÐo E0 me ton �xon� tou k�jeto sto pedÐo. 'Exw apì ton floiì
up�rqei kenì (h dihlektrik  stajer� eÐnai mon�da).

(a) ProsdiorÐste to dunamikì kai to hlektrikì pedÐo stic treic parioqèc, agno¸ntac tic
paramorf¸seic perÐ tic b�seic tou kulÐndrou.

(b) Exet�ste ta dÔo ìria: tou dihlektrikoÔ kulÐndrou se omogenèc exwterikì pedÐo kai thc
kulindrik c koilìthtac se dihlektrikì ulikì.

LÔsh: (a) JewroÔme ìti to ~E0 eÐnai kat� m koc tou �xona twn y, opìte Φ(r → ∞, φ) =
−E0y = −E0r sin φ. Lamb�nont�c to upìyh, mazÐ me tic oriakèc sunj kec, h genik  lÔsh

Φ = a0 + b0 ln r +
∑
m

(
ãmrm +

b̃m

rm

)
(cm cosmφ + dm sin mφ)

dÐnei gia ta dunamik� stic treic perioqèc 1 (mèsa), 2(sto dihlektrikì) kai 3 (èxw):

Φ1 =
∑
m

(c1m cosmφ + d1m sinmφ)rm,

Φ2 = b̃0 ln r +
∑
m

(
ã2mrm +

b̃2m

rm

)
(c2m cosmφ + d2m sin mφ),

Φ3 = −E0r sinφ + b0 ln r +
∑
m

1
rm

(c3m cosmφ + d3m sin mφ).

'Eqoume to epÐ plèon dedomèno thc summetrÐac perÐ to epÐpedo yz, dhlad  Φk(r, π − φ) =
Φk(r, φ), opìte oi ìroi me ta cosmφ prèpei na eÐnai mhdèn. Oi ekfr�seic gia ta dunamik�
xanagr�fontai:

Φ1 =
∑
m

d1mrm sinmφ,

Φ2 = b̃0 ln r +
∑
m

(
A2mrm +

B2m

rm

)
sin mφ,

Φ3 = −E0r sinφ + b0 ln r +
∑
m

1
rm

d3m sin mφ.

Oriakèc sunj kec:

Φ2|a = Φ1|a ⇒ b̃0 ln a +
∑
m

(
A2mam +

B2m

am

)
sin mφ =

∑
m

d1mam sin mφ ⇒

⇒ b̃0 = 0, A2mam +
B2m

am
= d1mam.

ε
∂Φ2

∂r

∣∣∣∣
a

=
∂Φ1

∂r

∣∣∣∣
a

⇒ ε
∑
m

(
mA2mam−1 − mB2m

am+1

)
sin mφ =

∑
m

md1mam−1 sin mφ ⇒
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⇒ ε

(
A2mam−1 − B2m

am+1

)
= d1mam−1.

1
r

∂Φ2

∂φ

∣∣∣∣
a

=
1
r

∂Φ1

∂φ

∣∣∣∣
a

⇒ 1
a

∑
m

(
mA2mam +

mB2m

am

)
cos mφ =

1
a

∑
m

md1mam cos mφ ⇒

⇒ A2mam +
B2m

am
= d1mam.

Φ3|b = Φ2|b ⇒ −E0b sinφ + b0 ln b +
∑
m

1
bm

d3m sin mφ =
∑
m

(
A2mbm +

B2m

bm

)
sin mφ ⇒

⇒ b0 = 0,−E0b +
1
b
d31 = A21b +

B21

b
,

1
bm

d3m = A2mbm +
B2m

bm
,m ≥ 2.

∂Φ3

∂r

∣∣∣∣
b

= ε
∂Φ2

∂r

∣∣∣∣
b

⇒ −E0 sin φ+
b0

b
−

∑
m

md3m

bm+1
sin mφ = ε

∑
m

(
mA2mbm−1 − mB2m

bm+1

)
sin mφ ⇒

⇒ −E0 − d31

b2
= ε

(
A21b− B21

b2

)
, − d3m

bm+1
= ε

(
A2mbm−1 − B2m

bm+1

)
, m ≥ 2.

1
r

∂Φ3

∂φ

∣∣∣∣
b

=
1
r

∂Φ2

∂φ

∣∣∣∣
b

⇒
∑
m

m

(
A2mbm +

B2m

bm

)
cosmφ = −E0b cos φ+

∑
m

m
d3m

bm
cos mφ ⇒

⇒ A21b +
B21

b
= −E0b +

d31

b
, A2mbm +

B2m

bm
=

d3m

bm
,m ≥ 2.

Shmei¸noume ìti èqoume diaqwrÐsei thn perÐptwsh m = 1. Oi exis¸seic pou prokÔptoun
suqn� tautÐzontai me prohgoÔmenec. Oi anex�rthtec exis¸seic gia m > 1 eÐnai oi:

A2mam +
B2m

am
= d1mam, ε

(
A2mam−1 − B2m

am+1

)
= d1mam−1,

1
bm

d3m = A2mbm +
B2m

bm
, − d3m

bm+1
= ε

(
A2mbm−1 − B2m

bm+1

)
.

O mhdenismìc thc orÐzousac autoÔ tou omogenoÔc sust matoc dÐnei th sunj kh
(

b
a

)2m
=(

ε−1
ε+1

)2

, pou den eÐnai dunatìn na isqÔei, afoÔ b
a > 1, ε−1

ε+1 < 1. 'Ara den èqoume �llh lÔsh
apì thn tetrimènh s' aut n thn perÐptwsh:

A2m = B2m = d1m = d3m = 0,m ≥ 2.

Epikentrwnìmaste sthn perÐptwsh m = 1, ìpou to sÔsthma gÐnetai:

A21a +
B21

a
= d11a, ε

(
A21 − B21

a2

)
= d11,

−E0b +
1
b
d31 = A21b +

B21

b
, −E0 − d31

b2
= ε

(
A21b− B21

b2

)
.

H lÔsh tou sust matoc eÐnai:

A21 =
2E0b

2(ε + 1)
a2(ε− 1)2 − b2(ε + 1)2

, B21 =
2E0a

2b2(ε− 1)
a2(ε− 1)2 − b2(ε + 1)2

,

d11 =
4E0b

2ε

a2(ε− 1)2 − b2(ε + 1)2
, d31 =

E0b
2(b2 − a2)(ε2 − 1)

a2(ε− 1)2 − b2(ε + 1)2
.
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Telik� to dunamikì stic treic perioqèc gr�fetai:

Φ1 = d11r sin φ, Φ2 = A21r sin φ +
B21

r
sin φ, Φ3 = −E0r sinφ +

d31

r
sin φ,

ìpou oi suntelestèc dÐnontai amèswc pio p�nw. Oi sunist¸sec tou hlektrikoÔ pedÐou eÐnai:

E1r = −∂Φ1

∂r
= d11 sinφ, E1φ = −1

r

∂Φ1

∂φ
= d11 cos φ,

E2r = −∂Φ2

∂r
= −A21 sin φ +

B21

r2
sin φ, E2φ = −1

r

∂Φ2

∂φ
= −A21 cos φ− B21

r2
cosφ,

E3r = −∂Φ3

∂r
= E0 sin φ +

d31

r2
sin φ, E3φ = −1

r

∂Φ3

∂φ
= E0 cosφ− d31

r2
cos φ.

(b) Sto ìrio tou sumpagoÔc kulÐndrou (a = 0) ta dunamik� gÐnontai:

Φ2 = − 2E0

ε + 1
r sin φ, Φ3 = −E0r sin φ− E0b

2(ε− 1)
ε + 1

1
r

sin φ,

en¸ sto ìrio thc kulindrik c koilìthtac:

Φ1 = − 4E0ε

(ε + 1)2
r sinφ, Φ2 = − 2E0

ε + 1
r sin φ, Φ3 = −E0r sin φ− E0b

2(ε− 1)
ε + 1

1
r

sinφ.

39. Shmeiakì fortÐo q brÐsketai se apìstash d apì to kèntro dihlektrik c sfaÐrac me aktÐna
a < d kai dihlektrik  stajer� ε.

(a) Na upologisteÐ to dunamikì pantoÔ.

(b) Na upologistoÔn oi orjog¸niec sunist¸sec tou hlektrikoÔ pedÐou kont� sto kèntro
thc sfaÐrac.

(g) Na epalhjeujeÐ ìti, sto ìrio ε → ∞ to apotèlesma tautÐzetai me to antÐstoiqo thc
ag¸gimhc sfaÐrac.

LÔsh: To dunamikì mporeÐ na grafteÐ wc to �jroisma thc suneisfor�c tou fortÐou Φq kai
thc suneisfor�c thc sfaÐrac Φs.

Φq = k
q

|~r − dẑ| = k
q

|~r> − ~r<| =
kq

r>

1√
1 +

(
r<

r>

)2

− 2 r<

r>
cos θ

=

=
kq

r>

∞∑

l=0

(
r<

r>

)l

Pl(cos θ) = kq

∞∑

l=0

rl
<

rl+1
>

Pl(cos θ) =

{
kq

∑∞
l=0

rl

dl+1 Pl(cos θ), r < d

kq
∑∞

l=0
dl

rl+1 Pl(cos θ), r > d

Ex �llou:

Φs =

{ ∑∞
l=0 Al

rl

al+1 Pl(cos θ), r < a∑∞
l=0 Bl

al

rl+1 Pl(cos θ), r > a

Dhlad , gia tic treic perioqèc:

Φ1 = kq

∞∑

l=0

rl

dl+1
Pl(cos θ) +

∞∑

l=0

Al
rl

al+1
Pl(cos θ), r < a,
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Φ2 = kq

∞∑

l=0

rl

dl+1
Pl(cos θ) +

∞∑

l=0

Bl
al

rl+1
Pl(cos θ), a < r < d,

Φ3 = kq

∞∑

l=0

dl

rl+1
Pl(cos θ) +

∞∑

l=0

Bl
al

rl+1
Pl(cos θ), r > d.

Gia na epib�lloume tic oriakèc sunj kec ja mac qreiastoÔn mìno ta Φ1 kai Φ2 :

ε
∂Φ1

∂r

∣∣∣∣
a

=
∂Φ2

∂r

∣∣∣∣
a

,
1
a

∂Φ1

∂θ

∣∣∣∣
a

=
1
a

∂Φ2

∂θ

∣∣∣∣
a

.

Antikajist¸ntac brÐskoume:

ε

(
kq

∞∑

l=0

l
al−1

dl+1
Pl(cos θ) +

∞∑

l=0

lAl
al−1

al+1
Pl(cos θ)

)
= kq

∞∑

l=0

l
al−1

dl+1
Pl(cos θ)−

∞∑

l=0

(l+1)Bl
al

al+2
Pl(cos θ) ⇒

⇒ ε

(
kq

∞∑

l=0

l
al−1

dl+1
Pl(cos θ) +

∞∑

l=0

lAl
al−1

al+1
Pl(cos θ)

)
= kq

∞∑

l=0

l
al−1

dl+1
Pl(cos θ)−

∞∑

l=0

(l+1)Bl
al

al+2
Pl(cos θ) ⇒

⇒ ε

(
kql

al−1

dl+1
+ lAl

1
a2

)
= kql

al−1

dl+1
− (l + 1)Bl

1
a2

.

H deÔterh sqèsh dÐnei:

kq

∞∑

l=0

al

dl+1
(− sin θ)P ′l (cos θ) +

∞∑

l=0

Al
al

al+1
(− sin θ)P ′l (cos θ) =

= kq

∞∑

l=0

al

dl+1
(− sin θ)P ′l (cos θ) +

∞∑

l=0

Bl
al

al+1
(− sin θ)P ′l (cos θ) ⇒ Bl = Al,

opìte h pr¸th sqèsh metapÐptei sthn

ε

(
kql

al−1

dl+1
+ lAl

1
a2

)
= kql

al−1

dl+1
− (l + 1)Al

1
a2

,

pou lÔnetai eÔkola:
Al = Bl = −klq(ε− 1)

εl + l + 1

(a

d

)l+1

.

(b) Gia touc upologismoÔc sto kèntro thc sfaÐrac mac qrei�zetai mìno to Φ1 :

Φ1 = kq

∞∑

l=0

rl

dl+1
Pl(cos θ)−

∞∑

l=0

klq(ε− 1)
εl + l + 1

(a

d

)l+1 rl

al+1
Pl(cos θ).

Krat�me touc ìrouc mèqri to P2(cos θ) :

Φ1 ' kq

(
1
d

+
r

d2

3
ε + 2

P1(cos θ) +
r2

d3

5
2ε + 3

P2(cos θ)
)

.

Me tic upenjumÐseic ìti rP1 = r cos θ = z, r2P2 = r2 3 cos2 θ−1
2 = z2 − x2+y2

2 , to dunamikì
gr�fetai se orjog¸niec suntetagmènec:

Φ1 ' kq

(
1
d

+
3

ε + 2
z

d2
+

5
2ε + 3

(
z2

d3
− x2 + y2

2d3

))
,
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kai me ap' eujeÐac paragwgÐseic:

Ex = −∂Φ1

∂x
' kq

5
2ε + 3

x

d3
, Ey = −∂Φ1

∂y
' kq

5
2ε + 3

x

d3
,

Ez = −∂Φ1

∂z
' kq

(
3

ε + 2
1
d2

+
5

2ε + 3
2z

d3

)
.

(g) Sto ìrio ε → 0, Al = Bl = −kq
(

a
d

)l+1
, ta dunamik� gÐnontai: Φ1 = kq

d ,

Φ2 = kq

∞∑

l=0

rl

dl+1
Pl(cos θ)− kq

∞∑

l=1

a2l+1

(rd)l+1
Pl(cos θ),

Φ3 = kq

∞∑

l=0

dl

rl+1
Pl(cos θ)− kq

∞∑

l=1

a2l+1

(rd)l+1
Pl(cos θ),

pou sunapoteloÔn to apotèlesma gia thn ag¸gimh (mh geiwmènh) sfaÐra. Shmei¸noume ìti
dÔo ajroÐsmata xekinoÔn apì to l = 1, epeid  A0 = B0 = 0.

40. DÔo omìkentrec ag¸gimec sfaÐrec me aktÐnec a kai b > a fèroun fortÐa +Q (h mèsa) kai
−Q (h èxw). To p�nw hmisfaÐrio eÐnai gem�to me dihlektrikì stajer�c ε.

(a) BreÐte to hlektrikì pedÐo mèsa ston floiì.

(b) UpologÐste thn epifaneiak  puknìthta fortÐou sthn eswterik  sfaÐra.

(g) UpologÐste thn epifaneiak  puknìthta twn dèsmiwn fortÐwn gia r = a.

LÔsh: (a) Gr�foume th genik  lÔsh gia tic perioqèc 1 (p�nw) kai 2 (k�tw):

Φ1 =
∞∑

l=0

(
Alr

l +
Bl

rl+1

)
Pl(cos θ), Φ2 =

∞∑

l=0

(
Clr

l +
Dl

rl+1

)
Pl(cos θ).

To sÔsthma èqei azimoujiak  summetrÐa, opìte Eφ = 0. Ex �llou: Er = −∂Φ
∂r , Eθ =

− 1
r

∂Φ
∂θ . Stic dÔo ag¸gimec epif�neiec h efaptomenik  sunist¸sa Eθ prèpei na mhdenÐzetai:

E1θ|a = 0 ⇒ −1
r

∂Φ1

∂θ

∣∣∣∣
a

= 0 ⇒ −1
a

∞∑

l=0

(
Ala

l +
Bl

al+1

)
(− sin θ)P ′l (cos θ) = 0 ⇒

⇒ Ala
l +

Bl

al+1
= 0, l = 1, 2, 3, . . .

H prohgoÔmenh logik  de dÐnei plhroforÐa gia l = 0, giatÐ P ′0 = 0. Parìmoia, apì th sfaÐra
aktÐnac b paÐrnoume th sqèsh:

Alb
l +

Bl

bl+1
= 0, l = 1, 2, 3, . . .

Gia na èqei lÔsh to omogenèc sÔsthma twn dÔo exis¸sewn me touc dÔo agn¸stouc Al, Bl

prèpei h orÐzous� tou na mhdenÐzetai, ap' ìpou prokÔptei a = b, pou den isqÔei. 'Ara:

Al = Bl = 0, l ≥ 1.

Parìmoia, jewr¸ntac thn perioq  2 stic dÔo ag¸gimec epif�neiec:

Cl = Dl = 0, l ≥ 1.
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Dhlad  katal goume sta dunamik�:

Φ1 = A0 +
B0

r
, Φ2 = C0 +

D0

r
,

opìte:
~E1 =

B0

r2
r̂, ~E2 =

D0

r2
r̂.

Oi sunist¸sec pou eÐnai par�llhlec sth diaqwristik  epif�neia twn dihlektrik¸n prèpei
na eÐnai Ðsec, �ra, gia θ = π

2 prèpei B0
r2 r̂ = D0

r2 r̂ ⇒ B0 = D0. H sunèqeia tou dunamikoÔ
epib�llei: A0 = C0.

(b) Me b�sh th sqèsh ~∇ ~E = ρ
εε0

kai to gegonìc ìti to hlektrikì pedÐo eÐnai aktinikì pantoÔ
epilègoume wc epif�neia tou Gauss ènan hmisfairikì floiì me aktÐnec a±δ me apotèlesma:

4πa2

2
E1 =

1
εε0

4πa2

2
σ1 ⇒ B0

a2
=

1
εε0

σ1 ⇒ σ1 =
εε0B0

a2

kai parìmoia:

σ2 =
ε0B0

a2
=

σ1

ε
.

Ex �llou: Q = σ12πa2 + σ22πa2 = (ε + 1)σ22πa2, �ra: σ2 = Q
2πa2(ε+1) ⇒ σ2 = εQ

2πa2(ε+1) .

Sundu�zontac autèc tic sqèseic:

σ2 =
ε0B0

a2
=

εQ

2πa2(ε + 1)
⇒ B0 =

Q

2πε0(ε + 1)
⇒ E1 = E2 =

Q

2πε0(ε + 1)r2
.

(g) H sqèsh ~P = ~D − ε0 ~E = εε0 ~E − ε0 ~E = ε0(ε − 1) ~E mazÐ me thn σP = ~P · n̂ mporeÐ na
mac d¸sei to σP . Qrei�zetai akìma na epishm�noume ìti to n̂ deÐqnei p�nta proc ta èxw,
opìte n̂ = +r̂ gia r = b kai n̂ = −r̂ gia r = a. 'Ara:

σP |b = ~P (b) · (+r̂) = ε0(ε− 1) ~E(b) · r̂ = ε0(ε− 1)
Q

2πε0(ε + 1)b2
,

σP |a = ~P (a) · (−r̂) = −ε0(ε− 1) ~E(a) · r̂ = −ε0(ε− 1)
Q

2πε0(ε + 1)a2
.

41. DÔo omoaxonikèc kulindrikèc epif�neiec meg�lou m kouc kai aktÐnwn a kai b > a bujÐzo-
ntai k�jeta se dihlektrikì ugrì. An to ugrì anuywjeÐ kat� h ìtan efarmosteÐ diafor�
dunamikoÔ V, na deiqjeÐ ìti h epidektikìthta thu ugroÔ eÐnai:

χe =
(b2 − a2)ρgh ln b

a

V 2
,

ìpou ρ eÐnai h puknìthta tou ugroÔ kai g h epit�qunsh thc barÔthtac.

LÔsh: H lÔsh gia to dunamikì (afoÔ èqoume mia kulindrik� summetrik  kat�stash) ja
eÐnai:

Φ = A0 + B0 ln ρ ⇒ Φ0 ≡ Φ(b)− Φ(a) = B0 ln
b

a
⇒ Φ = A0 +

Φ0 ln ρ

ln b
a

.

Apì thn Φ(a) = A0 + Φ0 ln a
ln b

a

prokÔptei h tim  tou A0 kai to dunamikì gr�fetai telik�:

Φ = Φ(a) +
Φ0 ln ρ

a

ln b
a

⇒ ~E = −~∇Φ = − Φ0

ρ ln b
a

ρ̂.
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An to ugrì anuywjeÐ kat� δH, h enèrgeia ε
2

∫
d3xE2 ja all�xei kat�:

δW =
ε− ε0

2

∫
d3xE2 =

ε− ε0
2

δH

∫ b

a

dρ2πρ

(
− Φ0

ρ ln b
a

)2

=

=
ε− ε0

2
δH2π

Φ2
0(

ln b
a

)2 ln
b

a
=

ε0χπΦ2
0

ln b
a

,

ìpou antikatast same ε − ε0 = ε0χ. Ex �llou, h enèrgeia lìgw barÔthtac ja metablhjeÐ
lìgw thc metatìpishc m�zac apeirostoÔ Ôyouc dH kat� apìstash H kat�:

dWg = δmgH = (ρdV )gH = (ρπ(b2 − a2)dH)gH,

opìte gia thn peperasmènh metatìpish δH ja èqoume:

δWg =
∫ δH

0

(ρπ(b2 − a2)dH)gH = ρπ(b2 − a2)g
(δH)2

2
.

Exis¸nontac tic dÔo metabolèc katal goume sth sqèsh:

χ =
ρ(b2 − a2)

(
ln b

a

)
gδH

ε0Φ2
0

.

42. (a) Na apodeiqjeÐ ìti to magnhtikì pedÐo ston �xona enìc swlhnoeidoÔc me N speÐrec an�
mon�da m kouc pou diarrèetai apì reÔma I dÐnetai, sto ìrio N →∞ apì th sqèsh:

Bz = 2πKNI[cos θ1 + cos θ2],

gia kat�llhla orismènec gwnÐec θ1 kai θ2.

(b) Gia èna makrÔ swlhnoeidèc m kouc L kai aktÐnac a na deiqteÐ ìti to magnhtikì pedÐo
kont� ston �xona kai sto kèntro eÐnai basik� par�llhlo ston �xona, all� èqei mia mikr 
aktinik  sunist¸sa me mègejoc

Bρ ' 96πNI

c

(
a2zρ

L4

)
,

gia z << L, ρ << a.

(g) Na deiqteÐ ìti sto �kro enìc makroÔ swlhnoeidoÔc kont� ston �xona oi sunist¸sec tou
magnhtikoÔ pedÐou eÐnai:

Bz ' 2πNI

c
, Bρ = ±πNIρ

ca
.

LÔsh: (a) H suneisfor� enìc tm matoc tou swlhnoeidoÔc m kouc dz ja eÐnai dBz =

2πKNIdz R2

(R2+z2)
3
2
, ìpwc mporeÐ na deiqjeÐ me stoiqei¸deic mejìdouc. 'Eqoume epilèxei

to z = 0 na brÐsketai sto shmeÐo parat rhshc. Oloklhr¸noume apì z = z1 mèqri z = z2 :

Bz = 2πKNI

∫ z2

z1

dz
R2

(R2 + z2)
3
2
.

All�:
∫

dz R2

(R2+z2)
3
2

= z√
R2+z2 , opìte:

Bz = 2πKNI

[
z2√

R2 + z2
2

− z1√
R2 + z2

1

]
.
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'Omwc z2√
R2+z2

2

= cos θ2, − z1√
R2+z2

1

= cos θ1 kai telik�:

Bz = 2πKNI[cos θ1 + cos θ2].

(b) All�zoume elafr� sumbolismì kai jètoume to z = 0 sto mèso tou phnÐou, en¸ sumbo-
lÐzoume me z th suntetagmènh tou shmeÐou parat rhshc. Tìte:

Bz = 2πKNI[cos θ1 + cos θ2] = 2πKNI




L
2 − z√

R2 +
(

L
2 − z

)2
+

L
2 + z√

R2 +
(

L
2 + z

)2


 .

AfoÔ to z eÐnai mikrì, mporoÔme na anaptÔxoume kai na krat soume touc ìrouc mèqri z2 :

Bz ' 4πKNI

[
1− 24

(
Rz

L2

)2
]

.

Sth sunèqeia jumìmaste ìti, lìgw summetrÐac, Bφ = 0, opìte h ~∇ · ~B = 0 dÐnei:

1
ρ

∂

∂ρ
(rBρ) = −∂Bz

∂z
= 192πKNI

R2z

L4
⇒ Bρ = 96πKNI

R2zρ

L4
+

C

ρ2
,

ìpou C = 0, ¸ste to Bρ na eÐnai pantoÔ peperasmèno.

(g) Sto �kro tou swlhnoeidoÔc kai kont� ston �xona ja èqoume:

Bz ' 2πKNI




L
2 − z√

R2 +
(

L
2 − z

)2
+

L
2 + z√

R2 +
(

L
2 + z

)2


 =

= 2πKNI


 x√

R2 + x2
+

L− x√
R2 + (L− x)2


 , x ≡ L

2
− z.

Gia jèseic kont� sthn �krh to x ja eÐnai mikrì, opìte anaptÔssoume:

Bz ' 2πKNI

[
L√

R2 + x2
− R2L

(R2 + L2)
3
2

+
(

1
R
− R2

(R2 + L2)
3
2

)
x

]
⇒

⇒ ∂Bz

∂z
= 2πKNI

(
1
R
− R2

(R2 + L2)
3
2

)
' 2πKNI

R
,

afoÔ to L eÐnai meg�lo. Sunep¸c:

1
ρ

∂

∂ρ
(rBρ) = −∂Bz

∂z
= −2πKNI

R
⇒ Bρ = −πKNIρ

R
.

43. Par�llhla ston �xona kulindrikoÔ agwgoÔ aktÐnac a kai se apìstash d apì autìn up�rqei
mia kulindrik  koilìthta aktÐnac b (d + b < a). Sto upìloipo ulikì tou kulÐndrou kuklo-
foreÐ reÔma par�llhlo me ton �xona me omoiìmorfh puknìthta reÔmatoc. UpologÐste to
magnhtikì pedÐo sthn koilìthta.

LÔsh: To je¸rhma tou Ampere dÐnei gia to eswterikì agwgoÔ to apotèlesma: 2πρB =

4πKπρ2J ⇒ B = 2πKJρ me sunist¸sec: Bx = B
(
−y

ρ

)
= −2πKJy, By = B

(
x
ρ

)
=

2πKJx. Autèc oi sqèseic isqÔoun wc èqoun gia ton meg�lo agwgì. Gia to eswterikì
mikroÔ agwgoÔ me antÐjeth puknìthta reÔmatoc isqÔoun oi sqèseic: Bx = +2πKJy, By =
−2πKJ(x−d), ìpou èqoume upojèsei ìti to kèntro tou mikroÔ agwgoÔ brÐsketai sto shmeÐo
(d, 0). Mènei h upèrjesh: Bx = −2πKJy + 2πKJy = 0, By = 2πKJx− 2πKJ(x− d) =
2πKJd. To magnhtikì pedÐo eÐnai stajerì mèsa sthn koilìthta.
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44. Kuklikìc brìqoc aktÐnac a brÐsketai sto epÐpedo xy me to kèntro tou sthn arq  twn axìnwn.

(a) DeÐxte ìti h mình mh mhdenik  sunist¸sa tou dianusmatikoÔ dunamikoÔ eÐnai:

Aφ =
4Ia

c

∫ ∞

0

dk cos kzI1(kρ<)K1(kρ>), ρ> ≡ max(a, ρ), ρ< ≡ min(a, ρ).

(b) DeÐxte ìti mia enallaktik  èkfrash gia to Aφ eÐnai h:

Aφ =
2πIa

c

∫ ∞

0

dke−k|z|J1(ka)J1(kρ).

(g) UpologÐste to magnhtikì pedÐo p�nw ston �xona twn z qrhsimopoi¸ntac tic prohgoÔ-
menec ekfr�seic gia to dunamikì.

LÔsh: (a) Xekin�me apì th sqèsh ~A = K
∫

d3x′
~J(~x′)
|~x−~x′| . To prìblhma èqei azimoujiak  sum-

metrÐa, opìte arkeÐ na k�noume ton upologismì gia φ = 0. Fusik�: Az = 0. Gia na proqwr -
soume, qreiazìmaste orismènec bohjhtikèc sqèseic. ~J = Jφ′ φ̂

′, Jφ′ = I
2π

δ(r′−a)
r′ δ(z′), φ′ =

− sin φ′x̂ + cosφ′ŷ ~x = r sin θx̂ + r cos θẑ, ~x′ = a cos φ′x̂ + a sinφ′ŷ, |~x− ~x′| = [x2 + x′2 −
2~x ·~x′] 1

2 = |(r sin θ−a cosφ′)x̂−a sin φ′ŷ+r cos θẑ| = [r2 +a2−2ra sin θ cosφ′]
1
2 . ProkÔptei

ìti:

Ax = K

∫
d3x′

Jx

|~x− ~x′| = KI

∫ 2π

0

dφ′
∫ ∞

0

dr′r′
∫ +∞

−∞
dz′

I
2π

δ(r′−a)
r′ δ(z′)(− sin φ′)

[r2 + a2 − 2ra sin θ cos φ′]
1
2

= 0,

epeid  eÐnai peritt  wc proc φ′ kai:

Ay = K

∫
d3x′

Jy

|~x− ~x′| = KI

∫ 2π

0

dφ′
∫ ∞

0

dr′r′
∫ +∞

−∞
dz′

I
2π

δ(r′−a)
r′ δ(z′)(+ cos φ′)
|~x− ~x′| .

UpenjumÐzoume th sqèsh:

1
|~x− ~x′| =

2
π

∫ ∞

0

dk

+∞∑
m=−∞

eim(φ−φ′) cos k(z − z′)Im(kr<)Km(kr>),

thn opoÐa antikajistoÔme kai brÐskoume:

Ay = K
2
π

∫ ∞

0

dk

∫ 2π

0

dφ′
+∞∑
−∞

eim(0−φ′) cos kzIm(kr<)Km(kr>)
I

2π
cos φ′,

ìpou jèsame φ = 0, afoÔ ètsi epilèxame prohgoumènwc. To aplì olokl rwma sto φ′ dÐnei:∫ 2π

0
dφ′eim(0−φ′) cos φ′ = π(δm,1 + δm,−1) opìte:

Ay = K
2
π

I

2π

∫ ∞

0

dk

+∞∑
−∞

cos kzIm(kr<)Km(kr>)π(δm,1 + δm,−1) =

=
KI

π

∫ ∞

0

dk cos kz[I1(kr<)K1(kr>)+I−1(kr<)K−1(kr>)] =
2KI

π

∫ ∞

0

dk cos kzI1(kr<)K1(kr>),

afoÔ o anagn¸sthc mporeÐ n' apodeÐxei ìti: I−1(x) = I1(x), K−1(x) = K1(x).

(b) Ja mporoÔsame n' antikatast soume sto Ay to an�ptugma:

1
|~x− ~x′| =

+∞∑
m=−∞

∫ ∞

0

dkeim(φ−φ′)Jm(kr)Jm(kr′)e−k|z>−z<|,
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me to apotèlesma:

Ay = K

+∞∑
m=−∞

∫ ∞

0

dk

∫ 2π

0

dφ′
∫ ∞

0

dr′δ(r′ − a)(cos φ′)eim(0−φ′)Jm(kr)Jm(kr′)e−k|z−0| =

=
KI

2

+∞∑
m=−∞

∫ ∞

0

dkJm(kr)Jm(ka)e−k|z| =
KI

2

∫ ∞

0

dk[J1(kr)J1(ka)+J−1(kr)J−1(ka)]e−k|z| =

= KI

∫ ∞

0

dkJ1(kr)J1(ka)e−k|z|,

ìpwc ja gÐnei profanèc mìlic o anagn¸sthc deÐxei ìti J−1(x) = −J1(x).

(g) Apì thn ~B = ~∇× ~A prokÔptoun oi sqèseic:

~B = Br r̂ + Bz ẑ, Br = −∂Aφ

∂z
, Bz =

1
r

∂(rAφ)
∂r

.

To Br mhdenÐzetai: apì thn èkfrash sto er¸thma (a) prokÔptei:

Br =
2KI

π

∫ ∞

0

dk cos kzI1(0)K1(ka) = 0,

en¸ apì thn èkfrash sto er¸thma (b) prokÔptei:

Br = KI

∫ ∞

0

dkkε(z)e−k|z|J1(0)J1(ka) = 0.

Gia to Bz eÐnai eukolìtero na qrhsimopoi soume thn èkfrash sto (b):

Bz =
1
r

∂(rAφ)
∂r

=
1
r
KI

∫ ∞

0

dk
∂(krJ1(kr))

∂(kr)
J1(ka)e−k|z| = KI

∫ ∞

0

dkkJ0(kr)J1(ka)e−k|z|.

Gia thn èkfrash sto (a) prèpei na diakrÐnoume peript¸seic: (1) An r > a, ja isqÔei
r> = r, r< = a, kai

Bz =
1
r

∂(krAφ)
∂(kr)

=
1
r

2KI

π

∫ ∞

0

dk cos kzI1(ka)
∂(krK1(kr))

∂(kr)
.

O anagn¸sthc kaleÐtai na deÐxei ìti d(xI1)
dx = xI0,

d(xK1)
dx = −xK0, opìte:

Bz =
2KI

πr

∫ ∞

0

dk cos kzI1(ka)(−krK0(kr)) = −2KI

π

∫ ∞

0

dkk cos kzI1(ka)K0(kr).

(2) An r < a, ja isqÔei r> = a, r< = r, kai

Bz =
1
r

∂(krAφ)
∂(kr)

=
2KI

πr

∫ ∞

0

dk cos kzK1(ka)
∂(krI1(kr))

∂(kr)
=

2KI

π

∫ ∞

0

dkk cos kzK1(ka)I0(kr).

45. Kuklikìc brìqoc me reÔma I èqei to kèntro tou sthn arq  twn axìnwn kai to di�nusma
pou eÐnai k�jeto sto epÐpedì tou èqei gwnÐec θ kai φ. To magnhtikì pedÐo pou up�rqei sthn
perioq  dÐnetai apì tic sqèseic: Bx = B0(1 + βy), By = B0(1 + βx).

(a) UpologÐste th dÔnamh pou askeÐtai ston brìqo.

(b) UpologÐste th rop  sthn piì qamhl  t�xh. TÐ sumbaÐnei me tic an¸terec t�xeic;
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LÔsh: Strèfoume to sÔsthma anafor�c me skopì to k�jeto monadiaÐo di�nusma sthn e-
pif�neia, to n̂, me polikèc gwnÐec (θ, φ), na èrjei p�nw ston kainoÔrgio �xona twn z. A-
kribèstera, strèfoume to sÔsthma (x, y, z) pr¸ta perÐ ton �xona z′ ≡ z kat� gwnÐa φ,

¸ste na prokÔyei to (x′, y′, z′ ≡ z). S' autì to sÔsthma to n̂ ja èqei polikèc gwnÐec (θ, 0).
Strèfoume t¸ra to sÔsthma (x′, y′, z′) pr¸ta perÐ ton �xona y′ ≡ y′′ kat� gwnÐa θ, ¸ste na
prokÔyei to (x′′, y′ ≡ y′′, z′′). S' autì to sÔsthma to n̂ ja èqei polikèc gwnÐec (0, 0), dhlad 
ja keÐtai p�nw ston z′′. Anagìmaste sto prìblhma kuklikoÔ brìqou sto epÐpedo (x′′, y′′)
mèsa sto magnhtikì pedÐo ~B′′ kai anazhtoÔme th dÔnamh ~F ′′ pou askeÐtai p�nw tou. Tèloc
prèpei na epistrèyoume sto arqikì sÔsthma anafor�c. An sumbolÐsoume touc pÐnakec twn
dÔo epÐ mèrouc strof¸n me Mφ,Mθ kai ton olikì pÐnaka me M, ja eÐnai: M = MθMφ kai
n̂′′ = Mn̂, ~r′′ = M~r, ~B′′ = M ~B, ~F ′′ = M ~F. Gia na upologÐsoume ton Mφ mporoÔme na
fantastoÔme ìti blèpoume th strof  se k�toyh, koit¸ntac apì ton jetikì �xona twn z.

EÐnai tìte profanèc ìti

Mφ =




cos φ sin φ 0
-sin φ cosφ 0

0 0 1


 .

Ex �llou, h k�toyh apì ta jetik� y′ dÐnei (autì jèlei lÐgh perissìterh prosoq ):

Mθ =




cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ


 .

'Ara:

M =




cos θ cos φ cos θ sin φ − sin θ

− sin φ cos φ 0
sin θ cosφ sin θ sin φ cos θ


 , MT =




cos θ cos φ − sin φ sin θ cos φ

cos θ sinφ cos φ sin θ sin φ

− sin θ 0 cos θ


 .

IsqÔei h sqèsh: ~B′′(~r′′) = M ~B(~r) = M ~B(MT~r′′). H sqèsh ~B = (Bx, By, 0) dÐnei:

M ~B(~r) =




cos θ cosφ cos θ sin φ − sin θ

− sin φ cosφ 0
sin θ cos φ sin θ sin φ cos θ







B0(1 + βy)
B0(1 + βx)

0


 =

=




cos θ cos φB0(1 + βy) + cos θ sinφB0(1 + βx)
− sin φB0(1 + βy) + cos φB0(1 + βx)

sin θ sin φB0(1 + βy) + sin θ sinφB0(1 + βx)


 .

Mènei n' antikatastajeÐ to ~r = (x, y, z) sunart sei tou ~r′′ :



x

y

z


 = MT




x′′

y′′

z′′


 =




cos θ cosφx′′ − sin φy′′ + sin θ cos φz′′

cos θ sin φx′′ + cos φy′′ + sin θ sinφz′′

− sin θx′′ + cos θz′′


 .

Antikajist¸ntac brÐskoume:

B′′
x′′ = B0 cos θ(cos φ + sin φ) + 2βB0 cos2 θ sinφ cosφx′′+

+βB0 cos θ(cos2 φ− sin2 φ)y′′ + 2βB0 sin θ cos θ sin φ cos φz′′,
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B′′
y′′ = B0(cos φ− sin φ) + βB0 cos θ(cos2 φ− sin2 φ)x′′−
−2βB0 sin φ cos φy′′ + βB0 sin θ(cos2 φ− sin2 φ)z′′,

B′′
z′′ = B0 sin θ(cos φ + sin φ) + 2βB0 sin θ cos θ sinφ cosφx′′+

+βB0 sin θ(cos2 φ− sin2 φ)y′′ + 2βB0 sin2 θ sin φ cos φz′′.

Upologismìc thc dÔnamhc:

~F ′′ = I

∫
~dr
′′ × ~B′′, ~r′′ = x′′x̂′′ + y′′ŷ′′ = a cosχx̂′′ + a sin χŷ′′ ⇒

⇒ ~dr
′′

= −a sin χx̂′′ + a cosχŷ′′ ≡ drx′′ x̂
′′ + dry′′ ŷ

′′.

Shmei¸noume ìti to z′′ eÐnai mhdèn p�nw sto drìmo olokl rwshc, opìte:

~dr
′′ × ~B′′ =

∣∣∣∣∣∣∣

x̂′′ ŷ′′ ẑ′′

drx′′ dry′′ drz′′

B′′
x′′ B′′

y′′ B′′
z′′

∣∣∣∣∣∣∣
= x̂′′(dry′′B

′′
z′′ − drz′′B

′′
y′′)+

+ŷ′′(drz′′B
′′
x′′ − drx′′B

′′
z′′) + ẑ′′(drx′′B

′′
y′′ − dry′′B

′′
x′′)

kai h antikat�stash ja d¸sei:

~dr
′′ × ~B′′ = adχx̂′′{cosχ[B0 sin θ(cos φ + sin φ)+

+2βB0 sin θ cos θ sinφ cosφa cos χ + βB0 sin θ(cos2 φ− sin2 φ)a sin χ]}+
+adχŷ′′{sin χ[B0 sin θ(cos φ + sin φ) + 2βB0 sin θ cos θ sin φ cosφa cos φ+

+βB0 sin θ(cos2 φ− sin2 φ)]a sin χ}+
+adχẑ′′{− sin χ[B0(cos φ− sin φ) + βB0 cos θ(cos2 φ− sin2 φ)a cos χ−

−2βB0 sin φ cos φa sinχ]− cosχ[B0 cos θ(cos φ + sin φ) + 2βB0 cos2 θ sin φ cos φa cosχ+

+βB0 cos θ(cos2 φ− sin2 φ)a sin χ]}.
Apì thn olokl rwsh p�nw sth gwnÐa φ ja epiz soun mìno oi ìroi

∫ 2π

0
dχ cos2 χ =

∫ 2π

0
dχ sin2 χ =

π, sunep¸c

~F ′′ =




2Ia2πβB0 sin θ cos θ sin φ cos φ

Ia2πβB0 sin θ(cos2 φ− sin2 φ)
2Ia2πβB0 sin2 θ sin φ cos φ


 ⇒ ~F = MT ~F ′′ =




Ia2πβB0 sin θ sinφ

Ia2πβB0 sin θ cos φ

0


 .

Mia proseggistik  èkfrash gia th dÔnamh eÐnai h ~F = ~∇(~m· ~B), ìpou ~m = πa2In̂ → ~m· ~B =
πa2I(Bx sin θ cos φ+By sin θ sin φ) = πa2I(B0(1+βy) sin θ cosφ+B0(1+βx) sin θ sin φ) →

→ ~∇(~m · ~B) = πa2IB0(x̂ sin θ sin φ + ŷ sin θ cosφ).

ParathroÔme ìti aut  h prosèggish tautÐzetai me to akribèc apotèlesma, ki autì giatÐ h
prosèggish arqÐzei jewr¸ntac to an�ptugma: Bk(~x) = Bk(~0) + ~x · ~∇Bk(~0) + . . . , pou sthn
perÐptws  mac termatÐzetai ston deÔtero ìro: ~∇Bx = βB0ŷ, ~∇By = βB0x̂,

vec∇Bz = ~0.
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(b) Gia th rop  isqÔei: ~N =
∫

d3x~x× ( ~J × ~B), Bk(~x) = Bk(~0) + ~x · ~∇Bk(~0) + . . . , �ra

~N '
∫

d3x~x× ( ~J × ~B(~0)) =
∫

d3x[~x · ~B(~0)] ~J −
∫

d3x[~x · ~J ] ~B(~0).

UpenjÔmish:
∫

d3xg ~J · ~∇f = −
∫

d3xf ~∇ · (g ~J) = −
∫

d3xf ~J · ~∇g −
∫

d3xfg~∇ · ~J = −
∫

d3xf ~J · ~∇g,

afoÔ ~∇ · ~J = 0. Telik�: ∫
d3x[f ~J · ~∇g + g ~J · ~∇f ] = 0.

PorÐsmata: (1) [f = 1, g = xk] → ∫
d3x ~J · x̂k = 0 → ∫

d3xJk = 0. (2) [f = xk, g = xl] →∫
d3x[xk

~J · x̂l + xl
~J · x̂k] = 0 → ∫

d3x[xkJl + xlJk] = 0. (3) [f = r, g = r] → 2
∫

d3xr ~J ·
r̂ = 0 → ∫

d3x~r · ~J = 0. SÔmfwna me to pìrisma (3) to olokl rwma
∫

d3x[~x · ~J ] ~B(~0),

pou suneisfèrei kat' arq n sth rop , ja mhdenÐzetai. Ex �llou:
∫

d3x[~x · ~B(~0)] ~J
∣∣∣
k

=
∫

d3xBl(~0)xlJk = 1
2Bl(~0)

∫
d3x(xlJk − xkJl), sÔmfwna me to pìrisma (2). SuneqÐzoume:

∫
d3x[~x · ~B(~0)] ~J

∣∣∣∣
k

=
1
2
Bl(~0)

∫
d3xεmlk(~x× ~J)m = −1

2

∫
d3xεlmkBl(~0)(~x× ~J)m =

= −1
2

∫
d3x[ ~B(~0)× (~x× ~J)]k ⇒

∫
d3x[~x · ~B(~0)] ~J = −1

2

∫
d3xεlmk

~B(~0)× (~x× ~J) ⇒

⇒ ~N =
[
1
2

∫
d3x(~x× ~J)

]
× ~B(~0) ≡ ~m× ~B(~0).

Sthn perÐptws  mac

~N = ~m× ~B(~0) = −πIa2B0 cos θx̂ + πIa2B0 cos θŷ + πIa2B0 sin θ(cosφ− sin φ)ẑ.

46. SfaÐra aktÐnac a fèrei fortÐo me omoiìmorfh epifaneiak  puknìthta σ. H sfaÐra peristrè-
fetai perÐ mÐa di�metrì thc me stajer  gwniak  taqÔthta ω. Na upologisteÐ to dianusmatikì
dunamikì kai to magnhtikì pedÐo mèsa ki èxw apì th sfaÐra.

LÔsh: Kat' arq  prosdiorÐzoume thn (epifaneiak ) puknìthta reÔmatoc sunart sei thc
epifaneiak c puknìthtac fortÐou Σ = σ 1

a2 δ(r − a), σ = Q
4πa2 :

~J = Σ~v =
1
a2

σδ(r−a)~v =
[

1
a2

σδ(r − a)
]

[ωa sin θφ̂] = σω
1
a
δ(r−a) sin θφ̂, φ̂ = − sin φx̂+cos φŷ,

Jφ = σω
1
a
δ(r − a) sin θ, ~J · x̂ = −Jφ sin φ, ~J · ŷ = Jφ cos φ

Lìgw azimoujiak c summetrÐac arkeÐ na upologÐsoume to dianusmatikì dunamikì ~A =
K

∫
d3x′

~J(~x′)
|~x−~x′| sto φ = 0, opìte

Aφ = Ay = K

∫
d3x′

~J(~x′) · ŷ
|~x− ~x′| = K

∫
d3x′

Jφ′ cos φ′

|~x− ~x′| =

= Kσω
1
a

∫
dr′r′2d cos θ′dφ′

1
|~x− ~x′|δ(r

′ − a) sin θ′ cos φ′.
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All�
1

|~x− ~x′| =
∑

lm

4π

2l + 1
rl
<

rl+1
>

Y ∗
lm(θ′, φ′)Ylm(θ, φ),

opìte èqei nìhma na qrhsimopoi soume th sqèsh

sin θ′ cos φ′ =

√
2π

3
[Y1,−1(θ′, φ′)− Y1,1(θ′, φ′)],

¸ste na katal xoume sthn èkfrash:

Aφ = Kσωa

∫
d cos θ′dφ′

√
2π

3
[Y1,−1(θ′, φ′)− Y1,1(θ′, φ′)]

1
|~x− ~x′| =

=

√
2π

3
Kσωa

∑

lm

4π

2l + 1
rl
<

rl+1
>

Ylm(θ, φ)
∫

d cos θ′dφ′[Y1,−1(θ′, φ′)− Y1,1(θ′, φ′)]Y ∗
lm(θ′, φ′) =

=

√
2π

3
4πKσωa

∑

lm

1
2l + 1

rl
<

rl+1
>

Ylm(θ, φ)δl1[δm,−1 − δm1] =

= 4πKσωa
1
3

r<

r2
>

√
2π

3
[Y1,−1(θ, φ)−Y1,1(θ, φ)] =

4πKσωa

3
r<

r2
>

sin θ cos φ =
4πKσωa

3
r<

r2
>

sin θ.

(UpenjumÐzoume ìti cosφ = 1, afoÔ upologÐzoume gia φ = 0). An r < a ja èqoume r< =
r, r> = a kai Aφ = 4πKσω

3
r
a sin θ. An r > a ja èqoume r< = a, r> = r kai Aφ =

4πKσω
3

a2

r2 sin θ.

Apì tic genikèc ekfr�seic:

~B = ~∇× ~A = r̂
1

r sin θ

∂

∂θ
(sin θAφ)− θ̂

1
r

∂

∂r
(rAφ).

Gia r < a :

Br =
1

r sin θ

∂

∂θ

(
sin θ

4πKσω

3
r

a
sin θ

)
=

1
r sin θ

4πKσω

3
r

a
2 sin θ cos θ =

8πKσω

3a
cos θ,

Bθ = −1
r

∂

∂r

(
r
4πKσω

3
r

a
sin θ

)
= −8πKσω

3a
sin θ.

H sqèsh r̂ cos θ − θ̂ sin θ = ẑ deÐqnei ìti ~B = 8πKσω
3a ẑ, dhlad  to pedÐo sto eswterikì thc

sfaÐrac eÐnai stajerì kat� ton �xona twn z.

Gia r > a :

Br =
1

r sin θ

∂

∂θ

(
sin θ

4πKσω

3
a2

r2
sin θ

)
=

8πKσω

3
a2

r3
cos θ,

Bθ = −1
r

∂

∂r

(
r
4πKσω

3
a2

r2
sin θ

)
=

4πKσω

3
a2

r3
sin θ.

47. 'Ena magnhtik� “sklhrì” ulikì èqei to sq ma orjoÔ kuklikoÔ kulÐndrou m kouc L kai
aktÐnac a. O kÔlindroc èqei omogen  magn tish M0 par�llhlh ston �xon� tou. (a) Pros-
diorÐste ta pedÐa ~H kai ~B s' ìla ta shmeÐa tou �xona tou kulÐndrou, mèsa ki èxw aspì to
ulikì. (b) Sqedi�ste ta phlÐka Bz

µ0M0
kai Hz

M0
ston �xona sunart sei tou z gia L

a = 5.
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LÔsh: Xekin�me apì thn exÐswsh tou Maxwell: ~∇× ~H = 0, pou isqÔei gia statikèc katast�-
seic ìpou epÐ plèon to reÔma mhdenÐzetai. MporoÔme na orÐsoume to bajmwtì magnhtikì
dunamikì: ~H = −~∇ΦM . Tìte:

~∇ · ~B = 0 ⇒ ~∇ · [µ0( ~H + ~M)] = 0 ⇒ −~∇2ΦM + ~∇ · ~M = 0 ⇒ ~∇2ΦM = ~∇ · ~M ≡ −ρM ⇒

⇒ ΦM (~x) =
1
4π

∫
d3x′

ρM (~x′)
|~x− ~x′| .

Gia touc “sklhroÔc” sidhromagn tec eÐnai qr simh h exidanÐkeush thc asuneqoÔc metabol c
thc magn tishc sta ìria. Olokl rwsh s' èna koutÐ tou Gauss dÐnei: σM = n̂· ~M. 'Ara èqoume
ènan prìsjeto ìro:

ΦM (~x) =
1
4π

∫
d3x′

ρM (~x′)
|~x− ~x′| +

1
4π

∫
da′

σM (~x′)
|~x− ~x′| =

= − 1
4π

∫
d3x′

~∇′ ~M(~x′)
|~x− ~x′| +

1
4π

∫
da′

n̂′ · ~M(~x′)
|~x− ~x′| .

Fusik�, an h magn tish eÐnai stajer  mèsa sto ulikì, to olokl rwma ìgkou ja eÐnai mhdèn.
Sthn perÐptws  mac isqÔei akrib¸c autì, opìte:

ΦM =
1
4π

[∫

S(V )

da′
n̂′ · ~M(~x′)
|~x− ~x′|

]
=

1
4π




∫ a

0

dρ′
2πρ′M0√

ρ′2 +
(

L
2 − z

)2
+

∫ a

0

dρ′
2πρ′(−M0)√
ρ′2 +

(
L
2 + z

)2


 =

=
M0

2



√

a2 +
(

z − L

2

)2

−
∣∣∣∣z −

L

2

∣∣∣∣−
√

a2 +
(

z +
L

2

)2

+
∣∣∣∣z +

L

2

∣∣∣∣


 .

H sun�rthsh eÐnai peritt , �ra h Hz = −∂ΦM

∂z ja eÐnai �rtia kai arkeÐ na jewr soume mìno
jetik� z. ProkÔptei:

Hz

M0
= −1

2




z
a − L

2a√
1 +

(
z
a − L

2a

)2
− ε−

z
a + L

2a√
1 +

(
z
a + L

2a

)2
+ 1


 ,

ìpou ε = +1 gia z > L
2 kai ε = −1 gia 0 ≤ z < L

2 . Ex �llou Bz = µ0(Hz + Mz), dhlad 
mèsa ja eÐnai:

Bz

µ0M0
=

Hz + M0

M0
= −1

2




z
a − L

2a√
1 +

(
z
a − L

2a

)2
−

z
a + L

2a√
1 +

(
z
a + L

2a

)2


 ,

en¸ èxw ja eÐnai:

Bz

µ0M0
=

Hz + 0
M0

= −1
2




z
a − L

2a√
1 +

(
z
a − L

2a

)2
−

z
a + L

2a√
1 +

(
z
a + L

2a

)2


 .

EÐnai fanerì ìti to Bz dÐnetai pantoÔ apì thn Ðdia èkfrash kai eÐnai suneq c sun�rthsh,
en¸ to Hz emfanÐzei asunèqeiec stic dÔo b�seic.
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48. 'Ena magnhtostatikì pedÐo ofeÐletai apokleistik� se mia mìnimh magn tish entopismènh
sto q¸ro.

(a) DeÐxte ìti ∫
d3x~B · ~H = 0.

(b) DeÐxte ìti h magnhtostatik  enèrgeia dÐnetai apì th sqèsh:

U =
µ0

2

∫
d3x ~H · ~H = −µ0

2

∫
d3x ~M · ~H.

LÔsh: (a) Sthn perÐptwsh aut  up�rqei bajmwtì magnhtikì dunamikì: ~H = −~∇ΦM , �ra
∫

d3x ~B · ~H = −
∫

d3x~B · ~∇ΦM = −
∫

d3x[~∇(ΦM
~B)− (~∇ · ~B)ΦM ] = −

∫
dan̂ΦM

~B = 0.

Sthn teleutaÐa isìthta epikalest kame to gegonìc ìti ta ΦM kai ~B metab�llontai san 1
r

kai 1
r2 sunart sei tou r, en¸ to da san r2, opìte to olokl rwma sumperifèretai san 1

r kai,
afoÔ oloklhr¸noume s' ìlo to q¸ro, mhdenÐzetai.

(b) H enèrgeia magnhtikoÔ dipìlou rop c ~m se magnhtikì pedÐo ~B dÐnetai apì th sqèsh
U = −~m · ~B, opìte, gia suneq  katanom , U = − ∫

d3x ~M · ~B, ìpou ~M h magn tish
(rop  an� mon�da ìgkou). An kataskeu�soume thn katanom  dipìlwn fèrnontac stadiak�
dÐpola apì to �peiro kai aux�nontac th magn tish apì mhdèn mèqri thn telik  thc tim ,
h enèrgeia ja metab�slletai se k�je nèa prosj kh kat� δU = − ∫

d3xδ ~M · ~B. Ex �llou:
~H = ~B

µ0
− ~M ⇒ δ ~M = 1

µ0
δ ~B − δ ~H, ìpou, gia aplìthta, qrhsimopoi same mon�dec SI kai

ìqi tic genikìterec ekfr�seic me tic stajerèc k, K, α. Sunep¸c:

δU = −
∫

d3x
1
µ0

δ ~B · ~B +
∫

d3xδ ~H · ~B.

To deÔtero olokl rwma mhdenÐzetai, me b�sh to skèloc (a) thc �skhshc. 'Ara, oloklhr¸-
nontac:

U = U0 −
∫

d3x
1

2µ0

~B2 = U0 − 1
2µ0

∫
d3xµ2

0[ ~H
2 + ~M2 + 2 ~H · ~M ] =

= U0 − 1
2µ0

∫
d3xµ2

0[ ~H
2 + ~M2 + 2 ~H · ~M ] =

= U0 − 1
2µ0

∫
d3xµ2

0

[
~H2 + ~M2 + 2 ~H ·

(
~B

µ0
− ~H

)]
=

= U0 − µ0

2

∫
d3x

[
~H2 + ~M2 +

2
µ0

~H · ~B − 2 ~H2

]
=

= U0 − µ0

2

∫
d3x ~M2 +

µ0

2

∫
d3x ~H2 =

= U0−µ0

2

∫
d3x ~M2+

µ0

2

∫
d3x ~H·

(
~B

µ0
− ~M

)
= U0−µ0

2

∫
d3x ~M2+

1
2

∫
d3x ~H· ~B−µ0

2

∫
d3x ~H· ~M =

= U0 − µ0

2

∫
d3x ~M2 − µ0

2

∫
d3x ~H · ~M,

ìpou qrhsimopoi same kai p�li to apotèlesma tou pr¸tou skèlouc thc �skhshc. Oi pr¸toi
dÔo ìroi tou telikoÔ apotelèsmatoc eÐnai stajerèc olokl rwshc.
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