PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” HLEKTROMAGNHTISMOS I: DEUTERH SEIRA ASKHSEWN

9. ’Enac qÿroc V peribĹlletai apì mia epifĹneia S pou apoteleÐtai apì diĹforec agÿgimec apifĹneiec S_k (mÐa mporeÐ na brÐsketai kai sto Ĺpeiro) pou brÐskontai sta antÐstoiqa dunamikĹ V_k. Jewrăste th sunĹrthsh Ψ(⃗x) pou sumperifèretai ex upojèsewc omalĹ sto V kai sto S kai orÐste thn posìthta

W [Ψ] ≡ 1 8πk ∫ V d^3x|⃗∇Ψ|^2.

ApodeÐxte to akìloujo jeÿrhma: Me thn proüpìjesh ìti h Ψ(⃗x) paÐrnei tic timèc V_k stic epifĹneiec S_k, to W [Ψ] eÐnai apìluto elĹqisto an kai mìno an h Ψ(⃗x) ikanopoieÐ thn exÐswsh Laplace sto V.

LÔsh: ’Estw ìti h Ψ(⃗x) paÐrnei tic timèc V_k stic epifĹneiec S_k kai ikanopoieÐ thn exÐswsh Laplace sto V. JewroÔme th sunĹrthsh Ψ(⃗x) + δΨ(⃗x), ìpou δΨ(⃗x)|_{Sk} = 0. Tìte W = 1 8πk ∫ V d^3x [ (⃗∇Ψ)^2 + 2⃗∇Ψ · ⃗∇δΨ + (⃗∇δΨ)^2 ]

kai h allagă sto W ja eÐnai:

δW = 1 8πk ∫ V d^3x [ 2⃗∇Ψ · ⃗∇δΨ + (⃗∇δΨ)^2 ] = 1 8πk ∫ V d^3x [ 2⃗∇(δΨ⃗∇Ψ) − 2δΨ∇^2Ψ + (⃗∇δΨ)^2 ] =

= 1 8πk ∫ S_1+S_2+...+S_N

dan̂δΨ⃗∇Ψ + 1 8πk ∫ V d^3x [ (⃗∇δΨ)^2 − 2δΨ∇^2Ψ ] . To epifaneiakì oloklărwma mhdenÐzetai, giatÐ èqoume upojèsei ìti δΨ(⃗x)|_{Sk} = 0, sunepÿc h metabolă eÐnai: δW = 1 8πk ∫ V d^3x [ (⃗∇δΨ)^2 − 2δΨ∇^2Ψ ] . An epÐ plèon kratăsoume mìno touc ìrouc prÿthc tĹxhc sth mikră posìthta δΨ, h sqèsh metastrèpetai sthn δW = − 1 4πk ∫ V d^3x [ δΨ∇^2Ψ ] , kai h apaÐthsh h metabolă na eÐnai mhdèn gia opoiodăpote (mikrì) δΨ sunepĹgetai th sqèsh: ∇^2Ψ = 0, ìpwc zhtĹei h ekfÿnhsh. Sunepÿc h metabolă grĹfetai: An δW = 1 8πk ∫ V d^3x(⃗∇δΨ)^2 ≥ 0, dhladă to W ja eÐnai elĹqisto. H isìthta ja isqÔei an ⃗∇δΨ = 0, opìte to δΨ ja eÐnai stajerì. Me to dedomèno ìti δΨ(⃗x)|_{Sk} = 0 sumperaÐnoume ìti δΨ = 0, dhladă katalăgoume sthn arqikă sunĹrthsh.

10. ApodeÐxte to akìloujo jeÿrhma: An kĹpoioi agwgoÐ brÐskontai se sugkekrimènec jèseic kai fèroun dedomèna fortÐa, h eisagwgă enìc prìsjetou afìrtistou monwmènou agwgoÔ sthn perioqă pou peribĹlletai apì touc agwgoÔc autoÔc qamhlÿnei thn hlektrostatikă enèrgeia. LÔsh: ’Estw ìti oi agwgoÐ me epifĹneiec S_1, S_2, . . . , S_N fèroun ta fortÐa Q_1, Q_2, . . . , Q_N , kai eisĹgetai o agwgìc me epifĹneia Σ_0. O ìgkoc prin thn eisagwgă tou nèou agwgoÔ me ìgko V_0 ătan, èstw, V kai metĹ meiÿjhke se V − V_0. Ta pedÐa prin kai metĹ eÐnai ⃗E kai ⃗E^′ kai oi hlektrostatikèc enèrgeiec W =^1_{8πk} ∫ V d^3xE^2 kai W^′ =^1_{8πk} ∫ V −V_0 d

3xE^{′2}.

ΔW ≡ W^′ − W = 1 8πk [∫ V −V_0

d^3xE^{′2} − ∫ V −V_0

d^3xE^2 − ∫ V_0

d^3xE^2 ] =

= 1 8πk [∫ V −V_0

d^3x(2E^{′2} − 2 ⃗E · ⃗E^′) − ∫ V −V_0

d^3x( ⃗E − ⃗E^′)^2 − ∫ V_0

d^3xE^2 ] . Ja deÐxoume ìti to oloklărwma I ≡ ∫ V −V_0 d

3x(E^{′2} − ⃗E · ⃗E^′) = ∫ V −V_0 d

3x ⃗E^′ · ( ⃗E^′ − ⃗E) mhdenÐzetai, opìte autìmata ΔW ≤ 0. PrĹgmati, I = ∫ V −V_0

d^3x ⃗E^′ · ( ⃗E^′ − ⃗E) = − ∫ V −V_0

d^3x⃗∇Φ^′ · ( ⃗E^′ − ⃗E)

= − ∫ V −V_0

d^3x⃗∇[Φ^′( ⃗E^′ − ⃗E)] + ∫ V −V_0

d^3xΦ^′[⃗∇ ⃗E^′ − ⃗∇ ⃗E].

’Omwc sthn perioqă oloklărwshc V − V_0 isqÔoun oi sqèseic: ⃗∇ ⃗E^′ = ⃗∇ ⃗E = 0, Ĺra

I = − ∫ S_1+S_2+...+S_N +Σ_0

dSΦ^′n̂ · ( ⃗E^′ − ⃗E) =

= − ∑ k Φ^′_k [∫ S_k

dSn̂ · ⃗E^′ − ∫ S_k

dSn̂ · ⃗E ] − Φ^′_Σ [∫ Σ_0

dSn̂ · ⃗E^′ − ∫ Σ_0

dSn̂ · ⃗E ] . ’Omwc ∫

S_k

dSn̂ · ⃗E^′ = 4πkQ_k, ∫ S_k

dSn̂ · ⃗E = 4πkQ_k,

Ĺra h prÿth agkÔlh mhdenÐzetai. Ex Ĺllou ∫ Σ_0 dSn̂ ·

⃗E′ = 0, afoÔ o V_0 eÐnai afìrtistoc kai ∫ Σ_0 dSn̂ ·

⃗E = 0, giatÐ o V_0 den perieÐqe fortÐo oÔte prin. ’Ara I = 0.

11. Na lujeÐ h (didiĹstath) exÐswsh tou Laplace gia to eswterikì enìc kulÐndrou me aktÐna R me thn oriakă sunjăkh V (ρ = R, ϕ, z) = f(ϕ). Na apodeiqjeÐ ìti to apotèlesma mporeÐ na grafteÐ me th morfă:

V (ρ, ϕ, z) = 1 π ∫_π 0 dϕ^′f(ϕ^′) { 1 2 + ∞∑ n=1 ( ρ R )_n

cos[n(ϕ − ϕ^′)] } . Na upologisteÐ to Ĺjroisma thc seirĹc. LÔsh:

V (ρ, ϕ) = A_0 + ∞∑ 1 (A_nρ^n cos nϕ + B_nρ^n sin nϕ) →

A_0 = 1 2π ∫_{2π} 0 dϕ^′f(ϕ^′), A_n = 1 πR^n

∫_{2π} 0 dϕ^′f(ϕ^′) cos nϕ^′, B_n = 1 πR^n

∫_{2π} 0 dϕ^′f(ϕ^′) sin nϕ^′.

’Ara

V (ρ, ϕ) =

∫_{2π} 0 dϕ^′f(ϕ^′) [ 1 2π + ∞∑ n=1 ρ^n πR^n

(cos nϕ^′ cos nϕ + sin nϕ^′ sin nϕ) ] =

= 1 π ∫_{2π} 0 dϕ^′f(ϕ^′) [ 1 2 + ∞∑ n=1 ( ρ R )_n

cos n(ϕ − ϕ^′) ] .

H seirĹ anĹgetai se gewmetrikă kai ajroÐzetai: ∞∑ 1 q^ne^{in(ϕ−ϕ′)} = ∞∑ 0 [qe^{i(ϕ−ϕ′)}]^n − 1 = 1 1 − qe^{i(ϕ−ϕ′ )}

− 1 = qe^{i(ϕ−ϕ′)−q2} 1 + q^2 − 2q cos(ϕ − ϕ^′) →

→ ∞∑ n=1 q^n cos n(ϕ − ϕ^′) = q cos(ϕ − ϕ^′) − q^2 1 + q^2 − 2q cos(ϕ − ϕ^′) →

→ ∞∑ n=1 ( ρ R )_n

cos n(ϕ − ϕ^′) = ρ R 1 cos(ϕ − ϕ^′) −^ρ_R 1 + (_ρ R )_2 − 2 (_ρ R ) cos(ϕ − ϕ^′) . 12. Shmeiakì fortÐo apèqei apìstash d apì agÿgimo geiwmèno epÐpedo. Me th mèjodo twn eidÿlwn breÐte:

(a) Thn epifaneiakă puknìthta fortÐou pou epĹgetai sto epÐpedo.

(b) Th dÔnamh metaxÔ tou fortÐou kai tou epipèdou qrhsimopoiÿntac to nìmo tou Coulomb gia th dÔnamh metaxÔ tou fortÐou kai tou eidÿlou tou.

(g) Th dÔnamh pou askeÐtai sto epÐpedo oloklhrÿnontac thn posìthta 2πkσ^2 (pou dÐnei thn pÐesh proc ta èxw se agÿgimh epifĹneia) s’ ìlo to epÐpedo.

(d) To èrgo pou apaiteÐtai gia na metakinhjeÐ to fortÐo apì th jèsh tou sto Ĺpeiro. (e) Th dunamikă enèrgeia metaxÔ tou fortÐou kai tou eidÿlou tou. SugkrÐnete me to erÿthma (d).

LÔsh: Upologismìc tou hlektrikoÔ pedÐou:

Φ = kq [ 1 |⃗r − ẑd| − 1 |⃗r + ẑd| ] = kq [ 1 √ x^2 + y^2 + (z − d)^2 − 1 √ x^2 + y^2 + (z + d)^2 ] . ’Eqontac to dunamikì mporoÔme na upologÐsoume to hlektrikì pedÐo sto z = 0 :

E_x|_{z=0} = 0, E_y|_{z=0} = 0, E_z | |_{z=0} = − 2kqd (x^2 + y^2 + d^2)^32 .

(a) H epifaneiakă puknìthta ja prokÔyei apì thn E_z = 4πkσ ⇒ σ =^{Ez}_{4πk} , ìpou, bèbaia, ta pĹnta upologÐzontai sto z = 0 :

σ = − qd 2π(x^2 + y^2 + d^2)^32 = − qd 2π(ρ^2 + d^2)^32

, ρ^2 ≡ x^2 + y^2.

MporoÔme tÿra na upologÐsoume to olikì fortÐo pou epĹgetai sto epÐpedo, qrhsimopoiÿntac polikèc suntetagmènec:

∫_∞ 0 2πρdρσ(ρ) = − qd 2 ∫_∞ 0 d(ρ^2) 1 (ρ^2 + d^2)^32 = − qd 2 ∫_∞

d^2

dtt^{− 32} = −q,

dhladă epĹgetai sunolikĹ fortÐo antÐjeto tou arqikoÔ. (b) F =^{kq2}_{4d2} . (g) F = ∫_∞ 0 2πρdρ2πkσ^2 =

∫_∞ 0 2πρdρ2πk q^2d^2 4π^2(ρ^2 + d^2)^3 = kq^2d^2 2 ∫_∞

d^2

dtt^{−3} = kq^2 4d^2 , ìpwc prin. (d) W =

∫_∞ d F dz =

∫_∞ d dz^{kq2}_{4z2} =^{kq2}_{4d} .

(e) U = −^{kq2}_{2d} = −2W. MporoÔme na th broÔme kai ap’ eujeÐac: U = kq

∫_∞ 0 2πρ^σ_{(ρ2 +d2) 12} =

−^{kq2}_{2d} = −2W. O prìsjetoc parĹgontac 2 ofeÐletai sto ìti qreiĹzetai epÐ plèon èrgo gia na apomakrÔnei kaneÐc kai to eÐdwlo, ă, isodÔnama, gia na kratĹei to epÐpedo akÐnhto.

13. Me th mèjodo twn eidÿlwn meletăste to prìblhma enìc fortÐou q mèsa se geiwmènh agÿgimh sfaÐra me eswterikă aktÐna a. BreÐte: (a) To dunamikì mèsa sth sfaÐra.

(b) Thn epagìmenh epifaneiakă puknìthta fortÐou. (g) To mètro kai th dieÔjunsh thc dÔnamhc pou askeÐtai sto q.

Ti ja sumbeÐ an h sfaÐra brejeÐ se dunamikì V_0; Ti ja sumbeÐ an h sfaÐra èqei sunolikì fortÐo Q stic eswterikèc kai exwterikèc thc epifĹneiec; LÔsh: To eÐdwlo ja brÐsketai sth jèsh r^′_I =^{R2}_{r′} kai ja èqei mègejoc^{r′}_R .

(a) To dunamikì sto shmeÐo paratărhshc ⃗r ja eÐnai: Φ(⃗r) = [ 1 |⃗r−⃗r^′| − r′ R |⃗r−⃗r^′_I | ] . (b) H epifaneiakă puknìthta fortÐou ja dÐdetai apì th sqèsh: σ =^{E⊥}_{4πk} = −^1_{4πk}^{∂Φ}_{∂r} | |_{r=R} .

Apì th sqèsh |⃗r − ⃗r^′|^2 = r^2 + r^{′2} − 2rr^′ cos θ, ìpou θ h gwnÐa pou sqhmatÐzoun ta anÔsmata ⃗r kai ⃗r^′, sumperaÐnoume me aplèc paragwgÐseic ìti ∂ (_1

|⃗r−⃗r^′| ) ∂r = − 1 |⃗r − ⃗r^′|^3

(r − r^′ cos θ), ∂ (_1

|⃗r−⃗r^′_I | ) ∂r = − 1 |⃗r − ⃗r^′_I |^3

(r −

R^2 r^′ cos θ).

TelikĹ σ = q 4π 1 (R^2 + r^{′2} − 2Rr^′ cos θ)^32 [ R − r^′ cos θ − r^{′3} R^3

(r^′ − R cos θ) ] . (g) H dÔnamh ja eÐnai: F = kq ( q^{r′}_R ) |⃗r^′ − ⃗r^′_I |^2 = kq^2 R 1 R^2 r^′ − r ′ . 14. Jewrăste to prìblhma dunamikoÔ ston hmiqÿro z ≥ 0 me sunjăkec Dirichlet sto epÐpedo z = 0 kai sto Ĺpeiro.

(a) Poia eÐnai h sunĹrthsh Green;

(b) An, sto epÐpedo z = 0, to dunamikì eÐnai Φ = V_0 mèsa s’ ènan kÔklo me aktÐna a kai kèntro thn arqă twn axìnwn kai mhdenÐzetai èxw apì autì, na brejeÐ h oloklhrwtikă èkfrash gia to dunamikì s’ èna tuqaÐo shmeÐo.

(g) DeÐxte ìti, pĹnw ston Ĺxona tou kÔklou, to dunamikì dÐnetai apì th sqèsh: Φ = V_0 ( 1 −^z_{a2 +z2} ) . (d) DeÐxte ìti se megĹlec apostĹseic (ρ^2 + z^2 >> a^2) to dunamikì mporeÐ n’ anaptuqjeÐ se seirĹ wc proc (ρ^2 + z^2)^{−1} me prÿtouc ìrouc: Φ = V_0a^2 2 z (z^2 + a^2)^{3/2} [ 1 − 3a^2 4(ρ^2 + z^2) + 5(3ρ^2a^2 + a^4) 8(ρ^2 + z^2)^2

+ . . . ] .

LÔsh: (a) ’Estw ⃗r = (x, y, z), ⃗r^′ = (x^′, y^′, z^′), ⃗r^′_I = (x^′, y^′, −z^′). Tìte:

G_D(⃗r, ⃗r^′) = 1 |⃗r − ⃗r^′| − 1 |⃗r − ⃗r^′_I | . (b) UpenjumÐzoume ìti:

Φ(⃗r) = ∫ V d^3r^′G_D(⃗r, ⃗r^′)ρ(⃗r^′) − 1 4π ∫ S(V )

da^′Φ(⃗r^′)

∂G_D ∂n^′ . Sth sunèqeia upologÐzoume thn parĹgwgo:

∂G_D ∂n^′ = − ∂G_D ∂z^′ | | |_{z′=0} = − ∂ ∂z^′ [ 1 [ρ^2 + ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) + (z − z^′)^2]^{1/2} −

− 1 [ρ^2 + ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) + (z + z^′)^2]^{1/2} ]| | |_{z′=0} = 2z [ρ^2 + ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) + z^2]^{3/2} . Gia to sugkekrimèno dunamikì prokÔptei:

Φ(⃗r) = − 1 4π ∫_R 0 dρ^′ρ^′

∫_{2π} 0 dϕ^′V_0 2z [ρ^2 + ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) + z^2]^{3/2} =

= − V_0z 2π ∫_R 0 dρ^′ρ^′

∫_{2π} 0 dϕ^′ 1 [ρ^2 + ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) + z^2]^{3/2} . (g) ’Estw ρ = 0. H èkfrash pou brăkame aplopoieÐtai sthn

Φ(⃗r) = −

V_0z 2π ∫_a 0 dρ^′ρ^′2π 1 [ρ^{′2} + z^2]^{3/2}

= −V_0 ( 1 − z a^2 + z^2 ) . (1)

(d) To dunamikì grĹfetai:

Φ(⃗r) = −

V_0z 2π ∫_a 0 dρ^′ρ^′

∫_{2π} 0 dϕ^′ 1 [ρ^2 + z^2]^{3/2} 1 [ 1 +^{ρ′2 −2ρρ′ cos(ϕ′−ϕ)}

ρ^2+z^2

]_{3/2} .

MporeÐ n’ apodeiqjeÐ eÔkola h sqèsh: 1 (1 + x)^{3/2}

= 1 − 3 2 x + 15 8 x^2 + . . . .

Antikajistÿntac kai qrhsimopoiÿntac thn allagă metablhtăc t = ρ^{′2} prokÔptei:

Φ(⃗r) = −

V_0z 2π[ρ^2 + z^2]^{3/2}

∫_a 0 dρ^′ρ^′

∫_{2π} 0 dϕ^′ [ 1 − 3 2 ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) ρ^2 + z^2 +

+ 15 8 ( ρ^{′2} − 2ρρ^′ cos(ϕ^′ − ϕ) ρ^2 + z^2

)_2] = − V_0z [ρ^2 + z^2]^{3/2} 1 2 ∫_a2 0 dt ( 1 − 3 2 t ρ^2 + z^2 +

+ 15 8 t^2 (ρ^2 + z^2)^2 + 15 4 ρ^2t (ρ^2 + z^2)^2 ) = − V_0za^2 2[ρ^2 + z^2]^{3/2} . [ 1 − 3a^2 4(ρ^2 + z^2) + 5a^2(a^2 + 3ρ^2) 8(ρ^2 + z^2)^2 ] (2) Shmeiÿnoume to anĹptugma:^{z√}_{a2+z2} =^1√_{1+ a2} z2 ≈ 1 −^{a2}_{2z2} . Sto ìrio ρ^2 + z^2 → ∞ ja isqÔei,

gia th sqèsh (1): −V_0 ( 1 −^{z√}_{a2+z2} ) ≈ −V_0^{a2}_{2z2} . Gia th sqèsh (2): Φ(⃗r) ≈ −^{V0za2}_{2z3} [ 1 −^{3a2}_{4z2} ] ≈ −V_0^{a2}_{2z2} pou tautÐzetai me thn prohgoÔmenh.

15. (a) BreÐte to dunamikì pou ofeÐletai se eujÔgrammh omoiìmorfh katanomă fortÐou me grammikă puknìthta fortÐou λ.

(b) Jewrăste dÔo katanomèc fortÐou ìpwc tou prohgoumènou erwtămatoc, parĹllhlec proc ton Ĺxona twn z. H mÐa tèmnei to epÐpedo xy sto shmeÐo (x = +x_0, y = 0) kai èqei puknìthta fortÐou +λ, enÿ h Ĺllh tèmnei to epÐpedo xy sto shmeÐo (x = −x_0, y = 0) kai èqei puknìthta fortÐou −λ. Na prosdioristoÔn oi isodunamikèc epifĹneiec me dunamikì Φ. (To x_0 eÐnai jetikì).

(g) Jewrăste tic isodunamikèc epifĹneiec gia Φ = +^{V0}_2 kai Φ = +^{V0}_2 . UpologÐste thn aktÐna touc R kai thn apìstash twn kèntrwn touc D. ApaleÐfontac thn parĹmetro x_0 metaxÔ twn D kai R ekfrĹste thn posìthta^λ_{V0} sunartăsei twn D kai R. PoiĹ eÐnai h qwrhtikìthta tou sustămatoc anĹ monĹda măkouc; (To prìblhma eÐnai didiĹstato). LÔsh: (a) EÐnai gnwstì ìti E =^{2kλ}_r , opìte Φ = 2kλ ln^r_{r0} , ìpou to r_0 eÐnai èna shmeÐo anaforĹc.

(b)SumbolÐzoume me r_+ thn apìstash tou shmeÐou paratărhshc apì thn katanomă pou brÐsketai sto +x_0, me r_− thn apìstasă tou apì thn katanomă pou brÐsketai sto −x_0, kai me r thn apìstasă tou apì thn arqă twn axìnwn. Tìte to dunamikì pou ofeÐletai kai stic dÔo katanomèc ja eÐnai:

Φ = 2kλ [ ln r_+ r_0

− ln r_− r_0 ] = 2kλ ln r_+ r_− .

(g) An apaităsoume Φ = +^{V0}_2 sumperaÐnoume ìti^{r2+}_{r2−} | | |_{+ V02} = exp [ +^{V0}_{2kλ} ] , enÿ h epilogă

Φ = −^{V0}_2 dÐnei:^{r2+}_{r2−} | | |_{− V02} = exp [ −^{V0}_{2kλ} ] . GrĹfontac tic pio pĹnw exisÿseic me mia eniaÐa morfă, sumbolÐzontac to dexiì mèloc me α èqoume:

(x − x_0)^2 + y^2 (x + x_0)^2 + y^2

= α ⇒ ( x − 1 + α 1 − α x_0

)_2

+ y^2 = ( αx_0 √ 2 1 − α

)_2 , dhladă to sÔnolo twn shmeÐwn me sugkekrimènh timă dunamikoÔ brÐskontai se perifèreia me kèntro sto shmeÐo

(_{1+α}

1−α x_0, 0 ) kai aktÐna Ðsh me^{αx0√2}_{|1−α|} . DiakrÐnoume periptÿseic:

(1) Gia Φ = +^{V0}_2 , ja eÐnai α_+ = exp [ +^{V0}_{2kλ} ] , to kèntro ja eÐnai sto ( −x_0 coth^{V0}_{4kλ} , 0 ) kai h aktÐna^{x0}_{sinh V04kλ} .

(2) Gia Φ = −^{V0}_2 , ja eÐnai α_− = exp [ −^{V0}_{2kλ} ] , to kèntro ja eÐnai sto ( +x_0 coth^{V0}_{4kλ} , 0 ) kai h aktÐna^{x0}_{sinh V04kλ} .

SumperaÐnoume ìti h aktÐna eÐnai h koină timă R =^{x0}_{sinh V04kλ} , enÿ h apìstash twn kèntrwn eÐnai h D = 2x_0 coth^{V0}_{4kλ} . Diairÿntac katĹ mèlh prokÔptei ìti^D_R = 2 cosh^{V0}_{4kλ} = exp [_{V0} 4kλ ] +exp [ −^{V0}_{4kλ} ] ≡ x+^1_x , ìpou x ≡ exp

[_{V0} 4kλ ] . LÔnontac thn exÐswsh x^2 −^D_R x+1 = 0 katalăgoume sthn

exp [ V_0 4kλ ] = D R + √(_D R )_2 − 4 2 = D + √ D^2 − 4R^2 2R ⇒ V_0 4kλ = ln D + √ D^2 − 4R^2 2R ⇒

⇒ λ V_0 = 1 4k ln^{D+√D2 −4R2} 2R .

Aută h èkfrash antiproswpeÔei th qwrhtikìthta anĹ monĹda măkouc, afoÔ C =^Q_{V0} ⇒^C_L = Q L V_0 = λ V_0 .

16. Jewrăste koÔfio agÿgimo kÔlindro me eswterikă aktÐna R. O kÔlindroc qwrÐzetai sta dÔo apì epÐpedo pou pernĹei apì ton ĹxonĹ tou kai ta dÔo misĹ brÐskontai sta dunamikĹ V_1 kai V_2.

(a) Na brejeÐ to dunamikì sto eswterikì tou agwgoÔ.

(b) Na upologisteÐ h epifaneiakă puknìthta fortÐou kai sta dÔo misĹ tou agwgoÔ. LÔsh: (a) H genikă lÔsh eÐnai:

Φ = a_0 + b_0 ln ρ + ∞∑ 1 (a_mρ^m + b_mρ^{−m})(f_m cos mϕ + g_m sin mϕ),

allĹ gia to eswterikì prìblhma prèpei na mhdenÐsoume orismènouc suntelestèc kai h epitreptă morfă eÐnai:

Φ = c_0 + ∞∑ 1 ρ^m(c_m cos mϕ + d_m sin mϕ),

kai an eÐnai gnwstă h sunĹrthsh Φ(ρ = R) ≡ V_R, ìpwc edÿ, prokÔptei h apaÐthsh:

V_R = c_0 + ∞∑ 1 R^m(c_m cos mϕ + d_m sin mϕ),

pou sunepĹgetai tic isìthtec

c_0 = 1 2π ∫_{+π} −π dϕV_R =

V_1 + V_2 2 , c_m = 1 πR^m

∫_{+π} −π dϕV_R cos mϕ = 0,

d_m = 1 πR^m

∫_{+π} −π dϕV_R sin mϕ =

V_1 − V_2 mπR^m

(1 − (−1)^m).

TelikĹ: Φ = V_1 + V_2 2 + ∞∑ 1 V_1 − V_2 mπ ( ρ R )_m

(1 − (−1)^m) sin mϕ.

ParathroÔme ìti epizoÔn mìno oi perittoÐ ìroi (m = 2n + 1) : Φ = V_1 + V_2 2 + 2(V_1 − V_2) π ∞∑ 0 1 2n + 1 ( ρ R )_{2n+1} sin(2n + 1)ϕ.

To Ĺjroisma pou emfanÐzetai eÐnai to fantastikì mèroc tou ajroÐsmatoc: A ≡ ∞∑ 0 ( ρ R )_{2n+1} ei(2n+1)ϕ 2n + 1 = ∞∑ 0 z^{2n+1} 2n + 1

, z ≡ ρ R e^{iϕ}.

Oi sqèseic ln(1 ± z) = ±z −^{z2}_2 ±^{z3}_3 −^{z4}_4 ± . . . sunepĹgontai thn ∞∑ 0 z^{2n+1} 2n + 1 = 1 2 ln 1 + z 1 − z . H sqèsh aută exeidikeÔetai sthn A = 1 2 ln 1 +^ρ_R e^{iϕ} 1 −^ρ_R e^{iϕ} = 1 2 ln ( 1 +^ρ_R e^{iϕ} ) ( 1 −^ρ_R e^{−iϕ} ) ( 1 −^ρ_R cos ϕ

)_2 + (_ρ R sin ϕ

)_2 = 1 2 ln 1 −^{ρ2}_{R2} + i^{2ρ}_R sin ϕ ( 1 −^ρ_R cos ϕ

)_2 + (_ρ R sin ϕ

)_2 .

Qreiazìmaste to fantastikì mèroc tou logarÐjmou, dhladă to

arctan 2ρ R sin ϕ 1 −^{ρ2}_{R2}

= arctan

2ρR sin ϕ R^2 − ρ^2 . TelikĹ: Φ = V_1 + V_2 2 + V_1 − V_2 π arctan

2ρR sin ϕ R^2 − ρ^2 . H sunĹrthsh arctan prèpei na dÐnei tìxa sto diĹsthma

(_π 2 ,^π_2 ) ÿste, p.q., na èqoume to swstì apotèlesma gia ϕ =^π_2 , ρ → R.

17. Jewrăste to didiĹstato prìblhma pou sqetÐzetai me ènan agÿgimo kenì kÔlindro pou eÐnai qwrismènoc se tèssera Ðsa mèrh me dunamikĹ +V_0, −V_0, +V_0, −V_0. (a) ApodeÐxte ìti to dunamikì mèsa ston kÔlindro dÐnetai apì th sqèsh:

Φ(ρ, ϕ) =

4V_0 π ∞∑ n=0 ( ρ b )_{4n+2} sin[(4n + 2)ϕ] 2n + 1 . (b) ApodeÐxte ìti h seirĹ ajroÐzetai kai dÐnei:

Φ(ρ, ϕ) =

2V_0 π arctan ( 2ρ^2b^2 sin 2ϕ b^4 − ρ^4 ) . (g) UpologÐste thn èntash tou hlektrikoÔ pedÐou mèsa ston kÔlindro.

LÔsh: (a) H sunĹrthsh dunamikoÔ eÐnai perittă sto diĹsthma[−π, +π], opìte den upĹrqoun sunhmitonikoÐ ìroi kai to anĹptugma aplopoieÐtai sto: Φ = ∞∑ m=1 b_mρ^m sin mϕ ⇒ b_mR^m = 1 π ∫_π 0 dϕV |_{ρ=R} sin mϕ =

= − V_0 mπ cos mϕ|^{− π2}_{−π} − cos mϕ | | |^0_{− π2} + cos mϕ | | | | π 2 0 − cos mϕ | | | | π

π 2 = 2V^0(1 + cos mπ − 2 cos^{mπ2} ) mπ . MporoÔme eÔkola na elègxoume ìti ta b_m mhdenÐzontai gia m = 4n, m = 4n + 1 kai m = 4n + 3, enÿ gia m = 4n + 2 dÐnei:^{8V0}_{(4n+2)πR4n+2} . Me autĹ upìyh to anĹptugma tou dunamikoÔ eÐnai: Φ = ∞∑ n=0 4V_0 (2n + 1)πR^{4n+2} ρ^{4n+2} sin(4n + 2)ϕ =

4V_0 π ∞∑ n=0 ( ρ R )_{4n+2} sin(4n + 2)ϕ

2n + 1 .

(b) Gia na ajroÐsoume th seirĹ mac qreiĹzetai mia kleistă èkfrash gia thn posìthta: ∑_∞ n=0 z^{2n+1} 2n+1 . ’Omwc xèroume ìti ln(1 + z) = z − z^2

2 +^{z3}_3 −^{z4}_4 + . . . kai ln(1 − z) = −z −^{z2}_2 −^{z3}_3 −^{z4}_4 − . . . Ĺra: ln^{1+z}_{1−z} = 2 ( z +^{z3}_3 +^{z5}_5 +^{z7}_7 + . . . ) ⇒ ∑_∞ n=0 z^{2n+1} 2n+1 = 1 2 ln^{1+z}_{1−z} . Gia z = a^2e^{2iϕ} ja prokÔyei:

∑_∞ n=0 a^{(4n+2)} sin(4n+2)ϕ 2n+1 = 1 2 Im [ ln^{1+a2e2iϕ}

1−a^2 e^{2iϕ} ] = 1 2 Im [ ln^{1−a4+2ia2 sin 2ϕ}

(1−a^2 cos 2ϕ)^2 +(a^2 sin 2ϕ)^2 ] . To fantastikì kommĹti tou logarÐjmou, an lĹboume upìyh ìti a ≡^ρ_R , isoÔtai me

arctan

2a^2 sin 2ϕ

1 − a^4

= arctan

2R^2ρ^2 sin 2ϕ

R^4 − ρ^4 , opìte to Ĺjroisma thc seirĹc eÐnai: Φ = 4V_0 π arctan

2R^2ρ^2 sin 2ϕ

R^4 − ρ^4 . (g) Oi dÔo sunistÿsec thc èntashc tou hlektrikoÔ pedÐou eÐnai:

E_ρ = − ∂Φ ∂ρ = − 16V_0 π ρR^4(R^2 + ρ^2) sin 2ϕ (R^4 − ρ^4)^2 + 2ρ^4R^4 sin^2 2ϕ kai E_ϕ = − 1 ρ ∂Φ ∂ϕ = − 16V_0 π ρR^2(R^4 − ρ^4) sin 2ϕ (R^4 − ρ^4)^2 + 2ρ^4R^4 sin^2 2ϕ . 18. Me th mèjodo twn eidÿlwn na deiqjeÐ ìti h sunĹrthsh Green gia to didiĹstato exwterikì prìblhma enìc kulÐndrou me aktÐna b me sunjăkec Dirichlet eÐnai:

G_D(ρ, ϕ, ρ^′, ϕ^′) = ln ( (ρ^2 − b^2)(ρ^{′2} − b^2) + b^2|⃗ρ − ⃗ρ^′|^2 b^2|⃗ρ − ⃗ρ^′|^2 ) . TÐ allagèc prèpei na gÐnoun gia na lÔsoume to eswterikì prìblhma;

LÔsh: H prwtarqikă lÔsh thc exÐswshc ∇^2G_0 = −4πδ(⃗ρ − ⃗ρ^′) eÐnai h G_0 = −2 ln |⃗ρ − ⃗ρ^′|. An tÿra jewrăsoume to eÐdwlo sth jèsh ⃗ρ^′_I , h sunĹrthsh Green pou yĹqnoume ja eÐnai:

G_D = C + (−2 ln |⃗ρ − ⃗ρ^′|) − (−2 ln |⃗ρ − ⃗ρ^′_I |) = C + ln

|⃗ρ − ⃗ρ^′_I |^2 |⃗ρ − ⃗ρ^′|^2 . H apaÐthsh G_D |_{ρ=b} = 0, an upojèsoume gia aplìthta ìti ϕ = 0 kai qrhsimopoiăsoume touc sumbolismoÔc ⃗ρ = ρ⃗n, ⃗ρ^′ = ρ^′⃗n^′, ⃗ρ^′_I = ρ^′_I ⃗n^′ dÐnei:

C + ln ρ^2 | | |⃗n −^{ρ′I}_ρ ⃗n^′ | | |^2

ρ^{′2} | |^ρ_ρ′ ⃗n − ⃗n^′ | |^2

| | | | | |_{ρ=b}

= 0 ⇒ C + ln b^2 | | |⃗n −^{ρ′I}_b ⃗n^′ | | |^2

ρ^{′2} | |^b_ρ′ ⃗n − ⃗n^′ | |^2

= 0.

An epilèxoume ρ^′_I =^{b2}_{ρ′} mporoÔme na doÔme eÔkola ìti oi dÔo apìlutec timèc exisÿnontai, opìte C + ln^{b2}_{ρ′2} = 0 ⇒ C = ln^{ρ′2}_{b2} kai h sunĹrthsh Green gÐnetai:

G_D = C+ ρ^2 | |⃗n −^{ρ′I}_ρ ⃗n^′ | |^2

ρ^{′2} | | |^ρ_ρ′ ⃗n − ⃗n^′ | | |^2

= ln ρ^{′2} b^2 + ρ^2 | |⃗n −^{b2}_{ρρ}′ ⃗n^′ | |^2

ρ^{′2} | | |^ρ_ρ′ ⃗n − ⃗n^′ | | |^2

= ln ρ^{′2} b^2 +ln ρ^2 ( 1 +^{b4}_{ρ2 ρ′2} − 2^{b2}_{ρρ′} cos ϕ ) ρ^{′2}

(_{ρ2}

ρ^{′2} + 1 − 2 ρ ρ^′ cos ϕ ) =

= ln ρ^{′2} b^2

+ ln ρ^2 +^{b4}_{ρ′2} − 2^{b2ρ}_{ρ′} cos ϕ ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ

= ln ρ^2ρ^{′2} + b^4 − 2b^2ρρ^′ cos ϕ b^2|⃗ρ − ⃗ρ^′|^2 . H ϕ eÐnai h gwnÐa pou sqhmatÐzoun ta dianÔsmata ⃗n kai ⃗n^′. MporoÔme eÔkola na elègxoume ìti: ρ^2ρ^{′2} + b^4 − 2b^2ρρ^′ cos ϕ = (ρ^2 − b^2)(ρ^{′2} − b^2) + b^2|⃗ρ − ⃗ρ^′|^2, Ĺra:

G_D(ρ, ϕ, ρ^′, ϕ^′) = ln ( (ρ^2 − b^2)(ρ^{′2} − b^2) + b^2|⃗ρ − ⃗ρ^′|^2 b^2|⃗ρ − ⃗ρ^′|^2 ) .