
PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES”
TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN

MHQANIKWN EMP - EKEFE “DHMOKRITOS”
HLEKTROMAGNHTISMOS I: TETARTH SEIRA ASKHSEWN

30. Sfairik  epif�neia aktÐnac R èqei fortÐo Q omoiìmorfa katanemhmèno me epifaneiak 
puknìthta fortÐou σ = Q

4πR2 pantoÔ, ektìc apì th sfairik  perioq  perÐ ton bìreio pìlo,
pou orÐzetai apì thn exÐswsh θ ≤ α.

(a) DeÐxte ìti to dunamikì sto eswterikì thc epif�neiac dÐnetai apì thn èkfrash:

Φ =
Q

2

∞∑

l=0

1
2l + 1

[Pl+1(cosα)− Pl−1(cos α)]
rl

Rl+1
Pl(cos θ),

me th sÔmbash: P−1(cos α) = −1.

(b) Na brejeÐ kai to dunamikì sto exwterikì thc epif�neiac.

(g) Na upologisteÐ to hlektrikì pedÐo sthn arq  twn axìnwn.

(d) Poiec eÐnai oi oriakèc morfèc tou dunamikoÔ sto eswterikì kai tou hlektrikoÔ pedÐou
sthn arq  twn axìnwn stic peript¸seic (1) α = ε, (2) α = π− ε, ìpou to ε eÐnai polÔ mikrì.

LÔsh: (a) kai (b): Kat� ta gnwst�:

Φ> =
∑

l

Al
1

rl+1
Pl(cos θ), r ≥ R, Φ< =

∑

l

Blr
lPl(cos θ), r ≤ R,

me oriakèc sunj kec: Φ>|r=R = Φ<|r=R
⇒ Al = BlR

2l+1, kai:

Er>|r=R − Er<|r=R
=

σ(θ)
ε0

⇒ −∂Φ>

∂r

∣∣∣∣
r=R

+
∂Φ<

∂r

∣∣∣∣
r=R

=
σ(θ)
ε0

⇒

⇒
∑ (l + 1)Al

Rl+2
Pl(cos θ) +

∑
lBlR

l−1Pl(cos θ) =
σ(θ)
ε0

⇒

⇒
∑

(2l + 1)BlR
l−1Pl(cos θ) =

σ(θ)
ε0

⇒ Bl = − 1
2ε0Rl−1

∫ π

θ=0

d cos θσ(θ)Pl(cos θ).

Sthn perÐptws  mac σ(θ) =

{
0, θ ≤ α,

σ0, θ > α
, opìte

−
∫ π

θ=0

d cos θσ(θ)Pl(cos θ) = σ0

∫ cos α

x=−1

dxPl(x).

EpikaloÔmaste thn tautìthta (2l + 1)Pl(x) = P ′l+1 − P ′l−1 kai katal goume sthn

Bl =
1

2ε0Rl−1

σ0

2l + 1
[Pl+1(cos α)−Pl−1(cos α)] =

Q

8πε0(2l + 1)Rl+1
[Pl+1(cos α)−Pl−1(cos α)],

pou me th seir� thc sunep�getai:

Φ< =
Q

8πε0R

∞∑

l=0

Pl+1(cos α)− Pl−1(cos α)
2l + 1

( r

R

)l

Pl(cos θ),

Φ> =
Q

8πε0R

∞∑

l=0

Pl+1(cos α)− Pl−1(cos α)
2l + 1

(
R

r

)l+1

Pl(cos θ).
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(g) ArkeÐ na gr�youme thn ~E = −~∇Φ se sfairikèc suntetagmènec:

~E = −r̂
∂Φ
∂r

− θ̂
1
r

∂Φ
∂θ

− φ̂
1

r sin θ

∂Φ
∂φ

.

AfoÔ jèloume na to upologÐsoume gia r = 0, ja qrhsimopoi soume thn èkfrash gia to
Φ<. Kat' arq n shmei¸noume ìti ∂Φ

∂φ = 0. Sth sunèqeia:

Er|r=0 = − Q

8πε0R

∞∑

l=0

Pl+1(cos α)− Pl−1(cos α)
2l + 1

lrl−1

Rl

∣∣∣∣∣
r=0

Pl(cos θ).

Lìgw thc antikat�stashc r = 0 ja epiz sei mìno o ìroc l = 1 :

Er|r=0 = − Q

8πε0R2

P2(cos α)− P0(cosα)
3

P1(cos θ) =
Q

16πε0R2
sin2 α cos θ,

ìpou qrhsimopoi same tic rhtèc ekfr�seic: P0(x) = 1, P1(x) = x, P2(x) = 3x2−1
2 . Entel¸c

parìmoia:

Eθ|r=0 = − Q

8πε0R

1
r

∞∑

l=1

Pl+1(cos α)− Pl−1(cos α)
2l + 1

rl

Rl

∣∣∣∣∣
r=0

Pl(cos θ)
∂θ

= − Q

16πε0R2
sin2 α sin θ.

Telik�: ~E
∣∣∣
r=0

= Q
16πε0R2 sin2 α(r̂ cos θ − θ̂ sin θ). All� r̂ cos θ − θ̂ sin θ = ẑ, opìte telik�:

~E
∣∣∣
r=0

=
Q sin2 α

16πε0R2
ẑ.

(d) Kat' arq n j' apodeÐxoume mia bohjhtik  sqèsh: apì th genn tria sun�rthsh gia ta
polu¸numa Legendre brÐskoume: g(x, t) =

∑
Plt

l ⇒ ∂g
∂x

∣∣∣
x=1

=
∑

P ′(1)tl ⇒ t
(1−t)3 =

∑
P ′(1)tl. Ex �llou: t

(1−t)3 =
∑ l(l+1)

2 tl, �ra P ′(1) = l(l+1)
2 . JewroÔme t¸ra to ìrio

α = ε → 0. Tìte: cosα → 1− α2

2 ⇒ Pl(cos α) → Pl(1− α2

2 ) ≈ Pl(1)− α2

2 P ′(1) = 1− l(l+1)α2

4 .

SumperaÐnoume ìti

Pl+1(cos α)− Pl−1(cos α) → − (2l + 1)α2

2
.

M' autèc tic proseggÐseic:

Φ< =
Q

8πε0R

∞∑

l=0

Pl+1(cos α)− Pl−1(cos α)
2l + 1

( r

R

)l

Pl(cos θ),

≈ Q

8πε0R

∞∑

l=0

− (2l+1)α2

2

2l + 1

( r

R

)l

Pl(cos θ) = − Qα2

16πε0R

∞∑

l=0

( r

R

)l

Pl(cos θ)

= − Qα2

16πε0R

1√
1− 2 r

R cos θ + r2

R2

= − Qα2

16πε0|~r − ~r0| , ~r0 ≡ Rẑ.

Ex �llou to fortÐo thc sfaÐrac eÐnai: q = σ0R
2
∫ 2π

0
dφ

∫ π

α
d(− cos θ) = 2πσ0R

2(1+cos α) →
Q − Qa2

4 , dhlad  h diafor� metaxÔ tou fortÐou pou ja eÐqe h sfaÐra an  tan pl rhc kai
tou fortÐou pou thc leÐpei. O ìroc me to Q ja èdine dunamikì mhdèn mèsa sth sfaÐra, �ra
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to dunamikì ofeÐletai sto −Qa2

4 : 1
4πε0

−Q a2
4

|~r−~r0| = − Qα2

16πε0|~r−~r0| , se sumfwnÐa me ta parap�nw.
Parìmoia me to dunamikì èxw apì th sfaÐra:

Φ> ≈ Q

8πε0R

∞∑

l=0

− (2l+1)α2

2

2l + 1

(
R

r

)l+1

Pl(cos θ) = − Qα2

16πε0R

∞∑

l=0

( r

R

)l

Pl(cos θ)

= − Qα2

16πε0

1√
r2 + R2 − 2rR cos θ

= − Qα2

16πε0|~r − ~r0| .

AntÐstoiqa antimentwpÐzoume thn perÐptwsh α = π − ε.

31. Leptìc ag¸gimoc dÐskoc akrÐnac R brÐsketai sto epÐpedo x− y me to kèntro tou sthn arq 
twn axìnwn kai èqei dunamikì V0. Jewr ste wc epÐ plèon dedomèno ìti h puknìthta fortÐou
eÐnai an�logh thc par�stashc 1√

R2−ρ2
, ρ2 = x2 + y2.

(a) DeÐxte ìti gia r > R to dunamikì dÐnetai apì th sqèsh:

Φ(r, θ, φ) =
2V0

π

R

r

∞∑

l=0

(−1)l

2l + 1

(
R

r

)2l

P2l(cos θ).

(b) BreÐte to dunamikì kai gia r < R.

(g) Poia eÐnai h qwrhtikìthta tou dÐskou;

LÔsh: DÐdetai ìti σ = K√
R2−ρ2

. H genik  lÔsh gia to dunamikì eÐnai:

Φ =
∞∑

l=0

(
Alr

l +
Bl

rl+1

)
Pl(cos θ).

Ston �xona twn z mporoÔme na qthsimopoi soume stoiqei¸deic mejìdouc:

Φ =
1

4πε0

∫ R

ρ=0

σ
2πρdρ√
ρ2 + z2

=
1

4πε0

∫ R

ρ=0

K√
R2 − ρ2

2πρdρ√
ρ2 + z2

=

=
K

4ε0

∫ R

ρ=0

dρ2

√
(R2 − ρ2)(ρ2 + z2)

= (t ≡ ρ2) =
K

4ε0

∫ R2

t=0

d
(
t + z2−R2

2

)
√(

z2−R2

2

)2
+ R2z2 − (

t + z2−R2

2

)2
.

To olokl rwma eÐnai gnwstì:
∫

dx√
A2−x2 = arcsin x

A , �ra:

Φ|ρ=0 =
K

4ε0


arcsin

R2 + z2−R2

2√
R2z2 +

(
z2−R2

2

)2
− arcsin

z2−R2

2√
R2z2 +

(
z2−R2

2

)2


 =

=
K

4ε0

[
arcsin 1− arcsin

z2−R2

2
z2+R2

2

]
=

K

4ε0

[
π

2
− arcsin

z2 −R2

z2 + R2

]
.

An z = 0, to dunamikì ja isoÔtai me V0 :

K

4ε0

[π

2
− arcsin(−1)

]
= V0 ⇒ K

4ε0
π = V0 ⇒ K =

4ε0V0

π
⇒ .σ =

4ε0V0

π
√

R2 − ρ2
⇒

⇒ Φ|ρ=0 =
V0

π

[
π

2
− arcsin

z2 −R2

z2 + R2

]
. (A)
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(a) Gia z > R h exÐswsh (A) dÐnei:

Φ|ρ=0 =
V0

π

[
π

2
− arcsin

1− R2

z2

1 + R2

z2

]
=

2V0

π

[∣∣∣∣
R

z

∣∣∣∣−
1
3

∣∣∣∣
R

z

∣∣∣∣
3

+
1
5

∣∣∣∣
R

z

∣∣∣∣
5

− . . .

]
=

2V0

π

∞∑
n=0

(−1)n

2n + 1

∣∣∣∣
R

z

∣∣∣∣
2n+1

,

opìte ∞∑

l=0

(
Alr

l +
Bl

rl+1

)
Pl(1) =

2V0

π

∞∑
n=0

(−1)n

2n + 1

∣∣∣∣
R

z

∣∣∣∣
2n+1

⇒

⇒ Al = 0, B2n+1 = 0, B2n =
2V0

π

(−1)n

2n + 1
R2n+1,

opìte:

Φ> =
2V0

π

R

r

∞∑

l=0

(−1)l

2l + 1

(
R

r

)2l

P2l(cos θ).

(b) Parìmoia me thn prohgoÔmenh er¸thsh, gia z < R ja èqoume:

Φ|ρ=0 =
V0

π

[
π

2
− arcsin

z2

R2 − 1
z2

R2 + 1

]
= V0 − 2V0

π

z

R

∞∑
0

(−1)n

2n + 1

( z

R

)2n

⇒

⇒ Φ< = V0 − 2V0

π

∞∑

l=0

(−1)l

2l + 1

( r

R

)2l+1

P2l+1(cos θ).

(g) To fortÐo tou dÐskou eÐnai: Q =
∫ R

0
σ(ρ)2πρdρ = π

∫ R

0
K√

R2−ρ2
dρ2 = 2πKR = 8ε0V0R,

�ra C = Q
V0

= 8ε0R.

32. Jewr ste to q¸ro metaxÔ dÔo geiwmènwn (�peirwn) epipèdwn (pou brÐskontai stic jèseic
z = 0 kai z = L), o opoÐoc mporeÐ na perièqei fortÐa.

(a) DeÐxte ìti mÐa dunat  morf  thc sun�rthshc Green eÐnai h:

G(~x, ~x′) =
4
L

∞∑
n=1

+∞∑
m=−∞

eim(φ−φ′) sin
(nπ

L
z
)

sin
(nπ

L
z′

)
Im

(nπ

L
ρ<

)
Km

(nπ

L
ρ>

)
.

(b) DeÐxte ìti mia enallaktik  morf  thc sun�rthshc Green eÐnai h:

G(~x, ~x′) = 2
+∞∑

m=−∞
eim(φ−φ′)

∫ ∞

0

dkJm(kρ)Jm(kρ′)
sinh(kz<) sinh[k(L− z>)]

sinh(kL)
.

LÔsh: UpenjumÐzoume ìti to dunamikì ekfr�zetai mèsw thc sun�rthshc Green wc ex c:

Φ(~x) = k

∫

V

d3x′
ρ(~x′)
|~x− ~x′| +

1
4π

∫

S(V )

da′
[

1
|~x− ~x′|

∂Φ
∂n′

− Φ
∂

∂n′

(
1

|~x− ~x′|
)]

.

(a) Prèpei na anaptÔxoume th sun�rthsh dèlta se orjog¸nia sÔnola sunart sewn, ta opoÐa
ikanopoioÔn tic oriakèc sunj kec. MÐa sqèsh pou tairi�zei eÐnai h

δ(φ− φ′) =
1
2π

+∞∑
−∞

eim(φ−φ′).
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Oi sunart seic eimφ, me akèraia m, eÐnai periodikèc, ìpwc j� 'prepe. MÐa sqèsh pou mporeÐ
na bohj sei eÐnai h

δ(z − z′) =
1
2π

∫ +∞

−∞
dkeik(z−z′) =

=
1
π

∫ +∞

−∞
dk cos k(z − z′) =

1
π

∫ +∞

−∞
dk[cos kz cos kz′ − sin kz sin kz′].

Oi sunart seic prèpei na mhdenÐzontai sto z = 0 kai sto z = L, opìte ta cos kz apokleÐo-
ntai. Mia kal  upoyhfiìthta eÐnai ta A sin kz, ìpou ta A eÐnai par�gontec kanonikopoÐhshc.
ApaitoÔme epÐ plèon sin kL = 0, opìte to k paÐrnei tic timèc nπ

L . EÐnai eÔkolo n' apodeiqjeÐ

ìti A =
√

2
L . 'Ara fn(z) =

√
2
L sin nπz

L . Epidi¸koume na epitÔqoume thn isìthta

∇2G(~x, ~x′) = −4π
δ(ρ− ρ′)

ρ
δ(φ− φ′)δ(z − z′) =

= −4π
δ(ρ− ρ′)

ρ

1
2π

+∞∑
m=−∞

eim(φ−φ′) 2
L

∞∑
n=1

sin
nπz

L
sin

nπz′

L
.

AnaptÔssoume thn G(~x, ~x′) me trìpo an�logo me to deÔtero mèloc:

G(~x, ~x′) =
1
2π

+∞∑
m=−∞

eim(φ−φ′) 2
L

∞∑
n=1

sin
nπz

L
sin

nπz′

L
gmn(ρ, ρ′).

Ta gmn(ρ, ρ′) ja prosdioristoÔn me antikat�stash sthn exÐswsh, h opoÐa ja d¸sei:

1
ρ

∂

∂ρ

(
ρ
∂gmn

∂ρ

)
− m2

ρ2
gmn − n2π2

L2
gmn = −4π

δ(ρ− ρ′)
ρ

.

'Opwc sun jwc, jewroÔme thn exÐswsh pr¸ta gia ρ 6= ρ′, opìte metapÐptei sthn

ρ2 ∂2gmn

∂ρ2
+ ρ

∂gmn

∂ρ
−

[
n2π2ρ2

L2
+ m2

]
gmn = 0,

pou eÐnai h tropopoihmènh exÐswsh Bessel me lÔseic tic Im

(
nπρ
L

)
kai Km

(
nπρ
L

)
. 'Ara gmn =

NIm

(nπρ<

L

)
Km

(nπρ>

L

)
, ìpou ρ< ≡ min(ρ, ρ′), ρ> ≡ max(ρ, ρ′). Oloklhr¸nontac thn

exÐswsh wc proc ρ apì ρ′ − ε mèqri ρ′ + ε kai jewr¸ntac to ìrio ε → 0 katal goume sth
sqèsh:

∂gmn

∂ρ

∣∣∣∣
ρ=ρ′+ε

− ∂gmn

∂ρ

∣∣∣∣∣
ρ=ρ′−ε

= −4π

ρ′
.

All�

∂gmn

∂ρ

∣∣∣∣
ρ=ρ′+ε

=
∂

∂ρ

[
NIm

(
nπρ′

L

)
Km

(nπρ

L

)]

ρ=ρ′+ε

=
Nnπ

L
Im

(
nπρ′

L

)
K ′

m

(nπρ

L

)

kai parìmoia:

∂gmn

∂ρ

∣∣∣∣
ρ=ρ′−ε

=
∂

∂ρ

[
NIm

(
nπρ′

L

)
Km

(
nπρ′

L

)]

ρ=ρ′−ε

=
Nnπ

L
I ′m

(
nπρ′

L

)
Km

(
nπρ′

L

)
.

H sunj kh pou prokÔptei apì thn olokl rwsh thc exÐswshc gÐnetai:

Nnπ

L
[ImK ′

m − I ′mKm] = −4π

ρ′
.
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'Omwc apì je¸rhma pou anafèretai sth Wronskian eÐnai gnwstì ìti ImK ′
m−I ′mKm = C

z kai
mènei mìno na prosdioristeÐ to C, ¸ste na brejeÐ telik� to N. Autì gÐnetai jewr¸ntac èna
kat�llhlo ìrio, ìpwc to z → 0. Sto ìrio autì: Im → 1

m!

(
z
2

)m
, Km → 2m−1(m− 1)!z−m,

opìte:C = z(ImK ′
m − I ′mKm) → −1, opìte N = − 4π

C = 4π. Telik�:

G(~x, ~x′) =
4
L

+∞∑
m=−∞

eim(φ−φ′)
∞∑

n=1

sin
nπz

L
sin

nπz′

L
Im

(nπρ<

L

)
Km

(nπρ>

L

)
.

(b) MporoÔme enallaktik� na epilèxoume to an�ptugma:

G(~x, ~x′) =
1
2π

+∞∑
m=−∞

eim(φ−φ′)
∫ ∞

0

dkkJm(kρ)Jm(kρ′)g(z, z′),

èqontac upìyh ìti
δ(ρ− ρ′)

ρ
=

∫ ∞

0

dkkJm(kρ)Jm(kρ′).

Tìte h antikat�stash sthn

∇2G(~r, ~r′) = −4π
δ(ρ− ρ′)

ρ
δ(φ− φ′)δ(z − z′)

dÐnei: gzz − k2g = −4πδ(z − z′). LÔnontac thn antÐstoiqh omogen  kai apait¸ntac g(z =
0, z′) = 0, g(z = L, z′) = 0, brÐskoume tic

g<(z, z′) ∼ sinh kz, g>(z, z′) ∼ sinh k(L− z).

Autèc oi ekfr�seic upodeiknÔoun ìti h sun�rthsh g ja eÐnai thc morf c:

g(z, z′) = N sinh kz< sinh k(L− z>), z> ≡ max(z, z′), z< ≡ min(z, z′).

Oloklhr¸nontac thn exÐswsh wc proc z metaxÔ z′ − ε kai z′ + ε brÐskoume th sunj kh:

∂g|z>=z′,z<=z

∂z

∣∣∣∣∣
z=z′

− ∂g|z>=z,z<=z′

∂z

∣∣∣∣∣
z=z′

= −4π ⇒

⇒ ∂

∂z
[N sinh kz sinh k(L− z′)]

∣∣∣∣
z=z′

− ∂

∂z
[N sinh kz′ sinh k(L− z)]

∣∣∣∣
z=z′

= −4π ⇒

⇒ kN [sinh kz′ cosh k(L− z′) + cosh kz′ sinh k(L− z′)] = 4π ⇒

⇒ kN sinh[kz′+k(L−z′)] = 4π ⇒ N =
4π

k sinh kL
⇒ g(z, z′) =

4π

k sinh kL
sinh kz< sinh k(L−z>).

Sthn poreÐa qrhsimopoi same thn tautìthta sinh(a + b) = sinh a cosh b + cosh a sinh b.

Antikajist¸ntac thn g(z, z′) brÐskoume thn telik  morf  thc sun�rthshc Green:

G(~x, ~x′) = 2
+∞∑

m=−∞
eim(φ−φ′)

∫ ∞

0

dkJm(kρ)Jm(kρ′)
sinh(kz<) sinh[k(L− z>)]

sinh(kL)
.

Par�rthma: Sto deÔtero skèloc thc �skhshc qrhsimopoi same orismènec sqèseic pou a-
podeiknÔoume ed¸. Apì thn tautìthta Jn+1 − Jn−1 = −2J ′n prokÔptei h

∫ ∞

0

dzJn+1(z)−
∫ ∞

0

dzJn−1(z) = −2[Jn(∞)− Jn(0)] ⇒

6



⇒ Mn+1 = Mn−1 + 2Jn(0), Mm ≡
∫ ∞

0

dzJm(z).

EÐnai fanerì ìti sqetÐzontai t�xeic pou diafèroun kat� dÔo. EÐnai aplì na dei kaneÐc ìti gia
�rtia n isqÔei h sqèsh: Mn+1 = J0(0)+2(J2(0)+J4(0)+ . . .+Jn(0)) = 1, en¸ gia peritt�
n isqÔei h sqèsh: Mn+1 = M0 + 2(J1(0) + J3(0) + . . . + Jn(0)) = 1. Qrhsimopoi same tic
sqèseic Jn|∞ = 0, J0(0) = 1, Jn 6=0(0) = 0, pou eÐnai gnwstèc sqetik� me tic sunart seic
Bessel. Me th bo jeia thc genn triac sun�rthshc mporeÐ kaneÐc na apodeÐxei ìti M0 = 1.

Telik� Mm ≡ ∫∞
0

dzJm(z) = 1 ⇒ ∫∞
0

dρJm(kρ) = 1
k ,

∫∞
0

dkJm(kρ) = 1
ρ . Me th bo jeia

aut¸n twn sqèsewn brÐskoume:

1
ρ′

=
∫ ∞

0

dkJm(kρ)k
∫ ∞

0

dρJm(kρ) ⇒
∫ ∞

0

dρ
1
ρ
δ(ρ−ρ′) =

∫ ∞

0

dρ

∫ ∞

0

dkkJm(kρ)Jm(kρ′)

gia k�je ρ′, opìte:
1
ρ
δ(ρ− ρ′) =

∫ ∞

0

dkkJm(kρ)Jm(kρ′).

33. (a) DeÐxte ìti to dunamikì enìc shmeiakoÔ fortÐou q sto shmeÐo (0, 0, z0) metaxÔ dÔo
geiwmènwn (�peirwn) epipèdwn stic jèseic z = 0 kai z = L, eÐnai:

Φ(z, ρ) =
4kq

L

∞∑
n=1

sin
(nπz0

L

)
sin

(nπz

L

)
K0

(nπρ

L

)
.

(b) DeÐxte ìti h epagìmenh epifaneiak  puknìthta fortÐou sthn k�tw pl�ka eÐnai:

σ0(ρ) =
q

L2

∞∑
n=1

(−1)nn sin
(nπz0

L

)
K0

(nπρ

L

)
.

UpologÐste to antÐstoiqo σL gia thn p�nw pl�ka.

(g) UpologÐste to sunolikì epagìmeno fortÐo sthn k�tw pl�ka.

LÔsh: SÔmfwna me �llh �skhsh, h sun�rthsh Green gia dÔo geiwmèna ag¸gima epÐpeda
dÐnetai apì thn èkfrash:

G(~x, ~x′) =
4
L

∞∑
n=1

+∞∑
m=−∞

eim(φ−φ′) sin
(nπ

L
z
)

sin
(nπ

L
z′

)
Im

(nπ

L
ρ<

)
Km

(nπ

L
ρ>

)
.

Ex �llou h èkfrash tou dunamikoÔ eÐnai:
∫

V

d3x′[Φ(~x′)∇′2G(~x, ~x′)−G(~x, ~x′)∇′2Φ(~x′)] =
∫

S(V )

da′
[
Φ(~x′)

∂G

∂n′
−G(~x, ~x′)

∂Φ(~x′)
∂n′

]
⇒

⇒ Φ(~x) =
∫

d3x′G(~x, ~x′)kρ(~x′),

afoÔ to epifaneiakì olokl rwma mhdenÐzetai. H puknìthta fortÐou eÐnai:

ρ(~x′) = q
δ(ρ′ − ρ0)

ρ′
δ(z′ − z0)

1
2π

,

dhlad  eÐnai anex�rthth apì to azimoÔjio. H èkfrash gia to dunamikì metatrèpetai sthn:

Φ(~x) = kq

∫ ∞

0

dρ′ρ′
∫ +∞

−∞
dz′

∫ 2π

0

dφ′G(~x, ~x′)
δ(ρ′ − ρ0)

ρ′
δ(z′ − z0)

1
2π

.
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H olokl rwsh sto φ′ dÐnei to mh mhdenikì apotèlesma 2π mìno sthn perÐptwsh pou m = 0,

opìte to dunamikì gÐnetai:

Φ(~x) =
4kq

L

∞∑
n=1

sin
(nπz

L

)
sin

(nπz0

L

)
I0

(
nπ0
L

)
K0

(nπ

L
ρ
)

,

ìpou qrhsimopoi same to dedomèno ìti ρ0 = 0, opìte ρ< = 0 kai ρ> = ρ. EpÐ plèon
I0(0) = 1, kai brÐskoume to zhtoÔmeno apotèlesma.

(b) Xekin�me apì tic ekfr�seic:

σ =
E⊥
4πk

⇒ σ(0) = − 1
4πk

∂Φ
∂z

∣∣∣∣
z=0

, σ(L) = +
1

4πk

∂Φ
∂z

∣∣∣∣
z=L

.

Efarmìzontac autoÔc touc orismoÔc sthn prohgoÔmenh èkfrash gia to dunamikì katal -
goume sta apotelèsmata:

σ(0) = − q

L2

∞∑
1

n sin
nπz0

L
K0

(nπρ

L

)
, σ(L) = +

q

L2

∞∑
1

n(−1)n sin
nπz0

L
K0

(nπρ

L

)
.

(g) Ex orismoÔ:

Q =
∫ ∞

0

dρ2πρσ(L) = 2π

∫ ∞

0

dρρ
q

L2

∞∑
1

n(−1)n sin
nπz0

L
K0

(nπρ

L

)
=

=
2πq

L2

∞∑
1

n(−1)n sin
nπz0

L

∫ ∞

0

dρρK0

(nπρ

L

)
.

Ex �llou

K0(x) =
∫ ∞

0

dte−x cosh t ⇒
∫ ∞

0

dxxK0(x) =
∫ ∞

0

dt

∫ ∞

0

dxxe−x cosh t =
∫ ∞

0

dt
1

cosh2 t
⇒

⇒
∫ ∞

0

dxxK0(x) =
∫ ∞

0

dt
4

e2t + e−2t + 2
= 2

∫ ∞

z=1

dz

(z + 1)2
= 1,

ìpou k�name thn allag  metablht c: z = e2t, dt = dz
2z . Sunep¸c:

Q =
2πq

L2

∞∑
1

n(−1)n sin
nπz0

L

1(
nπ
L

)2

∫ ∞

0

dxxK0 (x) =
2q

π

∞∑
1

(−1)n

n
sin

nπz0

L
.

JewroÔme thn periodik  sun�rthsh pou orÐzetai wc f(x) = x
L sto di�sthma (−L,+L) kai

h perÐodìc thc eÐnai 2L. ApodeiknÔetai (Fourier) ìti f(x) = −∑∞
1

2(−1)n

nπ sin nπx
L , opìte

Q =
2q

π

∞∑
1

(−1)n

n
sin

nπz0

L
= −q

z0

L
.

34. Na upologistoÔn oi polupolikèc ropèc twn akìloujwn diat�xewn: (a) Enìc fortÐou q sto
(0,0,0). (b) DÔo antÐjetwn fortÐwn sta shmeÐa +L/2,−L/2. (g) DÔo jetik¸n kai dÔo
arnhtik¸n fortÐwn me Ðso mègejoc pou brÐskontai sto epÐpedo xy topojethmèna enall�x
sta shmeÐa (L, 0), (0, L), (−L, 0), (0,−L). (d) Tess�rwn jetik¸n kai tess�rwn arnhtik¸n
fortÐwn Ðsou megèjouc, topojethmènwn enall�x stic korufèc enìc kÔbou pleur�c L. (e)
DÔo fortÐwn +q stic jèseic z = +L, z = −L kai enìc fortÐou −2q sth jèsh z = 0.
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(st) Twn fortÐwn −q, +2q,−2q, +q, topojethmènwn antÐstoiqa stic jèseic z = −2L, z =
−L, z = +L, z = +2L. Sqoli�ste gia k�je perÐptwsh poia eÐnai h qamhlìterhc t�xhc
polupolik  rop  pou suneisfèrei.

LÔsh: Genik�

Qlm =
∫

d3rrlρ(~r)[Ylm(θ, φ)]∗,

ìpou gia suntomÐa èqoume paraleÐyei touc tìnouc stic boubèc metablhtèc. EpÐshc qr simh
eÐnai h èkfrash thc δ(~r − ~R) se orjog¸niec kai sfairikèc suntetagmènec: δ(~r − ~r0) =
δ(x−x0)δ(y−y0)δ(z−z0) = 1

r2
0
δ(r−r0)δ(cos θ−cos θ0)δ(φ−φ0), ìpou to ~r0 eÐnai dedomèno

kai stajerì di�nusma, en¸ to ~r oloklhr¸netai.

(a)ρ(~r) = qδ(~r) → Qlm = 0, an l 6= 0. Ara epizeÐ mìno h sunist¸sa

Q00 =
∫

d3rρ(~r)[Y00(θ, φ)]∗ =
∫

d3rqδ(~r)

√
1
4π

= q

√
1
4π

.

Shmei¸noume ìti to dunamikì ja isoÔtai me: V = 1
ε0

1
r Q00Y00 = 1

ε0
1
r q

√
1
4π

√
1
4π = q

4πε0r ,

ìpwc anamènetai gia to dunamikì Coulomb.

(b) ρ(~r) = qδ(~r − L
2 ẑ)− qδ(~r + L

2 ẑ) �ra

Qlm =
∫

drr2dθ sin θdφrl

[
q

1
(L/2)2

δ

(
r − L

2

)
δ(θ − 0)δ(φ− φ0)−

−q
1

(L/2)2
δ

(
r − L

2

)
δ(θ − π)δ(φ− φ0)

]
[Ylm(θ, φ)]∗.

Prèpei ed¸ na shmei¸soume ìti to φ0 mporoÔme na jewr soume ìti èqei mia opoiad pote
tim  stic jèseic θ = 0 kai θ = π pou emfanÐzontai ed¸, all� autì den èqei shmasÐa,
afoÔ h olokl rwsh thc antÐstoiqhc sun�rthshc dèlta ja d¸sei mon�da oÔtwc   �llwc.
Epiprìsjeta parathroÔme ìti ta Qlm me m 6= 0 ja eÐnai mhdèn, lìgw twn paragìntwn
(1− x2)

m
2 ≡ sinm θ pou upeisèrqontai ston orismì twn sunarthmènwn “poluwnÔmwn”, kai

pou mhdenÐzontai stic jèseic θ = 0 kai θ = π, pou upagoreÔontai apì tic sunart seic δ(θ−0)

kai δ(θ− π), �ra m = 0 kai Yl0 =
√

2l+1
4π Pl, sunep¸c Ql0 = q(L

2 )l
√

2l+1
4π [Pl(1)−Pl(−1)] =

q(L
2 )l

√
2l+1
4π [1− (−1)l]. ParathroÔme ìti to qamhlìtero l pou dÐnei mh mhdenik  suneisfor�

eÐnai to l = 1. Ara sto sÔsthma autì twn fortÐwn h sunist¸sa pou epikrateÐ eÐnai tou
dipìlou.

(g) ρ(~r) = q[δ(~r − Lx̂)− δ(~r − Lŷ) + δ(~r + Lx̂)− δ(~r + Lŷ)] �ra:

Qlm = qLl[Ylm(
π

2
, 0)− Ylm(

π

2
,
π

2
) + Ylm(

π

2
, π)− Ylm(

π

2
,
3π

2
)]∗ =

= qLl(−1)m

√
2l + 1

4π

(l −m)!
(l + m)!

Pm
l (0)[e−im0 − e−im π

2 + e−imπ − e−im 3π
2 ] =

= qLl(−1)m

√
2l + 1

4π

(l −m)!
(l + m)!

Pm
l (0)(1 + (−1)m)(1− e−im π

2 ).

Gia na eÐnai mh mhdenik� ta prèpei ta m na eÐnai ìqi apl� �rtia, all� na eÐnai eidikìtera
thc morf c: m = 4n + 2, opìte o teleutaÐoc par�gontac ja dÐnei 2. Tìte: Q4n+2

l =
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4qLl
√

2l+1
4π

(l−4n−2)!
(l+4n+2)!P

4n+2
l (0). H mikrìterh (apìluth) tim  pou mporeÐ na p�rei to 4n + 2

eÐnai to 2, opìte to l prèpei na eÐnai megalÔtero   Ðso tou 2. Ara h epikratoÔsa suneisfor�
eÐnai tou tetrapìlou. Parat rhsh: P2,−2 = 1

24P22 all� Q2,−2 = Q22.

(d) Dialègoume thn arq  twn axìnwn sto kèntro tou kÔbou kai akoloujoÔme th logik 
thc prohgoÔmenhc ap�nthshc. H diafor� ja eÐnai ìti ta tèssera fortÐa pou brÐskontai
stic jèseic me z = L

2 antistoiqoÔn se gwnÐa θ0 kai ìsa brÐskontai sto z = −L
2 se gwnÐa

θ = π − θ0. To �jroisma twn sfairik¸n armonik¸n gÐnetai:

[Ylm(θ0, 0)− Ylm(π − θ0, 0)]∗ + [Ylm(θ0,
π

2
)− Ylm(π − θ0,

π

2
)]∗+

+[Ylm(θ0, π)− Ylm(π − θ0, π)]∗ + [Ylm(θ0,
3π

2
)− Ylm(π − θ0,

3π

2
)]∗.

All�

Ylm(θ, φ) = (−1)m

√
2l + 1

4π

(l −m)!
(l + m)!

Pm
l (cos θ)eimφ,

opìte
Y (π − θ0, φ) = (−1)l+mY (θ0, φ),

afoÔ cos(π − θ0) = − cos(θ0) kai Pm
l (−x) = (−1)l+mPm

l (x). To �jroisma twn sfairik¸n
armonik¸n dÐnei

(−1)m

√
2l + 1

4π

(l −m)!
(l + m)!

Pm
l (θ0)(1 + (−1)m)(1− e−im π

2 )(1− (−1)l+m).

Lamb�nontac upìyh ìti h apìstash r twn fortÐwn apì thn arq  twn axìnwn eÐnai L
√

3
2

brÐskoume ìti

Qlm = q(
L
√

3
2

)l(−1)m

√
2l + 1

4π

(l −m)!
(l + m)!

Pm
l (θ0)

(1 + (−1)m)(1− e−im π
2 )(1− (−1)l+m).

Gia touc lìgouc pou anafèrjhkan sthn prohgoÔmenh perÐptwsh (g) prèpei m = 4n + 2.

Me autì to dedomèno, gia na mh mhdenÐzetai o trÐtoc par�gwn, prèpei o l na eÐnai perittìc.
EpÐshc, ìpwc eÐpame prohgoumènwc, prèpei l > 2, opìte h el�qisth tim  pou mporeÐ na p�rei
o l eÐnai to 3, epomènwc h epikratèsterh suneisfor� eÐnai tou oktapìlou (l = 3).

(e) To l = 0 de ja suneisfèrei, mia kai to sunolikì fortÐo eÐnai mhdèn. Ara xekin�me me
dedomèno ìti l 6= 0. H puknìthta fortÐou eÐnai: ρ(~r) = q[δ(~r − Lẑ) − 2δ(~r) + δ(~r + Lẑ)],
opìte

Qlm =
∫

d3rqδ(x)δ(y)[δ(z − L)− 2δ(z) + δ(z + L)]rl[Ylm(θ, φ)]∗ =

= qLlδm0[Ylm(0, φ0) + Ylm(π, φ0)] = qLl

√
2l + 1

4π
[1 + (−1)l]δm0.

Opwc kai se prohgoÔmenh perÐptwsh, to φ0 den prosdiorÐzetai, all� den paÐzei kai idiaÐtero
rìlo. H qamhlìterh mh mhdenik  suneisfor� eÐnai to Q20.

(st) Gr�foume thn èkfrash gia thn puknìthta fortÐou:

ρ(~r) = q[−δ(~r + 2Lẑ) + 2δ(~r + Lẑ)− 2δ(~r − Lẑ) + δ(~r − 2Lẑ)],
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opìte Qlm = qδm0[−(2L)lYl0(π, φ0) + 2LlYl0(π, φ0) − 2LlYl0(0, φ0) + (2L)lYl0(0, φ0)] =

qLl
√

2l+1
4π [−2lPl(−1)+2Pl(−1)−2Pl(1)+2lPl(1)]δm0. All� Pl(1) = 1 kai Pl(−1) = (−1)l,

opìte

Qlm = qLl

√
2l + 1

4π
(2l − 2)(1− (−1)l)δm0.

H epikratèsterh suneisfor� eÐnai tou oktapìlou (l = 3).

35. Puknìthta fortÐou ρ brÐsketai se exwterikì hlektrikì pedÐo ~E(0), pou par�getai apì to
dunamikì Φ(0), to opoÐo metab�lletai arg� sthn perioq  pou h ρ den eÐnai mhdèn.

(a)An metatopisteÐ h katanom  wc sÔnolo kat� ~dl, na deiqjeÐ ìti h dunamik  enèrgeia thc
katanom c sto exwterikì pedÐo ja metablhjeÐ kat� dW = −~dl · ~F .

(b) DeÐxte ìti h sunist¸sa (èstw) 1 thc rop c pou askeÐtai sthn katanom  fortÐou eÐnai:

N1 = [~p× ~E(0)]1 +
1
3


 ∂

∂x3


∑

j

Q2jE
(0)
j


− ∂

∂x2


∑

j

Q3jE
(0)
j







0

+ . . .

LÔsh: Ex orismoÔ:

~F =
∫

d3x′ρ(~x′) ~E(0)(~x′) ⇒ Fk =
∫

d3x′ρ(~x′)E(0)
k (~x′) =

=
∫

d3x′ρ(~x′)
[
E

(0)
k

∣∣∣
~x′=~0

+ x′m
(
∂′mE

(0)
k

∣∣∣
~x′=~0

)
+

1
2
x′mx′n

(
∂′m∂′nE

(0)
k

∣∣∣
~x′=~0

)
+ . . .

]
=

' E
(0)
k

∫
d3x′ρ(~x′) + x′m

(
∂mE

(0)
k

)∫
d3x′ρ(~x′)x′m +

1
6

(
∂m∂nE

(0)
k

) ∫
d3x′ρ(~x′)3x′mx′n =

= qE
(0)
k +

(
∂mE

(0)
k

)
pm +

1
6

(
∂m∂nE

(0)
k

)
Q̃mn,

me touc orismoÔc:

q ≡
∫

d3x′ρ(~x′), pm ≡
∫

d3x′ρ(~x′)x′m, Q̃mn ≡
∫

d3x′ρ(~x′)3x′mx′n.

'Eqoume epilèxei thn arq  twn axìnwn k�pou sto eswterikì thc katanom c fortÐou. Sh-
mei¸noume epÐshc ìti to exwterikì pedÐo eÐnai hlektrostatikì kai ìti oi phgèc tou brÐskontai
ektìc thc katanom c fortÐou pou jewroÔme, opìte:

∂mE(0)
m = 0, ∂mE(0)

n = ∂nE(0)
m (m 6= n).

Autèc oi sqèseic mac epitrèpoun na aplopoi soume thn èkfrash gia th dÔnamh:

Fk = qE
(0)
k + ∂k

(
pmE(0)

m

)
+

1
6
Q̃mn

(
∂m∂kE(0)

n

)
.

ParathroÔme ìti:

Q̃ ≡ TrQ̃mn =
∫

d3x′ρ(~x′)Trδmn ⇒ TrQmn = Tr[Q̃mn − Q̃δmn] = 0,

ìpou
Qmn ≡ Q̃mn − Q̃δmn =

∫
d3x′ρ(~x′)[3x′mx′n − r′2δmn],
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pou tautÐzetai me ton orismì thc tetrapolik c rop c. Apomon¸same dhlad  to Ðqnoc tou
pÐnaka. EpishmaÐnoume ìti

Q̃δmn∂k∂mE(0)
n = Q̃∂k(∂mE(0)

m ) = 0 ⇒ Q̃mn∂m∂kE(0)
n = Qmn∂m∂kE(0)

n .

Dhlad  to Ðqnoc den suneisfèrei sth dÔnamh, thn opoÐa mporoÔme na ekfr�soume me th
morf :

Fk = qE
(0)
k + ∂k

(
~p · ~E(0)

)
+

1
6
Qmn

(
∂m∂kE(0)

n

)
.

All� Qmn

(
∂m∂kE

(0)
n

)
= ∂k

(
Qmn∂mE

(0)
n

)
, opìte:

Fk = qE
(0)
k + ∂k

(
~p · ~E(0)

)
+

1
6
∂k

(
Qmn∂mE(0)

n

)
⇒

⇒ ~F = q ~E(0)
∣∣∣
~r=~0

+ ~∇
(
~p · ~E(0)

)∣∣∣
~r=~0

+ ~∇
(

1
6
Qmn∂mE(0)

n

)∣∣∣∣
~r=~0

.

(b) Xekin�me apì thn proseggistik  èkfrash thc enèrgeiac:

W =
∫

d3x′ρ(~x′)Φ(~x′) =
∫

d3x′ρ(~x′)
[

Φ|~x′=~0 + ~x′ · ~∇′Φ
∣∣∣
~x′=~0

+
1
2
x′mx′n∂′m∂′nΦ

∣∣∣∣
~x′=~0

]
=

= qΦ(~0)− ~p · ~E − 1
6
Qmn∂mEn,

ìpou epanal�bame ta prohgoÔmena b mata kai qrhsimopoi same th sqèsh ~E = −~∇Φ. An
metatopÐsoume thn katanom  wc sÔnolo kat� ~dl, dhlad  ρ(~x′′) = ρ(~x′) me ~x′′ = ~x′ + ~dl, h
enèrgeia thc katanom c ja metablhjeÐ kat�:

dW =
∫

d3x′′ρ(~x′′)Φ(~x′′)−
∫

d3x′ρ(~x′)Φ(~x′) =
∫

d3x′′ρ(~x′)[Φ(~x′)+~dl·~∇Φ]−
∫

d3x′ρ(~x′)Φ(~x′) =

=
∫

d3x′ρ(~x′)~dl · ~∇Φ = −
∫

d3x′ρ(~x′)~dl · ~E(~x′) = −~dl · ~F .

Dhlad , an ~F ↑↑ ~dl, to dW ja eÐnai arnhtikì. Autì shmaÐnei ìti h dÔnamh ~F teÐnei na
metajèsei thn katanom  se kateÔjunsh pou ja mei¸sei th dunamik  enèrgeia.

(g) H rop  ja sqetÐzetai me th stoiqei¸dh dÔnamh d3x′ρ(~x′) ~E(0)(~x′) :

~N =
∫

d3x′ρ(~x′)[~x′ × ~E(0)(~x′)] ⇒ N1 =
∫

d3x′ρ(~x′)[x′2E
(0)
3 (~x′)− x′3E

(0)
2 (~x′)] '

'
∫

d3x′ρ(~x′)[x′2(E
(0)
3 + x′m∂′mE

(0)
3 )− x′3(E

(0)
2 + x′m∂′mE

(0)
2 )] =

=
∫

d3x′ρ(~x′)[x′2E
(0)
3 − x′3E

(0)
2 ] +

∫
d3x′ρ(~x′)x′m[x′2∂

′
3E

(0)
m − x′3∂

′
2E

(0)
m ],

ìpou qrhsimopoi same to gegonìc ìti to pedÐo eÐnai hlektrostatikì. SuneqÐzontac:

N1 =
∫

d3x′ρ(~x′)[~x′ × ~E(0)]1 +
∫

d3x′ρ(~x′)x′m[x′2∂
′
3E

(0)
m − x′3∂

′
2E

(0)
m ] =

=
[(∫

d3x′ρ(~x′)~x′
)
× ~E(0)

]

1

+
1
3
∂3E

(0)
m

∫
d3x′ρ(~x′)3x′mx′2−

1
3
∂2E

(0)
m

∫
d3x′ρ(~x′)3x′mx′3−
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−1
3
∂3E

(0)
m

∫
d3x′ρ(~x′)r′2δ2m +

1
3
∂2E

(0)
m

∫
d3x′ρ(~x′)r′2δ3m.

Oi dÔo teleutaÐoi ìroi allhloanairoÔntai, afoÔ ∂3E
(0)
2 = ∂2E

(0)
3 . Telik�:

N1 =
[
~p× ~E(0)

]
1

+
1
3

[
Q2m

∂E
(0)
m

∂x3
−Q3m

∂E
(0)
m

∂x2

]
.

36. Kulindrik� summetrikìc pur nac me tetrapolik  rop  Q brÐsketai se exwterikì hlektrikì
pedÐo kulindrik� summetrikì wc proc ton �xon� tou me apìklish

(
∂Ez

∂z

)
0
(0 eÐnai h jèsh

ìpou brÐsketai o pur nac).

(a) DeÐxte ìti h enèrgeia thc tetrapolik c allhlepÐdrashc eÐnai: W = − q
4Q

(
∂Ez

∂z

)
0
. (U-

penjÔmish: Q ≡ Q33
q , Q11 + Q22 + Q33 = 0. To q eÐnai to fortÐo tou prwtonÐou).

(b) Upojètoume ìti prosomoi¸noume ton pur na me mia stajer  puknìthta fortÐou ρ0 = Zq
V ,

pou ekteÐnetai sto elleiyoeidèc me exÐswsh x2

b2 + y2

b2 + z2

a2 = 1 kai ìgko V = 4πab2

3 . An dÐdetai
o atomikìc arijmìc Z kai h mèsh aktÐna R = a+b

2 , na upologisteÐ h sqetik  diafor� aktÐnwn
a−b
R , ¸ste na prokÔptei h dedomènh tetrapolik  rop .

LÔsh: (a) UpenjumÐzoume ìti h enèrgeia katanom c fortÐou se exwterikì pedÐo ~E dÐnetai
apì th sqèsh:

W = qΦ(~0)− ~p · ~E − 1
6
Qmn∂mEn + . . .

Apomon¸noume thn tetrapolik  suneisfor�:

WQ ≡ −1
6
Qmn∂mEn, Qmn ≡

∫
d3xρ(~x)[3xmxn − r2δmn].

JewroÔme to Q12 ≡
∫

d3xρq(~x)3x1x2 =
∫

dρρdφdzρq(ρ, z)3(ρ cosφ)(ρ sin φ) = 0, lìgw thc
olokl rwshc sto φ kai tou gegonìtoc ìti h ρ den exart�tai apì to φ. 'Omoia Qmn = 0,m 6=
n. Ex �llou: Q11 ≡

∫
d3xρq(~x)[3x2

1− (ρ2 +z2)] =
∫

d3xρq(~x)[3x2
2− (ρ2 +z2)] ≡ Q22, epeid 

diafèroun mìno kat� thn olokl rwsh sto φ kai
∫ 2π

0
dφ cos2 φ =

∫ 2π

0
dφ sin2 φ. 'Ara

2Q11 = −Q33 ⇒ Q11 = Q22 = −Q33

2
= −qQ

2
, Q33 = −qQ.

Sunep¸c

WQ ≡ −1
6
[Q11∂1E1 + Q22∂2E2 + Q33∂3E3] = −qQ

6
3
2
∂3E3 = −qQ

4
∂Ez

∂z
.

(b) Prokatarktik� upologÐzoume ton ìgko tou elleiyoeidoÔc: afoÔ x2 + y2 ≡ ρ2, apì thn
exÐswsh brÐskoume ìti: ρ = b

√
1− z2

a2 . 'Ara:

V =
∫

d3x = 2π

∫ a

0

dz

∫ b
√

1− z2

a2

0

dρρ = 2π

∫ a

0

dzb2(1− z2

a2
) =

4πab2

3
.

Ex �llou

Q =
1
q

∫
d3x(3z2 − ρ2 − z2)ρ0 =

2π

q

∫ a

0

dz

∫ b
√

1− z2

a2

0

dρρ(2z2 − ρ2)
Zq

V
.

Antikajist¸ntac ton ìgko me to Ðso tou kai k�nontac tic oloklhr¸seic katal goume sthn

Q =
2Z

5
(a2 − b2) ⇒ a− b =

5Q

4ZR
.
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37. Katanom  fortÐou èqei puknìthta ρ(~x) = 1
64π r2e−r sin2 θ.

(a) Na brejeÐ h polupolik  an�ptuxh kai na grafeÐ to dunamikì se meg�lec apost�seic
sunart sei peperasmènou arijmoÔ polupolik¸n rop¸n.

(b) UpologÐste to dunamikì pantoÔ kai deÐxte ìti kont� sthn arq  twn axìnwn: Φ(~r) '
k

[
1
4 − r2

120P2(cos θ)
]
.

(g) An sthn arq  twn axìnwn up�rqei pur nac me tetrapolik  rop  Q, upologÐste thn
enèrgeia allhlepÐdrashc.

UpenjÔmish: MporeÐ kaneÐc na apodeÐxei (me epagwg    alli¸c) ìti:
∫ ∞

r

dr′r′ne−r′ = n!e−r
n∑

k=0

rk

k!
.

LÔsh: (a) UpenjumÐzoume tic ekfr�seic gia thn polupolik  an�ptuxh:

Φ(~x) = 4πk
∑

lm

1
2l + 1

[∫
d3x′ρ(~x′)Y ∗

lm(θ′, φ′)rl
<

]
Ylm(θ, φ)

rl+1
>

, r< ≡ min(r, r′), r> ≡ max(r, r′).

Oi parast�seic stic agkÔlec antiproswpeÔoun tic polupolikèc ropèc. EÐnai aplì na deÐ
kaneÐc ìti

sin2 θ′ = 1− cos2 θ′ = 1− 2P2 + P0

3
=

2
3
(P0 − P2) =

2
3
(
√

4πY00 −
√

4π

5
Y20),

opìte h puknìthta gr�fetai:

ρ(~x′) =
1

48
√

π
r′2e−r′

[
Y00(θ′, φ′)− 1√

5
Y20(θ′, φ′)

]
.

Gia na upologÐsoume tic polupolikèc ropèc eÐnai kalÔtera na k�noume pr¸ta tic oloklhr¸-
seic stic gwnÐec: tìte faÐnetai amèswc ìti epizoÔn mìno oi ropèc Q00 kai Q20. Gia meg�lec
apost�seic r mporoÔme me asf�leia na upojèsoume ìti r< = r′, r> = r kai ta sqetik�
oloklhr¸mata gÐnontai:

Qlm =
∫ ∞

0

dr′r′2
∫ 2π

0

dφ′
∫ 1

−1

d cos θ′
1

48
√

π
r′2e−r′

[
Y00(θ′, φ′)− 1√

5
Y20(θ′, φ′)

]
Y ∗

lm(θ′, φ′)r′l =

=
1

48
√

π
δl0δm0

∫ ∞

0

dr′r′4e−r′ − 1
48
√

π

1√
5
δl2δm0

∫ ∞

0

dr′r′6e−r′ =

=
1

48
√

π
δl0δm04!− 1

48
√

5π
δl2δm06! ⇒ Q00 =

1
2
√

π
, Q20 = − 15√

5π
,

kai bèbaia ìlec oi upìloipec ropèc eÐnai mhdèn. To dunamikì ja dÐnetai apì th sqèsh:

Φ(~x) = 4πk

[
Q00

Y00(θ, φ)
r

+
1
5
Q20

Y20(θ, φ)
r3

]
=

= 4πk




(
1

2
√

π

) √
1
4π

r
+

1
5

(
− 15√

5π

) √
5
4π P2(cos θ)

r3


 ⇒ Φ(~x) = k

[
1
r
− 6

r3
P2(cos θ)

]
.

Ed¸ prèpei na sqoli�soume ìti oi mon�dec eÐnai perÐergec, giatÐ apì thn arq  tic èqoume
uponomeÔsei, qrhsimopoi¸ntac gia par�deigma sthn puknìthta fortÐou ènan ekjèth −r, pou
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ja èprepe na eÐnai adi�statoc. EÐmaste, loipìn s' èna sÔsthma mon�dwn ìpou p.q. ta m kh
eÐnai adi�stata... EpÐshc h puknìthta den èqei poujen� mon�dec fortÐou, �ra kai ta fortÐa
èqoun epilegeÐ adi�stata! An jel soume na k�noume arijmhtikèc efarmogèc se praktik�
probl mata, autèc oi ekkremìthtec prèpei na rujmistoÔn.

(b) Gia jèseic kont� sthn arq  prèpei na oloklhr¸soume pio prosektik� wc proc thn
aktinik  metablht :

Ir(l) ≡
∫ ∞

0

dr′r′4
rl
<

rl+1
>

e−r′ =
∫ r

0

dr′r′4
r′l

rl+1
e−r′ +

∫ ∞

r

dr′r′4
rl

r′l+1
e−r′ =

=
1

rl+1

∫ r

0

dr′r′l+4e−r′ + rl

∫ ∞

r

dr′r′3−le−r′ =

=
1

rl+1

[
(l + 4)!−

∫ ∞

r

dr′r′l+4e−r′
]

+ rl

∫ ∞

r

dr′r′3−le−r′ =

=
1

rl+1

[
(l + 4)!− (l + 4)!e−r

l+4∑

k=0

rk

k!

]
+ rl(3− l)!e−r

3−l∑

k=0

rk

k!
.

Met� tic pr�xeic brÐskoume: Ir(0) = 24
r − e−r

{
24
r + 18 + 6r + r2

}
kai Ir(2) = 720

r3 −
e−r

{
720
r3 + 720

r2 + 360
r + 120 + 30r + 5r2

}
. To dunamikì m' aut� ta dedomèna gr�fetai:

Φ(~x) = 4πk

[
1

48
√

π
Ir(0)

√
1
4π

− 1
5

1
48
√

π
Ir(2)

√
5
4π

P2(cos θ)

]
=

= k

[
1
r
− e−r

{
1
r

+
3
4

+
r

4
+

r2

24

}
−

(
6
r3
− e−r

{
6
r3

+
6
r2

+
3
r

+ 1 +
r

4
+

5r2

120

})
P2(cos θ)

]
.

Gia meg�la r paraleÐpoume touc ìrouc me to e−r kai prokÔptei: Φ(~x) ' k
[
1
r − 6

r3 P2(cos θ)
]
,

pou eÐnai to apotèlesma pou eÐqame breÐ kai prohgoumènwc sto Ðdio ìrio. Gia r → 0 ana-
ptÔssoume to ekjetikì: e−r ' 1 − r + r2

2 − r3

6 + r4

24 − r5

120 + . . . , k�noume tic pr�xeic kai
krat�me tic pr¸tec mh tetrimènec suneisforèc:

1
r
− e−r

{
1
r

+
3
4

+
r

4
+

r2

24

}
' 1

4
,

6
r3
− e−r

{
6
r3

+
6
r2

+
3
r

+ 1 +
r

4
+

5r2

120

}
' r2

120
,

opìte:
Φ(~r) ' k

[
1
4
− r2

120
P2(cos θ)

]
.

(g) Xekin�me apì thn èkfrash thc enèrgeiac

W = qΦ− ~p · ~E − 1
6

∑

i,j

Qij
∂Ej

∂xi
+ . . . ,

ap' ìpou eÐnai orat  h tetrapolik  suneisfor�. Gr�foume to dunamikì kont� sthn arq 
qrhsimopoi¸ntac (bl. parat rhsh sto tèloc thc ap�nthshc sta (a} wc mon�da m kouc thn
aktÐna tou Bohr a0 kai mon�da fortÐou to stoiqei¸dec hlektrikì fortÐo q :

Φ(~r) ' kq

[
1

4a0
− 1

120a0

(
r

a0

)2

P2(cos θ)

]
=

kq

a0

[
1
4
− 1

120a2
0

r2 3 cos2 θ − 1
2

]
=
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=
kq

a0

[
1
4
− 1

240a2
0

[3z2 − (x2 + y2 + z2)]
]

.

Apì thn èkfrash se orjog¸niec suntetagmènec upologÐzontai eÔkola oi sunist¸sec tou
hlektrikoÔ pedÐou:

Ex = −∂Φ
∂x

= − kqx

120a3
0

, Ey = −∂Φ
∂y

= − kqy

120a3
0

, Ez = −∂Φ
∂z

= +
kqz

60a3
0

.

ProqwroÔme upologÐzontac tic mìnec mh mhdenikèc parag¸gouc tou hlektrikoÔ pedÐou pou
ja qreiastoÔme gia ton upologismì thc enèrgeiac:

∂Ex

∂x
=

∂Ey

∂y
= − kq

120a3
0

,
∂Ez

∂z
= +

kq

60a3
0

.

H (tetrapolik  suneisfor� sthn) enèrgeia ja gÐnei:

W = −1
6

(
Q11

∂Ex

∂x
+ Q22

∂Ey

∂y
+ Q33

∂Ez

∂z

)
.

'Omwc, apì ton orismì thc tetrapolik c rop c:

Q11 = Q22 = −qQ

2
, Q33 = +qQ,

opìte
W =

qQ

12

(
∂Ex

∂x
+

∂Ey

∂y
− 2

∂Ez

∂z

)
= − kq2Q

240a3
0

.
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