PMS “FUSIKH KAI TEQNOLOGIKES EFARMOGES” TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN MHQANIKWN EMP - EKEFE “DHMOKRITOS” HLEKTROMAGNHTISMOS I: PRWTH SEIRA ASKHSEWN

1. ProsdiorÐste thn puknìthta fortÐou ρ(⃗x) pou antistoiqeÐ se kĹje mia apì tic akìloujec katanomèc fortÐou:

(a)FortÐo Q omoiìmorfa katanemhmèno se sfairikă epifĹneia aktÐnac R se sfairikèc suntetagmènec.

(b) FortÐo λ anĹ monĹda măkouc omoiìmorfa katanemhmèno se kulindrikă epifĹneia aktÐnac b se kulindrikèc suntetagmènec.

(g) FortÐo Q omoiìmorfa katanemhmèno se dÐsko aktÐnac R se kulindrikèc suntetagmènec. (d) To Ðdio me to (g) se sfairikèc suntetagmènec. LÔsh:

(a) H tridiĹstath sunĹrthsh dèlta se sfairikèc suntetagmènec dÐnetai apì th sqèsh:

δ(⃗x − ⃗x^′) = δ(r − R) r^2 δ(cos θ − cos θ^′)δ(ϕ − ϕ^′).

Sthn perÐptwsă mac eÐnai profanèc ìti h puknìthta fortÐou den exartĹtai apì ta θ kai ϕ. Mia katĹllhlh metatropă gia th sunĹrthsh ρ(⃗x) eÐnai: (1) Na antikatastajeÐ h δ(cos θ − cos θ^′) me to^1_2 , ÿste na aplopoihjeÐ to 2 pou ja prokÔyei ìtan oloklhrwjeÐ h puknìthta fortÐou wc proc θ apì −1 mèqri +1. (2) Na antikatastajeÐ h δ(ϕ−ϕ^′) me to^1_{2π} , ÿste na aplopoihjeÐ to 2π pou ja prokÔyei ìtan oloklhrwjeÐ h puknìthta fortÐou wc proc ϕ apì 0 mèqri 2π. ’Ara:

ρ(⃗x) = Q δ(r − R) r^2 1 2 1 2π = Q 4πr^2 δ(r − R).

H epalăjeush eÐnai kai to kritărio gia thn orjìthta thc lÔshc mac: to oloklărwma ìgkou thc puknìthtac fortÐou prèpei na dÐnei to fortÐo. ∫_{2π} 0 dϕ ∫_{+1} −1 d cos θ

∫_∞ 0 drr^2 Q 4πr^2 δ(r − R) = 2π · 2 · Q 4π = Q,

opìte h prosèggisă mac eÐnai entĹxei.

(b) Me thn Ðdia logikă, allĹ qrhsimopoiÿntac kulindrikèc suntetagmènec, ìpou

δ(⃗x − ⃗x^′) = δ(r − b) r δ(ϕ − ϕ^′)δ(z − z^′),

prokÔptei: ρ(⃗x) = Q δ(r − b) r 1 L 1 2π = Q L δ(r − b) 2πr = λ δ(r − b) 2πr , ìpou èqoume jewrăsei ìti se măkoc L eÐnai katanemhmèno fortÐo Q, opìte prokÔptei h grammikă puknìthta fortÐou λ ≡^Q_L . Epalăjeush: ∫_L 0 dz ∫_{2π} 0 dϕ ∫_∞ 0 drrλ δ(r − b) 2πr = L · 2π · λ · 1 2π = Q.

(g) DokimĹzoume th morfă: ρ(⃗x) = NΘ(R − ρ)δ(z) 1 2π , ìpou to N prèpei na prosdioristeÐ ÿste h oloklărwsh na dÐnei to sunolikì fortÐo:

∫_{+∞} −∞ dz ∫_{2π} 0 dϕ ∫_∞ 0 dρρNΘ(R − ρ)δ(z) 1 2π = Q ⇒ 2π

∫_R 0 dρρN 1 2π = Q ⇒

⇒ N R^2 2 = Q ⇒ N = 2Q R^2

⇒ ρ(⃗x) = 2Q R^2

Θ(R − ρ)δ(z) 1 2π = Q πR^2

Θ(R − ρ)δ(z).

(d) ’Opwc prohgoumènwc:

ρ(⃗x) = NΘ(R − ρ)δ(z) 1 2π = NΘ(R − r sin θ)δ(r cos θ) 1 2π . Prosdiorismìc tou N :

Q = N

∫_{2π} 0 dϕ ∫_∞ 0 drr^2

∫_{+1} −1 d cos θΘ(R − r sin θ)δ(r cos θ) 1 2π =

= N ∫_∞ 0 drr^2

∫_{+1} −1 dxΘ(R − r √ 1 − x^2)δ(rx) =

= N ∫_∞ 0 drr^2

∫_{+1} −1 dxΘ(R − r √ 1 − x^2) 1 r δ(x) = N

∫_∞ 0 drr^2Θ(R − r) 1 r = N R^2 2 ⇒ ⇒ N = 2Q R^2

⇒ ρ(⃗x) = 2Q R^2

Θ(R − r sin θ)δ(r cos θ) 1 2π = Q πR^2

Θ(R − r sin θ)δ(r cos θ).

2. Efarmìzontac to nìmo tou Gauss na breÐte thn èntash tou hlektrostatikoÔ pedÐou s’ ìlo to qÿro gia kajemiĹ apì tic exăc treic sfaÐrec me aktÐna a kai olikì fortÐo Q: (a) agÿgimh, (b) omogenÿc fortismènh (g) me puknìthta pou metabĹlletai me to nìmo r^n(n > −3). SqediĹste th sunĹrthsh E(r) gia tic dÔo prÿtec periptÿseic kai gia thn trÐth gia tic timèc n = −2 kai n = +2. LÔsh: (a) E = { k^Q_{r2} , r ≥ a 0 r < a (b) E = { k^Q_{r2} , r ≥ a k^{Qr}_{a3} r < a

(g) An ρ(⃗r) = Cr^n, to olikì fortÐo ja eÐnai: Q =

∫_a 0 4πr^2drCr^n = 4πC^{an+3}_{n+3} , opìte C =^{(n+3)Q}

4πa^{n+3} . Gia r ≥ a den allĹzei tÐpota. Gia r < a o Gauss dÐnei: 4πr

2E(r) = 1 4πk ∫_r 0 4πr^{′2}dr^′Cr^{′n} ⇒ E(r) =^{4πkCrn+1}_{n+3} kai antikajistÿntac thn timă tou C brÐskoume telikĹ: E(r) =^{kQrn+1}_{an+3} . TelikĹ:

E = { k^Q_{r2} , r ≥ a

kQr^{n+1}

a^{n+3} r < a

3. To dunamikì pou prokÔptei apì thn katanomă fortÐou enìc atìmou udrogìnou me sugkekrimènh kumatosunĹrthsh eÐnai: Φ = kq^{e−} 2r a0 r ( 1 +^r_{a0} ) , ìpou a_0 eÐnai h aktÐna tou Bohr.

Na breÐte thn katanomă fortÐou (suneqă kai diakrită) pou parĹgoun autì to dunamikì kai ermhneÔste fusikĹ ton kĹje ìro.

LÔsh: BrÐskoume thn puknìthta fortÐou xekinÿntac apì thn exÐswsh tou Poisson: ∇^2Φ = −4πkρ, me thn prìsjeth paratărhsh ìti gia mia sunĹrthsh pou exartĹtai mìno apì to r, ìpwc h Φ, isqÔei h aplopoihmènh èkfrash: ∇^2Φ =^1_{r2}^∂_{∂r} ( r^{2 ∂Φ}_{∂r} ) . ’Eqoume, diadoqikĹ:

ρ = − 1 4πk ∇^2Φ = − 1 4πk 1 r^2 ∂ ∂r ( r^2 ∂ ∂r [ kq e^{− 2ra0} r ( 1 + r a_0 )]) ,

pou metĹ tic paragwgÐseic dÐnei: ρ(r) = −^q_{πa30} e^{− 2ra}0 . MporeÐ kaneÐc na upologÐsei to olikì fortÐo Q = ∫ d^3rρ(r) = −q. Oi prĹxeic pou mìlic kĹname isqÔoun mìno an r ≠ 0. Gia r → 0 to dunamikì paÐrnei thn proseggistikă morfă: Φ_0 =^{kq}_r kai me th boăjeia thc ∇^2

(_1 r ) = −4πδ(⃗r) brÐskoume ìti ∇^2Φ_0 = −4πkqδ(⃗r), pou prèpei na isqÔei ek parallălou me thn ∇^2Φ_0 = −4πkρ(⃗r), opìte: ρ(⃗r) = qδ(⃗r) sthn perioqă r → 0. TelikĹ

ρ(⃗r) = qδ(⃗r) − q πa^3_0 e^{− 2ra}0 .

O prÿtoc ìroc antiproswpeÔei to shmeiakì fortÐo tou purăna, enÿ o deÔteroc thn puknìthta fortÐou tou hlektronikoÔ nèfouc. An upologÐsei kaneÐc to olikì fortÐo perilambĹnontac kai to fortÐo tou purăna, to Ĺtomo ja prokÔyei afìrtisto.

4. UpologÐste, me th boăjeia tou nìmou tou Gauss th qwrhtikìthta twn exăc puknwtÿn:

(a) DÔo epÐpedwn parĹllhlwn agÿgimwn fÔllwn me embadìn A pou apèqoun to èna apì to Ĺllo mia mikră apìstash d.

(b) DÔo omìkentrwn agÿgimwn sfairikÿn epifaneiÿn me aktÐnec a kai b (b > a). (g) DÔo omìkentrwn agÿgimwn kulindrikÿn epifaneiÿn me aktÐnec a kai b (b > a) kai măkoc L, pou eÐnai polÔ megalÔtero apì tic aktÐnec.

LÔsh: (a) Me katĹllhlo koutÐ tou Gauss sumperaÐnoume ìti:

EA = 4πkσA ⇒ E = 4πkσ ⇒ ΔΦ = 4πkσd ⇒ C ≡ Q ΔΦ = σA 4πkσd = A 4πkd . (b) Sto diĹkeno to hlektrikì pedÐo eÐnai E =^{kQ}_{r2} , opìte h diaforĹ dunamikoÔ eÐnai ΔΦ = kQ (_1 a −^1_b ) kai C ≡ Q ΔΦ = ab k(b − a) . (g) Me katĹllhlo koutÐ tou Gauss me măkoc L sumperaÐnoume ìti:

2πrLE(r) = 4πkλL ⇒ E(r) = 2kλ r ⇒ ΔΦ = 2kλ ln b a ⇒ C L ≡ Q L ΔΦ = λ 2kλ ln^b_a = 1 2k ln^b_a . EpishmaÐnoume ìti s’ autăn thn perÐptwsh èqoun nìhma mìno oi posìthtec (qwrhtikìthta, fortÐo) anĹ monĹda măkouc. Gia parĹdeigma λ ≡^Q_L .

5. DÔo kulindrikoÐ agwgoÐ me aktÐnec a_1 kai a_2 eÐnai parĹllhloi kai apèqoun apìstash d, pou eÐnai polÔ megalÔterh apì opiadăpote aktÐna. DeÐxte ìti h qwrhtikìthta anĹ monĹda măkouc isoÔtai proseggistikĹ apì th sqèsh: C ≈ ( 4 ln^d_a

)_{−1}

, ìpou a ≡ √ a_1a_2.

LÔsh: JewroÔme ìti o ènac agwgìc fèrei grammikă puknìthta fortÐou +λ kai o Ĺlloc −λ. EpiqeiroÔme na upologÐsoume th diaforĹ dunamikoÔ metaxÔ touc. Gia aplìthta jewroÔme èna shmeÐo paratărhshc pĹnw sto epÐpedo pou perilambĹnei touc dÔo Ĺxonec. To hlektrostatikì pedÐo ja eÐnai: E =^λ_{2πϵ0}

(_1 r +^1_R ) =^λ_{2πϵ0}

(_1

r +^1_{d−r} ) , ìpou r kai R oi apostĹseic tou shmeÐou paratărhshc apì touc antÐstoiqouc Ĺxonec kai èqoume upojèsei ìti oi Ĺxonec apèqoun katĹ d = r + R. H diaforĹ dunamikoÔ metaxÔ twn agwgÿn brÐsketai oloklhrÿnontac thn èntash tou hlektrikoÔ pedÐou metaxÔ twn epifaneiÿn touc:

ΔV = λ 2πϵ_0

∫_{d−a2}

a_1 dr ( 1 r + 1 d − r ) = λ 2πϵ_0 ln (d − a_1)(d − a_2) a_1a_2 . Tèloc kĹnoume tic proseggÐseic d − a_1 ≈ d, d − a_2 ≈ d kai qrhsimopoioÔme ton orismì tou a, opìte: V ≈ λ 2πϵ_0 ln d^2 ( √ a_1a_2)^2 = λ πϵ_0 ln d a . H qwrhtikìthta gia tmăma twn kulÐndrwn me măkoc L eÐnai: C = Q ΔV ⇒ C L = Q L ΔV = λ λ πϵ_0 ln d a = πϵ_0 1 ln^d_a .

6. Na upologisteÐ h elktikă dÔnamh metaxÔ twn oplismÿn (1) epÐpedou puknwtă (2) tou puknwtă pou sqhmatÐzetai metaxÔ dÔo parĹllhlwn kulindrikÿn agwgÿn (a) gia stajerì fortÐo se kĹje oplismì (b) gia stajeră diaforĹ dunamikoÔ metaxÔ twn oplismÿn. LÔsh: JewroÔme prÿta ton epÐpedo puknwtă me epifĹneia oplismÿn S kai diĹsthma x metaxÔ twn oplismÿn: U = ϵ_0 2 ∫ d^3xE^2 = ϵ_0 2 E^2Sx = ϵ_0 2 ( σ ϵ_0

)_2 = ϵ_0 2 ( Q ϵ_0S

)_2 = Q^2x 2ϵ_0S . An to fortÐo diathreÐtai stajerì h fÔnamh ja eÐnai:

F = − ∂U ∂x = − Q^2 2ϵ_0S . Gia na doÔme ti gÐnetai gia stajerì dunamikì antikajistoÔme to Q me to CV kai brÐskoume: U =^{xC2V 2}_{2ϵ0S} . AllĹ C = ϵ_0^S_x , opìte: U = ϵ_0SV^2 2x ⇒ F = − ∂U ∂x = + ϵ_0SV^2 2x^2 , opìte èqei thn antÐjeth kateÔjunsh ap’ ì,ti sthn prohgoÔmenh perÐptwsh. JewroÔme sth sunèqeia touc dÔo parĹllhlouc kulindrikoÔc agwgoÔc. XekinĹme apì thn perÐptwsh gia stajerì fortÐo, opìte ekkinoÔme apì th sqèsh U =^{Q2}_{2C̃} , ìpou C̃ = πϵ_0^1_{ln} x_a eÐnai h qwrhtikìthta anĹ monĹda măkouc tou sustămatoc. Tìte:

F = − ∂U ∂x = − ∂ ∂x ( Q^2 2C̃ ) = −Q^2 ( − 1 2C̃^2 ) ∂C̃ ∂x = Q^2 2 ( πϵ_0^1_{ln} x_a

)_2 ∂ ∂x ( πϵ_0 1 ln^x_a ) =

= Q^2 2 ( πϵ_0^1_{ln} x_a

)_2

(−πϵ0) ( 1 ln^x_a

)_2 ∂ ∂x ( ln x a ) = − Q^2 2πϵ_0x .

Gia thn katĹstash stajeroÔ dunamikoÔ eÐnai pio katĹllhlh h sqèsh U =^1_2 C̃V^2, h opoÐa sunepĹgetai:

F = − ∂U ∂x = − 1 2 ∂C̃ ∂x V^2 = −

V^2 2 ∂ ( πϵ_0^1_{ln} x_a ) ∂x = πϵ_0V^2 2x(ln^x_R )^2 .

7. ApodeÐxte ìti, gia perioqă qwrÐc fortÐa, h mèsh timă tou dunamikoÔ sthn epifĹneia miac sfaÐrac isoÔtai me thn timă tou dunamikoÔ sto kèntro thc sfaÐrac. LÔsh: XekinĹme apì th sqèsh ∫ V d^3r(f∇^2g − g∇^2f) = ∫ S(V )

dan̂(f ⃗∇g − g ⃗∇f)

kai antikajistoÔme f = Φ, g =^1_{|⃗r|} , ìpou jewroÔme ìti arqă twn axìnwn eÐnai to kèntro thc sfaÐrac. Ja stajoÔn qrăsimec oi tautìthtec: ⃗∇g = −^{⃗r}_{r3} , ∇^2g = −4πδ(⃗r). H antikatastĹseic ja dÿsoun: ∫ V d^3r ( Φ∇^2 1 |⃗r| − 1 |⃗r|

∇^2Φ ) = ∫ S(V )

dan̂ ( Φ⃗∇ 1 |⃗r| − 1 |⃗r| ⃗∇Φ ) ⇒

⇒ ∫ V d^3r ( Φ(−4πδ(⃗r)) − 1 |⃗r|

∇^2Φ ) = ∫ S(V )

dan̂ ( Φ ( − ⃗r r^3 ) − 1 |⃗r| ⃗∇Φ ) ⇒

⇒ −4πΦ(⃗0) − 0 = ∫ S(V ) da ( − Φ r^2 ) + ∫ S(V ) da n̂ · (−⃗∇Φ) r ⇒

⇒ −4πΦ(⃗0) = ∫ S(V ) da ( − Φ r^2 ) + ∫ S(V ) da n̂ · ⃗E R ⇒ ⇒ Φ(⃗0) = 1 4π ∫ S(V ) da Φ R^2 , ìpou qrhsimopoiăsame to gegonìc ìti den upĹrqoun fortÐa mèsa sth sfaÐra, Ĺra ∇^2Φ = 0 kai ∫ S(V ) dan̂ ·

⃗E = 0.

8. DÔo parĹllhla geiwmèna agÿgima epÐpeda apèqoun apìstash d. ’Ena fortÐo q brÐsketai metaxÔ twn epipèdwn. Qrhsimopoiăste to jeÿrhma thc antistreptìthtac tou Gauss gia na deÐxete ìti to sunolikì fortÐo s’ èna apì ta epÐpeda isoÔtai me −q epÐ to phlÐko thc apìstashc tou fortÐou apì to Ĺllo epÐpedo dia to d.

LÔsh: UpenjumÐzoume to jeÿrhma kai mia sÔntomh apìdeixă tou: JewroÔme diakritĹ fortÐa, opìte to dunamikì sth jèsh ⃗r_k tou fortÐou q^′_k Ðso me: Φ_m = k

∑_′ n q_n r_{mn} , ìpou o tìnoc

shmaÐnei ìti o ìroc m = n paraleÐpetai kai r_{mn} = |⃗r_m −⃗r_n|. ’Ara ∑ n q^′_mΦ_m = k

∑_′ m,n q^′_mq_n r_{mn} .

Parìmoia: ∑ n q_mΦ^′_m = k

∑_′ m,n q_mq^′_n r_{mn} , sunepÿc: ∑ n q_mΦ^′_m = ∑ n q^′_mΦ_m.

Aută h sqèsh gia suneqeÐc katanomèc grĹfetai: ∫ V d^3rρΦ^′ + ∫ S(V )

daσΦ^′ = ∫ V d^3rρ^′Φ + ∫ S(V )

daσ^′Φ.

To epÐpedo 1 brÐsketai sth jèsh z = 0 kai to epÐpedo 2 sth jèsh z = d. To fortÐo sth jèsh (0, 0, z_0) antistoiqeÐ sthn puknìthta fortÐou ρ = qδ(x)δ(y)δ(z − z_0). Ta dÔo dunamikĹ eÐnai: Φ_1 = 0, Φ_2 = 0, afoÔ ta epÐpeda eÐnai geiwmèna. JewroÔme tÿra thn tonoÔmenh diĹtaxh: omogenÿc fortismèna epÐpeda me epifaneiakèc puknìthtec fortÐou σ^′_1, σ^′_2 kai dunamikĹ Φ^′_1 = Φ_0 + ϕ_0, Φ^′_2 = ϕ_0. Shmeiÿnoume ìti gia omogenèc pedÐo ja isqÔei: Φ(0, 0, z) = Φ_0 ( 1 −^z_d ) + ϕ_0. H posìthta ϕ_0 eÐnai aujaÐreth kai kajorÐzei aplĹ th stĹjmh tou dunamikoÔ, enÿ to Φ_0 eÐnai h diaforĹ dunamikoÔ metaxÔ twn epipèdwn. EpÐshc jewroÔme ìti h puknìthta fortÐou metaxÔ twn epipèdwn mhdenÐzetai: ρ^′ = 0. To jeÿrhma ja dÿsei: ∫ d^3rρΦ^′ + ∫ da_1σ_1Φ^′_1 + ∫ da_2σ_2Φ^′_2 = ∫ d^3rρ^′Φ + ∫ da_1σ^′_1Φ_1 + ∫ da_2σ^′_2Φ_2 ⇒

⇒ ∫ d^3rqδ(x)δ(y)δ(z−z_0)Φ^′+ ∫ da_1σ_1Φ^′_1+ ∫ da_2σ_2Φ^′_2 = ∫ d^3r0·Φ+ ∫ da_1σ^′_1·0+ ∫ da_2σ^′_2·0 ⇒

⇒ qΦ^′(0, 0, z_0) + Q_1Φ^′_1 + Q_2Φ^′_2 = 0 ⇒ q [ Φ_0 ( 1 − z d ) + ϕ_0 ] + Q_1(Φ_0 + ϕ_0) + Q_2ϕ_0.

Tÿra mporoÔme na jèsoume sthn teleutaÐa sqèsh ϕ_0 = 0 kai na pĹroume Q_1 = −q^{d−z0}_d , ă na jèsoume ϕ_0 = −Φ_0 kai na pĹroume: Q_2 = −q^{z0}_d , ìpwc zhtĹei h Ĺskhsh. Shmeiÿnoume ìti ta fusikĹ apotelèsmata prèpei na eÐnai anexĹrthta tou ϕ_0, opìte h sqèsh pou bgĹlame sunepĹgetai ìti qϕ_0 + Q_1ϕ_0 + Q_2ϕ_0 = 0 ⇒ q + Q_1 + Q_2 = 0, pou isqÔei.