PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” HLEKTROMAGNHTISMOS I: TETARTH SEIRA ASKHSEWN

30. Sfairikă epifĹneia aktÐnac R èqei fortÐo Q omoiìmorfa katanemhmèno me epifaneiakă puknìthta fortÐou σ =^Q_{4πR2} pantoÔ, ektìc apì th sfairikă perioqă perÐ ton bìreio pìlo, pou orÐzetai apì thn exÐswsh θ ≤ α.

(a) DeÐxte ìti to dunamikì sto eswterikì thc epifĹneiac dÐnetai apì thn èkfrash: Φ = Q 2 ∞∑ l=0 1 2l + 1

[P_{l+1}(cos α) − P_{l−1}(cos α)] r^l R^{l+1} P_l(cos θ),

me th sÔmbash: P_{−1}(cos α) = −1.

(b) Na brejeÐ kai to dunamikì sto exwterikì thc epifĹneiac. (g) Na upologisteÐ to hlektrikì pedÐo sthn arqă twn axìnwn.

(d) Poiec eÐnai oi oriakèc morfèc tou dunamikoÔ sto eswterikì kai tou hlektrikoÔ pedÐou sthn arqă twn axìnwn stic periptÿseic (1) α = ϵ, (2) α = π − ϵ, ìpou to ϵ eÐnai polÔ mikrì. LÔsh: (a) kai (b): KatĹ ta gnwstĹ:

Φ_> = ∑ l A_l 1 r^{l+1} P_l(cos θ), r ≥ R, Φ_< = ∑ l B_lr^lP_l(cos θ), r ≤ R, me oriakèc sunjăkec: Φ_>|_{r=R} = Φ_<|_{r=R} ⇒ A_l = B_lR^{2l+1}, kai: E_{r>}|_{r=R} − E_{r<}|_{r=R} = σ(θ) ϵ_0 ⇒ − ∂Φ_> ∂r | | | r=R + ∂Φ_< ∂r | | | r=R = σ(θ) ϵ_0 ⇒

⇒ ∑ (l + 1)A_l R^{l+2} P_l(cos θ) + ∑ lB_lR^{l−1}P_l(cos θ) = σ(θ) ϵ_0 ⇒ ⇒ ∑ (2l + 1)B_lR^{l−1}P_l(cos θ) = σ(θ) ϵ_0 ⇒ B_l = − 1 2ϵ_0R^{l−1} ∫_π θ=0 d cos θσ(θ)P_l (cos θ).

Sthn perÐptwsă mac σ(θ) = { 0, θ ≤ α, σ_0, θ > α , opìte

− ∫_π θ=0 d cos θσ(θ)P_l (cos θ) = σ_0

∫_{cos α} x=−1 dxP_l(x). EpikaloÔmaste thn tautìthta (2l + 1)P_l(x) = P^′_{l+1} − P^′_{l−1} kai katalăgoume sthn

B_l = 1 2ϵ_0R^{l−1} σ_0 2l + 1

[P_{l+1}(cos α)−P_{l−1}(cos α)] = Q 8πϵ_0(2l + 1)R^{l+1}

[P_{l+1}(cos α)−P_{l−1}(cos α)],

pou me th seirĹ thc sunepĹgetai:

Φ_< = Q 8πϵ_0R ∞∑ l=0 P_{l+1}(cos α) − P_{l−1}(cos α) 2l + 1 ( r R )_l P_l(cos θ),

Φ_> = Q 8πϵ_0R ∞∑ l=0 P_{l+1}(cos α) − P_{l−1}(cos α) 2l + 1 ( R r )_{l+1} P_l(cos θ).

(g) ArkeÐ na grĹyoume thn ⃗E = −⃗∇Φ se sfairikèc suntetagmènec: ⃗E = −r̂ ∂Φ ∂r − θ̂ 1 r ∂Φ ∂θ − ϕ̂ 1 r sin θ ∂Φ ∂ϕ . AfoÔ jèloume na to upologÐsoume gia r = 0, ja qrhsimopoiăsoume thn èkfrash gia to Φ_<. Kat’ arqăn shmeiÿnoume ìti^{∂Φ}_{∂ϕ} = 0. Sth sunèqeia:

E_r|_{r=0} = − Q 8πϵ_0R ∞∑ l=0 P_{l+1}(cos α) − P_{l−1}(cos α) 2l + 1 lr^{l−1} R^l | | | | |_{r=0} P_l(cos θ).

Lìgw thc antikatĹstashc r = 0 ja epizăsei mìno o ìroc l = 1 :

E_r|_{r=0} = − Q 8πϵ_0R^2

P_2(cos α) − P_0(cos α) 3 P_1(cos θ) = Q 16πϵ_0R^2 sin^2 α cos θ,

ìpou qrhsimopoiăsame tic rhtèc ekfrĹseic: P_0(x) = 1, P_1(x) = x, P_2(x) =^{3x2−1}_2 . Entelÿc parìmoia:

E_θ|_{r=0} = − Q 8πϵ_0R 1 r ∞∑ l=1 P_{l+1}(cos α) − P_{l−1}(cos α) 2l + 1 r^l R^l | | | | |_{r=0} P_l(cos θ) ∂θ = − Q 16πϵ_0R^2 sin^2 α sin θ.

TelikĹ: ⃗E | | |_{r=0} =^Q_{16πϵ0 R}2 sin^2 α(r̂ cos θ − θ̂ sin θ). AllĹ r̂ cos θ − θ̂ sin θ = ẑ, opìte telikĹ: ⃗E | | |_{r=0} =

Q sin^2 α 16πϵ_0R^2 ẑ. (d) Kat’ arqăn j’ apodeÐxoume mia bohjhtikă sqèsh: apì th gennătria sunĹrthsh gia ta poluÿnuma Legendre brÐskoume: g(x, t) = ∑ P_lt^l ⇒^{∂g}_{∂x} | | |_{x=1} = ∑ P^′(1)t^l ⇒^t_{(1−t)3} = ∑ P^′(1)t^l. Ex Ĺllou:^t_{(1−t)3} =

∑_{l(l+1)}

2 t^l, Ĺra P^′(1) =^{l(l+1)}_2 . JewroÔme tÿra to ìrio α = ϵ → 0. Tìte: cos α → 1−^{α2}_2 ⇒ P_l(cos α) → P_l(1−^{α2}_2 ) ≈ P_l(1)−^{α2}_2 P^′(1) = 1−^{l(l+1)α2}_4 . SumperaÐnoume ìti

P_{l+1}(cos α) − P_{l−1}(cos α) → −

(2l + 1)α^2 2 . M’ autèc tic proseggÐseic:

Φ_< = Q 8πϵ_0R ∞∑ l=0 P_{l+1}(cos α) − P_{l−1}(cos α) 2l + 1 ( r R )_l P_l(cos θ),

≈ Q 8πϵ_0R ∞∑ l=0 −^{(2l+1)α2}_2

2l + 1 ( r R )_l P_l(cos θ) = − Qα^2 16πϵ_0R ∞∑ l=0 ( r R )_l P_l(cos θ)

= − Qα^2 16πϵ_0R 1 √ 1 − 2^r_R cos θ +^{r2}_{R2} = − Qα^2 16πϵ_0|⃗r − ⃗r_0| , ⃗r_0 ≡ Rẑ.

Ex Ĺllou to fortÐo thc sfaÐrac eÐnai: q = σ_0R^2 ∫_{2π} 0 dϕ ∫_π α d(− cos θ) = 2πσ_0R^2(1+cos α) → Q − Q^{a2}_4 , dhladă h diaforĹ metaxÔ tou fortÐou pou ja eÐqe h sfaÐra an ătan plărhc kai tou fortÐou pou thc leÐpei. O ìroc me to Q ja èdine dunamikì mhdèn mèsa sth sfaÐra, Ĺra to dunamikì ofeÐletai sto −Q^{a2}_4 :^1_{4πϵ0}^{−Q a} 2 4 |⃗r−⃗r_0| = − Qα^2 16πϵ_0|⃗r−⃗r_0| , se sumfwnÐa me ta parapĹnw.

Parìmoia me to dunamikì èxw apì th sfaÐra:

Φ_> ≈ Q 8πϵ_0R ∞∑ l=0 −^{(2l+1)α2}_2

2l + 1 ( R r )_{l+1} P_l(cos θ) = − Qα^2 16πϵ_0R ∞∑ l=0 ( r R )_l P_l(cos θ)

= − Qα^2 16πϵ_0 1 √ r^2 + R^2 − 2rR cos θ = − Qα^2 16πϵ_0|⃗r − ⃗r_0| . AntÐstoiqa antimentwpÐzoume thn perÐptwsh α = π − ϵ.

31. Leptìc agÿgimoc dÐskoc akrÐnac R brÐsketai sto epÐpedo x − y me to kèntro tou sthn arqă twn axìnwn kai èqei dunamikì V_0. Jewrăste wc epÐ plèon dedomèno ìti h puknìthta fortÐou eÐnai anĹlogh thc parĹstashc^1√_{R2 −ρ2} , ρ^2 = x^2 + y^2.

(a) DeÐxte ìti gia r > R to dunamikì dÐnetai apì th sqèsh: Φ(r, θ, ϕ) = 2V_0 π R r ∞∑ l=0 (−1)^l 2l + 1 ( R r )_{2l} P_{2l}(cos θ).

(b) BreÐte to dunamikì kai gia r < R. (g) Poia eÐnai h qwrhtikìthta tou dÐskou;

LÔsh: DÐdetai ìti σ =^K√_{R2−ρ2} . H genikă lÔsh gia to dunamikì eÐnai:

Φ = ∞∑ l=0 ( A_lr^l + B_l r^{l+1} ) P_l(cos θ).

Ston Ĺxona twn z mporoÔme na qthsimopoiăsoume stoiqeiÿdeic mejìdouc: Φ = 1 4πϵ_0 ∫_R ρ=0 σ 2πρdρ √ ρ^2 + z^2 = 1 4πϵ_0 ∫_R ρ=0 K √ R^2 − ρ^2 2πρdρ √ ρ^2 + z^2 =

= K 4ϵ_0 ∫_R ρ=0 dρ^2 √ (R^2 − ρ^2)(ρ^2 + z^2)

= (t ≡ ρ^2) = K 4ϵ_0

∫_R2 t=0 d ( t +^{z2 −R2}_2 ) √(_{z2 −R2} 2 )_2

+ R^2z^2 − ( t +^{z2−R2}_2

)_2 .

To oloklărwma eÐnai gnwstì: ∫_{dx√} A^2−x^2 = arcsin x A , Ĺra:

Φ|_{ρ=0} = K 4ϵ_0 arcsin R^2 +^z 2−R^2 2 √ R^2z^2 + (_{z2 −R2} 2 )_2 − arcsin

z^2−R^2 2 √ R^2z^2 + (_{z2−R2} 2 )_2 =

= K 4ϵ_0 [ arcsin 1 − arcsin

z^2−R^2 2 z^2 +R^2 2 ] = K 4ϵ_0 [ π 2 − arcsin z^2 − R^2 z^2 + R^2 ] . An z = 0, to dunamikì ja isoÔtai me V_0 : K 4ϵ_0 [ π 2 − arcsin(−1) ] = V_0 ⇒ K 4ϵ_0 π = V_0 ⇒ K =

4ϵ_0V_0 π ⇒ .σ = 4ϵ_0V_0 π √ R^2 − ρ^2 ⇒

⇒ Φ|_{ρ=0} =

V_0 π [ π 2 − arcsin z^2 − R^2 z^2 + R^2 ] . (A)

(a) Gia z > R h exÐswsh (A) dÐnei:

Φ|_{ρ=0} =

V_0 π [ π 2 − arcsin

1 −^{R2}_{z2} 1 +^{R2}_{z2} ] = 2V_0 π [| | | R z | | | − 1 3 | | | R z | | | 3 + 1 5 | | | R z | | | 5 − . . . ] = 2V_0 π ∞∑ n=0 (−1)^n 2n + 1 | | | R z | | | 2n+1 , opìte_∞ ∑ l=0 ( A_lr^l + B_l r^{l+1} ) P_l(1) =

2V_0 π ∞∑ n=0 (−1)^n 2n + 1 | | | R z | | | 2n+1 ⇒

⇒ A_l = 0, B_{2n+1} = 0, B_{2n} =

2V_0 π (−1)^n 2n + 1

R^{2n+1},

opìte: Φ_> =

2V_0 π R r ∞∑ l=0 (−1)^l 2l + 1 ( R r )_{2l} P_{2l}(cos θ).

(b) Parìmoia me thn prohgoÔmenh erÿthsh, gia z < R ja èqoume:

Φ|_{ρ=0} =

V_0 π [ π 2 − arcsin

z^2 R^2 − 1 z^2 R^2 + 1 ] = V_0 −

2V_0 π z R ∞∑ 0 (−1)^n 2n + 1 ( z R )_{2n} ⇒

⇒ Φ_< = V_0 −

2V_0 π ∞∑ l=0 (−1)^l 2l + 1 ( r R )_{2l+1} P_{2l+1}(cos θ).

(g) To fortÐo tou dÐskou eÐnai: Q = ∫_R 0 σ(ρ)2πρdρ = π ∫_R 0 K √_{R2 −ρ2} dρ^2 = 2πKR = 8ϵ_0V_0R,

Ĺra C =^Q_{V0} = 8ϵ_0R.

32. Jewrăste to qÿro metaxÔ dÔo geiwmènwn (Ĺpeirwn) epipèdwn (pou brÐskontai stic jèseic z = 0 kai z = L), o opoÐoc mporeÐ na perièqei fortÐa. (a) DeÐxte ìti mÐa dunată morfă thc sunĹrthshc Green eÐnai h: G(⃗x, ⃗x^′) = 4 L ∞∑ n=1 +∞∑ m=−∞ e^{im(ϕ−ϕ′)} sin (nπ L z ) sin (nπ L z^′ ) I_m (nπ L ρ_< ) K_m ( nπ L ρ_> ) .

(b) DeÐxte ìti mia enallaktikă morfă thc sunĹrthshc Green eÐnai h: G(⃗x, ⃗x^′) = 2 +∞∑ m=−∞ e^{im(ϕ−ϕ′)} ∫_∞ 0 dkJ_m(kρ)J_m(kρ^′) sinh(kz_<) sinh[k(L − z_>)] sinh(kL) .

LÔsh: UpenjumÐzoume ìti to dunamikì ekfrĹzetai mèsw thc sunĹrthshc Green wc exăc: Φ(⃗x) = k ∫ V d^3x^′ ρ(⃗x^′) |⃗x − ⃗x^′| + 1 4π ∫ S(V ) da^′ [ 1 |⃗x − ⃗x^′| ∂Φ ∂n^′ − Φ ∂ ∂n^′ ( 1 |⃗x − ⃗x^′| )] .

(a) Prèpei na anaptÔxoume th sunĹrthsh dèlta se orjogÿnia sÔnola sunartăsewn, ta opoÐa ikanopoioÔn tic oriakèc sunjăkec. MÐa sqèsh pou tairiĹzei eÐnai h δ(ϕ − ϕ^′) = 1 2π +∞∑ −∞ e^{im(ϕ−ϕ′)}.

Oi sunartăseic e^{imϕ}, me akèraia m, eÐnai periodikèc, ìpwc jĹ ’prepe. MÐa sqèsh pou mporeÐ na bohjăsei eÐnai h δ(z − z^′) = 1 2π ∫_{+∞} −∞ dke^{ik(z−z′ )} = = 1 π ∫_{+∞} −∞ dk cos k(z − z^′) = 1 π ∫_{+∞} −∞ dk[cos kz cos kz^′ − sin kz sin kz^′].

Oi sunartăseic prèpei na mhdenÐzontai sto z = 0 kai sto z = L, opìte ta cos kz apokleÐontai. Mia kală upoyhfiìthta eÐnai ta A sin kz, ìpou ta A eÐnai parĹgontec kanonikopoÐhshc. ApaitoÔme epÐ plèon sin kL = 0, opìte to k paÐrnei tic timèc^{nπ}_L . EÐnai eÔkolo n’ apodeiqjeÐ ìti A =

√_2

L . ’Ara f_n(z) =

√_2

L sin^{nπz}_L . Epidiÿkoume na epitÔqoume thn isìthta ∇^2G(⃗x, ⃗x^′) = −4π δ(ρ − ρ^′) ρ δ(ϕ − ϕ^′)δ(z − z^′) =

= −4π δ(ρ − ρ^′) ρ 1 2π +∞∑ m=−∞ e^{im(ϕ−ϕ′)} 2 L ∞∑ n=1 sin nπz L sin nπz^′ L . AnaptÔssoume thn G(⃗x, ⃗x^′) me trìpo anĹlogo me to deÔtero mèloc: G(⃗x, ⃗x^′) = 1 2π +∞∑ m=−∞ e^{im(ϕ−ϕ′)} 2 L ∞∑ n=1 sin nπz L sin nπz^′ L g_{mn}(ρ, ρ^′). Ta g_{mn}(ρ, ρ^′) ja prosdioristoÔn me antikatĹstash sthn exÐswsh, h opoÐa ja dÿsei: 1 ρ ∂ ∂ρ ( ρ ∂g_{mn} ∂ρ ) − m^2 ρ^2 g_{mn} − n^2π^2 L^2 g_{mn} = −4π δ(ρ − ρ^′) ρ . ’Opwc sunăjwc, jewroÔme thn exÐswsh prÿta gia ρ ≠ ρ^′, opìte metapÐptei sthn

ρ^2 ∂^2g_{mn} ∂ρ^2 + ρ ∂g_{mn} ∂ρ − [ n^2π^2ρ^2 L^2

+ m^2 ] g_{mn} = 0, pou eÐnai h tropopoihmènh exÐswsh Bessel me lÔseic tic I_m (_{nπρ} L ) kai K_m (_{nπρ} L ) . ’Ara g_{mn} = NI_m (_{nπρ<} L ) K_m (_{nπρ>} L ) , ìpou ρ_< ≡ min(ρ, ρ^′), ρ_> ≡ max(ρ, ρ^′). Oloklhrÿnontac thn exÐswsh wc proc ρ apì ρ^′ − ϵ mèqri ρ^′ + ϵ kai jewrÿntac to ìrio ϵ → 0 katalăgoume sth sqèsh: ∂g_{mn} ∂ρ | | | |_{ρ=ρ′ +ϵ} − ∂g_{mn} ∂ρ | | | |_{ρ=ρ′ −ϵ} = − 4π ρ^′ . AllĹ ∂g_{mn} ∂ρ | | |_{ρ=ρ′ +ϵ} = ∂ ∂ρ [ NI_m ( nπρ^′ L ) K_m ( nπρ L )] ρ=ρ^′ +ϵ = Nnπ L I_m ( nπρ^′ L ) K^′_m ( nπρ L )

kai parìmoia: ∂g_{mn} ∂ρ | | |_{ρ=ρ′ −ϵ} = ∂ ∂ρ [ NI_m ( nπρ^′ L ) K_m ( nπρ^′ L )] ρ=ρ^′ −ϵ = Nnπ L I^′_m ( nπρ^′ L ) K_m ( nπρ^′ L ) . H sunjăkh pou prokÔptei apì thn oloklărwsh thc exÐswshc gÐnetai: Nnπ L [I_mK^′_m − I^′_mK_m] = − 4π ρ^′ .

’Omwc apì jeÿrhma pou anafèretai sth Wronskian eÐnai gnwstì ìti I_mK^′_m −I^′_mK_m =^C_z kai mènei mìno na prosdioristeÐ to C, ÿste na brejeÐ telikĹ to N. Autì gÐnetai jewrÿntac èna katĹllhlo ìrio, ìpwc to z → 0. Sto ìrio autì: I_m →^1_{m!} (_z 2 )_m , K_m → 2^{m−1}(m − 1)!z^{−m}, opìte:C = z(I_mK^′_m − I^′_mK_m) → −1, opìte N = −^{4π}_C = 4π. TelikĹ: G(⃗x, ⃗x^′) = 4 L +∞∑ m=−∞ e^{im(ϕ−ϕ′)} ∞∑ n=1 sin nπz L sin nπz^′ L I_m (nπρ_< L ) K_m ( nπρ_> L ) .

(b) MporoÔme enallaktikĹ na epilèxoume to anĹptugma: G(⃗x, ⃗x^′) = 1 2π +∞∑ m=−∞ e^{im(ϕ−ϕ′)} ∫_∞ 0 dkkJ_m(kρ)J_m(kρ^′)g(z, z^′), èqontac upìyh ìti δ(ρ − ρ^′) ρ = ∫_∞ 0 dkkJ_m(kρ)J_m(kρ^′). Tìte h antikatĹstash sthn ∇^2G(⃗r, ⃗r^′) = −4π δ(ρ − ρ^′) ρ δ(ϕ − ϕ^′)δ(z − z^′) dÐnei: g_{zz} − k^2g = −4πδ(z − z^′). LÔnontac thn antÐstoiqh omogenă kai apaitÿntac g(z = 0, z^′) = 0, g(z = L, z^′) = 0, brÐskoume tic g_<(z, z^′) ∼ sinh kz, g_>(z, z^′) ∼ sinh k(L − z). Autèc oi ekfrĹseic upodeiknÔoun ìti h sunĹrthsh g ja eÐnai thc morfăc: g(z, z^′) = N sinh kz_< sinh k(L − z_>), z_> ≡ max(z, z^′), z_< ≡ min(z, z^′). Oloklhrÿnontac thn exÐswsh wc proc z metaxÔ z^′ − ϵ kai z^′ + ϵ brÐskoume th sunjăkh: ∂g|_{z>=z}′_{,z<=z} ∂z | | | | |_{z=z′} − ∂g|_{z>=z,z<=z}′ ∂z | | | | |_{z=z′} = −4π ⇒

⇒ ∂ ∂z [N sinh kz sinh k(L − z^′)] | | |_{z=z′} − ∂ ∂z [N sinh kz^′ sinh k(L − z)] | | |_{z=z′} = −4π ⇒ ⇒ kN[sinh kz^′ cosh k(L − z^′) + cosh kz^′ sinh k(L − z^′)] = 4π ⇒ ⇒ kN sinh[kz^′+k(L−z^′)] = 4π ⇒ N = 4π k sinh kL ⇒ g(z, z^′) = 4π k sinh kL sinh kz_< sinh k(L−z_>).

Sthn poreÐa qrhsimopoiăsame thn tautìthta sinh(a + b) = sinh a cosh b + cosh a sinh b. Antikajistÿntac thn g(z, z^′) brÐskoume thn telikă morfă thc sunĹrthshc Green: G(⃗x, ⃗x^′) = 2 +∞∑ m=−∞ e^{im(ϕ−ϕ′)} ∫_∞ 0 dkJ_m(kρ)J_m(kρ^′) sinh(kz_<) sinh[k(L − z_>)] sinh(kL) .

ParĹrthma: Sto deÔtero skèloc thc Ĺskhshc qrhsimopoiăsame orismènec sqèseic pou apodeiknÔoume edÿ. Apì thn tautìthta J_{n+1} − J_{n−1} = −2J^′_n prokÔptei h ∫_∞ 0 dzJ_{n+1}(z) − ∫_∞ 0 dzJ_{n−1}(z) = −2[J_n(∞) − J_n(0)] ⇒

⇒ M_{n+1} = M_{n−1} + 2J_n(0), M_m ≡ ∫_∞ 0 dzJ_m(z). EÐnai fanerì ìti sqetÐzontai tĹxeic pou diafèroun katĹ dÔo. EÐnai aplì na dei kaneÐc ìti gia Ĺrtia n isqÔei h sqèsh: M_{n+1} = J_0(0) + 2(J_2(0) + J_4(0) + . . . + J_n(0)) = 1, enÿ gia perittĹ n isqÔei h sqèsh: M_{n+1} = M_0 + 2(J_1(0) + J_3(0) + . . . + J_n(0)) = 1. Qrhsimopoiăsame tic sqèseic J_n|_∞ = 0, J_0(0) = 1, J_{n≠0}(0) = 0, pou eÐnai gnwstèc sqetikĹ me tic sunartăseic Bessel. Me th boăjeia thc gennătriac sunĹrthshc mporeÐ kaneÐc na apodeÐxei ìti M_0 = 1. TelikĹ M_m ≡ ∫_∞ 0 dzJ_m(z) = 1 ⇒ ∫_∞ 0 dρJ_m(kρ) =^1_k , ∫_∞ 0 dkJ_m(kρ) =^1_ρ . Me th boăjeia autÿn twn sqèsewn brÐskoume: 1 ρ^′ = ∫_∞ 0 dkJ_m(kρ)k ∫_∞ 0 dρJ_m(kρ) ⇒ ∫_∞ 0 dρ 1 ρ δ(ρ − ρ^′) = ∫_∞ 0 dρ ∫_∞ 0 dkkJ_m(kρ)J_m(kρ^′) gia kĹje ρ^′, opìte: 1 ρ δ(ρ − ρ^′) = ∫_∞ 0 dkkJ_m(kρ)J_m(kρ^′). 33. (a) DeÐxte ìti to dunamikì enìc shmeiakoÔ fortÐou q sto shmeÐo (0, 0, z_0) metaxÔ dÔo geiwmènwn (Ĺpeirwn) epipèdwn stic jèseic z = 0 kai z = L, eÐnai: Φ(z, ρ) = 4kq L ∞∑ n=1 sin ( nπz_0 L ) sin (nπz L ) K_0 (nπρ L ) .

(b) DeÐxte ìti h epagìmenh epifaneiakă puknìthta fortÐou sthn kĹtw plĹka eÐnai:

σ_0(ρ) = q L^2 ∞∑ n=1 (−1)^nn sin ( nπz_0 L ) K_0 ( nπρ L ) . UpologÐste to antÐstoiqo σ_L gia thn pĹnw plĹka. (g) UpologÐste to sunolikì epagìmeno fortÐo sthn kĹtw plĹka.

LÔsh: SÔmfwna me Ĺllh Ĺskhsh, h sunĹrthsh Green gia dÔo geiwmèna agÿgima epÐpeda dÐnetai apì thn èkfrash: G(⃗x, ⃗x^′) = 4 L ∞∑ n=1 +∞∑ m=−∞ e^{im(ϕ−ϕ′)} sin (nπ L z ) sin (nπ L z^′ ) I_m (nπ L ρ_< ) K_m ( nπ L ρ_> ) . Ex Ĺllou h èkfrash tou dunamikoÔ eÐnai: ∫ V d^3x^′[Φ(⃗x^′)∇^{′2}G(⃗x, ⃗x^′) − G(⃗x, ⃗x^′)∇^{′2}Φ(⃗x^′)] = ∫ S(V ) da^′ [ Φ(⃗x^′) ∂G ∂n^′ − G(⃗x, ⃗x^′) ∂Φ(⃗x^′) ∂n^′ ] ⇒

⇒ Φ(⃗x) = ∫ d^3x^′G(⃗x, ⃗x^′)kρ(⃗x^′), afoÔ to epifaneiakì oloklărwma mhdenÐzetai. H puknìthta fortÐou eÐnai: ρ(⃗x^′) = q δ(ρ^′ − ρ_0) ρ^′ δ(z^′ − z_0) 1 2π , dhladă eÐnai anexĹrthth apì to azimoÔjio. H èkfrash gia to dunamikì metatrèpetai sthn: Φ(⃗x) = kq ∫_∞ 0 dρ^′ρ^′ ∫_{+∞} −∞ dz^′ ∫_{2π} 0 dϕ^′G(⃗x, ⃗x^′) δ(ρ^′ − ρ_0) ρ^′ δ(z^′ − z_0) 1 2π .

H oloklărwsh sto ϕ^′ dÐnei to mh mhdenikì apotèlesma 2π mìno sthn perÐptwsh pou m = 0, opìte to dunamikì gÐnetai:

Φ(⃗x) = 4kq L ∞∑ n=1 sin ( nπz L ) sin ( nπz_0 L ) I_0 ( nπ0 L ) K_0 ( nπ L ρ ) , ìpou qrhsimopoiăsame to dedomèno ìti ρ_0 = 0, opìte ρ_< = 0 kai ρ_> = ρ. EpÐ plèon I_0(0) = 1, kai brÐskoume to zhtoÔmeno apotèlesma. (b) XekinĹme apì tic ekfrĹseic: σ = E_⊥ 4πk ⇒ σ(0) = − 1 4πk ∂Φ ∂z | | |_{z=0} , σ(L) = + 1 4πk ∂Φ ∂z | | |_{z=L} . Efarmìzontac autoÔc touc orismoÔc sthn prohgoÔmenh èkfrash gia to dunamikì katalăgoume sta apotelèsmata:

σ(0) = − q L^2 ∞∑ 1 n sin nπz_0 L K_0 (nπρ L ) , σ(L) = + q L^2 ∞∑ 1 n(−1)^n sin nπz_0 L K_0 ( nπρ L ) .

(g) Ex orismoÔ: Q = ∫_∞ 0 dρ2πρσ(L) = 2π ∫_∞ 0 dρρ q L^2 ∞∑ 1 n(−1)^n sin nπz_0 L K_0 ( nπρ L ) =

= 2πq L^2 ∞∑ 1 n(−1)^n sin nπz_0 L ∫_∞ 0 dρρK_0 ( nπρ L ) . Ex Ĺllou

K_0(x) = ∫_∞ 0 dte^{−x cosh t} ⇒ ∫_∞ 0 dxxK_0(x) = ∫_∞ 0 dt ∫_∞ 0 dxxe^{−x cosh t} = ∫_∞ 0 dt 1 cosh^2 t ⇒

⇒ ∫_∞ 0 dxxK_0(x) = ∫_∞ 0 dt 4 e^{2t} + e^{−2t} + 2 = 2 ∫_∞ z=1 dz (z + 1)^2

= 1,

ìpou kĹname thn allagă metablhtăc: z = e^{2t}, dt =^{dz}_{2z} . Sunepÿc: Q = 2πq L^2 ∞∑ 1 n(−1)^n sin nπz_0 L 1 (_{nπ} L )_2 ∫_∞ 0 dxxK_0 (x) = 2q π ∞∑ 1 (−1)^n n sin nπz_0 L . JewroÔme thn periodikă sunĹrthsh pou orÐzetai wc f(x) =^x_L sto diĹsthma (−L, +L) kai h perÐodìc thc eÐnai 2L. ApodeiknÔetai (Fourier) ìti f(x) = − ∑_∞ 1 2(−1)^n

nπ sin^{nπx}_L , opìte Q = 2q π ∞∑ 1 (−1)^n n sin nπz_0 L = −q z_0 L .

34. Na upologistoÔn oi polupolikèc ropèc twn akìloujwn diatĹxewn: (a) Enìc fortÐou q sto (0,0,0). (b) DÔo antÐjetwn fortÐwn sta shmeÐa +L/2, −L/2. (g) DÔo jetikÿn kai dÔo arnhtikÿn fortÐwn me Ðso mègejoc pou brÐskontai sto epÐpedo xy topojethmèna enallĹx sta shmeÐa (L, 0), (0, L), (−L, 0), (0, −L). (d) TessĹrwn jetikÿn kai tessĹrwn arnhtikÿn fortÐwn Ðsou megèjouc, topojethmènwn enallĹx stic korufèc enìc kÔbou pleurĹc L. (e) DÔo fortÐwn +q stic jèseic z = +L, z = −L kai enìc fortÐou −2q sth jèsh z = 0.

(st) Twn fortÐwn −q, +2q, −2q, +q, topojethmènwn antÐstoiqa stic jèseic z = −2L, z = −L, z = +L, z = +2L. SqoliĹste gia kĹje perÐptwsh poia eÐnai h qamhlìterhc tĹxhc polupolikă ropă pou suneisfèrei. LÔsh: GenikĹ Q_{lm} = ∫ d^3rr^lρ(⃗r)[Y_{lm}(θ, ϕ)]^∗, ìpou gia suntomÐa èqoume paraleÐyei touc tìnouc stic boubèc metablhtèc. EpÐshc qrăsimh eÐnai h èkfrash thc δ(⃗r − ⃗R) se orjogÿniec kai sfairikèc suntetagmènec: δ(⃗r − ⃗r_0) = δ(x−x_0)δ(y −y_0)δ(z −z_0) =^1_{r20} δ(r −r_0)δ(cos θ −cos θ_0)δ(ϕ−ϕ_0), ìpou to ⃗r_0 eÐnai dedomèno kai stajerì diĹnusma, enÿ to ⃗r oloklhrÿnetai.

(a)ρ(⃗r) = qδ(⃗r) → Q_{lm} = 0, an l ≠ 0. Ara epizeÐ mìno h sunistÿsa

Q_{00} = ∫ d^3rρ(⃗r)[Y_{00}(θ, ϕ)]^∗ = ∫ d^3rqδ(⃗r) √ 1 4π = q √ 1 4π . Shmeiÿnoume ìti to dunamikì ja isoÔtai me: V =^1_{ϵ0}^1_r Q_{00}Y_{00} =^1_{ϵ0}^1_r q

√_1 4π √_1 4π =^q_{4πϵ0r} , ìpwc anamènetai gia to dunamikì Coulomb. (b) ρ(⃗r) = qδ(⃗r −^L_2 ẑ) − qδ(⃗r +^L_2 ẑ) Ĺra Q_{lm} = ∫ drr^2dθ sin θdϕr^l [ q 1 (L/2)^2 δ ( r − L 2 ) δ(θ − 0)δ(ϕ − ϕ_0)−

−q 1 (L/2)^2 δ ( r − L 2 ) δ(θ − π)δ(ϕ − ϕ_0) ] [Y_{lm}(θ, ϕ)]^∗. Prèpei edÿ na shmeiÿsoume ìti to ϕ_0 mporoÔme na jewrăsoume ìti èqei mia opoiadăpote timă stic jèseic θ = 0 kai θ = π pou emfanÐzontai edÿ, allĹ autì den èqei shmasÐa, afoÔ h oloklărwsh thc antÐstoiqhc sunĹrthshc dèlta ja dÿsei monĹda oÔtwc ă Ĺllwc. Epiprìsjeta parathroÔme ìti ta Q_{lm} me m ≠ 0 ja eÐnai mhdèn, lìgw twn paragìntwn (1 − x^2)^{m2} ≡ sin^m θ pou upeisèrqontai ston orismì twn sunarthmènwn “poluwnÔmwn”, kai pou mhdenÐzontai stic jèseic θ = 0 kai θ = π, pou upagoreÔontai apì tic sunartăseic δ(θ−0) kai δ(θ − π), Ĺra m = 0 kai Y_{l0} =

√_{2l+1} 4π P_l, sunepÿc Q_{l0} = q(^L_2 )^l

√_{2l+1} 4π [P_l(1) − P_l(−1)] =

q(^L_2 )^l

√_{2l+1} 4π [1 − (−1)^l]. ParathroÔme ìti to qamhlìtero l pou dÐnei mh mhdenikă suneisforĹ eÐnai to l = 1. Ara sto sÔsthma autì twn fortÐwn h sunistÿsa pou epikrateÐ eÐnai tou dipìlou. (g) ρ(⃗r) = q[δ(⃗r − Lx̂) − δ(⃗r − Lŷ) + δ(⃗r + Lx̂) − δ(⃗r + Lŷ)] Ĺra: Q_{lm} = qL^l[Y_{lm}( π 2 , 0) − Y_{lm}( π 2 , π 2 ) + Y_{lm}( π 2 , π) − Y_{lm}( π 2 , 3π 2 )]^∗ =

= qL^l(−1)^m √ 2l + 1 4π (l − m)! (l + m)! P^m_l (0)[e^{−im0} − e^{−im π2} + e^{−imπ} − e^{−im 3π2} ] =

= qL^l(−1)^m √ 2l + 1 4π (l − m)! (l + m)!

P^m_l (0)(1 + (−1)^m)(1 − e^{−im π2} ).

Gia na eÐnai mh mhdenikĹ ta prèpei ta m na eÐnai ìqi aplĹ Ĺrtia, allĹ na eÐnai eidikìtera thc morfăc: m = 4n + 2, opìte o teleutaÐoc parĹgontac ja dÐnei 2. Tìte: Q^{4n+2}_l =

4qL^l √_{2l+1} 4π (l−4n−2)! (l+4n+2)! P

4n+2

l (0). H mikrìterh (apìluth) timă pou mporeÐ na pĹrei to 4n + 2 eÐnai to 2, opìte to l prèpei na eÐnai megalÔtero ă Ðso tou 2. Ara h epikratoÔsa suneisforĹ eÐnai tou tetrapìlou. Paratărhsh: P_{2,−2} =^1_{24} P_{22} allĹ Q_{2,−2} = Q_{22}. (d) Dialègoume thn arqă twn axìnwn sto kèntro tou kÔbou kai akoloujoÔme th logikă thc prohgoÔmenhc apĹnthshc. H diaforĹ ja eÐnai ìti ta tèssera fortÐa pou brÐskontai stic jèseic me z =^L_2 antistoiqoÔn se gwnÐa θ_0 kai ìsa brÐskontai sto z = −^L_2 se gwnÐa θ = π − θ_0. To Ĺjroisma twn sfairikÿn armonikÿn gÐnetai:

[Y_{lm}(θ_0, 0) − Y_{lm}(π − θ_0, 0)]^∗ + [Y_{lm}(θ_0, π 2 ) − Y_{lm}(π − θ_0, π 2 )]^∗+

+[Y_{lm}(θ_0, π) − Y_{lm}(π − θ_0, π)]^∗ + [Y_{lm}(θ_0, 3π 2 ) − Y_{lm}(π − θ_0, 3π 2 )]^∗.

AllĹ Y_{lm}(θ, ϕ) = (−1)^m √ 2l + 1 4π (l − m)! (l + m)! P^m_l (cos θ)e^{imϕ}, opìte Y (π − θ_0, ϕ) = (−1)^{l+m}Y (θ_0, ϕ),

afoÔ cos(π − θ_0) = − cos(θ_0) kai P^m_l (−x) = (−1)^{l+m}P^m_l (x). To Ĺjroisma twn sfairikÿn armonikÿn dÐnei

(−1)^m √ 2l + 1 4π (l − m)! (l + m)!

P^m_l (θ_0)(1 + (−1)^m)(1 − e^{−im π2} )(1 − (−1)^{l+m}).

LambĹnontac upìyh ìti h apìstash r twn fortÐwn apì thn arqă twn axìnwn eÐnai^{L√3}_2 brÐskoume ìti Q_{lm} = q( L √ 3 2 )^l(−1)^m √ 2l + 1 4π (l − m)! (l + m)!

P^m_l (θ_0)

(1 + (−1)^m)(1 − e^{−im π2} )(1 − (−1)^{l+m}).

Gia touc lìgouc pou anafèrjhkan sthn prohgoÔmenh perÐptwsh (g) prèpei m = 4n + 2. Me autì to dedomèno, gia na mh mhdenÐzetai o trÐtoc parĹgwn, prèpei o l na eÐnai perittìc. EpÐshc, ìpwc eÐpame prohgoumènwc, prèpei l > 2, opìte h elĹqisth timă pou mporeÐ na pĹrei o l eÐnai to 3, epomènwc h epikratèsterh suneisforĹ eÐnai tou oktapìlou (l = 3). (e) To l = 0 de ja suneisfèrei, mia kai to sunolikì fortÐo eÐnai mhdèn. Ara xekinĹme me dedomèno ìti l ≠ 0. H puknìthta fortÐou eÐnai: ρ(⃗r) = q[δ(⃗r − Lẑ) − 2δ(⃗r) + δ(⃗r + Lẑ)], opìte Q_{lm} = ∫ d^3rqδ(x)δ(y)[δ(z − L) − 2δ(z) + δ(z + L)]r^l[Y_{lm}(θ, ϕ)]^∗ =

= qL^lδ_{m0}[Y_{lm}(0, ϕ_0) + Y_{lm}(π, ϕ_0)] = qL^l √ 2l + 1 4π [1 + (−1)^l]δ_{m0}.

Opwc kai se prohgoÔmenh perÐptwsh, to ϕ_0 den prosdiorÐzetai, allĹ den paÐzei kai idiaÐtero rìlo. H qamhlìterh mh mhdenikă suneisforĹ eÐnai to Q_{20}. (st) GrĹfoume thn èkfrash gia thn puknìthta fortÐou: ρ(⃗r) = q[−δ(⃗r + 2Lẑ) + 2δ(⃗r + Lẑ) − 2δ(⃗r − Lẑ) + δ(⃗r − 2Lẑ)], opìte Q_{lm} = qδ_{m0}[−(2L)^lY_{l0}(π, ϕ_0) + 2L^lY_{l0}(π, ϕ_0) − 2L^lY_{l0}(0, ϕ_0) + (2L)^lY_{l0}(0, ϕ_0)] = qL^l √_{2l+1} 4π [−2^lP_l(−1)+2P_l(−1)−2P_l(1)+2^lP_l(1)]δ_{m0}. AllĹ P_l(1) = 1 kai P_l(−1) = (−1)^l, opìte Q_{lm} = qL^l √ 2l + 1 4π (2^l − 2)(1 − (−1)^l)δ_{m0}.

H epikratèsterh suneisforĹ eÐnai tou oktapìlou (l = 3).

35. Puknìthta fortÐou ρ brÐsketai se exwterikì hlektrikì pedÐo ⃗E^{(0)}, pou parĹgetai apì to dunamikì Φ^{(0)}, to opoÐo metabĹlletai argĹ sthn perioqă pou h ρ den eÐnai mhdèn. (a)An metatopisteÐ h katanomă wc sÔnolo katĹ ⃗dl, na deiqjeÐ ìti h dunamikă enèrgeia thc katanomăc sto exwterikì pedÐo ja metablhjeÐ katĹ dW = −⃗dl · ⃗F .

(b) DeÐxte ìti h sunistÿsa (èstw) 1 thc ropăc pou askeÐtai sthn katanomă fortÐou eÐnai:

N_1 = [⃗p × ⃗E^{(0)}]_1 + 1 3 ∂ ∂x_3 ∑ j Q_{2j} E^{(0)}_j − ∂ ∂x_2 ∑ j Q_{3j} E^{(0)}_j 0 + . . .

LÔsh: Ex orismoÔ: ⃗F = ∫ d^3x^′ρ(⃗x^′) ⃗E^{(0)}(⃗x^′) ⇒ F_k = ∫ d^3x^′ρ(⃗x^′)E^{(0)}_k (⃗x^′) =

= ∫ d^3x^′ρ(⃗x^′) [ E^{(0)}_k | | ⃗x^′=⃗0 + x^′_m ( ∂^′_mE^{(0)}_k | | ⃗x^′=⃗0 ) + 1 2 x^′_mx^′_n ( ∂^′_m∂^′_nE^{(0)}_k | | ⃗x^′=⃗0 ) + . . . ] =

≃ E^{(0)}_k ∫ d^3x^′ρ(⃗x^′) + x^′_m ( ∂_mE^{(0)}_k ) ∫ d^3x^′ρ(⃗x^′)x^′_m + 1 6 ( ∂_m∂_nE^{(0)}_k ) ∫ d^3x^′ρ(⃗x^′)3x^′_mx^′_n =

= qE^{(0)}_k + ( ∂_mE^{(0)}_k ) p_m + 1 6 ( ∂_m∂_nE^{(0)}_k ) Q̃_{mn}, me touc orismoÔc: q ≡ ∫ d^3x^′ρ(⃗x^′), p_m ≡ ∫ d^3x^′ρ(⃗x^′)x^′_m, Q̃_{mn} ≡ ∫ d^3x^′ρ(⃗x^′)3x^′_mx^′_n. ’Eqoume epilèxei thn arqă twn axìnwn kĹpou sto eswterikì thc katanomăc fortÐou. Shmeiÿnoume epÐshc ìti to exwterikì pedÐo eÐnai hlektrostatikì kai ìti oi phgèc tou brÐskontai ektìc thc katanomăc fortÐou pou jewroÔme, opìte:

∂_mE^{(0)}_m = 0, ∂_mE^{(0)}_n = ∂_nE^{(0)}_m (m ≠ n).

Autèc oi sqèseic mac epitrèpoun na aplopoiăsoume thn èkfrash gia th dÔnamh:

F_k = qE^{(0)}_k + ∂_k ( p_mE^{(0)}_m ) + 1 6 Q̃_{mn} ( ∂_m∂_kE^{(0)}_n ) . ParathroÔme ìti: Q̃ ≡ T rQ̃_{mn} = ∫ d^3x^′ρ(⃗x^′)T rδ_{mn} ⇒ T rQ_{mn} = T r[Q̃_{mn} − Q̃δ_{mn}] = 0, ìpou Q_{mn} ≡ Q̃_{mn} − Q̃δ_{mn} = ∫ d^3x^′ρ(⃗x^′)[3x^′_mx^′_n − r^{′2}δ_{mn}], pou tautÐzetai me ton orismì thc tetrapolikăc ropăc. Apomonÿsame dhladă to Ðqnoc tou pÐnaka. EpishmaÐnoume ìti

Q̃δ_{mn}∂_k∂_mE^{(0)}_n = Q̃∂_k(∂_mE^{(0)}_m ) = 0 ⇒ Q̃_{mn}∂_m∂_kE^{(0)}_n = Q_{mn}∂_m∂_kE^{(0)}_n .

Dhladă to Ðqnoc den suneisfèrei sth dÔnamh, thn opoÐa mporoÔme na ekfrĹsoume me th morfă:

F_k = qE^{(0)}_k + ∂_k ( ⃗p · ⃗E^{(0)} ) + 1 6 Q_{mn} ( ∂_m∂_kE^{(0)}_n ) . AllĹ Q_{mn} ( ∂_m∂_kE^{(0)}_n ) = ∂_k ( Q_{mn}∂_mE^{(0)}_n ) , opìte:

F_k = qE^{(0)}_k + ∂_k ( ⃗p · ⃗E^{(0)} ) + 1 6 ∂_k ( Q_{mn}∂_mE^{(0)}_n ) ⇒

⇒ ⃗F = q ⃗E^{(0)} | | |_{⃗r=⃗0} + ⃗∇ ( ⃗p · ⃗E^{(0)} )| |_{⃗r=⃗0} + ⃗∇ ( 1 6 Q_{mn}∂_mE^{(0)}_n )| | |_{⃗r=⃗0} . (b) XekinĹme apì thn proseggistikă èkfrash thc enèrgeiac: W = ∫ d^3x^′ρ(⃗x^′)Φ(⃗x^′) = ∫ d^3x^′ρ(⃗x^′) [ Φ|_{⃗x}′_{=⃗0} + ⃗x^′ · ⃗∇^′Φ | | |_{⃗x′=⃗0} + 1 2 x^′_mx^′_n∂^′_m∂^′_nΦ | | | |_{⃗x′=⃗0} ] =

= qΦ(⃗0) − ⃗p · ⃗E − 1 6 Q_{mn}∂_mE_n, ìpou epanalĹbame ta prohgoÔmena bămata kai qrhsimopoiăsame th sqèsh ⃗E = −⃗∇Φ. An metatopÐsoume thn katanomă wc sÔnolo katĹ ⃗dl, dhladă ρ(⃗x^{′′}) = ρ(⃗x^′) me ⃗x^{′′} = ⃗x^′ + ⃗dl, h enèrgeia thc katanomăc ja metablhjeÐ katĹ: dW = ∫ d^3x^{′′}ρ(⃗x^{′′})Φ(⃗x^{′′})− ∫ d^3x^′ρ(⃗x^′)Φ(⃗x^′) = ∫ d^3x^{′′}ρ(⃗x^′)[Φ(⃗x^′)+⃗dl·⃗∇Φ]− ∫ d^3x^′ρ(⃗x^′)Φ(⃗x^′) =

= ∫ d^3x^′ρ(⃗x^′)⃗dl · ⃗∇Φ = − ∫ d^3x^′ρ(⃗x^′)⃗dl · ⃗E(⃗x^′) = −⃗dl · ⃗F . Dhladă, an ⃗F ↑↑ ⃗dl, to dW ja eÐnai arnhtikì. Autì shmaÐnei ìti h dÔnamh ⃗F teÐnei na metajèsei thn katanomă se kateÔjunsh pou ja meiÿsei th dunamikă enèrgeia. (g) H ropă ja sqetÐzetai me th stoiqeiÿdh dÔnamh d^3x^′ρ(⃗x^′) ⃗E^{(0)}(⃗x^′) : ⃗N = ∫ d^3x^′ρ(⃗x^′)[⃗x^′ × ⃗E^{(0)}(⃗x^′)] ⇒ N_1 = ∫ d^3x^′ρ(⃗x^′)[x^′_2E^{(0)}_3 (⃗x^′) − x^′_3E^{(0)}_2 (⃗x^′)] ≃

≃ ∫ d^3x^′ρ(⃗x^′)[x^′_2(E^{(0)}_3 + x^′_m∂^′_mE^{(0)}_3 ) − x^′_3(E^{(0)}_2 + x^′_m∂^′_mE^{(0)}_2 )] = = ∫ d^3x^′ρ(⃗x^′)[x^′_2E^{(0)}_3 − x^′_3E^{(0)}_2 ] + ∫ d^3x^′ρ(⃗x^′)x^′_m[x^′_2∂^′_3E^{(0)}_m − x^′_3∂^′_2E^{(0)}_m ],

ìpou qrhsimopoiăsame to gegonìc ìti to pedÐo eÐnai hlektrostatikì. SuneqÐzontac:

N_1 = ∫ d^3x^′ρ(⃗x^′)[⃗x^′ × ⃗E^{(0)}]_1 + ∫ d^3x^′ρ(⃗x^′)x^′_m[x^′_2∂^′_3E^{(0)}_m − x^′_3∂^′_2E^{(0)}_m ] =

= [(∫ d^3x^′ρ(⃗x^′)⃗x^′ ) × ⃗E^{(0)} ] 1 + 1 3 ∂_3E^{(0)}_m ∫ d^3x^′ρ(⃗x^′)3x^′_mx^′_2 − 1 3 ∂_2E^{(0)}_m ∫ d^3x^′ρ(⃗x^′)3x^′_mx^′_3−

− 1 3 ∂_3E^{(0)}_m ∫ d^3x^′ρ(⃗x^′)r^{′2}δ_{2m} + 1 3 ∂_2E^{(0)}_m ∫ d^3x^′ρ(⃗x^′)r^{′2}δ_{3m}.

Oi dÔo teleutaÐoi ìroi allhloanairoÔntai, afoÔ ∂_3E^{(0)}_2 = ∂_2E^{(0)}_3 . TelikĹ:

N_1 = [ ⃗p × ⃗E^{(0)} ] 1 + 1 3 [ Q_{2m} ∂E^{(0)}_m ∂x_3 − Q_{3m} ∂E^{(0)}_m ∂x_2 ] . 36. KulindrikĹ summetrikìc purănac me tetrapolikă ropă Q brÐsketai se exwterikì hlektrikì pedÐo kulindrikĹ summetrikì wc proc ton ĹxonĹ tou me apìklish (_{∂Ez} ∂z ) 0 (0 eÐnai h jèsh ìpou brÐsketai o purănac).

(a) DeÐxte ìti h enèrgeia thc tetrapolikăc allhlepÐdrashc eÐnai: W = −^q_4 Q (_{∂Ez} ∂z ) 0 . (UpenjÔmish: Q ≡^{Q33}_q , Q_{11} + Q_{22} + Q_{33} = 0. To q eÐnai to fortÐo tou prwtonÐou). (b) Upojètoume ìti prosomoiÿnoume ton purăna me mia stajeră puknìthta fortÐou ρ_0 =^{Zq}_V , pou ekteÐnetai sto elleiyoeidèc me exÐswsh^{x2}_{b2} +^{y2}_{b2} +^{z2}_{a2} = 1 kai ìgko V =^{4πab2}_3 . An dÐdetai o atomikìc arijmìc Z kai h mèsh aktÐna R =^{a+b}_2 , na upologisteÐ h sqetikă diaforĹ aktÐnwn a−b R , ÿste na prokÔptei h dedomènh tetrapolikă ropă.

LÔsh: (a) UpenjumÐzoume ìti h enèrgeia katanomăc fortÐou se exwterikì pedÐo ⃗E dÐnetai apì th sqèsh: W = qΦ(⃗0) − ⃗p · ⃗E − 1 6 Q_{mn}∂_mE_n + . . . Apomonÿnoume thn tetrapolikă suneisforĹ: W_Q ≡ − 1 6 Q_{mn}∂_mE_n, Q_{mn} ≡ ∫ d^3xρ(⃗x)[3x_mx_n − r^2δ_{mn}]. JewroÔme to Q_{12} ≡ ∫ d^3xρ_q (⃗x)3x_1x_2 = ∫ dρρdϕdzρ_q (ρ, z)3(ρ cos ϕ)(ρ sin ϕ) = 0, lìgw thc oloklărwshc sto ϕ kai tou gegonìtoc ìti h ρ den exartĹtai apì to ϕ. ’Omoia Q_{mn} = 0, m ≠ n. Ex Ĺllou: Q_{11} ≡ ∫ d^3xρ_q (⃗x)[3x^2_1 − (ρ^2 + z^2)] = ∫ d^3xρ_q (⃗x)[3x^2 − (ρ^2 + z^2)] ≡ Q_{22}, epeidă diafèroun mìno katĹ thn oloklărwsh sto ϕ kai ∫_{2π} 0 dϕ cos^2 ϕ = ∫_{2π} 0 dϕ sin^2 ϕ. ’Ara

2Q_{11} = −Q_{33} ⇒ Q_{11} = Q_{22} = −

Q_{33} 2 = − qQ 2 , Q_{33} = −qQ. Sunepÿc W_Q ≡ − 1 6 [Q_{11}∂_1E_1 + Q_{22}∂_2E_2 + Q_{33}∂_3E_3] = − qQ 6 3 2 ∂_3E_3 = − qQ 4 ∂E_z ∂z . (b) ProkatarktikĹ upologÐzoume ton ìgko tou elleiyoeidoÔc: afoÔ x^2 + y^2 ≡ ρ^2, apì thn exÐswsh brÐskoume ìti: ρ = b √ 1 −^{z2}_{a2} . ’Ara:

V = ∫ d^3x = 2π ∫_a 0 dz ∫_b√_{1−} z^2_{a2} 0 dρρ = 2π ∫_a 0 dzb^2(1 − z^2 a^2 ) = 4πab^2 3 . Ex Ĺllou Q = 1 q ∫ d^3x(3z^2 − ρ^2 − z^2)ρ_0 = 2π q ∫_a 0 dz ∫_b√_{1−} z^2_{a2} 0 dρρ(2z^2 − ρ^2) Zq V . Antikajistÿntac ton ìgko me to Ðso tou kai kĹnontac tic oloklhrÿseic katalăgoume sthn Q = 2Z 5 (a^2 − b^2) ⇒ a − b = 5Q 4ZR .

37. Katanomă fortÐou èqei puknìthta ρ(⃗x) =^1_{64π} r^2e^{−r} sin^2 θ.

(a) Na brejeÐ h polupolikă anĹptuxh kai na grafeÐ to dunamikì se megĹlec apostĹseic sunartăsei peperasmènou arijmoÔ polupolikÿn ropÿn.

(b) UpologÐste to dunamikì pantoÔ kai deÐxte ìti kontĹ sthn arqă twn axìnwn: Φ(⃗r) ≃ k [_1 4 −^{r2}_{120} P_2(cos θ) ] . (g) An sthn arqă twn axìnwn upĹrqei purănac me tetrapolikă ropă Q, upologÐste thn enèrgeia allhlepÐdrashc.

UpenjÔmish: MporeÐ kaneÐc na apodeÐxei (me epagwgă ă alliÿc) ìti: ∫_∞ r dr^′r^{′n}e^{−r′} = n!e^{−r} n∑ k=0 r^k k! .

LÔsh: (a) UpenjumÐzoume tic ekfrĹseic gia thn polupolikă anĹptuxh: Φ(⃗x) = 4πk ∑ lm 1 2l + 1 [∫ d^3x^′ρ(⃗x^′)Y^∗_{lm}(θ^′, ϕ^′)r^l_< ] Y_{lm}(θ, ϕ) r^{l+1}_> , r_< ≡ min(r, r^′), r_> ≡ max(r, r^′). Oi parastĹseic stic agkÔlec antiproswpeÔoun tic polupolikèc ropèc. EÐnai aplì na deÐ kaneÐc ìti

sin^2 θ^′ = 1 − cos^2 θ^′ = 1 −

2P_2 + P_0 3 = 2 3 (P_0 − P_2) = 2 3 ( √ 4πY_{00} − √ 4π 5 Y_{20}),

opìte h puknìthta grĹfetai: ρ(⃗x^′) = 1 48 √ π r^{′2}e^{−r′} [ Y_{00}(θ^′, ϕ^′) − 1 √ 5 Y_{20}(θ^′, ϕ^′) ] . Gia na upologÐsoume tic polupolikèc ropèc eÐnai kalÔtera na kĹnoume prÿta tic oloklhrÿseic stic gwnÐec: tìte faÐnetai amèswc ìti epizoÔn mìno oi ropèc Q_{00} kai Q_{20}. Gia megĹlec apostĹseic r mporoÔme me asfĹleia na upojèsoume ìti r_< = r^′, r_> = r kai ta sqetikĹ oloklhrÿmata gÐnontai: Q_{lm} = ∫_∞ 0 dr^′r^{′2} ∫_{2π} 0 dϕ^′ ∫_1 −1 d cos θ^′ 1 48 √ π r^{′2}e^{−r′} [ Y_{00}(θ^′, ϕ^′) − 1 √ 5 Y_{20}(θ^′, ϕ^′) ] Y^∗_{lm}(θ^′, ϕ^′)r^{′l} =

= 1 48 √ π δ_{l0}δ_{m0} ∫_∞ 0 dr^′r^{′4}e^{−r′} − 1 48 √ π 1 √ 5 δ_{l2}δ_{m0} ∫_∞ 0 dr^′r^{′6}e^{−r′} = = 1 48 √ π δ_{l0}δ_{m0}4! − 1 48 √ 5π δ_{l2}δ_{m0}6! ⇒ Q_{00} = 1 2 √ π , Q_{20} = − 15 √ 5π , kai bèbaia ìlec oi upìloipec ropèc eÐnai mhdèn. To dunamikì ja dÐnetai apì th sqèsh: Φ(⃗x) = 4πk [ Q_{00}

Y_{00}(θ, ϕ) r + 1 5 Q_{20}

Y_{20}(θ, ϕ) r^3 ] =

= 4πk ( 1 2 √ π ) √_1 4π r + 1 5 ( − 15 √ 5π ) √_5 4π P_2(cos θ) r^3 ⇒ Φ(⃗x) = k [ 1 r − 6 r^3

P_2(cos θ) ] .

Edÿ prèpei na sqoliĹsoume ìti oi monĹdec eÐnai perÐergec, giatÐ apì thn arqă tic èqoume uponomeÔsei, qrhsimopoiÿntac gia parĹdeigma sthn puknìthta fortÐou ènan ekjèth −r, pou ja èprepe na eÐnai adiĹstatoc. EÐmaste, loipìn s’ èna sÔsthma monĹdwn ìpou p.q. ta măkh eÐnai adiĹstata... EpÐshc h puknìthta den èqei poujenĹ monĹdec fortÐou, Ĺra kai ta fortÐa èqoun epilegeÐ adiĹstata! An jelăsoume na kĹnoume arijmhtikèc efarmogèc se praktikĹ problămata, autèc oi ekkremìthtec prèpei na rujmistoÔn.

(b) Gia jèseic kontĹ sthn arqă prèpei na oloklhrÿsoume pio prosektikĹ wc proc thn aktinikă metablhtă: I_r(l) ≡ ∫_∞ 0 dr^′r^{′4} r^l_< r^{l+1}_> e^{−r′} = ∫_r 0 dr^′r^{′4} r^{′l} r^{l+1} e^{−r′} + ∫_∞ r dr^′r^{′4} r^l r^{′l+1} e^{−r′} =

= 1 r^{l+1} ∫_r 0 dr^′r^{′l+4}e^{−r′} + r^l ∫_∞ r dr^′r^{′3−l}e^{−r′} = = 1 r^{l+1} [ (l + 4)! − ∫_∞ r dr^′r^{′l+4}e^{−r′} ] + r^l ∫_∞ r dr^′r^{′3−l}e^{−r′} =

= 1 r^{l+1} [ (l + 4)! − (l + 4)!e^{−r} l+4∑ k=0 r^k k! ] + r^l(3 − l)!e^{−r} 3−l∑ k=0 r^k k! . MetĹ tic prĹxeic brÐskoume: I_r(0) =^{24}_r − e^{−r}

{_{24}

r + 18 + 6r + r^2 } kai I_r(2) =^{720}_{r3} − e^{−r} {_{720}

r^3 + 720 r^2 + 360 r + 120 + 30r + 5r^2 } . To dunamikì m’ autĹ ta dedomèna grĹfetai: Φ(⃗x) = 4πk [ 1 48 √ π I_r(0) √ 1 4π − 1 5 1 48 √ π I_r (2) √ 5 4π P_2(cos θ) ] =

= k [ 1 r − e^{−r} { 1 r + 3 4 + r 4 + r^2 24 } − ( 6 r^3 − e^{−r} { 6 r^3 + 6 r^2 + 3 r + 1 + r 4 + 5r^2 120 }) P_2(cos θ) ] . Gia megĹla r paraleÐpoume touc ìrouc me to e^{−r} kai prokÔptei: Φ(⃗x) ≃ k

[_1 r −^6_{r3} P_2(cos θ) ] , pou eÐnai to apotèlesma pou eÐqame breÐ kai prohgoumènwc sto Ðdio ìrio. Gia r → 0 anaptÔssoume to ekjetikì: e^{−r} ≃ 1 − r +^{r2}_2 −^{r3}_6 +^{r4}_{24} −^{r5}_{120} + . . . , kĹnoume tic prĹxeic kai kratĹme tic prÿtec mh tetrimènec suneisforèc: 1 r − e^{−r} { 1 r + 3 4 + r 4 + r^2 24 } ≃ 1 4 , 6 r^3 − e^{−r} { 6 r^3 + 6 r^2 + 3 r + 1 + r 4 + 5r^2 120 } ≃ r^2 120 , opìte: Φ(⃗r) ≃ k [ 1 4 − r^2 120 P_2(cos θ) ] . (g) XekinĹme apì thn èkfrash thc enèrgeiac W = qΦ − ⃗p · ⃗E − 1 6 ∑ i,j Q_{ij} ∂E_j ∂x_i + . . . , ap’ ìpou eÐnai orată h tetrapolikă suneisforĹ. GrĹfoume to dunamikì kontĹ sthn arqă qrhsimopoiÿntac (bl. paratărhsh sto tèloc thc apĹnthshc sta (a} wc monĹda măkouc thn aktÐna tou Bohr a_0 kai monĹda fortÐou to stoiqeiÿdec hlektrikì fortÐo q : Φ(⃗r) ≃ kq [ 1 4a_0 − 1 120a_0 ( r a_0

)_2 P_2(cos θ) ] = kq a_0 [ 1 4 − 1 120a^2_0 r^2

3 cos^2 θ − 1 2 ] =

= kq a_0 [ 1 4 − 1 240a^2_0

[3z^2 − (x^2 + y^2 + z^2)] ] . Apì thn èkfrash se orjogÿniec suntetagmènec upologÐzontai eÔkola oi sunistÿsec tou hlektrikoÔ pedÐou:

E_x = − ∂Φ ∂x = − kqx 120a^3_0 , E_y = − ∂Φ ∂y = − kqy 120a^3_0 , E_z = − ∂Φ ∂z = + kqz 60a^3_0 . ProqwroÔme upologÐzontac tic mìnec mh mhdenikèc paragÿgouc tou hlektrikoÔ pedÐou pou ja qreiastoÔme gia ton upologismì thc enèrgeiac: ∂E_x ∂x = ∂E_y ∂y = − kq 120a^3_0 , ∂E_z ∂z = + kq 60a^3_0 . H (tetrapolikă suneisforĹ sthn) enèrgeia ja gÐnei: W = − 1 6 ( Q_{11} ∂E_x ∂x + Q_{22} ∂E_y ∂y + Q_{33} ∂E_z ∂z ) . ’Omwc, apì ton orismì thc tetrapolikăc ropăc:

Q_{11} = Q_{22} = − qQ 2 , Q_{33} = +qQ,

opìte W = qQ 12 ( ∂E_x ∂x + ∂E_y ∂y − 2 ∂E_z ∂z ) = − kq^2Q 240a^3_0 .