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TOMEAS FUSIKHS SEMFE EMP - SQOLH MHQANOLOGWN

MHQANIKWN EMP - EKEFE “DHMOKRITOS”
HLEKTROMAGNHTISMOS I: TRITH SEIRA ASKHSEWN

19. ApodeÐxte ìti: 1−t2

(1−2xt+t2)
3
2

=
∑∞

l=0(2l + 1)Pl(x)tl.

20. AnaptÔssontac ton paronomast , upologÐste to olokl rwma:

I ≡ ∫ π

0

A cos θ + 1
(A2 + 2A cos θ + 1)

1
2

sin θdθ.

21. (a)Na upologisteÐ to olokl rwma: I =
∫ 1

0
dxP2l+1(x).

(b) Na anaptuqjeÐ se seir� Legendre h sun�rthsh f(x) = |x|, orismènh sto di�sthma
[−1,+1].

22. ApodeÐxte ìti
∂

∂z

[
Pl(cos θ)

rl+1

]
= −(l + 1)

Pl+1(cos θ)
rl+2

.

(UpenjÔmish: ∂
∂z = cos θ ∂

∂r − sin θ 1
r

∂
∂θ )

23. ApodeÐxte ìti

Pl(cos θ) = (−1)l r
l+1

l!
∂l

∂zl

(
1
r

)
.

MporeÐte na sugkrÐnete thn an�ptuxh thc genn triac sun�rthshc me èna an�ptugma Taylor
tou 1√

x2+y2+(z−δz)2
se dun�meic tou δz.

24. Qrhsimopoi¸ntac th genn tria sun�rthsh gia tic sunart seic Bessel na deÐxete ìti:

(a)Jn(−x) = (−1)nJn(x),

(b)Jn(x + y) =
+∞∑

m=−∞
Jm(x)Jn−m(y).

Poi� sqèsh prokÔptei gia x + y = 0;

25. UpologÐste to olokl rwma
∫ x

0
t[Jn(t)]2dt.

(ApodeÐxte pr¸ta ìti: t[Jn(t)]2 = d
dt [

t2

2 (J2
n(t)− Jn−1(t)Jn+1(t)]).

26. Oi dÔo epÐpedec epif�neiec enìc kulindrikoÔ koutioÔ me aktÐna R kai Ôyoc H eÐnai geiwmènec
kai h kulindrik  tou epif�neia se gnwstì dunamikì V0(φ, z).

(a) DeÐxte ìti to dunamikì mèsa sto koutÐ dÐnetai apì th sqèsh:

V (ρ, φ, z) =
∞∑

m=0

∞∑
n=1

Im

(nπρ

H

)
sin

(nπz

H

)
(Amn cosmφ + Bmn sin mφ).

(b) D¸ste thn èkfrash gia ta Amn, Bmn.
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27. H perÐjlash Fraunhofer apì kuklikì �noigma kajorÐzetai apì thn posìthta pou dÐnetai
sthn exÐswsh:

F ~K⊥
[ε(~r′)] =

Λ
4π2

∫ R

0

dr′r′
∫ 2π

0

dφ′ exp[−ikr′ sin θ cos(φ′ − φ)].

Na oloklhrwjeÐ o upologismìc (pou perilamb�nei sunart seic Bessel.)

28. (a) Na epalhjeujeÐ h sqèsh tou Rayleigh:

exp[ikr cos θ] =
∞∑

l=0

(2l + 1)iljl(kr)Pl(cos θ),

pou ekfr�zei thn an�lush enìc epÐpedou kÔmatoc se �jroisma sfairik¸n kum�twn. (Upìdei-
xh: paragwgÐste kai ta dÔo mèlh thc exÐswshc wc proc r kai sth sunèqeia qrhsimopoi ste
anadromikèc sqèseic gia na antikatast sete ta cos θPl(cos θ) kai j′l .)

(b) DeÐxte ìti

jl(kr) =
1
2il

∫ 1

−1

dxPl(x) exp[ikrx].

29. (a) An Bµ1(x) kai Bµ2(x) eÐnai dÔo grammik� anex�rthtec lÔseic thc exÐswshc Bessel x2B′′
µ+

xB′
µ + (x2 − µ2)Bµ = 0, na apodeiqjeÐ h sqèsh:

Bµ1(x)B′
µ2(x)−B′

µ1(x)Bµ2(x) =
Kµ

x
,

ìpou h Kµ eÐnai stajer�. Upìdeixh: orÐzousa Wronski. (b) UpologÐste th stajer� Kµ

sthn perÐptwsh pou oi dÔo lÔseic eÐnai oi Jµ(x) kai Nµ(x).
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