
PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES”
TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN

MHQANIKWN EMP - EKEFE “DHMOKRITOS”
HLEKTROMAGNHTISMOS I: TRITH SEIRA ASKHSEWN

19. ApodeÐxte ìti: 1−t2

(1−2xt+t2)
3
2

=
∑∞

l=0(2l + 1)Pl(x)tl.

LÔsh: IsqÔoun oi:

g(x, t) =
1√

1− 2xt + t2
=

∑
Plt

l,
∂g

∂t
=

∑
lPlt

l−1 → t
∂g

∂t
=

∑
lPlt

l.

Ara: ∑
(2l + 1)Plt

l = 2t
∂g

∂t
+ g = 2t

x− t

(1− 2xt + t2)
3
2

+
1√

1− 2xt + t2
=

=
1− t2

(1− 2xt + t2)
3
2
.

20. AnaptÔssontac ton paronomast , upologÐste to olokl rwma:

I ≡ ∫ π

0

A cos θ + 1
(A2 + 2A cos θ + 1)

1
2

sin θdθ.

LÔsh: g(x, t) = 1√
1−2xt+t2

=
∑

Pl(x)tl → 1√
1+2xA+A2 =

∑
Pl(x)(−A)l

→ ∫ π

0
A cos θ+1√

1+2A cos θ+A2 sin θdθ =
∫ +1

−1
dx Ax+1√

1+2xA+A2 =

=
∫ +1

−1
dx(Ax + 1)

∑
Pl(x)(−A)l =

=
∑

(−1)lAl[
∫ +1

−1
dxAxPl(x) +

∫ +1

−1
dxPl(x)] =

=
∑

(−1)lAl+1
∫ +1

−1
dx (l+1)Pl+1(x)+lPl−1(x)

2l+1 +
∑

(−1)lAl
∫ +1

−1
dxPl(x) =

=
∑

(−1)lAl+1
[

2(l+1)
2l+1 δl+1,0 + 2l

2l+1δl−1,0

]
+

∑
(−1)lAl 2

2l+1δl0 = − 2A2

3 + 2.

21. (a)Na upologisteÐ to olokl rwma: I =
∫ 1

0
dxP2l+1(x).

(b) Na anaptuqjeÐ se seir� Legendre h sun�rthsh f(x) = |x|, orismènh sto di�sthma
[−1,+1].

LÔsh: (a)
∫ 1

0
dxP2l+1(x) =

∫ 1

0
dx 1

2(2l+1)+1 [P ′2l+2(x)− P ′2l(x)]

= 1
4l+3 [P2l+2(1)− P2l+2(0)− P2l(1) + P2l(0)] =

= 1
4l+3 [1− (−1)l+1(2l+1)!!

(2l+2)!! − 1 + (−1)l(2l−1)!!
(2l)!! ] = (−1)l (2l−1)!!

(2l+2)!! .

Eqoume qrhsimopoi sei mia anadromik  sqèsh kai tic timèc twn poluwnÔmwn Legendre sto
0 kai sto 1 pou br kame sth jewrÐa.

(b) Gia polu¸numa �rtiac t�xhc to olokl rwma I ≡ ∫ +1

−1
dx|x|P2l(x) = 2

∫ 1

0
dxxP2l(x)

isoÔtai, me b�sh gnwst  anadromik  sqèsh, me

I = 2
1

2(2l) + 1

∫ 1

0

dx[(2l + 1)P2l+1(x) + 2lP2l−1(x)].
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S' autì to shmeÐo mporoÔme pia na qrhsimopoi soume to apotèlesma tou pr¸tou mèrouc
thc �skhshc kai to apotèlesma eÐnai:

I = −2(−1)l(2l − 3)!!
(2l + 2)!!

.

Ex �llou, gia polu¸numa peritt c t�xhc ja èqoume:
∫ +1

−1
dx|x|P2l+1(x) = 0, afoÔ oloklh-

r¸noume mia (�rtia × peritt  = peritt ) sun�rthsh metaxÔ antÐjetwn orÐwn.

22. ApodeÐxte ìti
∂

∂z

[
Pl(cos θ)

rl+1

]
= −(l + 1)

Pl+1(cos θ)
rl+2

.

(UpenjÔmish: ∂
∂z = cos θ ∂

∂r − sin θ 1
r

∂
∂θ )

LÔsh: EÔkola apodeiknÔontai oi sqèseic:

∂

∂r

(
Pl

rl+1

)
= −(l + 1)

Pl

rl+2

kai
∂

∂θ

(
Pl

rl+1

)
= − sin θ

rl+1

∂Pl

∂(cos θ)
,

ap' ìpou sun�getai h isìthta: A ≡ ∂
∂z

(
Pl

rl+1

)
= (cos θ ∂

∂r− sin θ
r

∂
∂θ )( Pl

rl+1 ) =, −(l+1) cos θ Pl

rl+2−
sin θ

r (− sin θ
rl+1 ) ∂Pl

∂(cos θ) . Me th sunhjismènh allag  metablht c x = cos θ, dx = − sin θdθ pro-

kÔptei h isìthta A = −(l + 1)x Pl

rl+2 + 1−x2

rl+2 P ′l = 1
rl+2 [lPl−1(x) − (2l + 1)xPl(x)]. Tèloc h

anadromik  sqèsh (2l+1)xPl(x) = (l+1)Pl+1(x)+ lPl−1(x) odhgeÐ sto telikì apotèlesma:
A ≡ ∂

∂z ( Pl

rl+1 ) = − l+1
rl+2 Pl+1(x).

23. ApodeÐxte ìti

Pl(cos θ) = (−1)l r
l+1

l!
∂l

∂zl

(
1
r

)
.

MporeÐte na sugkrÐnete thn an�ptuxh thc genn triac sun�rthshc me èna an�ptugma Taylor
tou 1√

x2+y2+(z−δz)2
se dun�meic tou δz.

LÔsh: Af' enìc èqoume to an�ptugma Taylor:

1√
x2 + y2 + (z − δz)2

=
∞∑

l=0

(−1)l

l!
∂l

∂zl

(
1
r

)∣∣∣∣
δz=0

(δz)l.

Af' etèrou:

1√
x2 + y2 + (z − δz)2

=
1√

r2 + (δz)2 − 2zδz
=

1
r

1√
1 +

(
δz
r

)2 − 2
(

z
r

) (
δz
r

) .

H teleutaÐa èkfrash parapèmpei sth genn tria sun�rthsh twn poluwnÔmwn Legendre, o-
pìte, epishmaÐnontac ìti z

r = cos θ:

1√
x2 + y2 + (z − δz)2

=
1
r

∞∑

l=0

Pl(cos θ)
(

δz

r

)l

=
∞∑

l=0

1
rl+1

Pl(cos θ) (δz)l
.
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SugkrÐnontac tic dÔo ekfr�seic gia thn posìthta 1√
x2+y2+(z−δz)2

sumperaÐnoume ìti:

(−1)l

l!
∂l

∂zl

(
1
r

)∣∣∣∣
δz=0

(δz)l =
1

rl+1
Pl(cos θ) (δz)l → Pl(cos θ) = (−1)l r

l+1

l!
∂l

∂zl

(
1
r

)
.

24. Qrhsimopoi¸ntac th genn tria sun�rthsh gia tic sunart seic Bessel na deÐxete ìti:

(a)Jn(−x) = (−1)nJn(x),

(b)Jn(x + y) =
+∞∑

m=−∞
Jm(x)Jn−m(y).

Poi� sqèsh prokÔptei gia x + y = 0;

LÔsh: (a) H genn tria sun�rthsh eÐnai h g(x, t) = e
x
2 (t− 1

t ), gia thn opoÐa isqÔei profan¸c
g(−x, t) = g(x,−t). Autì dÐnei

∑
Jn(−x)tn =

∑
Jn(x)(−1)ntn → Jn(−x) = (−1)nJn(x).

(b) Opwc eÐnai profanèc, g(x + y, t) = g(x, t)g(y, t). Aut  h sqèsh dÐnei
∑

n Jn(x + y)tn =∑
l,m Jl(x)tlJm(y)tm =

∑
l,m Jl(x)Jm(y)tl+m. Jètoume n ≡ l + m sto teleutaÐo �jroisma

kai h parap�nw sqèsh gÐnetai:
∑

Jn(x + y)tn =
∑

n,m Jn−m(x)Jm(y)tn → Jn(x + y) =∑+∞
m=−∞ Jn−m(x)Jm(y). Gia x + y = 0 :

Jn(0) =
+∞∑

m=−∞
J−m(x)Jm(−x) =

+∞∑
m=−∞

[(−1)mJm(x)][(−1)mJm(x)] =

=
+∞∑

m=−∞
J2

m(x) = J2
0 (x) + 2

+∞∑

k=1

J2
k (x).

BgaÐnei dhlad  èna eÐdoc “ajroistikoÔ jewr matoc” gia tic sunart seic Bessel.

25. UpologÐste to olokl rwma
∫ x

0
t[Jn(t)]2dt.

(ApodeÐxte pr¸ta ìti: t[Jn(t)]2 = d
dt [

t2

2 (J2
n(t)− Jn−1(t)Jn+1(t)]).

LÔsh: A ≡ d
dt [

t2

2 (J2
n(t) − Jn−1(t)Jn+1(t))] = t[J2

n(t) − Jn+1(t)Jn−1(t)] + t2

2 [2Jn(t)J ′n(t) −
J ′n+1(t)Jn−1(t) − Jn+1(t)J ′n−1(t)]. Ed¸ antikajistoÔme tic parag¸gouc twn sunart sew-
n Bessel apì tic anadromikèc sqèseic: 2J ′n = Jn−1 − Jn+1, J ′n+1 = Jn − n+1

t Jn+1 kai
J ′n−1 = −Jn + n−1

t Jn−1 kai paÐrnoume: A = tJ2
n − tJn+1Jn−1 + t2

2 Jn(Jn−1 − Jn+1) −
t2

2 (Jn − n+1
t Jn+1)Jn−1 − t2

2 Jn+1(−Jn + n−1
t Jn−1) = tJ2

n. Ara
∫ x

0
dtt[Jn(t)]2 = x2

2 [J2
n(x)−

Jn−1(x)Jn+1(x)].

26. Oi dÔo epÐpedec epif�neiec enìc kulindrikoÔ koutioÔ me aktÐna R kai Ôyoc H eÐnai geiwmènec
kai h kulindrik  tou epif�neia se gnwstì dunamikì V0(φ, z).

(a) DeÐxte ìti to dunamikì mèsa sto koutÐ dÐnetai apì th sqèsh:

V (ρ, φ, z) =
∞∑

m=0

∞∑
n=1

Im

(nπρ

H

)
sin

(nπz

H

)
(Amn cosmφ + Bmn sin mφ).

(b) D¸ste thn èkfrash gia ta Amn, Bmn.

LÔsh: (a) EÐnai gnwstì ìti:

V (ρ, φ, z) =
∑

m,k

Im(kρ)(Ãm cosmφ + B̃m sin mφ)(Ck cos kz + Dk sin kz).
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Proc to parìn h �jroish sto k èqei sumbolikì qarakt ra. Omwc V |z=0 = 0, �ra Ck = 0
kai V |z=H = 0, �ra kn = nπ

H me akèraia n, opìte h �jroish sto k gÐnetai sugkekrimènh
(Dk → Dn). SumbolÐzontac Amn ≡ ÃmDn, Bmn ≡ B̃mDn prokÔptei to zhtoÔmeno:

V (ρ, φ, z) =
∞∑

m=0

∞∑
n=1

Im

(nπρ

H

)
sin

(nπz

H

)
(Amn cosmφ + Bmn sin mφ).

(b) ApodeiknÔontai eÔkola oi isìthtec:
∫ 2π

0

dφ cos mφ cos nφ = πδmn,

∫ 2π

0

dφ sin mφ sin nφ = πδmn,

∫ 2π

0

dφ sin mφ cosnφ = 0,

∫ H

0

dz sin
mπz

H
sin

nπz

H
=

H

2
δmn.

Me th bo jei� touc h sqèsh:

V0(φ, z) =
∞∑

m=0

∞∑
n=1

Im

(
nπR

H

)
sin

(nπz

H

)
(Amn cosmφ + Bmn sin mφ)

dÐnei:

Im

(
nπR

H

)
Amn =

(
1
π

∫ 2π

0

dφ cos mφ

) (
2
H

∫ H

0

dz sin
nπz

H
V0(φ, z)

)

kai

Im

(
nπR

H

)
Bmn =

(
1
π

∫ 2π

0

dφ sin mφ

) (
2
H

∫ H

0

dz sin
nπz

H
V0(φ, z)

)
,

ap' ìpou upologÐzontai ta Amn kai Bmn.

27. H perÐjlash Fraunhofer apì kuklikì �noigma kajorÐzetai apì thn posìthta pou dÐnetai
sthn exÐswsh:

F ~K⊥
[ε(~r′)] =

Λ
4π2

∫ R

0

dr′r′
∫ 2π

0

dφ′ exp[−ikr′ sin θ cos(φ′ − φ)].

Na oloklhrwjeÐ o upologismìc (pou perilamb�nei sunart seic Bessel.)

LÔsh: Xekin�me me thn parat rhsh ìti
∫ 2π

0
dφ′ exp[−ikr′ sin θ cos(φ′−φ)] = 2πJ0(kr′ sin θ),

apì thn oloklhrwtik  anapar�stash thc sun�rthshc Bessel. Antikajist¸ntac:

F ~K⊥
[ε(~r′)] =

Λ
4π2

∫ R

0

dr′r′2πJ0(kr′ sin θ) =
Λ
2π

1
k2 sin2 θ

∫ R

r′=0

d(kr′ sin θ)(kr′ sin θ)J0(kr′ sin θ).

Me thn allag  metablht c z ≡ kr′ sin θ prokÔptei:

F ~K⊥
[ε(~r′)] =

Λ
2π

1
k2 sin2 θ

∫ kR sin θ

z=0

dzzJ0(z) =
Λ
2π

1
k2 sin2 θ

∫ kR sin θ

z=0

dz
d

dz
(zJ1(z)) =

=
Λ
2π

1
k2 sin2 θ

[kR sin θJ1(kR sin θ)] =
ΛR

2πk sin θ
J1(kR sin θ).

28. (a) Na epalhjeujeÐ h sqèsh tou Rayleigh:

exp[ikr cos θ] =
∞∑

l=0

(2l + 1)iljl(kr)Pl(cos θ),
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pou ekfr�zei thn an�lush enìc epÐpedou kÔmatoc se �jroisma sfairik¸n kum�twn. (Upìdei-
xh: paragwgÐste kai ta dÔo mèlh thc exÐswshc wc proc r kai sth sunèqeia qrhsimopoi ste
anadromikèc sqèseic gia na antikatast sete ta cos θPl(cos θ) kai j′l .)

(b) DeÐxte ìti

jl(kr) =
1
2il

∫ 1

−1

dxPl(x) exp[ikrx].

LÔsh: (a) ApodeiknÔoume pr¸ta èna bohjhtikì apotèlesma. Xekin¸ntac apì tic anadromi-
kèc sqèseic

d

dz
(zl+1jl) = zl+1jl−1,

d

dz
(z−ljl) = −z−ljl+1,

brÐskoume tic

ljl−1 =
l(l + 1)jl

z
+ lj′l , −(l + 1)jl+1 = − l(l + 1)jl

z
+ (l + 1)j′l ,

oi opoÐec me �jroish dÐnoun:

ljl−1 − (l + 1)jl+1 = (2l + 1)j′l . (1)

ParagwgÐzontac thn apodeiktèa sqèsh wc proc r brÐskoume:

ik cos θ exp[ikr cos θ] =
∞∑

l=0

(2l + 1)ilkj′l(kr)Pl(cos θ) ⇒

⇒ ik cos θ

∞∑

l=0

(2l + 1)iljl(kr)Pl(cos θ) =
∞∑

l=0

(2l + 1)ilkj′l(kr)Pl(cos θ) ⇒

⇒ i

∞∑

l=0

(2l + 1)iljl(kr) cos θPl(cos θ) =
∞∑

l=0

(2l + 1)ilj′l(kr)Pl(cos θ).

Gia na suneqÐsoume upenjumÐzoume ìti cos θPl(cos θ) ≡ xPl(x) = 1
2l+1 [(l + 1)Pl+1(x) +

lPl−1(x)], opìte exet�zoume kat� pìso isqÔei h

i

∞∑

l=0

(2l + 1)iljl(kr)
1

2l + 1
[(l + 1)Pl+1(cos θ) + lPl−1(cos θ)] =

∞∑

l=0

(2l + 1)ilj′l(kr)Pl(cos θ),

dhlad  h

i
∑

l

[il−1jl−1(kr)lPl(cos θ) + il+1jl+1(kr)(l + 1)Pl(cos θ)] =
∑

l

(2l + 1)ilj′l(kr)Pl(cos θ),

opìte h grammik  anexarthsÐa twn poluwnÔmwn Legendre an�gei to prìblhma sto kat�
pìson isqÔei h

iiljl−1(kr)l + il+2jl+1(kr)(l + 1) = (2l + 1)ilj′l(kr),

dhlad  h
ljl−1 − (l + 1)jl+1 = (2l + 1)j′l ,

pou ìmwc den eÐnai �llh apì thn exÐswsh (1), pou èqei  dh apodeiqjeÐ.

(b) Pollaplasi�zoume th sqèsh exp[ikrx] =
∑∞

l=0(2l + 1)iljl(kr)Pl(x) me PL(x) kai olo-
klhr¸noume, opìte, me th bo jeia thc sqèshc orjogwniìthtac twn poluwnÔmwn Legendre
brÐskoume:

∫ 1

−1

dx exp[ikrx]PL(x) = iLjL(kr)(2L + 1)
2

2L + 1
= 2iLjL(kr).
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29. (a) An Bµ1(x) kai Bµ2(x) eÐnai dÔo grammik� anex�rthtec lÔseic thc exÐswshc Bessel x2B′′
µ+

xB′
µ + (x2 − µ2)Bµ = 0, na apodeiqjeÐ h sqèsh:

Bµ1(x)B′
µ2(x)−B′

µ1(x)Bµ2(x) =
Kµ

x
,

ìpou h Kµ eÐnai stajer�. Upìdeixh: orÐzousa Wronski. (b) UpologÐste th stajer� Kµ

sthn perÐptwsh pou oi dÔo lÔseic eÐnai oi Jµ(x) kai Nµ(x).

LÔsh: UpenjÔmish: JewroÔme thn exÐswsh:

y′′ + P (x)y′ + Q(x)y = 0

kai dÔo grammik� anex�rthtec lÔseic thc, oi y1(x) kai y2(x). Afair¸ntac kat� mèlh tic
sqèseic

y2(y′′1 + P (x)y′1 + Q(x)y1) = 0, y1(y′′2 + P (x)y′2 + Q(x)y2) = 0

brÐskoume: [y1y
′′
2 − y′′1 y2] + P (x)[y1y

′
2 − y′1y2] = 0, opìte, me ton sumbolismì

W ≡ y1y
′
2 − y′1y2,

katal goume sthn apl  exÐswsh W ′ + P (x)W = 0 me lÔsh:

W = C exp[−P (x)dx].

ParathroÔme ìti, an oi dÔo lÔseic  tan grammik� exarthmènec, h par�stash W, pou lè-
getai orÐzousa tou Wronski, ja mhdenizìtan. MÐa m  mhdenik  W shmatodoteÐ grammik�
anex�rthtec lÔseic. Ex �llou, h W mporeÐ na upologisteÐ, an gnwrÐzoume apl� to P (x),
dhlad  den apaiteÐtai h gn¸sh tou zeÔgouc twn lÔsewn.

(a) Sthn perÐptws  mac gr�foume thn exÐswsh Bessel me th morf :

B′′
µ +

1
x

B′
µ + (1− µ2

x2
)Bµ = 0 ⇒ P (x) =

1
x
⇒ W (x) =

Kµ

x
⇒ y1y

′
2 − y′1y2 =

Kµ

x
.

(b) Sthn perÐptwsh y1 = Jµ(x), y2 = Nµ(x) xèroume ìti isqÔei: JµN ′
µ − J ′µNµ = Kµ

x . Gia
na prosdiorÐsoume th stajer� Kµ, jewroÔme to ìrio x →∞, opìte:

Jµ(x) →
√

2
πx

cos
(

x−
(

µ +
1
2

)
π

2

)
, J ′µ(x) → −

√
2

πx
sin

(
x−

(
µ +

1
2

)
π

2

)
,

Nµ(x) →
√

2
πx

sin
(

x−
(

µ +
1
2

)
π

2

)
, J ′µ(x) →

√
2

πx
cos

(
x−

(
µ +

1
2

)
π

2

)
,

ìpou èqoume paraleÐyei stic parag¸gouc ìrouc pou sumperifèrontai san 1
x3/2 . Antikaji-

st¸ntac thn asumptwtik  sumperifor� brÐskoume: Kµ = 2
π .
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