PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES”

TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN

MHQANIKWN EMP - EKEFE “DHMOKRITOS”

HLEKTROMAGNHTISMOS I: TRITH SEIRA ASKHSEWN

19. ApodeÐxte ìti:^{1−t2}_{(1−2xt+t2) 32} = ∑_∞ l=0(2l + 1)P_l(x)t^l.

LÔsh: IsqÔoun oi: g(x, t) = 1 √ 1 − 2xt + t^2 = ∑ P_lt^l, ∂g ∂t = ∑ lP_lt^{l−1} → t ∂g ∂t = ∑ lP_lt^l. Ara: ∑ (2l + 1)P_lt^l = 2t ∂g ∂t + g = 2t x − t (1 − 2xt + t^2)^32 + 1 √ 1 − 2xt + t^2 =

= 1 − t^2

(1 − 2xt + t^2)^32 . 20. AnaptÔssontac ton paronomastă, upologÐste to oloklărwma:

I ≡ ∫_π 0 A cos θ + 1

(A^2 + 2A cos θ + 1)^{12} sin θdθ. LÔsh: g(x, t) =^{1√}_{1−2xt+t2} = ∑ P_l(x)t^l →^{1√}_{1+2xA+A2} = ∑ P_l(x)(−A)^l → ∫_π 0 A cos θ+1 √ 1+2A cos θ+A^2 sin θdθ =

∫_{+1} −1 dx^{Ax+1} √ 1+2xA+A^2 = = ∫_{+1} −1 dx(Ax + 1) ∑ P_l(x)(−A)^l = = ∑ (−1)^lA^l[

∫_{+1} −1 dxAxP_l(x) + ∫_{+1} −1 dxP_l(x)] = = ∑ (−1)^lA^{l+1}

∫_{+1} −1 dx^{(l+1)Pl+1 (x)+lPl−1(x)} 2l+1 + ∑ (−1)^lA^l

∫_{+1} −1 dxP_l(x) = = ∑ (−1)^lA^{l+1}

[_{2(l+1)}

2l+1 δl+1,0 + 2l 2l+1 δl−1,0 ] + ∑ (−1)^lA^{l 2}_{2l+1} δ_{l0} = −^{2A2}_3 + 2.

21. (a)Na upologisteÐ to oloklărwma: I =

∫_1 0 dxP_{2l+1}(x). (b) Na anaptuqjeÐ se seirĹ Legendre h sunĹrthsh f(x) = |x|, orismènh sto diĹsthma

[−1, +1].

LÔsh: (a)

∫_1 0 dxP_{2l+1}(x) =

∫_1 0 dx^1_{2(2l+1)+1} [P^′_{2l+2}(x) − P^′_{2l}(x)]

=^1_{4l+3} [P_{2l+2}(1) − P_{2l+2}(0) − P_{2l}(1) + P_{2l}(0)] =

=^1_{4l+3} [1 −^{(−1)l+1(2l+1)!!}

(2l+2)!! − 1 +

(−1)^l(2l−1)!!

(2l)!! ] = (−1) l (2l−1)!! (2l+2)!! .

Eqoume qrhsimopoiăsei mia anadromikă sqèsh kai tic timèc twn poluwnÔmwn Legendre sto

0 kai sto 1 pou brăkame sth jewrÐa.

(b) Gia poluÿnuma Ĺrtiac tĹxhc to oloklărwma I ≡

∫_{+1} −1 dx|x|P_{2l} (x) = 2 ∫_1 0 dxxP_{2l}(x) isoÔtai, me bĹsh gnwstă anadromikă sqèsh, me

I = 2 1 2(2l) + 1

∫_1 0 dx[(2l + 1)P_{2l+1}(x) + 2lP_{2l−1}(x)].

S’ autì to shmeÐo mporoÔme pia na qrhsimopoiăsoume to apotèlesma tou prÿtou mèrouc thc Ĺskhshc kai to apotèlesma eÐnai: I = − 2(−1)^l(2l − 3)!!

(2l + 2)!! . Ex Ĺllou, gia poluÿnuma perittăc tĹxhc ja èqoume:

∫_{+1} −1 dx|x|P_{2l+1}(x) = 0, afoÔ oloklhrÿnoume mia (Ĺrtia × perittă = perittă) sunĹrthsh metaxÔ antÐjetwn orÐwn.

22. ApodeÐxte ìti ∂ ∂z [ P_l(cos θ) r^{l+1} ] = −(l + 1)

P_{l+1}(cos θ) r^{l+2} . (UpenjÔmish:^∂_{∂z} = cos θ^∂_{∂r} − sin θ^1_r^∂_{∂θ} )

LÔsh: EÔkola apodeiknÔontai oi sqèseic: ∂ ∂r ( P_l r^{l+1} ) = −(l + 1) P_l r^{l+2} kai ∂ ∂θ ( P_l r^{l+1} ) = − sin θ r^{l+1} ∂P_l ∂(cos θ) , ap’ ìpou sunĹgetai h isìthta: A ≡^∂_{∂z} (_{Pl} r^{l+1} ) = (cos θ^∂_{∂r} −^{sin θ}_r^∂_{∂θ} )(^{Pl}_{rl+1} ) =, −(l+1) cos θ^{Pl}_{rl+2} −

sin θ

r (−^{sin θ}_{rl+1} )^{∂Pl}_{∂(cos θ)} . Me th sunhjismènh allagă metablhtăc x = cos θ, dx = − sin θdθ prokÔptei h isìthta A = −(l + 1)x^{Pl}_{rl+2} +^{1−x2}_{rl+2} P^′_l =^1_{rl+2} [lP_{l−1}(x) − (2l + 1)xP_l(x)]. Tèloc h anadromikă sqèsh (2l +1)xP_l(x) = (l +1)P_{l+1}(x)+lP_{l−1}(x) odhgeÐ sto telikì apotèlesma: A ≡^∂_{∂z} (^{Pl}_{rl+1} ) = −^{l+1}_{rl+2} P_{l+1}(x).

23. ApodeÐxte ìti

P_l(cos θ) = (−1)^l r^{l+1} l! ∂^l ∂z^l ( 1 r ) . MporeÐte na sugkrÐnete thn anĹptuxh thc gennătriac sunĹrthshc me èna anĹptugma Taylor tou^1

√_{x2+y2 +(z−δz)2} se dunĹmeic tou δz.

LÔsh: Af’ enìc èqoume to anĹptugma Taylor: 1 √ x^2 + y^2 + (z − δz)^2 = ∞∑ l=0 (−1)^l l! ∂^l ∂z^l ( 1 r )| | |_{δz=0} (δz)^l. Af’ etèrou: 1 √ x^2 + y^2 + (z − δz)^2 = 1 √ r^2 + (δz)^2 − 2zδz = 1 r 1 √ 1 + (_{δz} r )_2 − 2 (_z r ) (_{δz} r ) . H teleutaÐa èkfrash parapèmpei sth gennătria sunĹrthsh twn poluwnÔmwn Legendre, opìte, epishmaÐnontac ìti^z_r = cos θ: 1 √ x^2 + y^2 + (z − δz)^2 = 1 r ∞∑ l=0 P_l(cos θ) ( δz r )_l = ∞∑ l=0 1 r^{l+1} P_l(cos θ) (δz)^l .

SugkrÐnontac tic dÔo ekfrĹseic gia thn posìthta^1√_{x2+y2+(z−δz)2} sumperaÐnoume ìti:

(−1)^l l! ∂^l ∂z^l ( 1 r )| | |_{δz=0} (δz)^l = 1 r^{l+1} P_l(cos θ) (δz)^l → P_l(cos θ) = (−1)^l r^{l+1} l! ∂^l ∂z^l ( 1 r ) . 24. Qrhsimopoiÿntac th gennătria sunĹrthsh gia tic sunartăseic Bessel na deÐxete ìti:

(a)J_n(−x) = (−1)^nJ_n(x),

(b)J_n(x + y) = +∞∑ m=−∞ J_m(x)J_{n−m}(y). PoiĹ sqèsh prokÔptei gia x + y = 0;

LÔsh: (a) H gennătria sunĹrthsh eÐnai h g(x, t) = e^{x2 (t− 1t )}, gia thn opoÐa isqÔei profanÿc g(−x, t) = g(x, −t). Autì dÐnei ∑ J_n(−x)t^n = ∑ J_n(x)(−1)^nt^n → J_n(−x) = (−1)^nJ_n(x).

(b) Opwc eÐnai profanèc, g(x + y, t) = g(x, t)g(y, t). Aută h sqèsh dÐnei ∑ n J_n(x + y)t^n = ∑ l,m J_l(x)t^lJ_m(y)t^m = ∑ l,m J_l(x)J_m(y)t^{l+m}. Jètoume n ≡ l + m sto teleutaÐo Ĺjroisma kai h parapĹnw sqèsh gÐnetai: ∑ J_n(x + y)t^n = ∑ n,m J_{n−m}(x)J_m(y)t^n → J_n(x + y) = ∑_{+∞} m=−∞ Jn−m(x)Jm(y). Gia x + y = 0 : J_n(0) = +∞∑ m=−∞ J_{−m}(x)J_m(−x) = +∞∑ m=−∞ [(−1)^mJ_m(x)][(−1)^mJ_m(x)] =

= +∞∑ m=−∞ J^2_m(x) = J^2_0 (x) + 2 +∞∑ k=1 J^2_k (x).

BgaÐnei dhladă èna eÐdoc “ajroistikoÔ jewrămatoc” gia tic sunartăseic Bessel.

25. UpologÐste to oloklărwma ∫_x 0 t[J_n(t)]^2dt.

(ApodeÐxte prÿta ìti: t[J_n(t)]^2 =^d_{dt} [^{t2}_2 (J^2_n(t) − J_{n−1}(t)J_{n+1}(t)]).

LÔsh: A ≡^d_{dt} [^{t2}_2 (J^2_n(t) − J_{n−1}(t)J_{n+1}(t))] = t[J^2_n(t) − J_{n+1}(t)J_{n−1}(t)] +^{t2}_2 [2J_n(t)J^′_n(t) − J^′_{n+1}(t)J_{n−1}(t) − J_{n+1}(t)J^′_{n−1}(t)]. Edÿ antikajistoÔme tic paragÿgouc twn sunartăsewn Bessel apì tic anadromikèc sqèseic: 2J^′_n = J_{n−1} − J_{n+1}, J^′_{n+1} = J_n −^{n+1}_t J_{n+1} kai J^′_{n−1} = −J_n +^{n−1}_t J_{n−1} kai paÐrnoume: A = tJ^2_n − tJ_{n+1}J_{n−1} +^{t2}_2 J_n(J_{n−1} − J_{n+1}) −

t^2

2 (J_n −^{n+1}_t J_{n+1})J_{n−1} −^{t2}_2 J_{n+1}(−J_n +^{n−1}_t J_{n−1}) = tJ^2_n. Ara ∫_x 0 dtt[J_n(t)]^2 =^{x2}_2 [J^2_n(x) − J_{n−1}(x)J_{n+1}(x)]. 26. Oi dÔo epÐpedec epifĹneiec enìc kulindrikoÔ koutioÔ me aktÐna R kai Ôyoc H eÐnai geiwmènec kai h kulindrikă tou epifĹneia se gnwstì dunamikì V_0(ϕ, z). (a) DeÐxte ìti to dunamikì mèsa sto koutÐ dÐnetai apì th sqèsh: V (ρ, ϕ, z) = ∞∑ m=0 ∞∑ n=1 I_m (nπρ H ) sin (nπz H ) (A_{mn} cos mϕ + B_{mn} sin mϕ).

(b) Dÿste thn èkfrash gia ta A_{mn}, B_{mn}.

LÔsh: (a) EÐnai gnwstì ìti: V (ρ, ϕ, z) = ∑ m,k I_m(kρ)(Ã_m cos mϕ + B̃_m sin mϕ)(C_k cos kz + D_k sin kz).

Proc to parìn h Ĺjroish sto k èqei sumbolikì qaraktăra. Omwc V |_{z=0} = 0, Ĺra C_k = 0 kai V |_{z=H} = 0, Ĺra k_n =^{nπ}_H me akèraia n, opìte h Ĺjroish sto k gÐnetai sugkekrimènh (D_k → D_n). SumbolÐzontac A_{mn} ≡ Ã_mD_n, B_{mn} ≡ B̃_mD_n prokÔptei to zhtoÔmeno: V (ρ, ϕ, z) = ∞∑ m=0 ∞∑ n=1 I_m (nπρ H ) sin (nπz H ) (A_{mn} cos mϕ + B_{mn} sin mϕ).

(b) ApodeiknÔontai eÔkola oi isìthtec: ∫_{2π} 0 dϕ cos mϕ cos nϕ = πδ_{mn}, ∫_{2π} 0 dϕ sin mϕ sin nϕ = πδ_{mn}, ∫_{2π} 0 dϕ sin mϕ cos nϕ = 0, ∫_H 0 dz sin mπz H sin nπz H = H 2 δ_{mn}. Me th boăjeiĹ touc h sqèsh:

V_0(ϕ, z) = ∞∑ m=0 ∞∑ n=1 I_m ( nπR H ) sin (nπz H ) (A_{mn} cos mϕ + B_{mn} sin mϕ)

dÐnei: I_m ( nπR H ) A_{mn} = ( 1 π ∫_{2π} 0 dϕ cos mϕ ) ( 2 H ∫_H 0 dz sin nπz H V_0(ϕ, z) )

kai I_m ( nπR H ) B_{mn} = ( 1 π ∫_{2π} 0 dϕ sin mϕ ) ( 2 H ∫_H 0 dz sin nπz H V_0(ϕ, z) ) , ap’ ìpou upologÐzontai ta A_{mn} kai B_{mn}.

27. H perÐjlash Fraunhofer apì kuklikì Ĺnoigma kajorÐzetai apì thn posìthta pou dÐnetai sthn exÐswsh: F_{⃗K⊥} [ϵ(⃗r^′)] = Λ 4π^2 ∫_R 0 dr^′r^′ ∫_{2π} 0 dϕ^′ exp[−ikr^′ sin θ cos(ϕ^′ − ϕ)].

Na oloklhrwjeÐ o upologismìc (pou perilambĹnei sunartăseic Bessel.) LÔsh: XekinĹme me thn paratărhsh ìti ∫_{2π} 0 dϕ^′ exp[−ikr^′ sin θ cos(ϕ^′ −ϕ)] = 2πJ_0(kr^′ sin θ), apì thn oloklhrwtikă anaparĹstash thc sunĹrthshc Bessel. Antikajistÿntac: F_{⃗K⊥} [ϵ(⃗r^′)] = Λ 4π^2 ∫_R 0 dr^′r^′2πJ_0(kr^′ sin θ) = Λ 2π 1 k^2 sin^2 θ ∫_R r^′ =0

d(kr^′ sin θ)(kr^′ sin θ)J_0(kr^′ sin θ).

Me thn allagă metablhtăc z ≡ kr^′ sin θ prokÔptei: F_{⃗K⊥} [ϵ(⃗r^′)] = Λ 2π 1 k^2 sin^2 θ ∫_{kR sin θ} z=0 dzzJ_0(z) = Λ 2π 1 k^2 sin^2 θ ∫_{kR sin θ} z=0 dz d dz (zJ_1(z)) =

= Λ 2π 1 k^2 sin^2 θ

[kR sin θJ_1(kR sin θ)] = ΛR 2πk sin θ J_1(kR sin θ).

28. (a) Na epalhjeujeÐ h sqèsh tou Rayleigh:

exp[ikr cos θ] = ∞∑ l=0 (2l + 1)i^lj_l(kr)P_l(cos θ), pou ekfrĹzei thn anĹlush enìc epÐpedou kÔmatoc se Ĺjroisma sfairikÿn kumĹtwn. (Upìdeixh: paragwgÐste kai ta dÔo mèlh thc exÐswshc wc proc r kai sth sunèqeia qrhsimopoiăste anadromikèc sqèseic gia na antikatastăsete ta cos θP_l(cos θ) kai j^′_l .) (b) DeÐxte ìti j_l(kr) = 1 2i^l ∫_1 −1 dxP_l(x) exp[ikrx]. LÔsh: (a) ApodeiknÔoume prÿta èna bohjhtikì apotèlesma. Xekinÿntac apì tic anadromikèc sqèseic d dz (z^{l+1}j_l) = z^{l+1}j_{l−1}, d dz (z^{−l}j_l) = −z^{−l}j_{l+1}, brÐskoume tic lj_{l−1} = l(l + 1)j_l z + lj^′_l , −(l + 1)j_{l+1} = − l(l + 1)j_l z + (l + 1)j^′_l ,

oi opoÐec me Ĺjroish dÐnoun:

lj_{l−1} − (l + 1)j_{l+1} = (2l + 1)j^′_l . (1)

ParagwgÐzontac thn apodeiktèa sqèsh wc proc r brÐskoume:

ik cos θ exp[ikr cos θ] = ∞∑ l=0 (2l + 1)i^lkj^′_l (kr)P_l(cos θ) ⇒

⇒ ik cos θ ∞∑ l=0 (2l + 1)i^lj_l(kr)P_l(cos θ) = ∞∑ l=0 (2l + 1)i^lkj^′_l (kr)P_l(cos θ) ⇒

⇒ i ∞∑ l=0 (2l + 1)i^lj_l(kr) cos θP_l(cos θ) = ∞∑ l=0 (2l + 1)i^lj^′_l (kr)P_l(cos θ).

Gia na suneqÐsoume upenjumÐzoume ìti cos θP_l(cos θ) ≡ xP_l(x) =^1_{2l+1} [(l + 1)P_{l+1}(x) + lP_{l−1}(x)], opìte exetĹzoume katĹ pìso isqÔei h i ∞∑ l=0 (2l + 1)i^lj_l(kr) 1 2l + 1

[(l + 1)P_{l+1}(cos θ) + lP_{l−1}(cos θ)] = ∞∑ l=0 (2l + 1)i^lj^′_l (kr)P_l(cos θ),

dhladă h i ∑ l [i^{l−1}j_{l−1}(kr)lP_l(cos θ) + i^{l+1}j_{l+1}(kr)(l + 1)P_l(cos θ)] = ∑ l (2l + 1)i^lj^′_l (kr)P_l(cos θ),

opìte h grammikă anexarthsÐa twn poluwnÔmwn Legendre anĹgei to prìblhma sto katĹ pìson isqÔei h ii^lj_{l−1}(kr)l + i^{l+2}j_{l+1}(kr)(l + 1) = (2l + 1)i^lj^′_l (kr), dhladă h lj_{l−1} − (l + 1)j_{l+1} = (2l + 1)j^′_l , pou ìmwc den eÐnai Ĺllh apì thn exÐswsh (1), pou èqei ădh apodeiqjeÐ. (b) PollaplasiĹzoume th sqèsh exp[ikrx] = ∑_∞ l=0(2l + 1)i^lj_l(kr)P_l(x) me P_L(x) kai oloklhrÿnoume, opìte, me th boăjeia thc sqèshc orjogwniìthtac twn poluwnÔmwn Legendre brÐskoume: ∫_1 −1 dx exp[ikrx]P_L(x) = i^Lj_L(kr)(2L + 1) 2 2L + 1 = 2i^Lj_L(kr).

29. (a) An B_{μ1}(x) kai B_{μ2}(x) eÐnai dÔo grammikĹ anexĹrthtec lÔseic thc exÐswshc Bessel x^2B^{′′}_μ + xB^′_μ + (x^2 − μ^2)B_μ = 0, na apodeiqjeÐ h sqèsh:

B_{μ1}(x)B^′_{μ2}(x) − B^′_{μ1}(x)B_{μ2}(x) = K_μ x , ìpou h K_μ eÐnai stajerĹ. Upìdeixh: orÐzousa Wronski. (b) UpologÐste th stajerĹ K_μ sthn perÐptwsh pou oi dÔo lÔseic eÐnai oi J_μ(x) kai N_μ(x). LÔsh: UpenjÔmish: JewroÔme thn exÐswsh:

y^{′′} + P (x)y^′ + Q(x)y = 0

kai dÔo grammikĹ anexĹrthtec lÔseic thc, oi y_1(x) kai y_2(x). Afairÿntac katĹ mèlh tic sqèseic y_2(y^{′′}_1 + P (x)y^′_1 + Q(x)y_1) = 0, y_1(y^{′′}_2 + P (x)y^′_2 + Q(x)y_2) = 0

brÐskoume: [y_1y^{′′}_2 − y^{′′}_1 y_2] + P (x)[y_1y^′_2 − y^′_1y_2] = 0, opìte, me ton sumbolismì

W ≡ y_1y^′_2 − y^′_1y_2,

katalăgoume sthn aplă exÐswsh W^′ + P (x)W = 0 me lÔsh: W = C exp[−P (x)dx]. ParathroÔme ìti, an oi dÔo lÔseic ătan grammikĹ exarthmènec, h parĹstash W, pou lègetai orÐzousa tou Wronski, ja mhdenizìtan. MÐa mă mhdenikă W shmatodoteÐ grammikĹ anexĹrthtec lÔseic. Ex Ĺllou, h W mporeÐ na upologisteÐ, an gnwrÐzoume aplĹ to P (x), dhladă den apaiteÐtai h gnÿsh tou zeÔgouc twn lÔsewn. (a) Sthn perÐptwsă mac grĹfoume thn exÐswsh Bessel me th morfă: B^{′′}_μ + 1 x B^′_μ + (1 − μ^2 x^2

)B_μ = 0 ⇒ P (x) = 1 x ⇒ W (x) = K_μ x ⇒ y_1y^′_2 − y^′_1y_2 = K_μ x . (b) Sthn perÐptwsh y_1 = J_μ(x), y_2 = N_μ(x) xèroume ìti isqÔei: J_μN^′_μ − J^′_μN_μ =^{Kμ}_x . Gia na prosdiorÐsoume th stajerĹ K_μ, jewroÔme to ìrio x → ∞, opìte: J_μ(x) → √ 2 πx cos ( x − ( μ + 1 2 ) π 2 ) , J^′_μ(x) → − √ 2 πx sin ( x − ( μ + 1 2 ) π 2 ) ,

N_μ(x) → √ 2 πx sin ( x − ( μ + 1 2 ) π 2 ) , J^′_μ(x) → √ 2 πx cos ( x − ( μ + 1 2 ) π 2 ) , ìpou èqoume paraleÐyei stic paragÿgouc ìrouc pou sumperifèrontai san^1_{x3/2} . Antikajistÿntac thn asumptwtikă sumperiforĹ brÐskoume: K_μ =^2_π .